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PREFACE 


ἐτῶν book has been designed with two objects in view. The first is the 
development of applications of the fundamental processes of the theory of 
functions of complex variables. For this purpose Bessel functions are admirably 
adapted; while they offer at the same time a rather wider scope for the appli- 
cation of parts of the theory of functions of a real variable than is provided by 
trigonometrical functions in the theory of Fourier series. 


The second object is the compilation of a collection of results which would 
be of value to the increasing number of Mathematicians and Physicists who 
encounter Bessel functions in the course of their researches. The existence of 
such a collection seems to be demanded by the greater abstruseness of properties 
of Bessel functions (especially of functions of large order) which have been 
required in recent years in various problems of Mathematical Physics. 


While my endeavour has been to give an account of the theory of Bessel 
functions which a Pure Mathematician would regard as fairly complete, I have 
consequently also endeavoured to include all formulae, whether general or 
special, which, although without theoretical interest, are likely to be required 
in practical applications; and such results are given, so far as possible, in a 
form appropriate for these purposes. The breadth of these aims, combined 
with the necessity for keeping the size of the book within bounds, has made 
it necessary to be as concise as is compatible with intelligibility. 


Since the book is, for the most part, a development of the theory of func- 
tions as expounded in the Course of Modern Analysis by Professor Whittaker 
and myself, it has been convenient to regard that treatise as a standard work 
of reference for general theorems, rather than to refer the reader to original 
sources, 


It is desirable to draw attention here to the function which I have regarded 
as the canonical function of the second kind, namely the function which was 
defined by Weber and used subsequently by Schlafli, by Graf and Gubler and 
by Nielsen. For historical and sentimental reasons it would have been pleasing 
to have felt justified in using Hankel’s function of the second kind; but threc 
considerations prevented this. The first is the necessity for standardizing the 
function of the second kind; and, in my opinion, the authority of the group 
of mathematicians who use Weber’s function has greater weight than the 
authority of the mathematicians who use any other one function of the second 
kind. The second is the parallelism which the use of Weber’s function exhibits 
between the two kinds of Bessel functions and the two kinds (cosine and sine) 
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of trigonometrical functions. The third is the existence of the device by which 
interpolation is made possible in Tables I and III at the end of Chapter XX, 
which seems to make the use of Weber's function inevitable in numerical work. 


It has been my policy to give, in connexion with each section, references 
to any memoirs or treatises in which the results of the section have been 
previously enunciated; but it is not to be inferred that proofs given in this 
book are necessarily those given in any of the sources cited. The bibliography 
at the end of the book has been made as complete as possible, though dovbtless 
omissions will be found in it. While I do not profess to have inserted every 
memoir in which Bessel functions are mentioned, I have not consciously omitted 
any memoir containing an original contribution, however slight to the theory 
of the functions; with regard to the related topic of Riccati’s equation, I have 
been eclectic to the extent of inserting only those memoirs which seemed to 
be relevant to the general scheme. 


In the case of an analytical treatise such as this, it is probably useless to 
hope that no mistakes, clerical or other, have remained undetected; but the 
number of such mistakes has been considerably diminished by the criticisms 
and the vigilance of my colleagues Mr Οὐ. T. Preece and Mr T. A. Lumsden, 
whose labours to remove errors and obscurities have been of the greatest 
value. To these gentlemen and to the staff of the University Press, who have 
given every assistance, with unfailing patience, in a work of great typographical 
complexity, I offer my grateful thanks. 


G. N. W. 


August 21, 1922. 


PREFACE TO THE SECOND EDITION 


To incorporate in this work the discoveries of the last twenty years would 
necessitate the rewriting of at least Chapters XII—XIX; my interest in 
Bessel functions, however, has waned since 1922, and I am consequently not 
prepared to undertake such a task to the detriment of my other activities. 
In the preparation of this new edition I have therefore limited myself to the 
correction of minor errors and misprints and to the emendation of a few 
assertions (such as those about the unproven character of Bourget’s hypo- 
thesis) which, though they may have been true in 1922, would have been 
definitely false had they been made in 1941. 

My thanks are due to many friends for their kindness in informing me of 
errors which they had noticed; in particular, I cannot miss this opportunity 
of expressing my gratitude to Professor J. R. Wilton for the vigilance which 
he must have exercised in the compilation of his list of corrigenda. 


σα N. W. 
March 31, 1941. 
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make an abridgement. 
2 MaccaBEES 11, 30, 31. 


CHAPTER I 


BESSEL FUNCTIONS BEFORE 1826 


1.11. Riccatis differential equation. 


The theory of Bessel functions is intimately connected with the theory of 
a certain type of differential equation of the first order, known as Riccata’s 
equation. In fact a Bessel function is usually defined as a particular solution 
of a linear differential equation of the second order (known as Bessel’s equation) 
which is derived from Riccati’s equation by an elementary transformation. 


The earliest appearance in Analysis of an equation of Riccati’s type ovcurs 
in a paper* on curves which was published by John Bernoulli in 1694, In 
this paper Bernoulli gives, as an example, an equation of this type and states 
that he has not solved 1. 


In various letterst to Leibniz, written between 1697 and 1704, James 

Bernoulli refers to the equation, which he gives in the form 
dy = yydx + “σά, 

and states, more than once, his inability to solve it. Thus he writes (Jan. 27, 
1697): “Vellem porro ex Te scire num et hanc tentaveris dy = yyd« + xadz. 
Ego in mille formas transmutavi, sed operam meam improbum Problema per- 
petuo lusit.” Five years later he succeeded in reducing the equation to a linear 
equation of the second order and wrote§ to Leibniz (Nov. 15, 1702): “Qua 
occasione recordor aequationes alias memoratae dy = yydz + a*da in qua nun- 
quam separare potui indeterminatas a se invicem, sicut aequatio maneret 
simpliciter differentialis: sed separavi illas reducendo aequationem ad hanc 
differentio-differentialem|| ddy : y = — a? da*.” 


When this discovery had been made, 1t was a simple step to solve the last 
equation in series, and so to obtain the solution of the equation of the first 
order as the quotient of two power-series. 


* Acta Eruditorum publicata Lipsiae, 1694, pp. 4835—437. 

+ ‘‘Esto proposita aequatio differentialis haec 22dz+y?dxr=ady quae an per separationem 
indeterminatarum construi possit nondum tentavi” (p. 436). 

t See Leibnizens gesamellte Werke, Dritte Folge (Mathematik), 111. (Halle, 1855), pp. 50—87. 

§ Ibid. p.65. Bernoulli’s procedure was, effectively, to take a new variable u defined by the 
formula 


in the equation dy/dx= 2? + y?, and then to replace u by y. 
| The connexion between this equation and a specia] form of Bessel’s equation will be seen 
in § 4°3. 
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And, in fact, this form of the solution was communicated to Leibniz by 
James Bernoulli within a year (Oct. 3, 1703) in the following terms*: 


“Reduco autem aequationem ὧν yydx+a2ardz ad fractionem cujus uterque 
terminus per seriem exprimitur, ita 


2B al αἱ Pat z9 
a ----- ae ee a a A a a a a ee ~— etc. 
_ 3 8.4.7 3.4.7.8.11  3.4.7.8.11.12.15 3.4.7.8.11.12. 15.16.19 
y= ee 17 85} 6} 
Ι1Ι- -- Hees see ees SS  Ἀἁρῖςο 
3.4 3.4.7.8 3.4.7.8.11.12 3.4.7.8.11.12.15.16 


quae series quidem actuali divisione in unam conflari possunt, sed in | qua 
ratio progressionis non tam facile patescat, scil. 
ee 
5 8.38.7 3.3.3.7.11 8.3.8.8.5.1.}.1] 
Of course, at that time, mathematicians concentrated their energy, so far 
as differential equations were concerned, on obtaining solutions in finite terms, 
and consequently James Bernoulli seems to have received hardly the full credit 
to which his discovery entitled him. Thus, twenty-two years later, the papert, 
in which Count Riccati first referred to an equation of the type which now 
bears his name, was followed by a note} by Daniel Bernoulli in which it was 
stated that the solution of the equation§ 
ax" dec + uudx = bdu 
was a hitherto unsolved problem. The note ended with an announcement in 
an anagram of the solution: “Solutio problematis ab 11]. Riccato proposito 
characteribus occultis involuta 24a, 6b, 6c, 8d, 33e, 5f, 2g, 4h, 332, 61, 21m, 
26n, 1θυ, 8p, 5g, 177, 16s, 2δέ, 32u, 52, dy, +, — =, 4, 2,1.” 

. The anagram appears never to have been solved; but Bernoulli published 
his solution|| of the problem about a year after the publication of the anagram. 
The solution consists of the determination of a set of values of n, namely 
—4m/(2m +1), where m is any integer, for any one of which the equation is 
soluble in finite terms; the details of this solution will be given in § 4-1, 4°11. 


+ etc.” 


The prominence given to the work of Riccati by Daniel Bernoulh, combined 
with the fact that Riccati’s equation was of a slightly more general type than 


* See Leibnizens gesamelite Werke, Dritte Folge (Mathematik), 11. (Halle, 1855), p. 75. 
} Acta. Eruditorum, Suppl. vim. (1724), pp. 66—73. The form in which Riccati took thie 


equation was 
x™dqg=du+uudzriy, 
where q=2". 
+ Ibid. pp. 73—75. Daniel Bernoulli mentioned that solutions had been obtained by three 
other members of his family—John, Nicholas and the younger Nicholas. 


§ The reader should observe that the substitution 


gives rise to an equation which is easily soluble in series. 
| Exercitationes quaedum mathematicae (Venice, 1724), pp. 77—80; deta Eruditorum, 1725, 
pp. 465—473. 
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John Bernoulli’s equation * has resulted in the name of Riccati being associated 
not only with the equation which he discussed without solving, but also with 
a still more general type of equation. | 

It is now customary to give the namet Reccatr’s generalised equation to 


any equation of the form 


dy _ 
aoe Qy + Ry’, 


where P, Q, καὶ are given functions of z. 

It is supposed that neither P nor & is identically zero. If R=O, the equation is linear; 
if P=0, the equation is reducible to the linear form by taking 1/y as a new variable. 

The last equation was studied by Euler}; it is reducible to the general 
linear equation of the second order, and this equation 1s sometimes reducible 
to Bessel’s equation by an elementary transformation (cf. § 81, 48, 4°31). 


Mention should be made here of two memoirs by Euler. In the first§ it 
is proved that, when a particular integral y, of Riccati’s generalised equation 
is known, the equation is reducible to a linear equation of the first order by 
replacing y by y,+1/u, and so the general solution can be effected by two 
quadratures. It is also shewn (ibid. p. 59) that, if two particular solutions are 
known, the equation can be integrated completely by a single quadrature; and 
this result is also to be found in the second|| of the two papers. A brief dis- 
cussion of these theorems will be given in Chanter Iv. 


1:2. Daniel Bernoulli's mechanical problem. 


In 1738 Danie] Bernoulli published a memoir{ containing enunciations of 
a number of theorems on the oscillations of heavy chains. The eighth ** of 
these is as follows: “ De figura cutenae uniformiter oscillantis. Sit catena AC 
uniformiter gravis et perfecte flexilis suspensa de puncto A, eaque oscillationes 
facere uniformes intelligatur: pervenerit catena in situm AMF; fueritque 
longitudo catenae =/: longitudo cujuscunque partis #'M = z, sumatur n ejus 
valoristt ut fit 
Lt OU i is ἰδ 
]-- ------- - ---- -.... ------ ---- tH οἷο. = (. 
n 4nn 4.9n? 4.9.16n* 4.9.10. 2δηὅ 
* See James Bernoulli, Opera Omnia, τι. (Geneva, 1744), pp. 1054—1057 ; it is stated that the 
point of Riccati’s problem is the determination of a solution in finite terms, and a solution which 
resembles the solution by Daniel Bernoulli is given. . 
+ The term " Riccati’s equation’ was used by D’Alembert, Hist. del’ Acad. R. des Sci. de Berlin, 
x1x. (1763), [published 1770}, p. 242. 
+ Institutiones Calculi Integralis, τι. (Petersburg, 1769), § 831, pp. 88—89. In connexion with 
the reduction, see James Bernoulli’s letter to Leibniz already quoted. 
§ Novi Comm. Acad. Petrop, vi. (1760—1761), [published 1763], p. 32. 
| Ibid. 1x. (1762—1763), {published 1764], pp. 163—164. 
Ἵ "“ Theoremata de oscillationibus corporum filo flexili connexorum et catenae verticaliter 
suspensae,”” Comm. Acad. Sci. Imp. Petrop. νι. (1732—3), [published 1738], pp. 108—122. 
** Loc. cit: p. 116. 
tt The length of the simple equivalent pendulum is x. 
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Ponatur porro distantia extremi puncti F ab linea’ verticali = 1, dico fore 
distantiam puncti ubicunque assumpti M ab eadem linea verticali aequalem 


yeas ~ +7 - ΝΒ + ΕΞ Ὁ ξς ΕΣ a 
Ὡ 4nn 4.9n? 4.9.1θη: 4.9.16. 2δηῇ 


He goes on to say: “Invenitur brevissimo calculo n = proxime 069] ἰ.... 
‘Habet autem littera n infinitos valores alios.” 

The last series is now described as a Bessel function* of order zero and 
argument 2/(a/n); and the last quotation states that this function has an 
infinite number of zeros. 

Bernoulli published+ proofs of his theorems soon afterwards; in theorem 
VII, he obtained the equation of motion by considering the forces acting on 
the portion FM of length « The equation of motion was also obtained by 
Eulert many years later from a consideration of the forces acting on an element 
of the chain. 


+ ete.” 


The following is the substance of Euler’s investigation : 


Let p be the line density of the chain (supposed uniform) and let 7 be the tension at 
height x above the lowest point of the chain in its undisturbed position. The motion being 
transversal, we obtain the equation 7'=gpéx by resolving vertically for an element of 
chain of length 6x. The integral of the equation is 7=gpz. 


The horizontal component of the tension is, effectively, 7’ (dy/dx) where y is the (hori- 
zontal) displacement of the element; and so the equation of motion is 


dy s(t 
poe a? (τ AE 
If we substitute for 7 and proceed to the limit, we find that 
By i 2 (,% 
αὐ σοί" de) 


If f is the length of the simple equivalent pendulum for any one normal vibration, we 


write 
roin(s)in eet θῇ) 


where A and ¢ ure constants ; and then II (#/f) is a solution of the equation 


ε( ) ν 0 
da \” de) 7 ~ 


If z/f=u, we obtain the solution in the form of Bernoulli’s series, namely 
v=] sess ue aa ΚΝ ihe Osa a 
Ι1.4 1.4.9 1.4.9.16 

* On the Continent, the functions are usually called cylinder functions, or, occasionally, func- 
tions of Fourier-Bessel, after Heine, Journal fiir Math. ix1x. (1868), p. 128; see also Math. dun. 
111. (1871), pp. 609-610. 

t Comm. Acad. Petrop. vit. (1734—45), (published 1740], pp. 162—179. 

+ deta Acad. Petrop. v. pars 1 (Mathematica), (1781), [published 1784], pp. 157—-177. Euler 
took the weight of length ὁ of the chain to be KF, and he defined g to be the measure of the 
distance (not twice the distance) fallen by a particle from rest under gravity in a second. Euler’s 
notation has been followed in the text apart from the significance of g and the introduction of 
p and 6 (for d). 


1.8] BESSEL FUNCTIONS BEFORE 1826 5 


The general solution of the equation is then shewn to be Dr + Cv [ : a , where C and 


D are constants. Since y is finite when 7+=0, C must be zero, 
If a is the whole length of the chain, y=0 when v=a, and so the equation to determine / is 
1 -- finde ae ἘΞ as +..= 
L.f' 1.47 1.4.98" °" 
By an extremely ingenious analysis, which will be given fully in Chapter xv, Euler 
proceeded to shew that the three smallest roots of the equation in a/f are 1:445795, 7°6638 
and 18°63. [More accurate values are 1°4457965, 7°6178156 and 18°7217517.] 


In the memoir* immediately following this investigation Euler obtained the general 


0. 


solution (in the form of series) of the equation - ( u x) +v=0, but his statement of the 


law of formation of successive coefficients is rather incomplete. The law of formation had, 
however, been stated in his Institutiones Calculi Integralist, 11. (Petersburg, 1769), § 977, 
pp. 233-235. 
1:3. Euler's mechanical problem. 
The vibrations of a stretched membrane were investigated by Eulert in 
1764. He arrived at the equation 
ld*z d*z ldz. 1 dz 
@df ἀγ rdr* dd 
where z is the transverse displacement at time ¢ at the point whose polar 
coordinates are (r, @); and ὁ is a constant depending on the density and 
tension of the membrane. 
To obtain a normal solution he wrote 
z=usin(at + A)sin (Bd + B), 
where a, A, 8, B are constants and wu is a function of r; and the result of 
substitution of this value of z is the differential equation 
d*u ldu /ad 
te trast (en π)"π9 
The solution of this equation which is finite at the origin is given on p. 256 
of Euler’s memoir; it is 
abr? ati 
Δ {i ~ 2(n+ Deo. 4(n4 1)(n+3)e ips 
where n has been written§ in place of 26 + 1. : 
This differential equation is now known as Bessel’s equation for functions 
of order 8; and 8 may have || any of the values 0, 1, 2, .... 


Save for an omitted constant factor the series is now called a Bessel 
coefficient of order 8 and argument ar/e. The periods of vibration, 2π|α, of a 


* Acta Acad. Petrop. v. pars 1 (Mathematica), (1781), [published 1784], pp. 178—190. 

t See also 88 935, 936 (p. 187 et seq.) for the solution of an associated equation which will be 
discussed in § 3°52. 

Ζ Novi Comm. Acad. Petrop. x. (1764), [published 1766], pp. 243—260. 

§ The reason why Euler made this change of notation is not obvious. 

|| If 8 were not an integer, the displacement would not be a one-valued function of position, 
in view of the factor sin (8¢ + B). 


6 THEORY OF BESSEL FUNCTIONS [CHAP. I 


circular membrane of radius a with a fixed boundary* are to be determined 
from the consideration that w vanishes when r = a. 


This investigation by Euler contains the earliest appearance in Analysis of 
a Bessel coefficient of general integral order. 


14. The researches of Lagrange, Carlini and Laplace. 


Only a few years after Euler had arrived at the general Bessel coefficient 
in his researches on vibrating membranes, the functions reappeared, in an 
astronomical problem. It was shewn by Lagranget in 1770 that, in the elliptic 
motion of a planet about the sun at the focus attracting according to the law 
of the inverse square, the relations between the radius vector r, the mean 
anomaly df and the eccentric anomaly EZ, which assume the forms 


M=H-esnk, r=a(1—ecos £), 


give rise to the expansions 


Paves Aga 


n=] 


=l+}te +t SB, cos nM, 
1 


n= 


i 


in which a and ¢ are the semi-major axis and the eccentricity of the orbit, and 


A nap τ. {πη - 2,υ- ΞἸ εἴ tem _ 9 = (--ὮἨἩ ἡ (n + 2m) : nirt2m—2z entam 
mao 22" mi (n+ m)!? Ὁ Ὁ τ 5 Qr+am m!(n +m)! 


Lagrange gave these expressions for n = 1, 2,3. The object of the expansions 
is to obtain expressions for the eccentric anomaly and the radius vector in 
terms of the time. 


In modern notation these formulae are written 
A, = 2d, (ne)/n, B, = — 2 (e/n) J,’ (ne). 
It was noted by Poisson, Connaissance des Tems, 1836 [published 1833], p. 6 that 


a memoir by Lefort, Journal de Math. x1. (1846), pp. 142—152, in which an error made by 
Poisson is ccrrected, should also be consulted. 


A remarkable investigation of the approximate value of A, when n is large 
and 0<e<1 is due to Carlinit; though the analysis is not rigorous (and it 
would be difficult to make it rigorous) it is of sufficient interest for a brief 
account of 1t to be given here. 


* Cf. Bourget, Awn. Sci. de U'Ecole norm. sup. 111. (1866), pp. 55—95, and Chree, Quarterly 
Journal, xxt. (1886), p. 298. 

+ Hist. de VAcad. R. des Sci. de Berlin, xxv. (1769), [published 1771], pp. 204-233. [Oeuvres, 
111, (1869), pp. 113—138. ] | 

% Ricerche sulla convergenza della serie che serva alla soluzione del problema di Keplero 
(Milan, 1817). This work was translated into German by Jacobi, Astr. Nach. xxx. (1850), 
col. 197—254 [Werke, v11. (1891), pp. 189-245]. See also two papers by Scheibner dated 1856, 
reprinted in Math. Ann. xvii. (1880), pp. 531—544, 545—560. 
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It is easy to shew that A, is a solution of the differential equation 


@A,, ddA, , ὃ 
de τε ea 7h 5(1 - ε 4, =0. 


Define « by the formula Α4,.-- 9.."-1 e/“@*/n! and then 


rad (Situ )teu- —n?(1—e?)=0. 


Hence when 2 is large either τὸ or u? or du/de must be large. 


If «=O (n*) we should expect u? and du/de to be O(n?) and O (114) respectively ; and 
on considering the highest powers of 7 in the various terms of the last differential equation, 
we find thata=1. It is consequently assumed that τὸ admits of an expansion in descending 
powers of 7 in the form 

U= NUy + Uy + Ulg/N+..., 
where w%, %,, %, ... are independent of ἢ. 


On substituting this series in the differential equation of the first order and equating to 
zero the coefficients of the various powers of n, we find that 
Uo” = (1 — €?)/e?,  € (Ug + 2uy 21) + Uy =O, ... 
νᾳ -- εὮ 
9 
€ 


where 2% =du,/de; so that w= + and therefore 


1- 1 - <2 


[ ude=n flog 7 — ένα τῶ τα} - Ζ log (1—e*)+..., 


.᾿ 


and, since the value of 4, shews that jude “- 7 log δε when ε is small, the upper sign must 
be taken and no constant of integration is to be added. 


From Stirling’s formula it now follows at once that 


ἐν exp {n J(1-2)} 
ν απ). nk (1-2) 140-2} 
and this is the result obtained by Carlini. This method of approximation has been sued 
much further by Meissel (see § 8°11), while Cauchy* has also discussed approximate 
formulae for A, in the case of comets moving in nearly parabolic orbits (see ὃ 8°42), for 
which Carlini’s approximation is obviously inadequate. 


A, ~ 


The investigation of which an account has just been given is much more 
plausible than the arguments employed by Laplacet to establish the corre- 
sponding approximation for B,. 


The investigation given by Laplace is quite rigorous and the method which 
he uses 1s of considerable importance when the value of B, 1s modified by 
taking all the coefficients in the series to be positive—or, alternatively, by 
supposing that ¢ is a pure imaginary. But Laplace goes on to argue that an 
approximation established in the case of purely imaginary variables may be 
used ‘sans crainte’ in the case of real variables. To anyone who is acquainted 
with the modern theory of asymptotic series, the fallacious character of such 
reasoning will be evident. 

* Comptes Rendus, xxxvur. (1854), pp. 990—993. 


| Mécanique Céleste, supplément, t. v. [first published 1827]. Oeuvres, v. (Paris, 1882), 
pp. 486—489. 
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The earlier portion of Laplace’s investigation is based on the principle 
that, in the case of a series of positive terms in which the terms steadily in- 
crease up to a certain point and then steadily decrease, the order of magnitude 
of the sum of the series may frequently be obtained from a consideration of 
the order of magnitude of the greatest term of the series. 

For other and more recent applications of this principle, see Stokes, Proc. Camb. Phil. 
Soc. vi. (1889), pp. 362366 [Math. and Phys. Papers, v. (1905), pp. 221—225], and Hardy, 
Proc. London Math. Soc. (2) 11. (1905), pp. 332-339; Messenger, xxxIv. (1905), pp. 97—101. 


A statement of the principle was given by Borel, Acta Mathematica, xx. (1897), pp. 393— 
394, 


The following exposition of the principle applied to the example considered 
by Laplace may not be without interest : 


The series considered is 


8 (9 $ (n+2m) n™*2m— —2 ent 2m 
n 


m=-0 2**2™@m!(n+m)! ” 
in which πὶ is large and « has a fixed positive value. The greatest term is that for which 
m=, where μ is the greatest integer such that 
| 4p (n+p) (m+ 2p—2) < (n+ 2p) nee’, 
and so μ is approximately equai to 
dn {να Ὁ ἢ - + be/(1 - εἶ. 
Now, if u,, denotes the general term in B,{), it is easy to verify by Stirling’s theorem 


that, to a first approximation, “ξένῳ q@, where 


log g== — 2 /(1+€?)/(ne?). 
Hence Βι συμ {1 + 2g + 294 +299 + ...} 


; ΡΩΝ νἱ{π|(1] -- φ)); 
since * g is nearly equal to 1. 


Now, by Stirling’s theorem, 
| ΠῚ μὴ 1 exp {nV (1+ e)} 
μ wn? {1 +,/ (1 -- ε2)}" ’ 


. (2 Ji+e i e* exp {5 Χ(1 Ὁ ε2)) 
and βο “μὰ τ} 


"“ 


The inference which Laplace drew from this result is that 


ee ee - oy εἴ exp {n/(1 — e*)} 
: TT fl+7l—e)}* * 
This approximate formula happens to be valid when ε <1 (though the reason 
for this restriction is not apparent, apart from the fact that it 18 obviously 
necessary), but it is difficult to prove it without using the methods of contour 


* The formula 1+2 Σ qt? ~,/ {π|(1 -- 4})} may be inferred from general theorems on series ; 
t=0 


cf. Bromwich, Theory of Infinite Series, §51. It is also a consequence of Jacobi’s transformation 
formula in the theory of elliptic functions, 

95 (0| τὴ τε {-- τ) τὰ 59. (01 -- ττῦ; 
see Modern Analysis, ὃ 210]. 
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integration (cf. § 8°31). Laplace seems to have been dubious as to the validity 
of his inference because, immediately after his statement about real and 
imaginary variables, he mentioned, by way of confirmation, that he had 
another proof; but the latter proof does not appear to be extant. 


1:5. The researches of Fourter. 

In 1822 appeared the classical treatise by Fourier*, La Théorie analytuque 
de la Chaleur; in this work Bessel functions of order zero occur in the dis- 
cussion of the symmetrical motion of heat in a solid circular cylinder. It 18 
shewn by Fourier (§§ 118—120) that the temperature v, at time ¢, at distance 
« from the axis of the cylinder, satisfies the equation 

dv Καὶ ταν 1 ἀν 
αι" CD (ast * ada) 
where K, C, D denote respectively the Thermal Conductivity, Specific Heat 
and Density of the material of the cylinder; and he obtained the solution 
2 2 3 
where g = mCD/K and m has to be so chosen that 
| hv + K (dv/dx) = 0 
at the boundary of the cylinder, where h is the External Conductivity. 


Fourier proceeded to give a proof (§§ 307—309) by Rolle’s theorem that 
the equation to determine the values of m hast an infinity of real roots and 
no complex roots. His proof is slightly incomplete because he assumes that 
certain theorems which have been proved for polynomials are true of mtegral 
functions; the defect is not difficult to remedy, and a memoir by Hurwitz} 
has the object of making Fourier’s demonstration quite rigorous. 


It should also be mentioned that Fourier discovered the continued fraction 
formula (§ 313) for the quotient of a Bessel function of order zero and its 
der'vate; generalisations of this formula will be discussed in § 5:6, 9°65. 
Another formula given by Fourier, namely 


a? a‘ a’ 1 [τ : 
1-- oot δὲ 4: δὲ 4 8: Ὁ oo = | "cos (a sin x) dx, 


had been proved some years earlier by Parseval§; it is a special case of what 
are now known as Bessel’s and Poisson’s integrals (§§ 2°2, 2.8). 

* The greater part of Fourier’s researches was contained in a memoir deposited in the archives 
of the French Institute on Sept. 28, 1811, and crowned on Jan. 6, 1812. This memoir is to be 
found in the Mém. de UV Acad. des Sci., tv. (1819), [published 1824], pp. 185—555; v. (1820), 
[published 1826], pp. 153—246. 

+ This is a generalisation of Bernoulli’s statement quoted in § 1:2. 

+ Math. Ann. xxxi11. (1889), pp. 246—266. 

§ Mém. des savans étrangers, τ. (1805), pp. 689—648, This paper also contains the formal 
statement of the theorem on Fourier constants which is sometimes called Parseval’s theorem ; 
another paper by this little known writer, Mém. des savans étrangers, 1. (1805), pp. 379—398, con- 
tains a general solution of Laplace’s equation in a form involving arbitrary functions. 
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The expansion of an arbitrary function into a series of Bessel functions of 
order zero was also examined by Fourier (§§ 314—320); he gave the formula 
for the general coefficient in the expansion as a definite integral. 

The validity of Fourier’s expansion was examined much more recently by Hankel, 
Math, Ann. Vil. (1875), pp. 471—494; Schlafli, Math. Ann. x. (1876), pp. 187—142; Dini, 
Serie di Fourier, τ. (Pisa, 1880), pp. 246—269 ; Hobson, Proc. London Math. Soc. (2) vu. 


(1909), pp. 359—388 ; and Young, Proc. London Math. Soc. (2) xvii. (1920), pp. 163-—200. 
This expansion will be dealt with in Chapter xviit. 


10. The researches of Poisson. 


The unsymmetrical motions of heat in a solid sphere and also in a solid 

cylinder were investigated by Poisson* in a lengthy memoir published in 1823. 
In the problem of the spheret, he obtained the equation 

PR παι) 

dr? r 

where r denotes the distance from the centre, p is a constant, n is a positive 

integer (zero included), and R is that factor of the temperature, in a normal 


mode, which is a function of the radius vector. It was shewn by Poisson that 
a solution of the equation is 


R=-—p'R, 


τ 
pose | cos (7p cos @) sin”*! wda 
0 


and he discussed the cases »=0, 1, 2 in detail. It will appear subsequently 
(§ 3:3) that the definite integral is (save for a factor) a Bessel function of 
order n + 4. | 


In the problem of the cylinder (ibid. p. 340 et seg.) the analogous integral is 
rn” [ cos (hX cos ω) sin" wda, 
J0 


where n= 0, 1, 2,... and Ἃ is the distance from the axis of the cylinder. The 
integral is now known as Poisson’s integral (§ 2.8). 


In the case ἢ Ξε, an important approximate formula for the last integral 
and its derivate was obtained by Poisson (ibid., pp. 350352) when the variable 
is large; the following is the substance of his investigation: 


Lett J (b= [Fos (kcosw)do, Jo (k)=— E [ cos ὦ sin (£ cos w) do. 
Then J, (ζ) is a solution of the equation 

a? (y /k) 1 τι 

a + (1+ ga)y Ve=0. 


* Journal de UEcole R. Polytechnique, x11. (cahier 19), (1823), pp. 249—403. 

+ Ibid. p. 300 et seg. The equation was also etudied by Plana, Mem. della R. Accad. delle Sci. 
di Torino, xxv, (1821), pp. 532—534, and has since been studied by numerous writers, some of 
whom are mentioned in § 4.3. See also Poisson, La Théorie Mathématique de la Chaleur (Paris, 
1835), pp. 366, 369. 

+ See also Réhrs, Proc. London Math. Soe. v. (1874), pp. 186—187, The notation J, (k) was 
not used by Poisson. 
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When ἢ is large, 1(4{3) may be neglected in comparison with unity and so we may expect 
that Jo (£) /k is approximately of the form A cos £+Bsin & where A and B are constants. 


To determine A and B observe that 
cos k. Jo (k)—sink. Jy (kh) = : ᾿ ᾿ {cos? $ cos (2k sin? 4) + 515 4 cos (2k cos? ξω)} do. 
wi} Qo 
Write 2 — for ὦ in the latter half of the integral and then 


oe στα νυ ye" = f° cbs θυ Ob ain? to) de 


(2c) 
Lay V2 an (1-3 .) ae wax, 


and similarly sin &.J)(k)-+cosk. Jp’ nas? eas (- ΓἾ sin a2de. 


v (2k) y2\ 36 x 
But ro la (1 NO de “ena. 
ἀκ } 0 2k/ sin y sin 2 


by a well known formula*. 


[Norsz. It is not easy to prove rigorously that the passage to the limit is permissible ; 
the simplest procedure is to appeal to Bromwich’s integral form of Tannery’s theorem, 
Bromwich, Theory of Infinite Series, § 174.] 


It follows that 
; : 1 
cosk .J, (k)—sin k. Jp OF ad (1+), 


7 Ὁ 
sin k.Jo (k)+cosk. J Ol ἢ (1 +n,), 
where ¢,->0 and 7,.->-0 as k->o ; and therefore 


J, (k) = [(1 +e) cos ἀ + (1+7;) sin 4}, 


cic J(k) 
J (x) “7B {[-—(l+e) sin k+(1 + n,) COS k}. 


It was then assumed by Poisson that J, (ζ) is expressible in the form 


Se Teh (412 ea ὅν .)cosk+(B+5 + = ++ ..) sink 


where A=B=1. The series are, however, not convergent but asymptotic, and the validity 
of this expansion was not established, until nearly forty years later, when it was investl- 
gated by Lipschitz, Journal fiir Math. Lv1. (1859), pp. 189—196. 


The result of formally operating on cena assumed by Poisson for the function 


d? 
Jy () ./(wk) with the operator qet 1+ ji aa is 


- 2B" -Ααἰ. ’ 2,88" —(2.34+}) A” 
cos #( 2-1-2 24 3 2B ΞΈΡΩ: 38 2 +4 ten | 


᾿ “9,845 ..(2.3-}} 8’ 
tein &[ 2-1-4 1. A'+4B 2.2A Ale -2+}) B 3.84 εἰς ἘΠ ΒΒ. i 


* Cf. Watson, Complex Integration and Cauchy’s Theorem (Camb. Math. Tracts, no. 15, 1914), 
p. 71, for a proof of these results by using contour integrals. 
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and so, by equating to zero the various coefficients, we find that 


ΜῺ 9 a ω 9.95 

A'= -ἰ Β, 4΄ τι, 4΄ Ξ ς 258)... 
1 9 ,.. 9.3ὅ 

B= 54, δες, 4, B=-s a gids 


and hence the expansion of Poisson’s shi is 


ie cos (008 οὐ da -(τὉ (1-5 BE - pate sept: .. ) 008 & 


1 9 9. 25 ς 
ἐπ τῷ- 2.82 8. 8. 8:13 Τ᾿ ..) sin J. 
But, since the series on the right are not convergent, the researches of Lipschitz and 


subsequent writers are a necessary preliminary to the investigation of the significance of 
_ the latter portion of Poisson’s investigation. 


It should be mentioned that an explicit formula for the general term in the expansion 
was first given by W. R. Hamilton, Trans. R. Irish Acad. x1x. (1843), p. 313; his result 
was expressed thus: 


: Io cos (28 sin a) da= TH =B) 2. Σ ol" ([ —$]}")? (48)—* cos (28 — 42m — 4), 


and he described the expansion as semi-convergent; the expressions [0]~" and Ϊ -- 67" are 
to be interpreted as 1/n! and (— 4) (—#)...(—n+4). 


A result of some importance, which was obtained by Poisson in a subsequent 
memoir*, is that the general solution of the equation 


ci rie Ey 
dx* 4a? my 
is y = Ast ie e~hreosede + Bat i θ΄ haces log (x sin? w) dw, 


where A and B are constants. 


It follows at once that the general solution of the equation 


dat ada 
15 y=A [ e-Wecote day + Β [” e-Meo~ log (x sin? w) dw. 


This result was quoted by Stokest+ as a known theorem in 1850, and 10 18 
likely that he derived his knowledge of it from the integral given in Poisson's 
memoir; but the fact that the integral is substantially due to Poisson has 
been sometimes overlookedt. 


* Journal de VEcole R. Polytechnique, x11. (cahier 19), (1823), p. 476. The corresponding 
general integral of an associated partial differential equation was given in an earlier memoir, 
ibid, p. 227. 

+ Camb. Phil. Trans. 1x. (1856), p. [38], [Math. and Phys. Papers, 111. (1901), p. 42). 

+ See Encyclopédie des Sci. Diath, τι. 28 (§ 53), p. 213. 
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11. The researches of Bessel. 


The memoir* in which Bessel examined in detail the functions which now 
bear his name was written in 1824, but in an earlier memoir+ he had shewn 
that the expansion of the radius vector in planetary motion is 


“=1+ 4+ 2% B, cos nM, 
a : n=1 


€ . ΟΦ > 
where B,=- πα {, Sia wsin (nu — ne sin ὦ) du; 
Τυο 


this expression for B, should be compared with the series given in § 1.4. 


In the memoir of 1824 Bessel investigated systematically the function J," 
defined by the integral ἢ 


1 ὥπ 
λ a —_— ἐ-" : 
Ως με | : cos (hu — k sin wu) du. 


He took ὦ to be an integer and obtained many of the results which will be 
given in detail in Chapter 11. Bessel’s integral is not adapted for defining the 
function which is most worth study when h is not an integer (see § 10:1); the 
function which is of most interest for non-integral values of ὦ is not J,” but 
the function defined by Lommel which will be studied in Chapter 11. 


After the time of Bessel investigations on the functions became so numerous 
that 1t seems convenient at this stage to abandon the chronological account 
and to develop the theory in a systematic and logical order. 


An historical account of researches from the time of Fourier to 1858 has been compiled 
by Wagner, Bern Mittheilungen, 1894, pp. 204—266; a briefer account of the early history 
was given by Maggi, Atti della R. Accad. dei Lincei, (Transunti), (3) 1v. (1880), pp. 259— 263. 


* Berliner Abh. 1824 [published 1826], pp. 1—52. The date of this memoir, ‘“‘ Untersuchung 
des Theils der planetarischen Stérungen, welcher aus der Bewegung der Sonne entsteht,” is 
Jan, 29, 1824. 

+ Berliner Abh. 1816—17 [published 1819], pp. 49—55. ἢ 

+ This integral occurs in the expansion of the eccentric anomaly; with the notation of 8.1.4, 

nd, = 315 


a formula given by Poisson, Connaissance des Tems, 1825 [published 1822], p. 383. 


ne) 


CHAPTER II 


THE BESSEL COEFFICIENTS 


21. The definition of the Bessel coefficients. 


The object of this chapter is the discussion of the fundamental properties 
of a set of functions known as Bessel coefficients. There are several ways of 
defining these functions; the method which will be adopted in this work 18 to 
define them as the coefficients in a certain expansion. This procedure is due 
to Schlémilch*, who derived many properties of the functions from his defi- 
nition, and proved incidentally that the functions thus defined are equal to the 
definite integrals by which they had previously been defined by Besselt. It 
should, however, be mentioned that the converse theorem that Bessel’s inte- 
grals are equal to the coefficients in the expansion, was discovered by Hansent 
fourteen years before the publication of Schlémilch’s memoir. Some similar 
results had been published in 1886 by Jacobi (8 2°22). 


The generating function of the Bessel coefficients is 
1 
οἰ (:-ἢ. 


It will be shewn that this function can be developed into a Laurent series, 
qua function of t; the coefficient of ἐδ in the expansion is called the Bessel 
coefficient of argument z and order n, and it is denoted by the symbol J, (2), 
so that ᾿ 7 

(1) ἐπ ἢ x δ, (2). 
τῷ 

ΤῸ establish this development, observe that θὲδέ can be expanded into an 
absolutely convergent series of ascending powers of t; and for all values of t, 
with the exception of zero, e~#/“ can be expanded into an absolutely conver- 
gent series of descending powers of t. When these series are multiplied 
together, their product is an absolutely convergent series, and so it may be 
arranged according to powers of ¢; that is to say, we have an expansion of the 
form (1), which is valid for all values of z and t, t = 0 excepted. 


* Zeitschrift fiir Math. und Phys. 11. (1857), pp. 137—165. For a somewhat similar expansion, 
namely that of e%°89, see Frullani, Mem. Soc. Ital. (Modena), xvitt. (1820), p. 503. It must be 
pointed out that Schlémilch, following Hansen, denoted by J,,, what we now write as J, (22) ; 
but the definition given in the text is now universally adopted. Traces of Hansen’s notation 
are to be found elsewhere, e.g. Schlafli, Math. Ann. m1. (1871), p. 148. 

+ Berliner Abh. 1824 {published 1826], p. 22. 

+ Ermittelung der Absoluten Storungen in Ellipsen von beliebiger Excentricitiit und Neigung, 
1. theil, (Schriften der Sternwarte Seeburg: Gotha, 1843], p. 106. See also the French transla- 
tion, Mémoire sur la détermination des perturbations absolues (Paris, 1845), p. 100, and Leipziger 


Abh. 11. (1855), pp. 250—251. 
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If in (1) we write —1/t for t, we get 


e3z(-1/t+t) — Σ (- ἐ). " J, (2) 


r= -- Ὃ 


= Σ (-δ᾽υ.,0), 
um — x 
on replacing n by —n. Since the Laurent expansion of a function is unique*, 
a comparison of this formula with (1) shews that 


(2) J_n (Zz) =(— )" Jn (2), 


where n is any integer — a formula derived by Bessel from his definition of 
J,,(z) as an integral. 


From (2) it is evident that (1) may be written in the form 
(3) ete = Jy (2) + Σ {Ὁ (— 0-9} Jy (2) 
n=1 


A summary of elementary results concerning J, (z) has been given by Hall, The Analyst, 
I. (1874), pp. 81—84, and an account of elementary applications of these functions to 
problems of Mathematical Physics has been compiled by Harris, American Journal of 


- 


Math. χχχιν. (1912), pp. 391—420. ᾿ 


The function of order unity has been encountered by Turriére, Nouv. Ann. de Math. (4) 
Ix. (1909), pp. 433—441, in connexion with the steepest curves on the surface z= y (5.x? — γῆ). 


211. The ascending series for ὦ, (2). 


An explicit expression for J, (z) in the form of an ascending series of powers 
of z is obtainable by considering the series for exp (} zt) and exp (—42/t), thus 
oo rer @ (— dz) ἐπ 
<p 42 ( / ) r=0 r! m=0 mi 
When n is ἃ positive integer or zero, the only term of the first series on the 
right which, when associated with the general term of the second series gives 
rise to a term involving ¢” is the term for which r= +m; and, since n> 0, 
there is always one term for which 7: has this value. On associating these 
terms for all’ the values of m, we see that the coefficient of ἐπ in the product is 


20 ({ 2) πὶ (-- 4z)" 
m=o(W+m)! m! ° 
We therefore have the result 


(1) | J, (2) 7 < ( ἐξ )»» (f2)etom 


πο mi(n+m)! ’ 


“ For, if not, zero could be expanded into a Laurent series in t, in which some of the 
coefficients (say, in particular, that of i™) were not zero. If we then multiplied the expansion by 
ἐπ ΠῚ and integrated it round a cirele with centre at the origin, we should obtain a contradiction. 
This result was noticed by Cauchy, Comptes Rendus, xitt. (1841), p. 911. 
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where n is a positive integer or zero. The first few terms of the series are 
given by the formula 
2” 23 2 ) 
(2) σι) τ 5m — 8 Tt) | 1.2 (ας δ᾽ 7) 
In particular | 
. 2 4 
(3) I@=1-5 +6 g-paete 

To obtain the Bessel coefficients of negative order, we select the terms in- 
volving t~” in the product of the series representing exp (ἐ 26) and exp(— $2/E), 
where 7 is still a positive integer. The term of the second series which, when 
associated with the general term of the first series gives rise to a term in ὑπ" 
is the term for which m =n +r; and so we have 

oo (42) {- 2)» 
aE - 71 a 
whence we evidently obtain anew the formula ὃ 21 (2), namely 
Jin (2) =(— "In (2). 

It is to be observed that, in the series (1), the ratio of the (m+1)th term 
to the mth term is — }2?/{m(n+m)}, and this tends to zero as m > 0, for all 
values of z and n. By D’Alembert’s ratio test for convergence, it follows that 
the series representing J,,(z) is convergent for all values of 2 and n, and so it 
is an integral function of z when n=0, +1, +2, : 8, .... 

It will appear later (§ 4°73) that J,,(z) is not an algebraic function of z 
and so it is a transcendental function; moreover, it is not an elementary 
transcendent, that is to say it is not expressible as a finite combination of 
exponential, logarithmic and algebraic functions operated on by signs of 
indefinite integration. | 

From (1) we can obtain two useful inequalities, which are of some import- 
ance (cf. Chapter Xvi) in the discussion of series whose general term 1s a 
multiple of a Bessel coefficient. 


Whether z be real or complex; -we have 


| Jn (2) | <| 42 |" Σ an cA 


εἶτ" $ δε" 
~~ nm! moo mi(n+1)”’ 
and so, when n > 0, we have . 
a1" z\? ΣΝ 
Δ [Sn (e) |< BEE exp (HED) «ἀξ exp cael, 


This result was given in substance by Cauchy, Comptes Rendus, x11. (1841), pp. 687, 
854; a similar but weaker inequality, namely 
t Ζ is 
|Jy (2) ς BE!” exp (1215) 
was given by Neumann, Theorie der Bessel’schen. Functionen ( Leipzig, 1867), p. 27. 
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By considering all the terms of the series for J, (2) except the first, it 1s 
found that 


(5) Jn(e) =F" (1 4.0, 
where [8 |cexp (2/20) 1 < ple) 


It should be observed that the series on the right in § 21 (1) converges uniformly in 
any, bounded domain of the variables z and ¢ which does not contain the origin in the 
t-plane. For if ὃ, A and & are positive constants and if 


ὃς. Δ, |z| <| Ai, 


the terms in the expansion of exp (42¢) exp (42/t) do not exceed in absolute value the corre- 
sponding terms of the product exp ($24) exp (4/8), and the uniformity of the convergence 
follows from the test of Weierstrass. Similar considerations apply to the series obtained 
by term-by-term differentiations of the expansion 3¢"./, (2), whether the differentiations be 
performed with respect to z or ¢ or both 2 and ¢. 


2°12. The recurrence formulue. 


The equations* | 
2 
(1) Ina (2) + Ines (2) =F In (2), 


(2) ,.. (Z) - J nai (2) = 2d n (2), 


which connect three contiguous functions are useful in constructing Tables of 
Bessel coefficients ; they are known as recurrence formulae. 


To prove the former, differentiate the fundamental expansion of ὃ 21, 
namely | 
ger) 2 > {" J, (z), 


ΉΞΞ .- 


with respect to ἐ; we get 


$2(1+1/¢) ges Σ nt Jn (2), 
so that a 
kz(1+1/#) Σ Jn(z)= Σ nt? Ja (2). 


If the expression on the left is arranged in powers of ¢ and coefficients of ἐπὶ 
are equated in the two Laurent series, which are identically equal, it is evident 
that 

$2 {Jn—1 (z) + ὦ 4} (z)} =ndy (2), 


which is the first of the formulaef. 


* Throughout the work primes are used to denote the derivate of a function with respect to 
its argument. 

1 Differentiations are permissible because (§ 2°11) the resulting series are uniformly convergent. 
The equating of coefficients is permissible because Laurent expansions are unique, 
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Again, differentiate the fundamental expansion with respect to z; and then 


16.--1|Ὁ t= Sty! (2), 


so that 4 (¢—1/t) Σ JIn(z)= Σ tJ,’ (2). 
By equating coefficients of ¢” on either side of this identity we obtain formula 
(2) immediately. 

The results of adding and subtracting (1) and (2) are 


(3) Edn (2) + nd y (2) = ZI n- (2), 

(4) 2d (2) — Nd yn (2) = — 2d ngs (2). 
These are equivalent to 

(5) © (2 In(2)} = 2" Ina (2), 

(6) o [χη J, (2)} = -- στ, (2). 


In the case n=0, (1) is trivial while the other formulae reduce to 

(7) Jy (2) Ξε -- ὦ, (2). 

The formulae (1) and (4) from which the others may be derived were discovered by 
Bessel, Berliner Abh. 1824, [1826], pp. 31, 35. The method of proof given here is due to 
Schlémilch, Zevtschrift fiir Math. und Phys. τι. (1857), p. 138. Schlémilch proved (1) in 
this manner, but he obtained (2) by direct differentiation of the series for οἷ (2). 

A formula which Schlémilch derived (bid. p. 143) from (2) is 
ad’ J, (2 5 
(8) 2° sak Ve =A (—)™, Cm ᾿ J ran (2), 
m= 


where ,C,,, 15 a binomial coefficient. 


By obvious inductions from (5) and (6), we have 


(9) (5) Jn (2) = 2am (2) 
(10) (5) 2" Tin ( z)} == (—)Mg-m-m J (2), 


where n is any integer and m is any positive integer. The formula (10) is due 
to Bessel (διά. p. 34). 
As an example of the results of this section observe that 


2, (2) = 40), (2) — 2d (2) 


φοοφοοθοῦφοθ θο δοοσθΟΦΘΟΘΘΟοοΟθὃ» δὼ 9 


= 4 Σ (--ΆῈς" ηὐρι (2) + (--} 2 Joya, (2) 


-ΞἀΣ (τι), 
n=1 
since zJay41(z) ~>0 as N— ow, by § 2°11 (4). 
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The expansion thus obtained, 
(11) eJy(z)=4 Σ (γε τ nJin(2), 
n=1 


is useful in the developments of Neumann’s theory of Bessel functions (§ 3°57). 


2°13. The differential equation satisfied by J;, (2). 
When the formulae § 2°12 (5) and (6) are written in the forms 


d d 
de {2" J, (z)} =2" Ins (2), =P {2i-™ Jas (2)} = — 2S (2), 
the result of eliminating Jy_, = is seen to be 


ge [27 Se Ine} | =- aCe) 


that is to say 


ge fet 2) 4 ne Op =— 2a) 
and so we have Bessel’s Pane equation * 
(1) δ Ἔνθ ἡ on : τῷ (23 -- n°) Jy, (2) -Ξ 0. 


The analysis is simplified by using the operator 3 defined as z (d/dz). 
Thus the recurrence formulae are 


(9 +2) J, (5) =2dn_1 (2), (ὃ —2 +1) Jai (2) = — 2d n (2), 
and so 
(ὃ --η +1) [27 (3 +2) Ji (2)} = — Ζύ, (2), 
that is 
27 (9—n)(S +2) J, (2) = — 2a (9). 
and the equation 
7 (9? -- n®) Jy, (2) = — ζ;), (2) 


reduces at once to Bessel’s equation. 


Corollary. The same differential equation is obtained if J, ,,(z) is eliminated from the 


formulae 
(94241) Sagi (2)=Wn (2), (9 -- Ἀ) Sn (2) = — nai (2). 


2.2. Bessel’s integral for the Bessel coefficients. 
We shall now prove that 
1 op | 
(1) Jn (2) = on Ι, cos (n@ -- z sin θ) dé. 


This equation was taken by Bessel+ as the definition of J,(z), and he 
derived the other properties of the functions from this definition. 


* Berliner Abh. 1824 [published 1826], p. 34; see also Frullani, Mem. Soc. Ital. (Modena), xviii. 
(1820), p. 504. 
Τ Ibid. pp. 22 and 35. 
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It is frequently convenient to modify (1) by bisecting the range of in- 
tegration and writing 27 — @ for 6 in the latter part. This procedure gives 


(2) Jn (2) == [cos (nO — zsin 0) dé. 
0 


Since the integrand has period 27r, the first equation may be transformed 
into 
2r+a 
(3) rae = | cos (nO — 2 sin 8) dO, 
where a is any angle. 
To prove (1), multiply the fundamental expansion of ὃ 21 (1) by "7 and 
integrate* round a contour which encircles the origin once counterclockwise. 


_We thus get 
11 Pr t-"-1 gee dt = Σ Jn (2) [ree dt. 
2a nao ot 
The integrals on the right all vanish except the one for which m=n; and 
so we obtain the formula 


(0+) Sis 
(4) σι) ge feel ae 


Take the contour to be a circle of unit radius and write t =e, so that θ 
may be taken to decrease from 27 +a toa. It 15 thus found that 


1 ὅπται ste 
(5) 75 (z)= = | et (nd -zsin 6) dé, 


a result given by Hansen f in the case a=0. 


In this equation take a =— 7, bisect the range of integration and, in the 
former part, replace θ by — @. This procedure gives 


Jn (Zz) = ΕΞ : {atime ean) 4g tae ΖΒ} )} dé, 


and equation (2), from which (1) may be deduced, is now obvious. 
Various modifications of Bessel’s integral are obtainable by writing 


Jn (2) = = ik cos n@ cos (z sin 6) dé + ᾿ i sin ἢ} sin (2 sin 0) dé. 


If 6 be replaced by 7 — Θ in these two integrals, the former changes sign when 
n is odd, the latter when n is even, the other being unaffected in each case; 
and therefore 


Jn(z) = tL Ν sin n9 sin (z sin θ) d@ | 
(6) | ἕξι 


\ 


ae (n odd), 
“= | sin 6 sin (2 sin 9) dé 
0 


* Term-by-term integration is permitted because the expansion is uniformly convergent on the 
contour. It is convenient to use the symbol {‘¢+) to denote integration round a contour encircling 
the point a once counterclockwise. 

+ Ermittelung der absoluten Stérungen (Gotha, 1843), p. 105. 
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. Jn (7) = I " cos ηθ cos (z sin 0) d@ 
(7) he 


a (n even). 
= — | cos n6 cos (z sin 0) 4θ 
Tw Jo 


If 6 be replaced by $2 — ἡ in the latter parts of (6) and (7), it is found that 
ἀπ 
(8) Jn (2) = 2 (-- "τῷ | Cos nn sin (2 cos 7) dn (n odd), 
0 


a 


tr 
(9) Jn (2) = 2 (-)* [ cos n7 cos (2 cos ἢ) dn (n even). 
“0 
The last two results are due substantially to Jacobi *. 


[Nore. It was shewn by Parseval, Mém. des savans étrangers, τ. (1805), pp. 689—648, 

that 
a’ at a 1 [* ; 
ΤΥ ΡΝ cos (a sin x) dz, 

and so, in the special case in which n=0, (2) will be described as Parseval’s entegral, It 
will be seen in § 2.3 that two integral representations of J» (z), namely Bessel’s integral 
and Poisson’s integral become identical when n=0, so ἃ special name for thi: case is 
justified. ] 


The reader will find it interesting to obtain (after Bessel) the formulae § 2°12 (1) and 
δ 2°12 (4) from Bessel’s integral. 


2°21. Modifications of Parseval’s integral. 


Two formulae involving definite integrals which are closely connected with Parseval’s 
integral formula are worth notice. The first, namely 


(1) Jo (Viet—y)}=> | * ev co8® cos (z sin 6) dé, 


is due to Bessel+. The simplest method of proving it is to write the expression on the 
right in the form 

a ; ev cos @+izsin§ (10, 

Qr -π 


expand in powers of y cos θ-Ἐ τ sin 6 and use the formulae 
é 


᾿ (y cos θ- ὦ sin θ)25}Ὲ1 dg=0, [ (y 008 8 +12 sin 6)% dg = >TO ERTS) (ye _ ay 


the formula then follows without difficulty. 
The other definite integral, due to Catalant, namely 


| (2) Jy (2 fz) = Ἰ [ elite) cos 9 cos {(1 — 2) sin 6} dé, 
w J 0 
is a special case of (1) obtained by substitutirfg 1—z and 1+z2 for z and y respectively. 


* Journal fiir Math. xv. (1836), pp. 12—13. (Ges. Math. Werke, v1. (1891), pp. 100—102]; the 
integrals actually given by Jacobi had limits 0 and with factors 1/w replacing the factors 2/7. 
See also Anger, Neueste Schriften der Naturf. Ges. in Danzig, v. (1855), p. 1, and Cauchy, 
Comptes Rendus, xxxvuit.. (1854), pp. 910—913. 

+ Berliner Abh., 1824 [published 1826], p. 37. See also Anger, Neueste Schriften der Naturf. 
Ges. in Danzig, v. (1855), p. 10, and Lommel, Zeitschrift fiir Math. und Phys. xv.(1870), p. 151. 

t Bulletin de V Acad. R. de Belgique, (2) xu1. (1876), p. 938. 
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Catalan’s integral may be established independently by using the formula 


1 1 [0:7] 
5 —m~1 oft 
mi ὥπὶ a 
so that ὟΣ 
wn 218 1 “σ΄ ἴα γ (ὃ Ὁ) : 
70 (Δὐ /z)= Σ -- -- = t-m—letdt 
0 (2t κἱὴ) mo (m!)? 2πὸ mao Me! 
1 


~ Dri 


(O+) z\dt 1 [7 ; ; 
---- exp (τῇ τὺ; [ exp {60 + ze— 16} dé, 


by taking the contour to be a unit circle; the result then follows by bisecting the range of 
integration. 
2:22. Jacoli’s expansions in series of Bessel coefficients. 


Two ‘series, which are closely connected with Bessel’s integral, were dis- 
covered by Jacobi*. The simplest method of obtaining them is to write 
t = + εἶθ in the fundamental expansion ὃ 21 (3). We thus get 


etizsiné — J; (z)+ = (4 1)" fen + (—)” eo} 7. (2) 
w= 


=J,(z)+2 Σ Jon (z)cos 2ηθ0.: 2ὲ Σ Sony, (2) sin (2n + 1) 8. 
1 n=0 


n= 


On adding and subtracting the two results which are combined in this formula, 
we find 


(1) cos (z sin 6) = J,(z) +2 Σ Jon (2) cos 2n8, 
n=1 

(2) sin (zsin 8@) = 2 Σ «ὔμμι (2) sin (2n +1) 6. 
2=0 


Write 4a — ἡ for @, and we get 


(3) cos (z cos n) = J, (2) - 3 Σ (---} Jon (5) cos 2ηη, 
ἘΞ} 

(+) sin (Ζ cos 7) = 23 (--Ὸ Jonas (5) Cos (2n + 1) 9. 
n=0 


The results (3) and (4) were given by Jacobi, while the others were obtained later by 
Angert. Jacohi’s procedure was to expand cos (2 605 η) and sin (2 cos ) into a series of 
cosines of multiples of 7, and use Fourier’s rule to obtain the coefficients in the form of 
integrals which are seen to be associated with Bessel’s integrals. 


In view of the fact that the first terms in (1) and (3) are not formed 
according to the same law as the other terms, it is convenient to introduce 
Neumann’s factor} €,, which is defined to be equal to 2 when ἢ 18 not zero, 
and to be equal to 1 when n is zero. The employment of this factor, which 


* Journal fiir Muth. xv. (1836), p. 12. [Ges. Math. Werke, νι. (1891), p. 101.) 
+ Neueste Schriften der Naturf. Ges. in Danzig, v. (1855), p. 2. 
t Neumann, Theorie der Bessel’schen Fuictionen (Leipzig, 1867), p. 7. 
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will be of frequent occurrence in the sequel, enables us to write (1) and (2) in 
the compact forms: 


(5) cos (2 sin 6) = Σ €on Jon (2) cos 2n8, 
n=0 
(6) sin (z sin 8) = Σ €on+1 Jon+1 (2) sin (2n +1) 8. 
n=0 
If we put 8 =0 in (5), we find 
(7) L= & én Jo (2). 


If we differentiate (5) and (6) any number of times before putting @=0, we 
obtain expressions for various polynomials as series of Bessel coefficients. We 
shall, however, use a slightly different method subsequently (§ 2°7) to prove 
that 2” 15 expansible into a series of. Bessel coefficients when m is any positive 
integer. It is then obvious that any polynomial is thus expansible. This is a 
special case of an expansion theorem, due to Neumann, which will be investi- 
gated in Chapter XVI. 


For the present, we will merely notice that, if (6) be differentiated once 
before @ is put equal to 0, there results 


(8) pe & eons (2n +1) Jona (2); 

while, if @ be put equal to 47 after two differentiations of (5) and (6), then 
(9) ᾿ς esinz = 2 [22 J, (2) — 47 J, (2) + 6, (2) -- ...}, 
(10) Ζ (08 2 = 2 [15 J, (2) — 3° J; (z) + δ5 J (2) —...}. 


These results are due to Lommel *. 
Note. The expression exp {22 (¢—1/t)} introduced in § 2°1 is not a generating function 
in the strict sense. The generating function t associated with e,J, (2) is 3 e,t*J, (2). 
᾿ n=0 
If this expression be called S, by using the recurrence formula ἃ 2°12 (2), we have 
dS 1 1 ] ] 
 - 3(¢ - : S+5 (« +;) J, (2). 


If we solve this differential equation we get 


- 
~ 


ay) gael (t-19 ἢ (ἢ ἐς (ἐ-- 1) 1: Ὲ (“MO J, (2) de. 


A result equivalent to this was given by Brenke, Bull. American Muth. Soc. Xvi. (1910), 
pp. 225— 230. 


* Studien iiber die Bessel’schen Functionen (Leipzig, 1868), p. 41. 
ΤΙΝ will be seen in Chapter xvz. that this is a form of ‘“‘Lommel’s function of two variables.” 


24 THEORY OF BESSEL FUNCTIONS [CHAP. II 


2:3. Poisson’s integral. for the Bessel coefficients. 


Shortly before the appearance of Bessel’s memoir on planetary perturbations, 
Poisson had published an important work on the Conduction of Heat*, in the 
course of which he investigated integrals of the typest 


i " cos (z cos 8) sin*"+ θαθ, | " cos (z cos 8) sin θαθ, 
0 0 


where n is a positive integer or zero. He proved that these integrals are 
solutions of certain differential equations} and gave the investigation, which 
has already been reproduced in § 1°6, to determine an approximation to the 
latter integral when z is large and positive, in the special case n = 0. 


We shall now prove that 


(1) Jn (z) = 


2” 7 oe 
1.3.5...(Qn—l1)7 { F cos (Ζ cos 8) sin” θαθ 


___ (er [ἢ n®” θαθ: 
ΞΡ Τῷ = C08 (econ ον δὰ Ode; 


and, in view of the importance of Poisson’s researches, it seems appropriate to 
describe the expressions on the right§ as Poisson’s integrals for J,(z). In the 
case n= 0, Poisson’s integral reduces to Parseval’s integral (§ 2.2). 


It is easy to prove that the expressions under consideration are equal to 
Jy, (2); for, if we expand the integrand in powers of z and then integrate 
term-by-term||, we have 


: [ " cos (z cos 8) sin” 94 = LS  Ὁ΄ i " cos” θ sin™ 00 


TsO TW an=0 2m)! 0 
a Se 1.3.5...(2n—1).1.3.5... (2m — 1) 
mag (2m)! * 2.4.6... (2n + 2m) 
ος (—)™ 22 


=1.3.5...(2n—1) 2 


and the result is obvious. 


* Journal de U Ecole R. Polytechnique, x11. (cahier 19), (1823), pp. 249—403. 

+ Ibid. p. 293, et seq.; p. 340, et seg. Integrals equivalent to them had previously been 
examined by Euler, Inst. Calc. Int. τι. (Petersburg, 1769), Ch. x. § 1036, but Poisson’s forms are 
more elegant, and his study of them is more systematic. See also § 3°3. 

+ E.g. on p. 300, he proved that, if 


w es 
R= | cos (rp cos w) sin?*t! ὦ dw, 
0 


then αὶ satisfies the differential equation 


@R n(n+1) 
ae ὡς π᾿ R=- PPR. 
§ Nielsen, Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 51, calls them 
Bessel’s second integral, but the above nomenclature seems preferable. 
| The series to be integrated is obviously uniformly convergent; the procedure adopted is due 


to Poisson, ibid. pp. 314, 340. 
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Poisson also observed* that 
[᾿ eieomee sine θαθ = [cos (z cos 8) sin™" θαθ; 
0 0 


this is evident when we consider the arithmetic mean of the integral on the 
left and the integral derived from it by replacing 0 by a — 0. 


We thus get 


(2) ᾿ ΔΑ (7) = τα ταί, οἷ cos 0 sin” 6dé. 
A slight modification of this formula, namely 
(gz : ἐσέ 2\n - ὦ 


has suggested important developments (ot § 61) in the on of Basal 
functions. 


It should also be noticed that 


ἀπ 
(4) | cos (z cos 8) sin” θαθ = 2 [ cos (Ζ cos θ) sin™ θὰθ 
0 0 


ἀπ 
τα 9 | cos (z sin 8) cos™ 6d8, 
0 


and each of these expressions gives rise to a modified form of Poisson’s integral. 
An interesting application of Bessel’s and Poisson’s integrals was obtained 
by Lommelf who multiplied the formula 
Am? {4m? — 23} ... {4n® — (2m — 2)7} 
(2m)! 
by cos (z cos θ) and eed It thus follows that 


(5) Jan (z)=(—-)" Σ (yn 4n? — 95 Ξ [ant — (ὅπ 2)%} Jn Jn (2), 
m=(0 mi 


cos 2n8 = Σ (—)™ sin?™ θ 


2°31. Bessel’s investigation of Povrsson’s integral. 

The proof, that J, (2) is equal to Poisson’s integral, which was given 
Bessel}, 15 somewhat elaborate; it 18 substantially as follows: 

It is seen on differentiation that 


cos θ 5105} θ cos (z cos θ)) — Sr 


i sin*™+! @ sin (z cos 9) 


d 
dé 


ee on 1η3).-2 4 — 3" Ζ' 
= (en 1) sin**~? θ — 2n sin™ 6 + nal 

* Poisson actually made the statement (p. 293) concerning the integral which contains 
gin®+1 @; but, as he points out on p. 340, odd powers may be replaced by even powers throughout 
his analysis. 

¢ Studien uber die Bessel’schen Functionen (Leipzig, 1868), p. 30. 

+ Berliner Abh. 1824 [published 1826}, pp. 36—37. Jacobi, Journal fiir Math. xv. (1836), p. 13, 
(Ges. Math. Werke, νι. (1891), p. 102], when giving his proof (§ 2°32) of Poisson’s integral formula, 
objected to the artificial character of Bessel’s demonstration. 

Ww. Br. 2 


sin™*? 9 cos (Ζ cos θ), 
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and hence, on integration, when n >1, 


(ϑη -- 1) [ ” cos (z cos θ) sin™-? θαθ -- 2n | ” cos (2 cos 8) sin™ 640 
0 0 


+ mail. cos (z cos 6) sin*+? θαθ = 0. 
If now we write 
(42)" 
Din+4)P(4)Jo 
the last formula shews that 
τῷ (n — 1) — 2nd (n) + σῷ (n +1) =0, 
so that $(n) and J;,(z) satisfy the same recurrence formula. 


"cos (z cos @) sin™ 0d0 = φ (n), 


But, by using Bessel’s integral, it is evident that 
$ (0) =o (2), 
(1) = — 2 [" cos (Ζ cos 0) sin? θαὰθ = -- =|" 4 9 {sin (2 cos 9) sin θαθ 


= =|" sin (z cos 0) cos 0d0 = — Jy (2) = J, (2), 
TIO ; 


and so, by induction from the recurrence formula, we have 


φ (1) - Jn (2), 
when n = 0, 1, 2, 3, .... 


2.92. Jacobi's investigation of Potsson’s integral. 


The problem of the direct transformation of Poisson’s integral into Bessel’s 
integral was successfully attacked by Jacobi*; this method necessitates the use 
of Jacobi’s transformation formula 


dm sin??? 0 3.5... (2n—~1) 


ae =. (-pat ᾿ sin 28, 
where 4 = cos 0. We shall assume this formula for the moment, and, since no 
simple direct proof of it seems to have been previously published, we shall 


give an account of various proofs in §§ 2°321—2-323. 
If we observe that the first ἢ — 1 derivates of (1 — μθ).-}, with respect to 
#, vanish when uw = + I, it is evident that, by n partial integrations, we have 
“ὄπ 1 
2" Ι: cos (z cos θ) sin® 0d@ = 2” | cos (zu). (1 — n?)"-? dp 
-1 


- ypye-3 
an (1 — iy? 


=(-)* " cos (Zu -- ξ πὶ) ada" 


* Journal fiir Math. xv. (1836), pp. 12—13. [Ges. Math. Werke, v1. (1891), pp. 101—102.] See 
also Journal de Math. 1. (1836), pp. 195—.196. 
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If we now use Jacobi’s formula, this becomes 


5 wae nue yon) ἂμ 


~—6 1.3.5... (Qn -- yf cos (z cos 6 — in) cos ηθἀθ 


=1.3.5...(2n—1)7J,(2), 


by Jacobi’s modification of ὃ 2:2 (8) and (9), since cos(z cos 0 — nz) is equal 
to (---}}" cos (z cos 8) or (—)!"— gin (z cos 8) according as n is even or odd; and 
this establishes the transformation. 


2.321. Proofs of Jacobi’s transformation. 

Jacobi’s proof of the transformation formula used in § 2°32 consisted in deriving it 
as a special case of a formula due to Lacroix*; but the proof which Lacroix gave of 
his formula is open to objection in that it involves the use of infinite series to obtain 
8. result of an elementary character. A proof, based on the theory of linear differential 
equations, was discovered by Liouville, Journal de Math. vi. (1841), pp. 69—73; this 
proof will be given in § 2-322. Two years after Liouville, an interesting symbolic proof 
was published by Boole, Camb. Math. Journal, 111. (1843), pp. 216—224. An elementary 
proof by induction was given by Grunert, Archiv der Math. und Phys. τν. (1844), pp. 104— 
109. This proof consists in shewing that, if 

α"- 1 (l— -μ a 
n= ~ dp™ 1 


then On 11=(1— 28) F¥—2np0, —n nana 


and that (— )"-! 1.3.5... (2n—1) (sin n6)/n satisfies the same recurrence formula. 

Other proofs of this character have been given by Todhunter, Differential Calculus 
(London 1871), Ch. xxvii, and Crawfordt, Proc. Edinburgh Math. Soc. xx. (1902), 
pp. 11—15, but all these proofs involve complicated algebra. 

A proof depending on the use of contour integration is due to Schlafli, Ann. di Mat. (2) 
v. (1873), pp. 201—202. The contour integrals are of the type used: in establishing 
Lagrange’s expansion; and in ὃ 2°323 we shall give the modification of Schlafli’s proof, 
in which the use of contour integrals is replaced by a use of Lagrange’s expansion. 

To prove Jacobi’s formula, differentiate by Leibniz theorem, thus: 


Ἀ-} 
Ί. 35 5.. a , mee {(1- μὴ πλα Ἐμ) Ὁ 


τον _\m eae arma .(w-m+$) ΝΥΝ n—m—-} 
gm Σ ( )" n-1Cm τ ἢ ( -- τ (14 μ) 3 


π-- 
Σ 0 ( Στ᾿ ag onCom +1 (sin 46)>™ +1 (cos 40)2"—- zm—1 
m= 


=sin (22 x $6), 
and this is the transformation required f. 


* Traité du Calc. Diff. 1. (Paris, 1810, 2nd edition), pp. 182—183. See also a note written by 
Catalan in 1868, Mém. de la Soc. R. des Sci. de Liége, (2) x11. (1885), pp. 312—316. 

+ Crawford attributes the formula to Rodrigues, possibly in consequence of an incorrect state- 
ment by Frenet, Recueil d’Exercices (Paris, 1866), p. 93, that it is given in Rodrigues’ dissertation, 
Corresp. sur Ecole R. Polytechnique, 111. (1814—1816), pp. 361—385. 

+ I owe this proof to Mr C. T. Preece. 
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2.322. Liouville’s proof of Jacobi’s transformation. 
The proof given by Liouville of Jacobi’s formula is as follows: 
Let y=(1—p2)"~+ and let D be written for d/dy; then obviously 
~ κὮ Dy +(2n—1) py=0. 
Differentiate this equation n times ; and then 
(1 — 2) De +} y ~pD*y +2? D®-ly=0; . 


add 
2) D? —-pD= 
but @! —p?) D° pD= sin 6 55 (sag 49) toot 8 a= 8" 
so that (Gate De—-ly=0. 
Hence D»~'y= A sin ηθ- B cos 78, 


where 4A aud B are constants; since 25-} y is obviously an odd function of 6, B is zero. 
To determine A compare the coefficients of 6 in the expansions of D*-1y and A sinné in 
ascending powers of 8. The term involving θ in 22. ὴν is easily seen to be 


d \n-1 . 
| (- 2) θὲν-ὶ-- {-- )ἘὸῸ2τ1 (95 -- 1) (θη -- 8)....8.1. 6, 
so that nA=(—)*-11.3.5...(2n—-1), 


and thence we have the result, namely 
πὶ gin2n-3 
a" == 6 =(—)s-1 3. 1. 3.5...(2n—1) sin 2d, 
dy"~ n 


2.923. Schlifir’s proof of Jacob's transformation. 
We first recall Lagrange’s expansion, which is that, if z=»+Af(z), then 


φΦώΞΦΩΈΣ ἢ a [oF ΦΩ] 


80 that # OE = 3 πασῶν Wh 
subject to the usual conditions of convergence*. 
Now take 7 (@)s-$(1-2), φ (Ξε νὰ -- δ), 


it being supposed that φ' (2) reduces to ν(] -- μ), i.e. to sin 6 when h-» 0. 
The singularities of z gua function of A are at h=e+ ; and so, when @ is real, the ex- 
pansion of ,/(1—2z*) in powers of ὦ is convergent when both | 4| and |z| are less than unity. 
Now , 2={l—J/(1—2ph+h*)}/h, 
— fe) — (1 — λοϊθγὲ 
ee ςς ’ Va-a=0 a) at : 
Op ν(1--μλ- Δ) ht 
(- "Ἐπ 1 d*—-1 sin an-1 6 
Hence it follows that διτι πΞ- Ὁ dpe 
pansion of ae 22). (dz/Ou) in powers of A. But it is evident that 
_ (hell) A αι ho) «1.8.5... (8η--1) eT κοι 
hi nat 5.4.8... ἢ) 6 ἢ ΕΣ 
and a consideration of the coefficient οὗ 4*-1in the last expression establishes the truth of 
Jacobi’s formula. 


and so 


is the coefficient of A*~! in the ex- 


* Cf. Modern Analysis, § 7°32, 
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2°33. An application of Jacobi’s transformation. 


The formal expansion 


[ f (cos x) cos nxda = [ ° Σ (—)"am f'"™t™ (cos x) da, 
0 “0 m=0 


in which a, is the coefficient of *+*™ in the expansion of J,(t)/Jy(t) in as- 
cending powers of ¢, has been studied by Jacobi*. To establish it, integrate 
the expression on the left n times by parts; it transforms (§ 2°32) into 


1 π᾿ er 
ae ey ee eee (5) on 


and, when sin**z is replaced by a series of cosines of multiples of x, this becomes 


: ᾿ 2n 2n (n — 1) 
sooo (n) " 
rie cae lf (cos x) E cos 2x + 


n+1 τη 8).6645-..]} aaa 


We now integrate /)(cos x) cos 2”, f'™ (cos x) cos 4a, ... by parts, and by 
continual repetitions of this process, we evidently arrive at a formal expansion 
of the type stated: When /(cosx) is a polynomial in cosz, the process 
obviously terminates and the transformation is certainly valid. 


To determine the values of the coefficients a, in the expansion 


ΩΣ 2) cos nxdx =|" Σ (—)" am f"+2™ (cos x) dic 
0 0 m=0 
thus obtained, write 


J (cos x) = (—)# cos (¢ cos x), (—)#"—” sin (¢ cos 2), 


according as ἢ is even or odd, and we deduce from ὃ 2:2 (8) and (9) that 
In (= Σ (γ αμην (γον (0) 


so that a,, has the value stated. 


It has been stated that the expansion is valid when f(cos 2) is a poly- 
nomial in cosz; it can, however, be established when f(cos x) is merely re- 
stricted to be an integral function of cos ὦ, say 

= b,, cos” x 


2=() πὶ : 


provided that lim 7] δ, | is less than the smallest positive root of the equation 
nx : : 

ὦ. ({) Ξξ Ο; the investigation of this will not be given since it seems to be of 

no practical importance. 


* Journal filr Math, xv. (1836), pp. 25—26 (Ges. Math. Werke, v1. (1891), pp. 117—118]. See 
also Jacobi, Astr. Nach, xxvi11. (1849), col. 94 [Ges. Math. Werke, v1. (1891), p. 174]. 
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2:4. The addition formula for the Bessel coefficrents. 

The Bessel coefficients possess an addition formula by which ὦ, (Ψ + 2) 
may be expressed in terms of Bessel coefficients of y and z. This formula, 
which was first given by Neumann* and Lommel f, is 

(1) | Jn (ytz)= 2 Im (y)Fnm (2). 

The simplest way of proving this result is from the formula ὃ 2:2 (4), which 

gives 
aCe | OT oat ehrte tah dt 
Qari 


l Ot) ὦ 
ee [ > (71 Sm (y) eft (t—3/t) dt 


Ort! was 
1 Σ J, {m—Nn—1 pz (t—1/t) d 
Or ce »(y) | [1 t 


Σ Jn (y) Jum (2) 


on changing the order of summation and integration in the third line of the 
analysis; and this is the result to be established. 
Numerous generalisations of this expansion will be given in Chapter x1. 


25. Hunsen’s series of squares and products of Bessel coefficients. 


Special cases of Neumann’s addition formula were given by Hansen} as 
early as 1843. The first system of formulae is obtainable by squaring the 
fundamenta! expansion § 21 (1), so that 

ere > t’ J, ct | Σ t™ Sm ον ᾿ 
»τ: - οὐ m= +2 
By expressing the product on the right as a Laurent series in ¢, and equating 
the coefficient of ἐν in the result to the coefficient of ἐν in the Laurent ex- 
pansion of the expression on the left, we find that 
J, (22) = Σ J, (2) Jnr (2). 
peo 


In particular, taking n = 0, we have§ 
(1) Sy(2e) = (2) +2 (TA) = E (Ye TP). 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 40. 
+ Studien δεν die Bessel’schen Functionen (Leipzig, 1868), pp. 26—-27 ; see also Schlafli, Math. 
Ann. 111, (1871), pp. 135—137. 

+ Ermittelung der absoluten Stirungen (Gotha, 1843), p. 107 et seg. Hansen did not give (4), 
and he gave only the special case of (2) in which n=1. The more general formulae are due to 
Lommel, Studien tiber die Bessel’schen Functionen (Leipzig, 1868), p. 33. 

§ For brevity, J,,2 (z) is written in place of {J, (2)}?. 
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From the general formula we find that | 


(2) Jn(22) = Σ Je(2)In-o(2) + 2% (-) Je (2) Ine (2), 


when the Bessel coefficients of negative order are removed by using ὃ 21 (2). 
Similarly, since 


2 ae J, (ah = Ay tm Ji. (2)} 
= exp (ὁ (ὁ — 1/t)} exp (ἀπ (-- + 1/t)} 


1. 
it follows that 
(3) Je(2)+2% Je (2)=1, 
r=1 
2n on 
(4) ΣΙ J (2) Jen—r (z)+2 = J, (2) J ener (z)=0. 


Equation (4) is derived by considering the coefficient of #” in the Laurent 
expansion ; the result of considering the coefficient of ("+ is nugatory. 


A very important consequence of (3), namely that, when z is real, 
(5) Joa) <1, |Je(a) |< 1/2, 
where r= 1, 2, 3, ..., was noticed by Hansen. 


20. Neumann’s integral for Jy? (2). 
It is evident from ὃ 2:2 (5) that 
Jn (z) ΜΙΝ = [7 eimeeae 6) dé, 
and so , 
Jn (z) = = a [enero e—*2 (sin 6+sin o) ἀθαφ. 


To reduce this double integral to a single integral take new variables defined 
by the equations 


O0—h=2y, 6+ $= 2y, 


0(9,¢) 9 
On) ᾿ 


so that 


It follows that 
Jn? (z) a =| e2niy zz sin Cos x ἄχάψ, 
where the field of integration is the square for which 
-“πέχ-ψεπ, -πεχὲνψ «τ. 
Since the integrand is unaffected if both χ and Ψ' are increased by 7, or if x 


is increased by 7 while y is simultaneously decreased by 7, the field of inte- 
gration may evidently be taken to be the rectangle for which 


O<xyx<m, -π«εψεπ. 
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Hence 
J? (2) sa. [7 eriv-sicnin con dwydy 


1 [τ 
τ | : J on (22 cos x) dy. 


If we replace y by ἐπ ¥ 6, according as y is acute or obtuse, we obtain the 
result 


δπ 
(1) . JS Z()= Ξ [ Jon (22 sin 0) αθ. 
TI 0 
This formula may obviously be written in the form 
(2) Jaye ᾿ | ” Jon (22 sin 6) dO, 
0 


which is the result actually given by Neumann*. It was derived by him by 
some elaborate transformations from the addition-theorem which will be given 
in 8112. The proof which has just been given is suggested by the proof of 
that addition-theorem which was published by Graf and Gublerf. 

We obtain a different form of the integral if we perform the integration 
with respect to χ instead of with respect to . This procedure gives 


Jet (2) = τς | ” J, (22 sin yr) &n¥ ἀψ, 
so that ᾿ 
(3) Jt (2) = - [" J,(2e sin ) cos ϑηψ ἂψ 
1 


T 
-- — [ J, (22 sin yr) cos 2ηψ dip, 


wT J0 


a result which Schlaflit attributed to Neumann. 


2°61. Newmann’s series for J? (2). 
By taking the formula §2°6 (1), expanding the Bessel coefficient on the 
right in powers of z and then integrating term-by-term, Neumann§ shewed 


that 
wT © (--» gente gin 2+2m @ 


1 - ie) DO 
J (=5]) et m!(2n +m)! 


_— 2 )™(2n + 2m)! (4zPntem 
mao Mm! (2n+ m)! (n+ m)!}? * 


dé 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 70. 

+ Einleitung in die Theorie der Bessel’ schen Funktionen, τι. (Bern, 1900), pp. 81—85. 

+ The formula is an immediate consequence of equation 16 on p. 69 of Neumann’s treatise. 

8 Math. Ann. 11. (1871), p. 603, The memoir, in which this result was given, was first pub- 
lished in the Leipziger Berichte, xxi. (1869), pp. 221—256. 


2°61, 2°7 | THE BESSEL COEFFICIENTS 33 


This result was written by Neumann in the form 


ac). 42)" T, 2° Be RM ς τὶ ς 
(1) Jn (2) = “Gry τς T(@@n+1)~ 1.2. (2n +1) (2n + 2) |, 


where 


, n+] 
7 On + 2? 
" _ (2n + 1) (2n 8) 
(2) 4 (2n + 2) (Qn + 4)’ 
(ὅπ +1) (2n - 8) (2n + 5) 


6 (Qn + 2) (2n + 4) (2n + 6)’ 


This expansion is a special case of a more general expansion (due to 
Schlafli) for the product of any two Bessel functions as a series of powers with 
comparatively simple coefficients (§ 5°41). 


2-7. Schlémilch’s expansion of 2™ in a sertes of Bessel coefficients. 

We shall now obtain the result which was foreshadowed in ὃ 2:22 con- 
cerning the expansibility of z™ in a series of Bessel coefficients, where m is any 
positive integer. The result for m=0 has already been given in ὃ 2.22 (7). 
In the results §2'22(1) and (2) substitute for cos 2n@ and sin (2n + 1) 6 
their expansions in powers of sin? @. These expansions are* 


” + 1)! : 
cos 2n6 = 2 } ae ye (is)! (2 sin 0)*, 


aes _1 2, ,,(@n+1).(n+8)!, |. 
sin (2m + 1)θτς ZO) (n—s)!(28+1)! (2 sin @ 


aay 


The results of substitution are 
n.(n+s— 


cos (Ζ sin 6)=J,(2)+2 = Jn (2) | Σ, Σ (--} @—ai@s Wig sin 0} , 


Ὶ (2n+1).(n+s)! 


| sin (2 sin θ) = ior Jens: (2) [2 = (-} (naa) Qs +1) (2 sin aye 


If we rearrange the series on the right as power series in sin @ (assuming 
that it is permissible to do so), we have 


ΠΡ =|J. Gyre Σ ἌΔΟΝ +35 te ee Jn(2)h, 


-) (2 sin θ}"}" so ᾿ Σ ae Jones (2) 


“ Cf. Hobson, Plane Trigonometry (1918), 88 80, 82. 


ponies) = zs ( (Sse Ὁ 
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If we expand the left-hand sides in powers of sin θ and equate coefficients, 
we find that 


1=J,(2)+2 Σ Jun (2), 


2 2n.(n+s—1)! 


(fey Se Tone), (6 =1, 2,8,...) 
(fern SO Sal (020,12, 


The first of these is the result already obtained ; the others may be com- 
bined into the single formula 


ἃ) (τὴ: EE) OD Iusm(e). (m=, 2,8, ...) 


The particular cases of (1) for which m= 1, 2,3, were given by Schlémilch*. 
He also shewed how to obtain the general formula which was given explicitly 
some years later by Neumann+ and Lommelt. 


The rearrangement of the double series now needs justification; the rearrangement is 
permissible if we can establish the absolute convergence of the double series. 
If we make use of the inequalities 


aro) <1, (28), 


2n+1 
[Yone@) SSE ααρ 417}, GEM ει, 


(2n +41)! 
in connexion with the series for sin (z sin.6) we see that 
Ὁ {2sin Oj%t! ὦ (2241). (n+8)! ς [2 810 θ 1511 = ἢ Τὰ χαθῇ 3 
cal (2841)! = (n— 8)! Yin +1 (2) 1S ἐπ (28+1)! nos (.-- 8)" - exp (1:0) 
= [3 sin 6 [**! 281} 2 
ἜΣ Pee bY, | ἐδ [411 exp ($ ||} 
= sinh (2 sin 6[) exp ($|z|?), 


and so the series of moduli is convergent. The series for cos (τε sin 0) may be treated in 
a similar manner. 


The somewhat elaborate analysis which has just been given is avoided in 
Lommel’s proof by induction, but this proof suffers from the fact that it is 
supposed that the form of the expansion is known and merely needs verifica- 
tion. If, following Lommel, we assume that 


2 (m+ 2n).(m+n—1)! 
($2)" = Σ Sinan (2); 
n=0 nN: 
* Zeitschrift fur Math. und Phys. τι. (1857), pp. 140—141. 
7 Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 38. 


t Studien ilber die Bessel’ echen Functionen (Leipzig, 1868), pp. 35—36. Lommel’s investigation 
is given later in this section. 


2°71] THE BESSEL COEFFICIENTS 35 


{which has been proved in ὃ 2:22 (8) in the special case m = 1], we have 
Σ (mt2n). (m+n—1)! 


(}z)mh = = a $2 Jinten (2) 
= be.miIn(2)+ Σ (te, EDN μην) 


- Σ ΘΟ Το (he Imam (2) + ἐσ Insane () 


Ὁ (m+14+ 2n). (m+n)! 
== ἜΣ ἀρ (2)- 


Since (m + 2)! Jingon (2)/n!—> Ο as ἢ -- 0, the rearrangement in the third 
line of the analysis is permissible. It is obvious from this result that the in- 
duction holds for m = 2, 3, 4,.... 


An extremely elegant proof of the expansion, due to A. C. Dixon*, is as follows :—- 


Let ¢ be a complex variable and let « be defined by the equation «= so that when 


2ὲ 
1 - ὦ 
ὁ describes a small circuit round the origin (inside the circle | ¢|=1), « does the same. 
We then have 


mt (+) 
(42)™ = Satie | τον 1 exp (z/u) du 
m! (0+) 1 du™ 
= sere; | exp {—$2(¢-1/t)}. τς ἃ 
(0+) 
=55 exp {-- ἐξ (¢- 1.0} 5:55): τη τὶ ἐπ δε -ὶ dz 


© (m+2n).(m+n—-1)t, ° 
gy SBS) NO UN Yate (0 
τ nr. 
when we calculate the sum of the residues at the origin for the last integral; the inter- 
change of the order of summation and integration is permitted because the series converges 
uniformly on the contour; and the required result is obtained. 


Ξ- wie 1 du» d log u 
E OTE. When m is zero, — ae has to be replaced by τ ae | 


2°71. Schlimilch’s expansions of the type En? J), (2). 
The formulae 


(1) 2 ad Jon (@)= = Σ ἄν zm, 


2m 


(2) Σ (3 ἘΤΣ»Ι Sins (τὶ Σ Poe am +1, 


in which p is any positive integer [zero included in (2) but not in (1)] and P” is a numeri- 


mb 
cal coefficient, are evidently very closely connected with the results of § 2°7. The formulae 


* Messenger, xxxi1. (1903), p. 8; ἃ proof on the same lines for the case m=1 had been pre- 
viously given by Kapteyn, Nieuw Archief voor Wiskunde, xx. (1893), p. 120. 
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were obtained by Schlémilch, Zevtschrift fiir Math. und Phys. τι. (1857), p. 141, and he 
gave, as the value of pe ) 


PS Vim! YF mCy (m — 2k)? 
(3) pi?) k= τὰ gm. m ! 3 


where ,,C; is a binomial coefficient and the last term of the summation is that for which αὶ 
is ἀηι-- Ἰ or $(m—1). To prove the first formula, take the equation ὃ 2°22 (1), differentiate 
2p times with respect to 6, and then make 6 equal to zero. It is thus found that 


~ : a cos (z sin | =| Ξ (--" 2" sin™ 6 
a 2p oy Se 
2 ( ps (25) Jon, (2) ἀϑὲρ _o "| de® ΩΣ, remy = 
The terms of the series for which m>p, when expanded in ascending powers of 6, 
contain no term in 9”, and so it is sufficient to evaluate 


a PCs eae) . 2a ee Shee [- πῶ 551 
AO? yg = (2m) | =» m=0 (2m)! κι οἱ d6% | (22) J Jomo 


=(—)P fe Σ (- F om, (200 — 24)" 


-- 9 (-} Σ gim pl2p) 
m=0 


2m ? 


since terms equidistant from the beginning and the end of the summation with respect to 
& are equal. The truth of equation (1) is now evident, and equation (2) is proved in a 
similar manner from ὃ 2°22 (2). 


The reader will easily establish the following special cases, which were stated by 
Schlémilch : 
13 J, (2) +33 dg (2) +53 J, (2) +... Ξε Κ (2 +2), 
(4) 22 Jy (2) +42 Jy (2) +67 ὧς (2) +... Ξ 223, 
2.3.43 (2)+4.5. 655 (2). 6.7. 8 υ͵Ἱ (2) +... =$2. 


2°72. Neumann's expansion of 2*” as a serves of squares of Bessel coefficients. 


From Schlémilch’s expansion (δ 2°7) of 2° as a series of Bessel coefficients 
of even order, it is easy to derive an expansion of z*” as a series of squares of 
Bessel coefficients, by using Neumann’s integral given in § 2°6. 


Thus, if we take the expansion 


2 (2m+2n). Saude ee 1)! 


(21 sin 0)? = =, τ κοι ον (22 sin 6), 


and integrate with respect to θ, we find that 


Σ (2m + 2n).(2m+n—1)! 
n=0 n! 


= | ” sin™ θ dd = Tis cay, 
Tw J0 


so that (when m > 0) 


(1) 42)" = -ἰξὰ Σ Σ , Ξ ΞΞ ΘΗ τς νυ J? m+n (2). 
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This result was given by Neumann*. An alternative form is 


. sie (mp pe = [(n +m) 
(2) (32) ~ (2m)! aes "T(n-m+l1) ἢ 


and this is true when m=O, for it then reduces to Hansen’s formula of ὃ 2°5. 


Jn? (2); 


As special cases, we have 


gals ες. 4n? 0.3 (2), 
2 n=1 
24#= 1ὲ3 Σ ες. 4n? (4η -- 22) J,? (2) 
Ὶ 
1.3.3 2 
a= ΞΟ ΩΣ hes Σ Ex . 4n2 (4n? — 2?) (4n? — 4?) J, '2), 
4 . 5 . 6 n=3 


PAHKASHSS ESAS HRS SAEHBHHSOSSEHSHOH SHH HSEHHEKREERHTOSSEHSHHOCHESHHE SHH DEHES 


ΤΕ we differentiate (1), use ὃ 2°12 (2) and then rearrange, it is readily found that 


-1_m!(m=1)! 5 (Qm+2n—1). (@m+n—2)! | 
Oe = Gah a, 


an expansion whose existence was indicated by Neumann. 


m+n—1 (2) Jinan (2), 


* Leipziger Berichte, xxt. (1869), p. 226. [Math. Ann. mt. (1871), p. 585.] 


CHAPTER III 
BESSEL FUNCTIONS 


3°1. The generalisation of Bessel’s differential equation. 


The Bessel coefficients, which were discussed in Chapter HJ, are functions 
of two variables, z and n, of which z is unrestricted but has hitherto been 
required to be an integer. We shall now generalise these functions so as to 
have functions of two unrestricted (complex) variables. 


This generalisation was etfected by Lommel *, whose definition of a Bessel 
function was effected by a generalisation of Poisson’s integral; in the course 
of his analysis he shewed that the function, so defined, is a solution of the 
linear differential equation which is to be discussed in this section. Lommel’s 
definition of the Bessel function J,(z) of argument z and order ν wast 


J, (2) Ξ γι θτῳ | κ᾿ (z cos 6) sin” θαθ, 


and the integral on the right is convergent for general complex values of pv 
for which R(v) exceeds — 5. Lommel apparently contemplated only real 
values of », the extension to complex values being effected by Hankelt; 
functions of order less than — 4 were defined by Lommel by means of an ex- 
tension of the recurrence formulae of ὃ 2°12. 


The reader will observe, on comparing ὃ 8.9 with §1°6 that Plana and 
Poisson had investigated Bessel functions whose order is half of an odd integer 
nearly half a century before the publication of Lommel’s treatise. 


We shall now replace the integer n which occurs in Bessel’s differential 
equation by an unrestricted (real or complex) number§ ν, and then define a 
Bessel function of order ν to be a certain solution of this equation; it is of 
course desirable to select such a solution as reduces to J,(z) when ν assumes 
the integral value n. 


We shall therefore discuss solutions of the differential equation 


d?y ἀν 
, 20d wd 2 a2\ 4) = 
(1) Ζ qt? q,t@ v’)y=0, 


which will be called Bessel’s equation for functions of order v. 


* Studien tiber die Bessel’ schen Functionen (Leipzig, 1868), p. 1. 

+ Integrals resembling this (with ν not necessarily an integer) were studied by Duhamel, Cours 
ad’ Analyse, τι. (Paris, 1840), pp. 118—121. 

} Math. Ann. 1. (1869), p. 469. 

ἃ Following Lommel, we use the symbols ν, μὶ to denote unrestricted numbers, the symbols © 
n, m being reserved for integers. This distinction is customary on the Continent, though it has 
not yet come into general use in this country. It has the obvious advantage of shewing at a 
glance whether a result is true for unrestricted functions or for functions of integral order only. 
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Let us now construct a solution of (1) which is valid near the ouigin; the 
form assumed for such a solution is a series of ascending powers of z, say 


y= Σ SHA pata 
=0 
where the index a and the sstislette Cm are to be determined, with the pro- 


viso that c is not zero. 


For brevity the differential operator which occurs in (1) will be called V,, 
so that 


(2) V,=2 
It is easy to see that* 


V, Σ Con gatm — = Cin (( Ὁ m) — ν 3 gatm 4 Coy Set ts, 
m= m=0 


_ The expression on- the right reduces to the first term of the first series, 
namely c, (a?— v*) 2%, if we choose the coefficients c,, so that the coefficients of 
corresponding powers of z in the two series on the right cancel. 
This choice gives the system of equations 
οἷα Ε1}--ν  -=0 
οᾳ(α 2} --ν Ἐ)ὸ =0 
Cs i alia delice =0 


(3) 
ΞΠῚ ἘΠ} -- " + Cm—2 = 0 


If, then, these equations are satisfied, we have 
(4) Vy > Crm Z*t™ = Cy (a? — v*) 2%, 
m= 
From this result, it is evident that the postulated series can be a solution 
of (1) only ifa=+v; for cis not zero, and z* vanishes only for exceptional 
values of z. 


Now consider the mth equation in the system (3) when m>1. It can be 
written in the form 


Cm (α --ν +m) (at v+m) + Cm-2=9, 


and so it determines c,, in terms of cm, for all values of m greater than 1 
unless a— vy or a+v is a negative integer, that is, unless—2v is a negative 


integer (when a=— y) or unless ὃν is a negative integer (when a= ν). 
We disregard these exceptional values of ν for the moment (see § 3:11, 
3°5), and then (a+m)?—v? does not vanish when m=], 2, 3,.... It now 


* When the constants a and c,, have been determined by the following analysis, the series 
obtained by formal processes is easily seen to be convergent and differentiable, so that the formal 
procedure actually produces a solution of the differential equation. 
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follows from the equations (3) that c,=c,;=c,=...=0, and that ¢,,, is ex- 
pressible in terms of οὐ by the equation 
(—) Cp 


"(av +2) (a—v +4)... (ατον + 2m) (a Ἐν +2) α Ἐν Ὁ 4)... (α Ἐν Ἐ 2m) 
The system of equations (3) is now satisfied; and, if we take a=», we see 
from (4) that 
20 —)™ (1 z)2m 
(5) ad ᾿ seal RESIGN EST 
is a formal solution of equation (1). If we take a=—», we obtain a second 
formal solution 
, rr —)m (1 2am 
” a 1 ee era red Baer 7 
In the latter, ον has been written in place of c, because the procedure of 
obtaining (6) can evidently be carried out without reference to the existence 
of (5), so that the constants c, and c, are independent. 
Any values independent of z may be assigned to the constants οὐ and cy ; 
but,in view of the desirability of obtaining solutions reducible to J, (2) when 
y—n, we define them by the formulae * 


(7) Co= "ἘΝ es, 
2» Γ(ν + 1) 2. "1 {--ν +1) 
The series (5) and (6) may now be written 
3 (mere (may 


nm=0o MID (v+mt+t1)’ απὸ MIP (—y+m-4+1) 
In the circumstances considered, namely when Ὧν is not an integer, these series 
of powers converge for all values of z, (z2=0 excepted) and so term-by-term 
differentiations are permissible. The operations involved in the analysist by 
which they were obtained are consequently legitimate, and so we have obtained 
two solutions of equation (1). 


The first of the two series defines a function called a Bessel function of 
order v and argument z, of the first kindt; and the function is denoted by 
the symbol J,(z). Since ν is unrestricted (apart from the condition that, for 
the present, ὃν is not an integer), the second series is evidently J_, (2). 

Accordingly, the function J, (5) is defined by the equation 

_% "Ga" 
(8) TOS > IG ene 1)’ 

It is evident from ὃ 2°11 that this definition continues to hold when ν is a 
positive integer (zero included), a Bessel function of integral order being 
identical with a Bessel coefficient. 


* For properties of the Gamma-function, see Modern Analysis, ch. x11. 
+ Which, up to the present, has been purely formal. 
+ Functions of the second and third kinds are defined in 88 3°5, 3:54, 3°57, 3°6. 


8.11] | BESSEL FUNCTIONS | 41 


An interesting symbolic solution of Bessel’s equation has been given by Cotter* in the 

form 
fl +2" D71,72"-1 Dott) (A2’ + Bz~”), 
where D=d/dz while A and B are constants. This may be derived by writing successively 
[2 (2D —2v) +2] 2’y=0, 
(2D -- ν D712} 2’y= — ὃν}, 
zD (2-"y) +27 D712" thy = ~QyB2-™, 
σ᾽ γε D2 I De tlys A+ Be”, 

which gives Cotter’s result. 


3:11. Functions whose order is half of an odd integer. 

In § 31, two cases of Bessel’s generalised equation were temporarily omitted 
from consideration, namely (i) when » is half of an odd integer, (11) when ν is 
an integer+. It will now be shewn that case (i) may be included in the general 
theory for unrestricted values of ν. 

When » is half of an odd integer, let 

y=(r+4), 

where 7 is a positive integer or zero. 

If we take a=7 +4 in the analysis of ὃ 81, we find that 
(c,.1(2r+ 2) =0, 


(1) Cn. m (m + 2r + 1) + Cm. = 9, oe) 
and so 
(2) 6 Boe Soe a ee ee 
am 2.4... (2m). (2r + 8) (2r - 5)... (ὃν -- 2m +1)’ 


which is the value of Com given by ὃ 81 when a and ν are replaced by r + $. 


If we take 
1 


= FAT +8)’ 
S (=n (geyrsitam 
nao mM! I(r + m+ 3)’ 
which is naturally denoted by the symbol J,4,(2), so that the definition of 
§ 81 (8) is still valid. 


we obtain the solution 


If, however, we take a= —r— }, the equations which determine c, become 
c¢,.1(- 2r) =(Q, 
| m> 1). 
(3) ΕΛ mee Se, 


As before, οἱ, 65, ..., Car, are all zero, but the equation to determine δον 18 
Ὁ. Corts + Cop, =-0, 
and this equation ts satisfied by an arbitrary value of Cy41; when m>7, Cami 
is defined by the equation | 
Com. = | (—)™—" Cops 
(2r + 3) (ἢν + 5)... (2m4+1).2.4... (2m— 2r) 
* Proc. R. Irish. Acad. xxvit. (A), (1909), pp. 157—161. 
+ The cases combine to form the case in which 2y is an integer. 


42 THEORY OF BESSEL FUNCTIONS [CHAP. ΠῚ 


If J, (2) be defined by ὃ 81 (8) when v=—r-— }, the solution now con- 
structed is* 


Co 2-7-4 T (4 — 1) Jpg (2) + Congr 2748 T (7 + δ), (2). 


It follows that no modification in the definition of J, (2) is necessary when 
y=+(r+4); the real peculiarity of the solution in this case is that the 
negative root of the indicial equation gives rise to a series containing two 
arbitrary constants, c, and ¢2,,,, 1.6. to the general solution of the differential 
equation. 


3°12. A fundamental system of solutions of Bessel’s equation. 


Tt 1s well known that, if y, and y, are two solutions of a linear differential 
equation of the second order, and if y,/ and y, denote their derivates with 
respect to the independent variable, then the solutions are linearly inde- 
pendent if the Wronskian determinant t 


1 Ya Ys 

Yy Yo 
does not vanish identically; and if the Wronskian does vanish identically, 
then, either one of the two solutions vanishes identically, or else the ratio of 
the two solutions is a constant. 


If the Wronskian does not vanish identically, then any solution of the 
differential equation is expressible in the form οἱ y, + c, yz where c, and c, are 
constants depending on the particular solution under consideration; the 
solutions y, and y, are then said to form a fundamental system. 


For brevity the Wronskian of y, and y, will be written in the forms 
BRA, γι, Yo}, GAA ly, Yo}, 
the former being used when it is necessary to specify the independent variable. 
We now proceed to evaluate 
GA {J (z), J. (2)}. 
If we multiply the equations 
V,d_,(z) = 9, V,d,(z) =0 


by J, (2), J_, (2) respectively and subtract the results, we obtain an equation 
which may be written in the form 


5. [2 GA (J, (ὦ), J_,(2)}] =0, 


* In connexion with series representing this solution, see Plana, Mem. della R. Accad. delle 
Sci. di Torino, xxv1. (1821), pp. 519 —538. 

+ For references to theorems concerning Wronskians, see Encyclopédie des Sci. Math. τι. 16 
(§ 23), p. 109. Proofs of the theorems quoted in the text are given by Forsyth, Treatise on 
Differential Equations (1914), §§ 72—74. 
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and hence, on integration, 
(1) | GA {J, (2), J_,(z)} = 


where C is a determinate constant. 


ο 
Ζ 


To evaluate C, we observe that, when v is not an integer, and |z| is small, 
we have 


J (2) = bs, (1+ 0 Ce}, Je) = GO (1+ 0), 


with similar expressions for J_,(z) and J’_, (2); and hence 


1 " 
σον - Ton) Te (2) = 5 κι ΓΟ ΓΕ ν)" τονε to 
2 sin var 
= + O(z). 


wz 
If we compare this result with (1), it is evident that the expression on the 
right which is O(z) must vanish, and so* 


(2) GA {J (2), J-4(2)} = — 28 


TZ 


Since sin ym is not zero (because ν is not an integer), the functions J,(z), 
J_,(z) form a fundamental system of solutions of equation § 3:1 (1). 


When ν is an integer, n, we have seen that, with the definition of § 21 (2), 
Jn (2) =(—)" Jn (2); 
«ad when ν is made equal to —n in ὃ 81 (8), we find that 
J. ; ( 2 )= .4)* (3 Ζ γε 
: oa er ee ere 
Since the first ἢ terms of the we series vanish, the series is easily reduced to 
(—)"Jn(z), so that the two definitions of J_,(z) are equivalent, and the 
functions J;,(z), J_»(z) do not form a fundamental system of solutions of 
Bessel’s equation for functions of order n. The determination of a fundamental 
system jn this case will be investigated in § 3-63. 

To sum up, the function J,(z) is defined, for all values of v, by the 
expansion of § 81 (8); and ὦ), (2), so defined, is always a solution of the equation 
V,y=0. When ν is not an integer, a fundamental system of solutions of this 
equation is formed by the functions 7, (2) and J_, (2). 


A generalisation of the Bessel function has been effected by F. H. a in his 
᾿ researches on “basic numbers,” Briefly, a basic number [7] is defined as ae where pis 


the base, and the basic Gamma function I, (v) is defined to satisfy the recurrence formula 
Py (v+1)=[»]. Tp (v). 

The basic Bessel function is then defined by replacing the numbers which occur in the 
series for the Bessel function by basic numbers. It has been shewn that very many theorems 


* This result is due to Lommel, Math. Ann. 1v. (1871), p. 104. He derived the value of C by 
making z-»o and using the approximate formulae which will be investigated in Chapter v1. 
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concerning Bessel functions have their analogues in the theory of basic Bessel functions, 
but the discussion of these analogues is outside the scope of this work. Jackson’s main 
results are to be found in a series of papers, Proc. Edinburgh Math. Soc. xx. (1903), pp. 
65—72 ; xx1. (1904), pp. 80—85; Proc. Royal Soc. Edinburgh, xxv. (1904), pp. 273—276; 
Trans. Royal Soc. Edinburgh, x11. (1905), pp. 1—28, 105—118, 399 --408 ; Proc. London 
Math. Soc. (2) τ. (1904), pp. 361—366 ; (2) 11. (1905), pp. 192-220; (23) τπ. (1905), pp. 1—23. 


The more obvious generalisation of the Bessel function, obtained by increasing the 
number of sets of factors in the denominators of the terms of the series, will be dealt with 
in 8 4.4. In connexion with this generalisation see Cailler, Mém. de la Soc. de Phys. de 
Gendve, XXXIV. (1905), p. 354; another generalisation, in the shape of Bessel functions of two 
variables, has been dealt with by Whittaker, Math. Ann, Ly11 (1903), p. 351, and Pérés, 
Comptes Rendus, cLXxI. (1915), pp. 168—170. 


3:13. General properties of J, (2). 

The series which defines J, (z) converges absolutely and uniformly* in any 
closed domain of values of z {the origin not being a point of the domain when 
R(v) < 0], and in any bounded domain of values of ν. 

For, when |p| < Ν᾽ and |z| < A, the test ratio for this series 18 


-- 1.25 far A? ἢ: 
m(v+m)| m(n— nm (mm — N) ~ 
whenever m is taken to be ssa than the — root of the equation 
—mN —}fA?= 


This choice of m being ieliaihid of ν and z, ia result stated follows from 
the test of Weierstrass. 

Hencet J, (6) ts an analytic function of z for all values of z (2 = 0 possibly 
being excepted) and it is an analytic function of v for all values of v. 

An important consequence of this theorem is that term-by-term differen- 
tiations and integrations (with respect to z or r v) of the series for J,(z) are 
permissible. 


An inequality due to Nielsen { should be noticed here, namely 


(1) | J, ()-- Phy (1+), 
where | | @|<exp {; itt } -1, 


and | v)+1/ is the smallest of the numbers | v+1|, |v+2|, |»+3], -... 


This result may be proved in exactly the same way as § 2°11 (5); it should be com- 
pared with the inequalities which will be given in § 3:3. 


Finally, the function 2", which is a factor of J, (2), needs precise specifica- 


* Bromwich, Theory of Infinite Series, § 82. 
- Modern Analysis, § 5:3. 

¢ Math. Ann. ται. (1899), p. 280; Nyt Tidsskrift, 1x. B (1898), p. 73; see also Math, Ann. Ly. 
(1902), p. 494. 
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tion. We define it to be exp(» log 2) where the phase (or aspen) of z 18 
given its principal value so that 

—w<argz<T. 


When it is necessary to “continue” the function J, (z) outside this range of 
values of arg z, explicit mention will be made of the process to be carried out. 


3:2. The recurrence formulae for J, (2). 


Lommel’s generalisations* of the recurrence formulae for the Bessel co- 
efficients (§ 2°12) are as follows: 


(1) Jona (2) + ois (2) = Soe) 
(2) Tua (2) ~ Tons (2) = 2S,’ (2), 
(3) 2d,’ (2) + vd, (2) = εὐ... (2), 
(4) 2d,’ (2) — vd, (2) = — 241 (2). 


These are of precisely the same form as the results of ὃ 2:12, the only difference 
being the substitution of the unrestricted number v for the integer n. 


To prove them, we observe first that 


d ἐς (- )»» givtam 
dz | (or J, (2) ~ dz m9 QYtan mi (ν +m+1) 
oo (—)™ gey—item 
" 2, Qy-1+am om! Γ (ν + m) 


-- 2” J,_, (2). 


When we differentiate out the product on the left, we at once obtain (8). 
In hke manner, 


d (— (-)™ 2 
dz ἃ Tas Σ πο 2742" mm! Γ (ν +m +1) 
_ Σ (-- 05 22-1 
a 2741 (mm -- 1) Γ (ν +m τ 1) 
Σ (-- πὴ gmt 
ny 271m! Γ (ν + m + 2) 


=— Δ ἢ (2),. 


whence (4) is obvious; and (2) and ῳ may be obtained by adding and βὰὉ- 
tracting (3) and (4). 


* Stidien iber die Bessel’schen Functionen (Leipzig, 1868), pp. 2,6, 7. Formula (8) was given 
when » is half of an odd integer by Plana, Mem. della R. Accad. delle Sci. di Torino, xxv1. (1821), 
p. 533. 
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We can now obtain the generalised formulae 


(5) (5) σύν} = 2 Tem (2) 
(6) (Se) στ, = (sm (2) 


by repeated differentiatigns, when m is any positive integer. 


Lommel obtained all these results from his generalisation of Poisson’s 
integral which has been described in ὃ 311. 


The formula (1) has been extensively used* in the construction of Tables 
of Bessel functions. 

By expressing J,_, (2) and J,_,(z) in terms of Ji,(z) and J'+,(2) by (3) 
and (4), we can derive Lommel’s formula t 
2 sin vir 


(7) Fy (2) Ti» (2) + J+ (2) Iva (2) = τς 
from formula (2) of ὃ 3°12. 

An interesting consequence of (1) and (2) is that, if Q, (z) =J,? (z), then 

(8) Ori) Qr4s C= Qe! (2) 5. 


this formula was discovered by Lommel, who derived various consequences of it, Studien 
diber die Bessel’schen Functionen (Leipzig, 1868), pp. 48 et seg. See also Neumann, Math. 
Ann, U1. (1871), p. 600. 


3:21. Bessel functions of complex order. 


The real and imaginary parts of the function J,,;,(x), where ν, w and & 
are real, have been discussed in some detail by Lommel}, and his results were 
subsequently extended by Bécher'. 


In particular, after defining the real functions K, (x) and S,,, (x) by the 
equation|| | 


ΡΝ (x) ΠΤ + ip + 4) ΓΦ {Kvn (x) + Wy, u(2)}, 


Lommel! obtained the results 


ae "δι ; 
(1) da? (A vu (x) ἈΝ Uy, μ ()) ΞΕ {Kyu (x) a wS,,.(x)} 


2(ν εἰμ)- ΕἸ ἀ, . 
Ἔ v ee (Kvn (®) Ὁ Wy, (%)} = 9, 


(2) Ky4iu(@) = Kyu (2) + Κ΄, (ὦ), 
(8) ὅν, (4) = S,,u (ὦ) + 8%. (α), 


* See, e.g. Lommel, Miinchener Avh. xv. (1884—1886), pp. 644-—647. 

+ Math. Ann. tv. (1871), p. 105. Some associated formulae are given in § 3°63. 

+ Math, Ann. 111. (1871), pp. 481—486. 

ἃ Annals of Math. νι. (1892), pp. 137—160. 

| The reason for inserting the factor on the right is apparent from formulae which will be 
established in § 3°3. -“- 
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with numerous other formulae of like character. These results seem to be of 
no great importance, and consequently we merely refer the reader to the 
memoirs in which they were published. 


In the special case in which ν =0, Bessel’s equation becomes 

FY. αν ἐῶν δον a 0: 

fant ea +(2*+ u*)y=0; 
solutions of this equation in the form of series were given by Boole* many 
years ago. 


3:3. Lommel’s expression of J,(z) by an integral of Poisson’s type. 
We shall now shew that, when R(v) > - 4, then 


= Gz) y ὃν 
(1) J, (2) = Po+pr@l “cos (z cos @) sin” θάαθ. 

It was proved by Poisson+ that, when ὃν is a positive integer (zero in- 
cluded), the expression on the right is a solution of Bessel’s equation; and 
this expression was adopted by Lommel} as the definition of J, (z) for positive 
values of ν + 4. 


Lommel subsequently proved that the function, so defined, is a solution of Bessel’s 
generalised equation and that it satisfies the recurrence formulae of § 3:2; and he then 
defined J, (2) for values of ν in the intervals (—}, -- 3), (—3, —#), (- - §, =f), ... by suc- 
cessive applications of § 3:2 (1). 


To deduce (1) from the.definition of J,(z) adopted in this work, we trans- 
form the general term of the series for J,(z) in the following manner: 


(- ($2) (—™ Δ OP (v + §) Pm ἃ) 
mil @+m+l1) ΓΈ ΟΓ πὴ] Po+mely 
(-)™ ($2) am 


etc —tm dt, 


| ΟΡ ΈΟΓ( Qm)i'o 
provided that R(v)>— 4. 


Now when R (v) >}, the series 


= (- )" 25 ν-- ἐγη- 
mel (2m)! “t τς ᾿ ᾿ 


converges uniformly with respect to ¢ throughout the interval (0, 1), and so it 
may be integrated term-by-term; on adding to the result the term for which 


* Phil. Trans. of the Royal Soc. 1844, p. 239. See also a question set in the Mathematical 
Tripos, 1894. 

¢ Journal de UEcole R. Polytechnique, x11. (cahier 19), (1823), pp. 300 et seq., 340 et seq. 
Strictly speaking, Poisson shewed that, when Ὧν is an odd integer, the expression on the right 
multiplied by ,/z is a solution of the equation derived from Bessel’s equation by the appropriate 
change of dependent variable. 

+ Studien iiber die Bessel’schen Functionen (Leipzig, 1868), pp. 1 et seq. 
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1 
m=0, namely [ ἐν (1 -- ἐγ τ αξ, which is convergent, we find that, when 
79 


R (v)> - 3, 
Gar fra τα τα 
J, (2) = aoa Σ--  --- 5“ 5 dt, 
ἀπ Στ leo Gm 
whence the result stated follows by making the substitution ¢=sin?@ and 
using the fact that the integrand is unaffected by writing π — @ in place of 0. 


When —4< A(v) <3, the analysis necessary to establish the last equation is a little 
more elaborate. The simplest procedure seems to be to take the series with the first two 
terms omitted and integrate by parts, thus 


= Goat 9 ν-ὶ ye m- ὦ ΩΣ 
amie ee 


_\m 2m cl 
ma _ [λα το ϑαι 


εὐ BP oot a 


1 gett d Ὁ τ τὼ oe 
-- [Ξε 3 (2m)! eee i} ae 


“es root 


on integrating by parts a second time. The interchange of the order of summation and 
integration in the second line of analysis is permissible on account of the uniformity of 
convergence of the series. On adding the integrals corresponding to the terms m=0, m=1 
(which are convergent), we obtain the desired result. 


It follows that, when &(v) >— 4, then 


J, (2) = rosa |, ἐντὶ (1 — t)-} cos {2 (1 — ¢)#} αἱ 


Obvious transformations of this result, in addition to (1), are the following: 


2 
(2) J, (z)= rosary |, [ ( = 3)». cos (zt) dt, 


(3) J, (2) = ro ον ap! < — )»5} cos (zt) dt, 
(4) J, (2) = τούτῳ [α« - Py te di, 
2($2)" 


(5) J, (2) = TOD F@ [ cos (z cos 8) sin” θαθ, 


: (§2)" 
6 Jd, : = iz COs 0 2Qv dé. 
Ἢ ὍΣ ἰὼ 
The formula obtained by a partial integration of (5), namely 
(7) J, (2) = ees: ont ol [ "sin (z cos @) sin*’—*@ cos 0d8, 


is sometimes useful; it is valid Ὁ when ft (v) > ἐ. 
ie 
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An expansion involving Beraoullian polynomials has been obtained from (4) by Nielsen * 
with the help of the expansion 


ξ- ~a = at bag (EF) n+1 (€+ 1) 
os Ἐῶ (m+1)! 0? 
in which ¢, (ξ) denotes the mth Bernoullian polynomial and α Ξε ἐξέ. 


[Norr. Integrals of the type (3) were studied before Puisson by Plana, Mem. della R. 
Accad. delle Sci. di Torino, xxvi. (1821), pp. 519—538, and subsequently by Kummer, 
Journal fiir Math. x1. (1834), pp. 144—147; Lobatto, Journal fiir Math. xvu. (1837), pp. 
363—371; and Duhamel, Cours d’ Analyse, τι. (Paris, 1840), pp. 118—121. 


A function, substantially equivalent to J, (z), defined by the equation 
1 
J (pt, “) =|, (1 — v*)* cos vx. dv, 


was investigated by Lommel, Archiv der Math. und Phys. XXxvit. (1861), pp. 349—360. 
The converse problem of obtaining the differential equation satisfied by 


Af’ e®” (y—a)*—! (v—By dv 


was also discussed by Lommel, Archiv der Math, und Phys. xu. (1863), pp. 101—126. In 
connexion with this integral see also Euler, Jnst. Cale. Int. 11. (Petersburg, 1769), § 1036, 
and Petzval, Integration der linearen Differentialgleichungen (Vienna, 1851), p. 48.] 


3°31. Inequalities derived from Poisson’s integral. 
From ὃ 3:3 (6) it follows that, if ν be real and greater than — 4, then 
| | (42)” | = ὃν 
(1) {0}, (2)} ς Potprale “exp|Z(z)|sin θαθ 


= LEE exp! I(z)|. 


By using the recurrence formulae ὃ 3:2 (1) and (4), we deduce in a similar 
manner that 


(2) [o(2)| sp fy 4 ef xpi panes) 


IT (ν -1}} |\(v+1)(v+ 2)| 
(52) | 4{2*| peat 
(3) [ν΄ (2) <r (r+ HE | expiz@)! | (v >— ὁ). 


By using the expression+ {2/(az)}+ cos z for 7... (2) it may be shewn that 
(1) is valid when y= —}. 


These inequalities should be compared with the less stringent inequalities 
obtained in ὃ 8:18. When ν is complex, ineqnalities of a more complicated 
character can be obtained in the same manner, but they are of no great im- 
portance. 


* Math. Ann. ux. (1904), p. 108. The notation used in the text is that given in Modern 
Analysis, ὃ 7°2; Nielsen uses a different notation. 

t The reader should have no difficulty in verifying this result. A formal proof of a more 
general theorem will be given in § 3-4. 
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3°32. Gegenbauer’s generalisation of Porsson’s integral. 
The integral formula 
_ (7 PQv).nt(b2) [cose 3: ὦν : | 
(1) Yen) = ROTH PE) vt IE epee Gace Mom ae 

in which Οὐ," (Ὁ) is the coefficient of a” in the expansion of (1 — 2at+a)~” in 
ascending powers of a,is due to Gegenbauer*; the formula is valid when 
R(v)>—4 and ἢ is any of the integers 0,1, 2,.... When ἢ =0, it obviously 
reduces to Poisson’s integral. 


In the special case in which ν = $, the integral assumes the form 


4 fr 
(2) JI ..ᾳ (2) = (—2)” (=~) | οἷ cos@ Ὁ (cos 8) sin 6 dé; 
0 
this equation has been the subject of detailed study by WhittakerT. 


To prove Gegenbauer’s formula, we take Poisson’s integral in the form 


7 ( 4 ΖΡ)» +n 
Juin (2)= FE nt dF) 


- and integrate n times by parts; the result is 


1 
i eit ( _ {yy tat dt, 
~1 


= Gey : izt (d" (1 — {?)vtn—} 
“νιν (2) = Ξ 2° Γ( ἘΝ ΓΦ ae aes [αι 


Now it is known thatt 
a(l—#y Ἢ (- 2)? n! Pv +n+4) Γ Ων) 
dt” 7 Viv +4) P(QQv4+n) 
whence we have 


χὰ (a. EQ). na! zy 
(3) ΡῈ (2) = PO+hTG) Fr τη) 


and Gegenbauer’s result is evident. 


( --ἰὐντὶ C," (ὃ, 


1 
| ett (1 —2)C,,"(t) dt, 
-ἰ 


A symbolic form οὗ Gegenbauer’s equation is 


Φ Sean (e) = SEE (— ὅλον (62) 127 Te): 


this was given by Rayleigh§ in the special case v=. 


The reader will find it instructive to establish (3) by induction with the aid of the 

recurrence formula 
᾿ 
(7 -+1) Cs (t)=(2Qv +2) tC,” (t)-(1 - 1) Ee Ὁ. 

* Wiener Sitzungsberichte, rxvit. (2), (1873), p. 203; uxx. (2), (1875), p. 15. See also Bauer, 
Miinchener Sitzungsberichte, v. (1875), p. 262, and O. A. Smith, Giornale di Mat. (2) x11. (1905), 
pp. 365—3873. The function C,,” (t) has been extensively studied by Gegenbauer in a series of 
memoirs in the Wiener Sitzungsberichte; some of the more important results obtained by him are 
given in Modern Analysis, 8 15-8. 

+ Proc. London Math. Soc. xxxv. (1903), pp. 198-206. See 88 6117, 10°5. 

+ Cf. Modern Analysis, § 15°8. 

8 Proc. London Math. Soc. iv. (1878), pp. 100, 263. 
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A formula which is a kind of converse of (4), namely * 


- —ptl) ὃ 
5 P "(τ )- ny μι J ( 5) 
©) y WR? +2)/ Pv +1) (prey κ δ 
in which P’* denotes a generalised Legendre function, is due to Filon, Phil. Mag. (6) v1. 
(1903), p. 198; the proof of this formula is left to the reader. 


3°33. Gegenbauer’s double integral of Powsson’s type. 
It has been shewn by Gegenbauer? that, when R(v)>0, 


(1) J,(s)= et [[rexp [1Z cos θ — 1z (cos Φ cos 6 + sin ¢ sin 8 cos y)] 
sin” y sin” Ody dé, 
where os? = Z? + 2* -- 2 Zz cos φ and Z, z, are unrestricted (complex) variables. 
This result was originally obtained by Gegenbauer by applying elaborate in- 
tegral transformations to certain addition formulae which will be discussed in 
Chapter x1. It is possible, however, to obtain the formula in a quite natural 
“manner by means of transformations of a type used in the geometry of the 
spheref. 
After noticing that, when z =0, the formula reduces to a result which is 
an obvious consequence of Poisson’s integral, namely 


J, ( Z)= =e a τε [ eZ cos 6 sin” 6. ie sin?’ ψ, 
we proceed to regard Ψ' and @ as longitude and colatitude of a point on ἃ 
unit sphere; we denote the direction-cosines of the vector from the centre to 
this point by (1, m,n) and the element of surface at the point by dw. 
We then transform Poisson’s integral by making a cyclical interchange of 
the coordinate axes in the following mannersS : 


J, (a) = ae. ef εὗ τα 0089 sin” θ sin”! Wd dy 


Ss (ἡ 5)" iwn m2 da 

= ll. m¥— d 

_ Gey 
al (v)J. 


ν fir f2r Sess . 
-o [ | ; e'w sin Ocos¥ eos’! θ sin Ody dd. 


[ eral nya dw 
n-p0o 


* It is supposed that 
OMe" 1 (ν 4 1) 2" 
ὃ. ΓΟ -ΜΈΕΙ)᾽ 

t Wiener Sitzungsberichte, Lxx1v. (2), (1877), pp. 128—129. 

+ This method is effective in proving numerous formulae of which analytical proofs were 
given by Gegenbauer ; and it seems not unlikely that he discovered these formulae by the method 
in question; ef. §§ 12-12, 1214. The device is used by Beltrami, Lombardo Rendiconti, (2) x11. 
(1880), p. 328, for a rather different purpose. 


§ The symbol ff, >o Means that the integration extends over the surface of the hemisphere on 
which m ig positive. 
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Now the integrand is an integral periodic function of y, and so the limits of 
integration with respect to ~ may be taken to be a and a+ 27, where a is an 
arbitrary (complex) number. This follows from Cauchy’s theorem. 


We thus get 
ν (tn fat2er 
aya | | gimsin 8e08¥ cos θ sin θάψ'ἀθ 
0 Ja 


nw, ὅπ 
_ (ya) ᾿ εἷτα 5'1θ008 (¥+0) cog! θ sin Oday dé. 


We now define a by ἐν pair of equations 


| acosa=Z—zcos¢?, wsina=zsin®¢, 
so that 


J, (a)= oat [ "[ “exp [1 (2 — zcos d) sin 8 cos ¥ —1zsin d sin Ψ' sin 67 
0 
cos*”— 8 sin Ody dé. 


The only ditference between this formula and the formula 


τ 
J, (a) Ξ τι ΓΓ |, xP [ver sin 8 cos yr] cos’ 6 sin θάψ dé 


is in the form of the expenential factor; and we now retrace the steps of the 
analysis with the modified form of the exponential factor. When the steps are 
retraced the successive exponents are 
1(4—zcos ¢)l—izsind.m, 
1(Z—zcosd)n—izsing.!|, 
1(Z—zcos d) cos θ — tz sin ᾧ cos Ψ' sin θ. 
The last expression is 
1Z cos θ — 1z (cos φ cos 6 + sin ¢ sin θ cos ), 
so that the result of retracing the steps is 
ΟΕ ee exp [12 cos θ — iz (cos ¢ cos θ + sin ὁ sin 8 cos )] 
sin?” ψ' sin” Ody dé, 
and consequently Gegenbauer’s formula is established. 


(Note. The device of using transformations of polar coordinates, after the manner of 
this section, to evaluate definite integrals seems to be due to Legendre, Mém. de l’ Acad. des 
Scv., 1789, p. 372, and Poisson, Mém. de 2 Acad. des Sci, 111. (1818), p. 126.] 


8.4. The expression of J(n+4) (2) in finite terms. 


We shall now deduce from Poisson’s integral the important theorem that, 
when v ts half of an odd integer, the function J,(z) is expressible in finite terms 
by means of algebraic and trigonometrical functions of z. 

It will appear later (ὃ 4°74) that, when ν has not such a value, then .J, (2) 
is not so expressible ; but of course this converse theorem is of a much more 
recondite character than the theorem which is now about to be proved. 
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[Note. Solutions in finite terms of differential equations associated with J n-+-4 (2) Were ob- 
tained by various early writers; it was observed by Euler, Aisc. Taurinensia, 1. (1762— 
1765), p. 76 that a solution of the equation for e J n+4 (2) is expressible in finite terms; while 
the equation satisfied by σὲ J.,+4 (2) was solved in finite terms by Laplace, Conn. des Tems, 
1823 [1820], pp. 245—257 and Mécanique Céleste, v. (Paris, 1825), pp. 82—84 ; by Plana, Mem. 
della R. Accad. delle Sci. di Torino, xxvt. (1821), pp. 533—534; by Paoli, Mem. di Mat. e 
di Fis. (Modena), xx. (1828), pp. 183—188; and also by Stokes in 1850, Trans. Cainh. Phil. 
Soe. 1X. (1856), p. 187 (Math. and Phys. Papers, τι. (1883), p. 356]. The investigation 
which will now be given is based on the work of Lommel, Studien iiber die Bessel’echen 
Functionen (Leipzig, 1868), pp. 51—56.] 


It is convenient to restrict n to be a positive integer (zero included), and 
then, by § 38 (4), 


at ae 
Jnay (2) =H ΜΝ 9 “πᾳ αι 


ΗΓ oe BH ΦῈ -- δ)": 
Nid ξεν ae dt” = 
when we integrate by parts 2n+1 times; since (1 — #)" is a polynomial of 
degree 2n, the process then terminates. 

To simplify the last expression we observe that if d”(1—#)"/dé" be cal- 
culated from Leibniz’ theorem by writing (1 —?#)" =(1—t)"(1 +42)", the only 
term which does not vanish at the upper limit arises from ditferentiating ἢ 
times the factor (1 —t)", and therefore from differentiating the other factor 
*—n times; so that we need consider only the terms for which r >7n. 

ἀγ"( -- δ)» i , mien 
|S iz = (—)".,C,.n! (inn)! 


r ee 2 ! 2n—r 
and similarly oe] m(—)-".,C, renee 
| t=-1 | : 


᾿(Ζῃη) -- 
It follows that 


> 


Hence 


_ ( 4 z)ntt πο 22 arti Q2n—r r! | 
ἐς er ae |e Ser Tame eT Pera 
_ ἢ (— arti Q-n—r T ! 
— \N+1 ω---ιΖ “στο ee ee ον 
pe ie 2 FUG ow 


and hence 
1 2e (1 Υ)}ΡλλΠΡ2᾿Ὸ ς &(-t)!™ (n4+r):! 
ee --- - -.- pe a ΠΤ zy 
(1) J nt} (2) V(2772) [ ξεν a! (n —r)! (227 +e an IG ay (n= ry! a" | 


This result may be written in the form* 


; fay. “" (-)". (n+ 2r)! 
(2) Sass (2)=(=) | sin(e— gun) SF GOR ORT ον 


<}(n-1) (-)".(n +2r+1)! 
= > ee : 
+ cos (2 5) πὴ yao (γ 1)! (27 - 27 -- 1)! al 


* A compact method of obtaining this formula is given by de la Vallée Poussin, dun. dé la 
Soc. Sci. de Bruxelles, xx1x. (1905), pp. 140—143. 
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In particular we have 


(3) J, (z) = (2) sinz, ὦ (2) Ξ (3) (“Ez — cos z) 


the former of these results is also obvious from the power series for J} (2). 


Again, from the recurrence formula we have 


; d\n 
ΡΝ (2) = (—)" auth (5,) {2-4 Jy (z)I, 
ang hence, from (1), 
ge διττὴ} Og g(r (nt)! 
yoo τὶ (ν-- γ)}(22}ὺ) pcg γἱ (η -- 7): (22}" 


epee (SE nen (SPE 


zdz/ 2 zdz! 2 
But, obviously, by induction we can express 


1: 


as a polynomial in 1/z multiplied by e+”, and so we must have 


att S (4 Ὁ" (ι Ἐ5)} NM ght d ex? 
= Gn) (22)" πὴ (πὶ Ζ 


for, if not, the preceding identity would lead to a result of the form 
e* d, (2) —e~* ga(z) =O, 


where ¢, (2) and ¢,(z) are polynomials in 1/z; and such an identity is obviously 
impossible *. 


Hence it follows thatt 


2 un" (nt+r)! 


δ 


" (—1)" (κι -Ἐ 7)! 


ἐπ = ri(n—r)i(2z)" ee, 2 ri(n—r)!(2z)" 
nanan({ & \"e#®+e% 
ΞΟ: (2) Ζ 


-- (---} (9πῸ}} 2m} (5) {2-4 J_3 (z)} 
= (—)" (222) J_n_y (2). 


Consequently 
= Ὡ γὲ ven (n+r): g-tt (- οτος (n +r)! | 
ὦ Ins O= απο | 3 ete tes ἘΞ r)i(@ayr | 


* Cf. Hobson, Squaring the Circle (Cambridge, 1918), p. 51. 
+ From the series 
(42) (- )™ (32)? 
pene ER Mi cr ee 
J4 (2) = ΤΩ m=o 5]} κἃ. ¥.. .(m— δ) 


4 
it is obvious that Jy (4) = (=) COS Z. 


ὦν | 
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Or 


and hence 
foe | qa (- ).( (n+2r)t 
(5) Jin (Zz) = i cos (2+ 4n7) = 2r)!(n— - 2r)! 1 (22) A 
<3@-1) (—)".(n+2r+1)! : 
sine tin) 3 Eien area 


In particular, we have 


(6) J_,(z)= (=) cosz, J_3(z)= (=) (-55: — sin z). 


We have now expressed in finite terms any Bessel function, whose order is 
half of an odd integer, by means of algebraic and trigonometrical functions. 


The explicit expression of a number of these functions can be written down from 
numerical results contained in a letter from Hermite to Gordan, Journal fiir Math, Lxvi. 
(1873), pp. 303—311. 


3°41. Notations for functions whose order is half of an odd integer. 


Functions of the types Jita44)(z) occur with such frequency in various 
branches of Mathematical Physics that various writers have found it desirable 
to denote them by a special functional symbol. Unfortunately no common 
notation has been agreed upon and none of the many existing notations can 
be said to predominate over the others. Consequently, apart from the summary 
which will now be given, the notations in question will not be used in this work. 


In his researches on vibrating spheres surrounded by a gas, Stokes, Phil. Trans. of the 
Royal Soc, CLv1i. (1868), p. 451 (Math. and Phys. Papers, tv. (1904), p. 306], made use of 
the series 


nm(m+1) (θὲ -- 1) ἢ (»υ-Ὁ 1) (n+2) 


a ἜΣ 2. 4. (tmz)? ΤῊ 
which is annihilated by the operator 
d? ad xn(n+1) 
i ir ar aa 


This series Stokes denoted by the symbol /, (7) and he wrote 
Pn =Sye~ sade (7) +8)! εἰν f, (-r), 


where §, and S,' are zonal surface harmonics; so that y, is annihilated by the total 
operator 


d 2d, , n(n+1) 
ada apt a 


and by the partial operator 


2 20 1 ὁ ; 
Ge ty Ft 2 sin 9. ὅθ {sin 0 aa} Ὁ i 
In this notation Stokes was followed by Rayleigh, Proc. London Math. Soc. τν. (1873), 
pp. 93-103, 253—283, and again Proc. Royal Soc. Lxxut. (1903), pp. 40O—41 [Scventific 
Papers, ν. (1912), pp. 112 —114], apart from the comparatively trivial change that Rayleigh 
would have written f, (tr) where Stokes wrote /, (7). 
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In order to obtain a solution finite at the origin, Rayleigh found it necessary to take 
S,/=(—)*+1S, in the course of his analysis, and then 


4 
a= (—oO*t1 mS, (= "πὶ Fy (mr). 


It follows from § 3° 4 that . amr (= sa) oes 
γ" rcr r 
and that πᾳ (= τας Fann) [enim tl f, (ir) -Ὁ οἷν ἐτιτα ἢ (-- ὁ} 


In order to have ἃ simple notation for the combinations of the types 6Ἐ f, (tr) which 
are required for solutions finite at the origin, Lamb found it convenient to write 
ZA 


29 
al 2 (22 +3) +4. (2n+3) (2a+5) 77 
in his earlier papers, Proc. London Math. Soc. x11. (1882), pp. 51—66; 189-—212; Xv. 
(1884), pp. 139—149; xvu. (1885), pp. 27—43; Phil. Trans. of the Royal Sac. cLXXxtv. (1883), 
pp. 519—549; and he was followed by Rayleigh, Proc. Royal Soc. txxvi. A, (1906), 
pp. 486—499 [Scientific Papers, v. (1912), pp. 300—312], and by Love*, Proc. London 
Math. Soc. xxx. (1899), pp. 308—321. 
With this notation it is evident that 


ΓΤ (n+ 3) oe sin 2 
γε τ με M(B. 5 Gn), (5) του 


Subsequently, however, Lamb found it ice to modify this notation, and accord- 


ingly in his treatise on Hydrodynamics and also Proc. London Math. Soc, xxxt1. (1901), 
pp. 11—20, 120—150 he used the notation T 


Vn )= 7-3-5. Gn Εἰ : ~ 2 (2n+3) +z, 4(2n+3)(2n4+5) 7°" | 
and he also wrote Fn (2) -( - =) “τον, (2) -- ψα (2), 
ial SR J , ὦ (Ζ 
so that Vn qo δ στ τταθ Wn (2)-ΞΞ ee 


while Rayleigh, Phil. Trans. of the Royal Soc. ccttt. A, (1904), pp. 87—110 [Scientific Papers, 
v. (1912) pp. 149—161] found it convenient to replace the symbol /,(z) by χα (4). Love, 
Phil. Trans. of the Royal Soc. ccxv. A, (1915), p. 112 omitted the factor (—)" and wrote 


δ" sin Ζ 
n= (5 ee Wa (2)= (3) aa 
while yet another notation has been used by Sommerfeld, Ann. der Physik und Chemie, (4) 


XXVIII. (1909), pp. 665—736, and two of his pupils, namely March, Ann. der Physik und 

Chemie, (4) xxxvit. (1912), p. 29 and Rybezytski, Ann. der Physik und Chemie, (4) XL. 
(1913), p. 191; this notation is 

ΐ d \* sinz 

Vn (z)= ($0z)t J n+} (2) = =r ~ Baz τ | 


Ζ 
(κ() τ (ἀπο) [Fy 44 (2) +(— 9 _ gy @h 


and it is certainly the best adapted for the investigation on electric waves which was the 
subject of their researches. 


ἃ \* e-t 
* In this paper Love defined the function EF, (2) as (—)".1.3... (2n- 1) (5) — , but, as 
stated, he modified the definition in his later work. 
+ This is nearer the notation used by Heine, Handbuch der Kugelfunctionen, 1. (Berlin, 1878), 
p. 82; except that Heine defined y, (2) to be twice the expréssion on the right in his treatise, but 
not in his memoir, Journal fiir Math. rx1x. (1869), pp. 128—141. 
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Sommerfeld’s notation is a slightly modified form of the notation used by L. Lorenz, who 
used v, and v,+(—)"* tw, in place of y, and ζω; see his memoir on reflexion and refraction 
of light, A. Danske Videnskabernes Selskabs Skrifter, (6) νι. (1890), (Oeuvres screntifiques, 1. 
(1898), pp. 405—502.] 


3°5. A second solution of Bessel’s equation for functions of integral order. 


It has been seen (8 3:12) that, whenever ν is not an integer, a fundamental 
system of solutions of Bessel’s equation for functions of order ν is formed by 
the pair of functions J,(z) and J_,(z). When ν is an integer (=), this 1s no 
longer the case, on account of the relation J_, (2) = (—)" Jn (2). 

It is therefore necessary to obtain a solution of Bessel’s equation which is 
linearly independent of J,,(z); and the combination of this solution with J,,(z) 
will give a fundamental system of solutions. 


The solution which will now be constructed was obtained by Hankel *; 
the full details of the analysis involved in the construction were first published 
by Bocherf. 

An alternative method of constructing Hankel’s solution was discovered by Forsyth ; 
his procedure is based on the general method of Frobenius, Journal fiir Math. uxxvi. (1874), 
pp. 214—235, for dealing with any linear differential equation. Forsyth’s solution was 
contained in his lectures on differential equations delivered in Cambridge in 1894, and it 
has since been published in his Theory of Differential Equations, 1v. (Cambridge, 1902), 
pp. 101—102, and in his Treatise on Differential Equations (London, 1903 and 1914), 
Chapter νι. note 1. 


It is evident that, if v be unrestricted, and if n be any integer (positive, 
negative or zero), the function 


J, (2) — λυ (2) 
is a solution of Bessel’s equation for functions of order ν; and this function 
vanishes when ν = n. 


Consequently, so long as ν # ἢ, the function 
J. (2) —(—)"J-o(2) 
ν -- ἢ 
is also a solution οἵ Bessei’s equation for functions of order ν; and this function 
assumes an undetermined form? when vy =n. 


We shall now evaluate 


lim J, (2) me (—)" J_, (2) 
rn von 


and we shall shew that it is a solution of Bessel’s equation for functions of 


* Math. Ann. 1. (1869), pp 469—-472. 

t+ Annals of Math. νι. (1892), pp. 85—-90. See also Niemdller, Zeitschrift fiir Math. und Phys. 
xxv. (1880), pp. 65 —71 

+ The essence of Hankel’s investigation is the construction of an expression which satisfics 
the equation when ν is not an integer, which assumes an undetermined form when » is equal to 
the integer n and which has a limit when v-»n. 


W. B. Ε. 3 
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order n and that it is linearly independent of J,(z); so that it may be taken 
to be the second solution required *.. 


It is evident that 
«7, (2) -- (-- .}»» 7... (2) ὑ,, (2) —da(2) (-y" J_, (2) — J_,, (2) 


— SN NE —»> 


y—n y—n y—n 
sel eke) ay n Od (2) 
OK v= 
as y-»n, since both of the differential coefficients existt . 


Hence 
Ninn Ve 2) = (= "Sn ὦ 
ee ν -- ἢ 


exists ; 1ὖ 18 called a Bessel function of the second kind of order ἢ. 


To distinguish it from other functions which are also called functions of 
the second kind it may be described as Hankel’s function. Following Hankel, 
we shall denote it by the symbolt Y, (2) so that 


(1) Υ, (2) = lim [9:9], 
and also 
(2) ¥,, (2) =  - (pt) ΕΝ 


It has now to be shewn that Y,,(z) is a solution of Bessel’s equation. 


Since the two functions J, (z) are analytic functions of both z and ν, the 
order of performing partial differentiations on Ji,(z) with respect to z and ν 
is a matter of indifference§. Hence the result of differentiating the pair of 
equations 

V, “αν (2) = 0 


with respect to ν may be written 


aw Od +, OS εν (2) ad dds, OS 4, (2) >.» OS 4y(Z) 
ae Pe Ov ae “dz. Ov ke a) Ov 


When we combine the results contained in this formula, we find that 


— QJ 4, (2) = 0. 


u ᾿ | 7 
v, 0 one) = γ» ee - ὃν (, (z) — (—)" Je. (z)}, 


* The reader will realise that, given a solution of a differential equation, it is not obvious that 
a limiting form of this solution is a solution of the corresponding limiting form of the equation. 

+ See §3:1. It is conventional to write differentiations with respect to z as total differential 
coefficients while differentiations with respect to ν are written as partial differential coefticient-. — 
Of course, in many parts of the theory, variations in » are not contemplated. 

+ The symbol Y,,(z), which was actually used by Hankel, is used in this work to denote a 
function equal to 1/7 times Hankel’s function (ὃ 3°54). 

§ See, e.g. Hobson, Functions of a Real Variable (1921), §§ 312, 313. 
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so that 
v, ΕΞ ν (Ζ) Be ype) - (2 — nt) [oO ν (2) ΒΕ -»ϑήν 


+ ὃν (υ, (2) -- (—)* ... (2)}. 

Now make v-+n. All the expressions in the last equation are continuous _ 

functions of v, and so we have 
Ve kee y (2) _(-y οὐ. πε τοὶ -0. 
where ν is to be made equal to n immediately after the differentiations with 
respect to ν have been performed. We have therefore proved that 
(3) - Va Yn (Zz) =9, 

so that ¥,(z) 18 a solution of Bessel’s equation for functions of order n. 

It is to be noticed that 
J, (2) τ γῆ (2) 


Y_,(z)= bm y+n 
ἐν Νὰ J_y(Z) - (-}" , (7) ! 
Rr —pP+n 


whence follows a result substantially due to Lommel*, 


(4) Y¥_» (Zz) = (—)” Yn (2). 
Again, 
_ [ade] [δ ὦ 
20) = lew ΙΒ 7 a uk. 
while, because J, (2) is a monogenic function of ν at v = 0, we have 


bag ag 1 el iad 


and hence it follows that 
οὐ, 
(5) γώ τ (| 


A result equivalent to this was given by Duhamelf as early as 1840. 


3°51. The expansion of ¥,(z) in an ascending series. 

Before considering the expansion of the general function Y,, (z), it is con- 
venient to examine the function of order zero because the analysis is simpler 
and the resulting expansion is more compact.. 

We use the formula just obtained, 


0 Ὁ (--»» (ζ2)»}52» ) 
= ΕΝ ΤΣ ΤΑΣ as ᾿ 


* Studien tiber die Bessel’schen Functionen (Leipzig, 1868), p. 87. Lommel actually proved 
this result for what is sometimes called Neumann’s function of the second kind. See § 3:58 (8). 
+ Cours d’Analyse, τι. (Paris, 1840), pp. 122—124. 
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and the result of term-by-term differentiation is 


Y,(z)=2 “le aes {log (42) — 2 tog Tivtmtl " 


Σ  Σ ἘΣ εἰς y flog 4z2—ar(m+1)f, 


where y denotes, as is customary, the logarithmic derivate of the Gamma- 
function *. 


v= 


Since 0 « Ψ (m+1)<m when m=1, 2, 3, ... the convergence of the series for Yo (2) 
may be established by using D’Alembert’s ratio-test for the series in which ~(m+1) is 
replaced by m. The convergence is also an immediate consequence of a general theorem 
concerning analytic functions. See Modern Analysis, καὶ 5:3. 


The following forms of the expansion are to be noticed : 


(1) ¥,(2)=2 FG” og 42)-- Ψ αὐ Ὁ1}} 


τὸ (milf 
(2) Y¥,(z)=2 log (42). J, (2) -- sore v(m +1) 
(3) Y,(z)=2 ἰγ + log (42)} Jo (z) -- 2 so ἯΙ : Ἔ ον ἘΣ ; 


The reader will observe that 


£¥, (2) + (log 2 -- γ) Jo(z) 


is a solution of Bessel’s equation for functions of order zero. The expansion of 
this function is 


(log z) > {5} Gey" _ Σ Σ (- τ ΟΡ it αὐτὰς. +2}, 


m=) (mi) m=-1 (m l)? 2 


This function was adopted as the canonical function of the second kind of order zero by 
Neumann, Theorie der Dessel’schen Functionen (Leipzig, 1867), pp. 42—44; see § 3°57. 

But the series was obtained as a solution of Bessel’s equation, long before, by Euler Τ. 
Euler’s result in his own notation is that the general solution of the equation 


χορὸν + τομὴν +92" y 62? =0 


; 29.403" __100Ag* 
ΣΝ ee 
. 8n? 1.8.27? 1.8.27. 64n9 


GAg? 
1S y= OE am “Ὁ 


xi" + etc. 


.9 ai 4 ἄς: 3n γ' 4n — ate Vee 
δὰ (1 "Τὶ ἀπε 1.47928" ἜΤ, 4-9. 1608” ὃ 


oe ag 2 ag Ἵ 2h __ ay ou age χϑι — et 
=e πῶς v1 ag 1.4. 9μ5 Ἐς 4.9.16θ»8 ἜΡΘΗ 


* Modern Analysis, Ch. xu. It is to be remembered that, when m is a positive integer, then 


1 1 1 
¥(=-y W(mtYertgt..+ 5 τΎ, 
where + denotes Euler’s constant, 0°5772157 .... 


t Inst. Calc. Int. 11. (Petersburg, 1769), § 977, pp. 233—235. See also Acta Acad. Petrop. v. 
(1781) [published 1784], pars 1. Mathematica, pp. 186—190. 
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where A and a are arbitrary constants. He gave the following law to determine successive 
numerators in the first line: 


6=3.2-1.0, 22=5.6—-4.2, 100=7 . 99--9. 6, 
548=9.100—16. 22, 3528 =11.548—25. 100 ete. 
1 1 1 on 
If a(j+5tta)=cs, 


this law is evidently expressed by the formula 


3°52. The expansion of Y,,(z) in an ascending series and the definition of 
J. (2). 
| We shall now obtain Hankel’s* expansion of the more general function 
Y, (2), where ἢ 18 any positive integer. [ΟἿ equation (4) of ὃ 3°5.] 
It is clear that 


Od, (2) o ( Die (4 g)rtam 
“Op a lala 


= 2 ted ae {log (42) -- yr (v+m+1)} 


mzom! D(v+m+1) 
oo (—)™ ( Ζ n+2m 
ἘΣ een coe ΣΟ Se Ceara) 
when vn, where x is a positive integer. That is to say 
οὐ, (2) Σ (=)" (fz) (1 1 1 
(1) es i ORT) eG 2 ara {i tot tmp 


The evaluation of [0J_, (z)/dv],-n is a little more tedious because of the pole 
of y(—v+m+1) at v=n in the terms for which m=0,1.2,...,.n—1. We 
break the series for J_,(z) into two parts, thus 


"πὶ  (_)m(]7)—v+2m co —)m (1 χγ-ν tem 
JO Ear Crema) Saleem Fly 
and in the former part we replace 
1 DP (vy — m) sin (vy — m) 7 
D(i—v+m+1) 7 @w' 
Now, when 0< η «ἢ, 


0 ((4z2)-"t™" Γ (ν -- 21) 510 (ν -- m) a7 
| ae ae 
= [(p2)-7™ Pv τ m) 

{πὶ Ψ' (v — m) sin (v—m) π᾿ + cos (v—m) w —7~ log (42) sin (v—m) 7} Len 
= ($2) Γ (n — m) cos (n — m) 7. 


* Math, Ann. τ. (1869), p. 471. 
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Hence 
ΕΞ: τὴ Ἔ -1 (-) " I (n—m)( 2) 555 2), νι 
Ov vn = ™ =: 2 ™ ; 


Σ se Ge τς log (4z)+ ~(—n+m-+1), 


Sens (—n+m! 


that is to say 
) ad, (2: (2) = n ‘(n—m ms —— 1)! —ntam nl (—)" (42 Ἐπ 
a ὃν |... se = ΩΣ ey ea, 3, m!(n+m)! 


x {log (42) -- (m+ 1}, 
_ when we replace m by n +m in the second series. 
On combining (1) and ( ᾿ we have Hankel’s formula, namely 


ΝΕ 1(n one ES 1) ! eee 00 (--» (Κ.2)}}» 
(8) Υ,()- Σ ml (42) "ἜΣ m!(n+m)! 
x (Blog 46) — (m4 1-H (n+ D) 
I 
=2 {y+ log 42}}. 0) - Ghar SOM Dg gym 
-Σ ΟΡ αὶ 1 ἘΝ τας ΡΝ 
m=o mi(n+m)! ΡΥ] τ ᾿ 
In the first term (m Ξε Ὁ) of the last summation, the expression in {} is 
1 1 1 
i + 5 +...4+ ἊΝ 
It is frequently convenient (following Lommel*) to write 
Od, 
(4) Fh (5) = —— — J, (z) log z, 
so that 
2 —— (—)™ 42)" 55 ( 1 : 
(5) HJ. (2) eal om! P(vtmt ἡ et et mrt); 
when ν is ἃ negative integer, YJ, (2) is defined by the limit of the expression 
on the right. 
We thus have 
(6) Y,, (2) = 2J;, (z) log 2 + Du (2) + (—)” Hn (2). 


The complete solution of Ὁ nt τ ¥ +ay=0 was given in the form of a series (part of which 


contained a logarithmic me by Euler, Znst. Cale. Int. τι. (Petersburg, 1769), 85 935, 
936; solutions of this equation are 


awh Ji (2a4 x4), χὰ Y, (2a% χ᾽). 
Euler also gave (ἰδία, $$ 937, 938) the complete solution of ΠΕΣ. “a tay= =0; solutions of 


this equation are 


at J, (4atat), xd YW, (Δα at). 


* Studien iiber die Bessel’schen Functionen (Leipzig, 1868), p. 77. 
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3°53. The definition of Y, (2). 

Hitherto the function of the second kind has been defined only when its 
order is an integer. The definition which was adopted by Hankel* for un- 
restricted values of v (integral values of 2v excepted) is 
J, (2) cos vir — J_, (2) 
| sin 2a 

This definition fails both when ν is an integer and when ν is half of an 
odd integer, because of the vanishing of sin 2v7. The failure is complete in 
the latter case; but, in the former case, the function is defined by the limit 
of the expression on the right and it is easy to reconcile this definition with 
the definition of ὃ 3°3. 

To prove this statement, observe that 


ποτ y—n ὦ), (2) 608 νπ -- υ]., 2) 


(1) Υ, (z) = 3ποντὶ 


lim Y, (2) = lim 


yn yen |COSya3 sin vir ν -- ἢ 
= (—)" lim [oOheesem τ 
vn ν-- ἢ 
--}» = 
= ¥, (2) + lim 3 855-: υ, 0) 
= Y,, (z), " 
and so we have proved that 
(2) lim Ὑ (2) = Ὑ, (2). 


It is now evident that Y, (2), defined either by (1) or by the limiting form 
of that equation, is a solution of Bessel’s equation for functions of order ν both 
when (1) » has any value for which 2y is not an integer, and when (ii) ν is an 
integer: the latter result follows from equation (2) combined with § 3°5 (3). 

The function Ὑ, (2), defined in this way, is called a Bessel function of the 
second kind (of Hankel’s type) of order v; and the definition fails only when 
ν +4 is an integer. | 

Nore. The reader should be careful to observe that, in spite of the change of form, the 
function 'Y, (2), gua function of ν, is continuous at v=n, except when z is zero; and, in 


fact, J, (2) and Y,(z) approach their limits J, (2) and Y, (2), as v->n, uniformly with 
respect to z, except in the neighbourhood of z=0, where ἢ is any integer, positive or negative. 


3°54. The Weber-Schlafli function of the second kind. 


The definition of the function of the second kind which was given by 
Hankel (ὃ 8.53) was modified slightly by Weber+ and Schlaflit in order to 
avoid the inconveniences produced by the failure of the definition when the 
order of the function is half of an odd integer. 

* Math. Ann. τ. (1869), p. 472. 

t Journal fir Math. τχχνι. (1873), p. 9; Math. Ann. νι. (1873), p. 148. These papers are 
dated Sept. 1872 and Oct. 1872 respectively. In ἃ paper written a few months before these, 


Journal fiir Math, Lxxv. (1873), pp. 75—105, dated May 1872, Weber had used Neumann’s 
function of the second kind (see §§ 3°57, 3°58). 


+ Ann. di Mat. (2) vit. (1875), p. 17; this paper is dated Oct. 4, 1872. 
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The function which was adopted by Weber as the canonical function of the 
second kind is expressible in terms of functions of the first kind by the formula* 


J, (z) cos vr — J_, (2) 


sin var 
(or the limit of this, when ν 15 an integer). — 


Schlafli, however, inserted a factor ἐπὶ; and he denoted his function by 
the symbol K, so that, with his definition, 


J, (72) cos vr — ὦ). (2) 
= 1 oe ΠΣ Ρα τα 
BAG) αν sin νῖτ 
Subsequent writers, however, have usually omitted this factor ἐπ, e.g. Graf 
and Gubler in their treatise+, and also Nielsen, so that these writers work with 


Weber’s function. 


The symbol Καὶ is, however, used largely in this country, especially by 
Physicists, to denote a completely different type of Bessel function (ὃ 3°7), 
and so it is advisable to use a different notation. The procedure which seems 
to produce least confusion is to use the symbol Y,(z) to denote Weber's function, 
after the manner of Nielsen}, and to adopt this as the canonical function of 
the second kind, save in rare instances when the use of Hankel’s function of 
integral order saves the insertion of the number 7 in certain formulae. 


We thus have 


J, (z)cosvm —J_,(z) _ cosuvm 


» Pa) sin νπ' erm ¥, (2), 
. J,(z)cosyr—J_,(z) 1 
2 = ΝΥ dios ak 
(2) ie (2) ΞΞῷ ho sin vir μα bm (2). 


(Note. Schlafli’s function has been used by Bécher, Annals of Math. v1. (1892), 
pp. 85—90, and by McMahon, Annals of Math. vu. (1894), pp. 57—61; 1x. (1895), 
pp. 23—30. Schafheitlin and Heaviside use Weber's function with the sign changed, so 
that the function which we (with Nielsen) denote by FY, (z) is written as — VY, (2) by 
Schafheitlin§ and (when »y=n) as — G,(z) by Heavisidell. 

Gray and Mathews sometimes? use Weber's function, and they denote it by the 
symbol Yn. 


* Weber’s definition was by an integral (see § 6.1) which is equal to this expression; the 
expression (with the factor 4a inserted) was actually given by Schlatii. 

+ Kinleitung in die Theorie der Bessel’schen Funktionen, 1. (Bern, 1898), p. 34 et seq. 

t Nielsen, as in the case of other functions, writes the number indicating the order as an 
index, thus 1” (2), Hundbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 11. There 
are obvious objections to such a notation, and we reserve it for the obsolete function used by 
Neumann (§ 3°58). 

8 See, e.g. Journal fir Math. σχιν. (1895), pp. 31—44, and other papers; also Die Theorie der 
Bessel schen Funktionen (Leipzig, 1908). 

|| Proc. Royal Suc. ταν. (1893), p. 138, and Electromagnetic Theory, τι. (London, 1899), p. 255; 
a change in sign has been made from his Electrical Papers, τι, (London, 1892), p. 445. 

Ἵ 4 Treatise on Bessel Functions (London, 1895), pp. 65—66. 
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Lommel, in his later work, used Neumann’s function of the second kind (see § 3°57), but 
in his Studien iiber die Bessel’schen Functionen (Leipzig, 1868), pp. 85—86, he used the 
function 

$m Pu (2) +p (n+) + log 2} Jn (2), 
where Y,,(z) is the function of Weber. One disadvantage of this function is that the 
presence of the term Ψ (x+4) makes the recurrence formulae for the function much more 
complicated; see Julius, Archives Néerlunduises, xxvitl. (1895), pp. 221—225, in this 
connexion. | 


3°55. Heine's definition of the function of the second kind. 


The definition given by Heine* of the function of the second kind possesses 
some advantages from the aspect of the theory of Legendre functions; it 
enables certain generalisations of Mehler’s formula (§ 5:71), namely 


lim P, (cos @/n) = J, (6), © 


i ἢ 


to be expressed in a compact form. The function, which Heine denoted by 
the symbol Αἴ, (z), is expressible in terms of the canonical functions, and it is 
equal to —-4$7Y,,(z) and to —}$¥,(z); the function consequently differs only 
in sign from the function originally used by Schlafli. 


The use of Heine’s function seems to have died out on the Continent many years ago; 
the function was occasionally used by Gray and Mathews in their treatiset, and they term 
it G,(z). In this form the function has been extensively tabulated first by Aldist and 
Airey §, and subsequently in British Association Reports, 1913, 1914 and 1916. 


This revival of the use of Heine’s function seems distinctly unfortunate, both on account 
of the existing multiplicity of functions of the second kind and also on account of the fact 
(which will become more apparent in Chapters vi and vir) that the relations between the 
functions J, (2) and Y,(z) present many pvints of resemblance to the relations between the 
cosine and sine; so that the adoption|| of J, (2) and Οἵ, (2) as canonical functions is com- 
parable to the use of cosz and — ὁ π᾿ sinz as canonical functions. It must also be pointed 
out that the symbol G, (z) has been uséd in senses other than that just explained by at least 
two writers, namely Heaviside, Proc. Royal Soc. ταν. (1893), p. 138 (as was stated in § 3°54), 
and Dougall, Proc. Edinburgh Math. Soc. xv111. (1900), p. 36. 


Norg. An error in sign on p. 245 of Heine’s treatise has been pointed out by Morton, 
Nature, uxt. (1901), p. 29; the error is equivalent to a change in the sign of y in formula 
§ 3°51 (3) supra. It was also stated by Morton that this error had apparently been copied 
by various other writers, including (as had been previously noticed by Gray) J. J. Thomson, 
Recent Researches in Electricity and Magnetism (Oxford, 1893), p. 263. A further error 


* Handbuch der Kugelfunctionen, τ. (Berlin, 1878), pp. 185—-248. 

+ A Treatise on Bessel Functions (London, 1895), pp. 91, 147, 242. 

¢ Proc. Royal Soc. uxv1. (1900), pp. 32—43. 

§ Phil. Mag. (6) xx11. (1911), -pp. 658—663. 

| From the historical point of view there is something to be said for using Hankel’s function, 
and also for using Neumann’s function; but Heine’s function, being more modern than either, 
has not even this in its favour. 

Ἵ Nature, χιαχ, (1894), p. 359. 
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noticed by Morton in Thomson’s work seems to be due to a most confusing notation employed 
by Heine; for on p. 245 of his treatise Heine uses the symbol Xp to denote the function 
called — $2 ¥ in this work, while on p. 248 the same symbol ἄρ denotes — ἐπ (Y,—1tJ)). 


3°56. Recurrence formulae for Y,(z) and ¥, (2). 


The recurrence formulae which are satisfied by Y,(z) are of the same form 
as those which are satisfied by J,(z); they are consequently as follows: 


(1) γ, 1) + Yiu (2) =~ ¥, (2), 
(2) Via (2) — Fou (2) = 2Y,’(2), 
(3) ZY,’ (2) + v¥, (2) =2Y,4(2), 
(4) ZY,’ (2) — v¥, (2) =—2¥ iu (2), 


and in these formulae the function Y may be replaced throughout by the 
function Y. 


To prove them we take § 3:2 (8) and (4) in the forms 


£ μνσ, "πα, ler T4(2)} = — 2" Tyas (2); 


if we multiply these by cot va and cosec v7, and then subtract, we have 


d 
ἃ; {2” Y,(2)} ΞΞ 2” Y,_, (2), 
whence (3) follows at once. Equation (4) is derived in a similar manner from 
the formulae 


£ στ" J, (z)} ΞὸΖ -- ay (2), £ [στ J_, (z)} = 27" Jes (z). 


By addition and subtraction of (3) and (4) we obtain (2) and (1). 


The formulae are, so far, proved on the hypothesis that ν is not an integer ; 
but since Y, (z) and its derivatives are continuous functions of v, the result of 
proceeding to the limit when ν tends to an integral value ἢ, is simply to 
replace ν by n. 


_ Again, the effect of multiplying the four equations by me’™ sec ym, which 
is equal to ve”+"™ sec (ν + 1) 7, is to replace the functions Y by the functions 
Y throughout. 


In the case of functions of integral order, these formulae were given by Lommel, 
Studien ἰδοῦ die Bessel’schen Functionen (Leipzig, 1868), p. 87. The reader will find it 
instructive to establish them for such functions directly from the series of § 3°52. 


Neumann’s investigation connected with the formula (4) will be discussed in καὶ 3°58. 
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3°57. Neumann's function of the second kind. 


The function which Neumann* adopted as the canonical function of the 
second kind possesses the advantage that it is represented more simply by 
integrals of Poisson’s type than the functions of the second kind which have 
been hitherto discussed ; but this is its only merit. 


We first define the function of order zerot, which will be called Y (z). 


The second solution of Bessel’s equation for functions of order zero being 
known to contain logarithms, Neumann assumed as a solution the expression 
J, (2) log z+ w, 

where w is a function of z to be determined. 
If this expression 1s to be annihilated by V,, we must have 
Vw = — V, {J,(z) log 2} 
| = — 22d, (2). 
But, by § 2°12(11), 
—2zJ, (2) = 22 ὦ), (5) =8 Σ (nn (2); 


and so, since Vo don (2) = 4n? Jon (5), we have 


Vow = 2 Σ (—)P"V, Jon (z)/n 
n=1 


= QV, Σ ()» οἷς, (9) π; 


the change of the order of the operations 2 and V, is easily justified. 


Hence a possible value for w is 
2 Σ (-)" Jon (2)/n, 
and therefore Neumann’s aan Y (z), defined by the equation 
(1) Y (2) = J,(z) log 2 + 2 3 (pote ; 


is a solution of Bessel’s equation for functions of order zero. 


Since w +0 as z +0, (the series for w being an analytic function of 2 near 
the origin), it is evident that J,(z) and Y (2) form a fundamental system of 
solutions, and hence ¥,(z) is expressible as a linear combination of J, (z) and 
Y(z); a comparison of the behaviours of the three functions near the origin | 
shews that the relation connecting them 1s 


(2) Y (2) =$¥,(z) + (log 2 — γ) Jo (2). 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 42—44. Neumann calls this function 
Bessel’s associated function, and he describes another function, O, (z), as the function of the second 
kind (8 9.1). But, because O, (2) is not a solution of Bessel’s equation, this description is un- 
desirable and it has not survived. | 

+ Neumann’s function is distinguished from the Weber-Schlafli function by the position of the 
suffix which indicates the order. 
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95.671. The integral of Porsson’s type for Y (2). 


It was shewn by Poisson* that 
[ " gizeos. log (ὦ sin? w) dw 
J0 


is a solution of Bessel’s equation for functions of order zero and argument 2; 
and subsequently Stokes obtained an expression of the integral in the form of 
an ascending series (see ὃ 8.872). 


The associated integral 
ἣν 
Ξ | cos (2 sin 0). log (42 cos? 6) dé 
πο 


was identified by Neumannt with the function Κ͵1 (2); and the analysis by 
which he obtained this result is of sufficient interest to be given here, with 
some slight modifications in matters of detail. 


From ὃ 2:2 (9) we have 


ΒΟΥ Γὰπ 
Οὐ ναῦν" | cos (Ζ cos θ) cos 2ηθαθ, 
7ὶ nT "9 


and so, if we assume that the order of summation and integration can be 
changed, we deduce that 


co f_ \n "ἐπ οΌ 
ὩΣ ceo) = | cos (z cos 8) Σ cob “πὸ 
nr Tso n 


n=1 -3Ἰ ἢ 


dé 


ἀπ 
ΕΞ ={ cos (z cos @) . log (4 sin? θ) dé; 
0 


from this result combined with Parseval’s integral (§ 2:2) and the definition of 
Y (z), we at once obtain the formula 
ἀπ 
(1) Y (z)= 3 i cos (z cos @). log (42 sin? @) dé, 
0 


7 


from which Neumann’s result is obvious. 


The change of the order of summation and integration has now to be examined, 
because 3n~! cos 2n6 is non-uniformly convergent near 6=0. To overcome this difficulty 
we observe that, since 3 ( — )" Ju (z)/n is convergent, it follows from Abel’s theorem {¢ that 
(—)" Fon (2)/n= lim 2 (-- )" a" Jon (2)/n= lim 3 Σ [ἴω (zcos 6) 2 eo 510 a9. 

= 0 


a-»1-0 α-»}-- Τ n=] 


ὑΜᾷ 


* Journal de V'Ecole R. Polytechnique, xu. (cahier 19), (1823), p. 476. The solution of an 
associated partial differential equation had been given earlier (ibid. p. 227). See also Duhamel, 
Cours @ Analyse, τι. (Paris, 1840), pp. 122—124, and Spitzer, Zeitschrift fir Math. und Phys. τι, 
(1857), pp. 165—170. 

} Lheorie der Bessel’'schen Functionen (Leipzig, 1867), pp. 45—-49. See also Niemiller, Zeit- 
schrift fir Math. und Phys. xxv. (1880), pp. 65—71. 

Φ Cf. Bromwich, Theory of Insinite Series, § 51. 
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Now, since a is less than 1, = (a" cos 276)/n does converge uniformly throughout the 
range of integration (by comparison with 3a”), and so the interchange is permissible; that 
is to ie 

~ a” cos 2n8 


ase cos (2 cos ry esl cee dom | cos (6 008 6) Σ > ———— dd 
Tami Tw Jo =] nr 


= — ~ ° cos (z cos 6) log (1 — 2a cos 26 + a?) dé. 
0 

Hence we have 

.οο Γ΄ \n λ π 

Σ (= Yon () =— lim - i cos (2 cos 6) log (1 —2a cos 26 +a?) dé. 

n=] ne a-w~l-0 7 J y 
We now proceed to shew that * 
lim " cos (z cos 6) {log (1 — 2a cos 26 +a?) — log (4a sin? 6)} d6=0. 


a-”1—0/ 9 
It is evident that 1 —2acos 26+ a? -- 4a sin? 6=(1 -- α) >0, 
and so log (1 — 2a cos 26 +a”) > log (4a sin? 6). 
Hence, if A be the upper bound t of | cos (z cos 6) | when 0 <8 « ἐπ, we have 


| cos (2 cos 6) {log (1 — 2a cos 26 + a?) — log (4a sin? 6)} dé 
0 


<A Ι: = {log (1 — 2a cos 20 + a?) — log (4a sin? 6)} dé 


ty [' "{-23 3 “908 ree Ba ECO ERY 4 log jaye 2 bg sin a} 49 


| =4nA log (1/0), 
term-by-term integration being permissible since a<1. Hence, when a<1, 


| [* cos (7 cos 8) {log (1 — 2a cos 26 + a*) — log (4a sin® θ}} d6| « $2 A log (1/a)->-0, 
0 
as a->1~-0; and this is the result to be proved. 


Consequently 
Σ (— "Jan (2) = — lim 1 [ ὡ cos (2 cos 6). log (4a sin? 6) αθ 
n=} nr a->1-07 Jo 


=- : | - cos (z cos 8) . log (4 sin? 6) dd, 
0 


and the interchange is finally justified. 
The reader will find it interesting to deduce this result. from Poisson’s integral for J, (z) 
combined with § 3°5 (5). 


3°572. Stokes’ series for the Poisson-Neumann integral. 

The differential equation considered by Stokes ᾧ in 1850 was ait ἘΞ 1 ~—m?y=0, where 
m isa constant. This is Bessel’s equation for functions of order zero and argument zinz. 
Stokes stated (presumably with reference to Poisson) that it was known that the general 
solution was 


y= | oe {C+ D log (z sin? 6)} cosh (mz cos 6) dé. 
0 


* The value of this limit was assumed by Neumann. 

t If 2 is real, A=1; if not, A exp {| I(z):}. 

Ζ Trans. Camb. Phil. Soc, 1x. (1856), p. [38]. (Mathematical and Physical Papers, 111. (1901), 
p. 42.] 
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It is easy to see that, with Neumann’s notation, the value of the expression on the right 
1S | 
$n {C— Dlog (41m)} Jy (tmz) +42 D Y (imz). 
The expression was expanded into a series Ἵ Stokes; it is equal to 
gin 
ἐπ (C+D log 2) Jo (ime) +2D Σ Ἐπ ττ oat : [ ἐπ 08% 9 log sin 6 ἀθ, 


and, by integrating by parts, Stokes obtained a recurrence formula from which it may be 
deduced that 
2n)! 


* dr : : : 
=) cost @ log sin 8d8 = τα τ nip {de log 2 +4 (7 Ἐφ a } 


3°58. Neumann’s definition of Y™ (2). 


The Bessel function of the second kind, of integral order n, was defined by 
Neumann * in terms of Y (z) by induction from the formula 


(1) Ζ εν —nY (2) =— 2Y™+) (2), 


which is a recurrence formula of the same type as 8 212 (4). It is evident 
from this equation that 


(2) ¥ (2) =(~2)" (Sa) FP ὦ 
Now Y(z) satisfies the equation 


a(S -) Y (2) 4 ac .) Y (z) + Y(z) =0; 


3 


and, if we apply the operatort+ & to this equation n times, and use Leibniz 


theorem, we get 


(8) 2 (a) γὼ (2) +(2n +2) (5; ᾿" γῸ (2) + (4 3) Y (2) =0, 
and so 
ΕΞ: S ) {e-mY™ (2)} + (Qn + 2)(5,) & \ ten Yon (2}} + 2" ¥ (2) = 0. 


This equation is at once reducible to 
(4) V,Y™ (2) =0, 
and so Y™ (z) is a solution of Bessel’s equation for functions of order n. 
Again, (3) may be written in the form 


Ζ G {— 2-1 Vint (2}} — (2n + 2) στη Ὑ ( +2°"Y™ (7) Ξε 0, 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 51. The function is undefined when 
its order is not an integer. 
+ The analysis is simplified by taking 42?=¢, so that 
d a 
zdz dt’ 
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so that 
(n+1) 
aie (2) 2+) pny (z)— Y (z) =0, 
whence we obtain another recurrence formula 
(5) 2 A) 4 n¥ (2) = 2 (2) 


When we combine (1) with (5) we at once deduce the other recurrence 
formulae 


(6) Yin-)) (z) + Yint) (2) ans an Yy (2), 
(7) Yo-» ( 2) — Yt) ( Ζ) -- 9 shee (2) : 


Consequently Y™ (2) satisfies the same recurrence formulae as Jy (2), Yn (2) 
and Y,,(z). It follows from § 3°57 (2) that < 


(8) ΤῸ (z)= $Y, (2) + (log 2 — γ) Jn(z) 
= ΕΥ̓͂, (0) + (log 2 -- γ) Jn (2). 
A solution of the equation V, (y)=0 in the form of a definite integral, which reduces to 


the integral of § 8.671 when »=0, has been constructed by Spitzer, Zedtschrift fiir Math. 
und Phys, 11. (1858), pp. 244-246; cf. § 3-583. 


3°681. Neumann's expansion of Y™ (2). 


The generalisation of the formula § 3:57 (1) has been given by Neumann*; 
it 1s 
"π᾿ 9Qn—m— ! 
α) Y™ (2)=Jq(z) flog 4 -- 5,}-ἰΣ 2 =”! nl?) 


m=0 (1 — m).m! 2:5 
5. (nt 2m) 


>, 
εἰ “πὶ m(n+™M) 


μια (2), 
1 1 1 
where malts tat eae του S = 0. 


To establish this result, we first define the functions Z,(z) and U,(z) by 
the equations 
S12 nl Jule) 


(2) Ly (2) ΞΞ J. (2) log 2 -- = “y(n — πὶ). τη] yam ? 


(3) Uy (2) = 8,Ju(2) + Σ Mat 2m) (2), 


m=1 m(n+m) 
so that Y® (2) = 1, (2) — ὕ, (2). 
We shall prove that Z,(z) and U, (z) satisfy the recurrence formulae 
(4) Lays (2) = — Ln’ (2) + (n/z) Ln(2z), Uns (z) = — U,! (z) + (n/z) Uy (2), 
and then (1) will be evident by induction from § 3°58 (2). 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 52. See also Lommel. Studien uber 
die Bessel’schen Functionen (Leipzig, 1868), pp. 82-—84 ; Otti, Bern Mittheilungen, 1898, pp. 34—35; 
and Haentzschel, Zeitschrift fiir Math. und Phys. xxx1. (1886), pp. 25—33. 
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It is evident that 

de {eo eg Oe εἰ Goa π᾿ | 
= 5 - Ina (2) log 2 + ~~ + = ἔξ ἢ : (2 - m) Σὰ a Zu | 
= 5 [= Jaa) log 2 ge ant) a) ΕἸΣ 5 πηι + ea πέρ] 


ΠΝ Ια (2) 


2 


3 


and the first part of (4) is proved. To prove the second part, we have 
ad e a) age {Ξ 6) 4 ξ Οὐ" ατ3ηὴ d [πὰ @ 


dz{ 2" dz m=1 m(n+m) az 2 
__, Jan), ᾿ς (-)™ 
ST ODS gt + 25 a m(n+m) {mT n42m—1 (2) — (n + m) Trsomss (2)} 
J nai τ 1 2 1 1 
= — δ ne 6) -- Σ (—)" Snsomss (2) Is Ἔ weil 
= Ona (2) | 
g ’ 


and the second part of (4) is proved. It follows from ὃ 3:58 (2) that 
Yn (2) — Days (2) + Ua (2) _ = ἃ yo (z) — Ln (z) + Un (2) 
25 az 25 ' 
and since the expression on the right vanishes when n=0, it is evident by 
induction that it vanishes for all integral values of n. Hence 


γὼ (2) = Ln(z) — ὕ (2), 
and the truth of equation (1) is therefore established. 


3582. The power series for ὕ), (6) 

The function U,(z), which was defined in ὃ 8.581 (3) as a series of Bessel 
coefficients, has been expressed by Schlafli* as a power series with simple 
coefficients, namely 

_ 3 "Garr 

(1) Te m!(n+m)! 
To establish this result, observe that it is true when n=0 by § 3°51 (8) and 
§ 3:57 (1); and that, by straightforward differentiation, the expression on the 


right satisfies the same recurrence formula as that of ὃ 3581 (4) for U,(z); 
equation (1) is then evident by induction. 


Sniim e 


Nors. It will be found interesting to establish this result by evaluating the coefficient 
of ($z)*+2" in the expansion on the right of 8 3°581 (3). 


* Math, Ann, ut, (1871), pp. 146—147. 
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The reader will now easily prove the following formulae: 


(2) ‘Dn (2) = fy — log 2} Jn (5) — Un (2), 
(8) Κι (2) = Ln (2) + Bu () + {log 2 -- 4} 0), 
(4) | ἐπ Y,, (2) = Ly (2) + Ju (2). 


3.583. The integral of Poisson’s type for Y (2). 

The Poisson-Neumann formula of ὃ 3°571 for Y()(z) was generalised by Lommel, 
Studien dber die Bessel’schen Functionen (Leipzig, 1868), p. 86, with a notation rather 
different from Neumann’s; to obtain Lommel’s result in Neumann’s notation, we first 
observe that, by differentiation of Poisson’s integral for J, (2), we have 


ει - ὗν (z) log z= | ΕΞ Φ τ cos (z sin 0) cos” 6 {log (4 cos? 6) --  Ψ (ν +4)} dé, 
and so, from § 3°582 (3), 
Y (z)= ΕΚ (i cos (z sin 0) cos** 6 {log cos? 6— Ψ (n +4) — y} db +L, (2), 


and hence, since Ψ ($) = (1)—2 log2= — y —2 log 2, we have the formula 
(1) YO(2= sine ΠΝ cos (2 sin 6) cos™ 6 log (4 cos? 6) dé 
a 


Tr (n+$)T () 
—{¥ (n+4)— ν ($)} Jn (z) + Ln (2), 
in which it is to be remembered that Z, (z) is expressible as a finite combination of Bessel 
coefficients and powers of z. 


3°6. Functions of the third kind. 

In numerous developments of the theory of Bessel functions, especially 
those which are based on Hankel’s researches (Chapters vi and VII) on integral 
representations and asymptotic expansions of J, (2) and Y,(z), two combina- 
tions of Bessel functions, namely J, (z)+7zY,(z), are of frequent occurrence. 
The combinations also present themselves in the theory of “Bessel functions 
of purely imaginary argument” (§ 3°7). 

It has consequently seemed: desirable to Nielsen* to regard the pair of 
functions J,(z)+tY,(z) as standard solutions of Bessel’s equation, and he 
describes them as functions of the third kind; and, in honour of Hankel, 
Nielsen denotes them by the symbol H. The two functions of the third kind 
are defined by the equations ἢ 

(1) H™ (2)=J,(2)+iY,(2), H® (2)=J,(2)—+Y, (2). 
From these definitions, combined with § 3°54 (1), we have 
| 1 J-y(z)— τ" J, (2) 2 J_y(2)- eS, (2) 
(2) Η, '@= ὃ Β1ὴ νπ' ; H)” (2)= —tsin vt 
When » is an integer, the right-hand sides are to be replaced by their limits. 

Since J,(z) and Y,(z) satisfy the same recurrence formulae (§ 8.2, 3°56), 

in which the functions enter linearly, and since the functions of the third kind 
* Ofversigt over det K. Danske Videnskabernes Selskabs Forhandlinger, 1902,.p.125. Hand- 


buch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 16. 
+ Nielsen uses the symbols H,”(z), H,” (2). 
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are linear functions (with constant coefficients) of J, (2) and Y, (z), it follows that 
these same recurrence formulae are satisfied by functions of the third kind. 


Hence we can at once write down the following formulae : 


(3) 


(4) 


(5) 


(6) 


(7) 
(8) 
(9) 


(10) 


HY (+H ()=2 HA (, 
H® ()- Η (ει ε΄ @) 

Ζ τέρας +vH ” (z)=zH oe (2), 

— Ὸ ἢ vH ee (2) = —2H sae (2), 
val (2) -μῷ , 


Vp HY (z) =0, 


(a 


(1) 
a) {  ἼΓΟΣ 


Note. Rayleigh on several occasions, e.g. Phil. Mag. (5) XLul. (1897), p. 266 ; 


( 


“Ὁ ΗΕ α) ποτ A, αν, 


Hn 2) 


zu+m 


? 


, 2 
HY (+H @) == HY” ©, 


v+1 
ὦ (@)-H® ἃ Ξ ae 
2 aH, +H) (yaeH® (2), 
fats 4) pH (2) = — 2H) (2), 
dH™ (2) 


ὦ 
Vy ha (z)=0, 
(3) fo H® (jew-mH® (2), 


ay ἔς ὌΝ ον» ἤπκο 
zdz ὃν 


Ζν- Ἐπὶ 


(6) XIV. 


(1907), pp. 350—359 [Scientific Papers, tv. (1904), p. 290; v. (1912), pp. 410—418], has used the 
symbol D, (2) to denote the function which Nielsen calls αὶ πὶ ἢ δὲ (2). 


3°61. Relations connecting the three kinds of Bessel functions. 
It is easy to obtain the following set of formulae, which express ‘each 


function in terms of functions of the other two kinds. 


The reader will observe 


that some of the formulae are simply the definitions of the functions on the 


left. 
(1) 


(2) 
(3) 


(6) 


J, (2) = ee Ba 
J_,(2)= 5 

Y, (2) =e oosve — + (@) 
ἐπ ΟΞ ον 
H® ()..5:ε{6)- Iv) 
H® (2) a0 = aa (z) 


From (5) and (6) it is obvious that 


(7) 


ΗΠ (2) =e" HY (2), 


_Y-, (2) -- Y, (2) cos vr 


sin v7r 


ent Ηὦ (z)+e-"" H™ (2) _ Y-,(2) cos vr — Y, (zy. 


sin vr 


_ AY -Η ©) 


21 
as H\ (z)— ὁπ" Η (5 (z) 
areata aaa 
katy Y_,(@@)-e  ,, toe): 
sin yor 
ΒΝ (2) -- ον Y, "¥,@) 
sin vv 


H® ποτὶ H®™ (2), 
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3°62. Bessel functions with argument —z and ze™™, 

Since Bessel’s equation is unaltered if z is replaced by — z, we must expect 
the functions J.,(— z) to be solutions of the equation satisfied by J, (z). 

To avoid the slight difficulty produced by supposing that the phases of 
both of the complex variables z and —z have their principal values*, we 
shall construct Bessel functions of argument ze”™™, where m is any integer, 
arg z has its principal value, and it is supposed that 

arg (2655) = mur + arg z. 

Since J,(z)/z” is definable as a one-valued function, it is obviously con- 
venient to assume that, when the phase of z is unrestricted, J,(z) is to be - 
defined by the same convention as that by which z” is defined; and accordingly 
we have the equations 

(1) J, (ze™"*) = emvri J, (2), 
(2) J _, (emt) = e—mvrt 7. (2). 

The functions of the second and third kinds will now be defined for all 
values of the argument by means of the equations § 3°54 (1), § 86 (1); and 
then the construction of the following set of formulae is an easy matter: 


(3) Y, (ze™™*) = e~™* Y, (2) + 21 sin mya cot v7 J, (2), 
(4) Y_,(ze™") =e7™™"* Y_, (z) + 21 sin mym cosec v7 J, (2), 


sin mur 


(5) Ἢ O(gemrt) = = θ᾽ mnt FTN) (2) — 26- "πὶ —. sin yr Jy (2) 
- sin (i — —m) vv H® (ὃ -- enn .sin ee ἀ{0 οὶ H(z ), 
sin vir ᾿ SIN v7 
_ sin a +m) νπ' H® (2) + er en sin m7 H™ (z). 
sin vir sin v7 ἘΠ 


Of these results, (3) was given by Hankel, Math. Ann. vu. (1875), p. 454, in the special 
case when m=1 and ν is an integer. Formulae equivalent to (5) and (6) were obtained by 
Weber, Math. Ann. XXxvilI. (1890), pp. 411, 412, when m=1; see ὃ 611. And a memoir 
by Graf, Zeitschrift fiir Math. und Phys. XXXVIt. (1893), pp. 115—120, contains the general 
formulae. 


3°63. Fundamental systems of solutions of Bessel’s equation. 


It has been seen (§ 3°12) that J,(z) and J_, (2) form a fundamental system of 
solutions of Bessel’s equation when, and only when, ν is not an integer. We shall 
now examine the Wronskians of other pairs of solutions with a view to deter- 
mining fundamental systems in the critical case when ν is an integer. 


* For Arg (-z) = Arg z ¥ w, according as I (z) = 0. 
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It is clear from § 3°54 (1) that 


GA [ J, (2), Υ͂, (2)} = — cosec var . A {J, (2), J_, (2)} 
2 


TZ 


This result is established on the hypothesis that v is not an integer; but con- 
siderations of continuity shew that 


(1) GR { J, (2), Y, (2)} = 2/(arz), 


whether ν be an integer or not. Hence J,(z) and Υ͂, (2) always form a funda- 
mental system of solutions. 


It is easy to deduce that 


(3) Ui (J. (2), ¥, (2)} =e, 
and, in particular*, 
(3) GE {Jn (2), Yn (2)} = 2/2. 


When we express the functions of the third kind in terms of J,(z) and 
Y,(z), it is found that 


(1) (2) : ‘ 
Φ @ALH, (2), H, (2)} =— δὲ BAT, (2), ¥,(2)} -- -- φἰ(πο), 
so that the functions of the third kind also form a fundamental system of 
solutions for all values of v. 


Various formulae connected with (1) and (3) have been given by Basset, Proc. London 
Math, Soc. xxi. (1889), p. 55; they are readily obtainable by expressing successive differ- 
ential coefficients of J,(z) and Y,(z) in terms of J, (2), J,’ (2), and Y,(z), ¥,’ (2) by re- 
peated differentiations of Bessel’s equation. Basset’s results (of which the earlier ones 
are frequently required in physical problems) are expressed in the notation used in this 
work by the following formulae: 


(5) Ju Fy" (0) Fy (2) ye" = -- ὥς, 

6 WOK @-K OK" @=2 (1-5), 

M WON" @-¥, OW" @=5 (Ξ15-1), 

8) WG)" @- FON" (= 23 (F-1), 

9 WW" KOI" =F (1-7 MSF), 

(0) ὦν @YMA)—¥, II @=—3 (1- 55), 

1) Ki) Ytn@)— Fy Aone — 2 (HE - Ξε). 


Throughout these formuiae Y, may be replaced by J_, if the expressions on the right 
are multiplied by —sin vw; and J,, FY, may be replaced by HH”, H® throughout if the 
expressions on the right are multiplied by — 20. 


* Cf, Lommel, Math. Ann. τν. (1871), p. 106, and Hankel, Math. Ann. vitt. (1875), p. 457. 
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An associated formula, due to Lommel*, Math. Ann. 1v. (1871), p. 106, and Hankel, 
Math, Ann. vit. (1875), p. 458, is 

| 2 

(12) Sy (2) Poss (2) το ῦν 41 (2) Ἦν ()- = 


This is proved in the same way as ὃ 8:2 (7). 


3°7. Bessel functions of purely imaginary argument. 


The differential equation 
2 
. 4) ΑἿΣ ἦν (κι γα, 
which differs from Bessel’s equation only in the coefficient of ψ, is of frequent 
occurrence in problems of Mathematical Physics; in such problems, it is usually 
desirable to present the solution in a real form, and the fundamental systems 
J, (2) and J_, (tz) or J, (iz) and Y, (12) are unsuited for this purpose. 


However the function e~!”" J, (iz) is a real function of z which is a solution 
of the equation. It is customary to denote it by the symbol J, (z) so that 
= ra) (4 2)»}3» 
(2) t= TT ea ae δ | 
When z is regarded as a complex variable, it is usually convenient to define 
its phase, not with reference to the principal value of arg iz, as the consideration 


of the function J, (iz) would suggest, but with reference to the principal value 
of arg z, so that : 


I, (2) =e" J, (zet*), (-- π «δτρ 2 « ἐπὶ, 
I, (2) = eb™* J, (ze-i**), (ἐπ᾿ «τῷ 2 ς π). 

The introduction of the symbol J, (z) to denote “the function of imaginary 
argument ” is due to Bassett and it is now in common use. It should be men- 
tioned that four years before the publication of Basset’s work, N icolast had 


‘suggested the use of the symbol Γ᾽, (2), but this notation has not been used by 
other writers. 


The relative positions of Pure and Applied Mathematics on the Continent as compared 
with this country are remarkably illustrated by the fact that, in Nielsen’s standard 
treatise ὃ, neither the function J, (2), nor the second solution αὶ ν (5), which will be defined 
immediately, is even mentioned, in spite of their importance in physical applications. 


The function J_,(z) is also a solution. of (1), and it is easy to prove (cf. 
§ 3:12) that 


(3) WA (I, (2), I,(2)) =— 2 20™, 
Te 

* Lommel gave the corresponding formula for Neumann’s function of the second kind, 

t Proc. Camb. Phil. Soc. νι. (1889), p. 11. [This paper was first published in 1886.] Basset, 
in this paper, defined the function of integral order to be i+” J, (iz), but he subsequently changed 
it, in his Hydrodynamics, τι. (Cambridge, 1888), p. 17, to that given in the text. The more 
recent definition is now universally used. | 

+t Ann. Sci. de VEcole norm. sup. (2) xr. (1882), supplément, p. 17. 

§ Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904). 
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It follows that, when ν is not an integer, the functions J,(z) and _, (2) form 
a fundamental system of solutions of equation (1). 
In the case of functions of integral order, a second solution has to be con- 
structed by the methods of § 3°5—3°54. 
The function K,,(z), which will be adopted throughout this work as the 
second solution, is defined by the equation 
_ 4 (=)*{ 14 @)-L©@) 
(4) K,,(2)= lim | en . 
An equivalent definition (cf. ὃ 3°5) is 
: ὡἶϑ» E _»(z) ol,(2) 
(8). K,(#)= 2 Ov =—ti‘(i‘itéC«*d en 
It may be verified, by the methods of § 3°5, that Κ΄, (2) is a solution of (1) when 
the order ν is equal to n. 
The function K,(z) has been defined, for unrestricted values of v, by 
Macdonald*, by the equation 
1.- (2) a 1, (2) 


sin var ᾿ 


(6) Κ, (2) ἐπ 


and, with this definition, it may be verified that 
(7) K,(z)= lim K, (2). 
un 
It is easy to deduce from (6) that 
; ‘ ΠΕ ae : ΓΝ Ὁ 
(8) K,(z)=4mie™ H, (tz) =4rieh™ H_, (2). 
The physical importance of the function K,(z) lies in the fact that it is a 
solution of equation (1) which tends exponentially to zero as z-» oo through 
positive values. This fundamental property of the function will be established 
in § 7:23. 
The definition of K,(z) is due to Basset, Proc. Camb. Phil. Soc. νι. (1889), p. 11, and 
his definition is equivalent to that given by equations (4) and (5); the infinite integrals by 
which he actually defined the function will be discussed in δὲ 6°14, 6°15. Basset subse- 


quently modified his definition of the function in his Hydrodynamics, τι. (Cambridge, 1888), 


pp. 18—19, and his final definition is equivalent to a ke = ol, (2) 


ον van 


In order to obtain a function which satisfies the same recurrence formulae as J, (2), 
Gray and Mathews in their work, A Treatise on Bessel Functions (London, 1895), p. 67, 
omit the factor 1/2", so that their definition is equivalent to 

1fel_y(z) 01, (2) 
2] ὃν ov =n’ 

The only simple extension of this definition to functions of unrestricted order is by the 

formula 
K, (.)Ξ ἐπ cot vm {7.-ν (2) -- ἦν (2), 


* Proc. London Math. Soc. xxx. (1899), p. 167. 
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(cf. Modern Analysis, § 17°71) but this function suffers from the serious disadvantage that 
it vanishes whenever ὃν is an odd integer. Consequently in this work, Macdonald’s 
function will be used although it has the disadvantage of not satisfying the same recur- 
rence formulae as J, (z). 


An inspection of formula (8) shews that it would have been advantageous if a factor $n had 
been omitted from the definition of Δ΄, (2); but in view of the existence of extensive tables 
of Macdonald’s function it is now inadvisable to make the change, and the presence of the 
factor is not so undesirable as the presence of the corresponding factor in Schlifli’s function 
(δ 3°54) because linear combinations of J, (2) and K, (z) are not of common occurrence. 


3°71. Formulae connected with I,(2) and K, (2). 


We shall now give various formulae for [,(z) and K, (z) analogous to 
those constructed in §§ 3°2—-3°6 for the ordinary Bessel functions. The proofs 
of the formulae are left to the reader. 


(1) 1,1 (2) — Li (2) = δ» I, (2), Κα, (ὦ) -- Kia (2) Ξ -- 2 K, (2), 


(2) Ta (2) + D4 (2) = 20, (2), Kyi (2) + Hig (z)= — 2K,’ (2), 
(3) 21,, (2) + vl, (2)=21,4(2), 2K,'(2) + vK; (2) =—2K,-1(2), 
(4) 421, (2) -- vl, (2) =2l,41(2), 2K,’ (2) — vK, (2) = -- 2K 41(2), 


m αἱ \m ; 
®) (=) 251, (2)j =2"-"L,—m (2), (2) {2r.K, (2)} = (—)™2"-™ Kym (2), 
ad\™(I,(2)) 171,» (2) d \™(K, (2)) ey mn Av+m (2) 
© (4) ELp EA, IED acm teete 
(7) Ly (2) = L(), Ky (2)=—K, (z), 
(8) ; (z)=T, (z), KL, (z)=K, (2). 
The following integral formulae are valid only when R(pv + 4)>0: 
(9) L(z)= Serer [ “cosh (z cos θ) sin*”@d@ 
ν Ἵ 
=e we as _(1=8)"-4 cosh (et) dt 
-» (ἐ2)" ᾿ we 439})ν --βδ. pt 
- ΡΟ Pane) 4)» tert 


= (32) y +ZC0S 8 oj, 72% 
= FOEDT® A sin” θαθ 


= 2 (2 2)" ἐν 1} 
= γες τι. cosh (Ζ cos 0) sin?” θαθ 


at 2 (42)" a $2)\¥— 5 
=o), t?)"-4 cosh (zt) dt. 
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These results are due to Basset. We also have 
.- 1 Κων 
Ins (2) = /( 2272) je ri(n—r)! (22) 


ntig-e § ΤΏ 
Ἐ(- re 3 


(10) 


1 : (-Υι Ἐ7)} 
(1) Tp ()π νας) le ΠΡΌΤΕΡΟΣ 


ΤΕ π κ,.. |: 


= rl (n —r)! (22) 
| GNP st (n+r)! 
(12) Κρ) - (ΣῈ Σ ey 


α8 Κκμὼ-(Σ) “’, 


αἢ Ky (e)=—log Ge). 16): 5 SEE y (m+ 1), 


1 (=)" (n= m—1)! 
=o mi (gay 


(15) K,(2)=5 Σ 


+ (—y 3 SEY, log 42) — by (m +1) — 4 (n+ m Ἐ1Ὶ, 


-o m!i(n+m)! 
(16) Κι, (2) Ξ -- ᾿ [ θ29089 {log (22 sin? 6) + γ) dé 
9 


(17) I, (2e™*") = emt" I, (2), 


, sin mum 7 
sin 


(18) K, (zem™) = e~mt κα (2) -- 7, (2), 


(19) ΘΟ (1, (2), K,(z)} =—1/z, 
(20) 1, (2) Kya (2) + Dyas (z) k, (2) = 1/z. 


The integral involved in (16) has been discussed by Stokes (cf. ὃ 3°572). 


The integrals involved in (9) and the series in (14) were discussed by Riemann in his 
memoir “Zur Theorie der Nobili’schen Farbenringe,” Ann. der Physik und Chemie, (2) Xcv. 
(1855), pp. 130—139, in the special case in which »=0; he also discussed the ascending 
power series for 70 (2). 


The recurrence formulae have been given ἣν Basset, Proc. Camb. Phil, Soc. νι. (1889), 
pp. 2—19; by Macdonald, Proc. London Math. Soc. xxix. (1899), pp. 110—115; and by 
Aichi, Proc. Phys. Math. Soc. of Japan, (3) τι. (1920), pp. 8—19. 


Functions of this type whose order is half an odd integer, as in equations (10) and (12), 
were used by Hertz in his Berlin Dissertation, 1880 [Ges. Werke, τ. (1895), pp. 77—91]; 
and he added vet another notation to those described in § 3-41. 
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3°8. Thomson’s functions ber (z) and bei (2) und thewr generalisations. 

A class of functions which occurs in certain electrical problems consists of 
Bessel functions whose arguments have their phases equal to {π᾿ or ὅπ. 

The functions of order zero were first examined by W. Thomson*; they 
may be defined by the equation t 

(1) ber (#) + ὁ bei (x) = J, (ai ft) = I, (x 4/2), 

where x is real, and ber and bei denote real functions. For complex argu- 
ments we adopt the definitions expressed by the formulae 


(2) ber (z) +7 bei (2) τὸ 0 (zt V4 ὃτ (2 £1). 
Hence we have 

(3) ber (2)= 1-2 + EE 

(4) peje a a δ, πιι 


(yy (ἢ: Ὁ (60: 
Extensions of these definitions to functions of any order of the first, second and 
third kinds have been effected by Russell} and Whitehead§. | 


The functions of the second kind of order zero were defined by Russell by 
a pair of equations resembling (2), the function J, being replaced by the 
function K,, thus 


(5) ker (2) + ¢kei(z) = K,(z V+ ὃ. 


Functions of unrestricted order v were defined by Whitehead with reference 
to Bessel functions of the first and third kinds, thus 


(6) ber, (2) + ὁ bei, (z) = J, (ze*i*), 
(7) her, (z) + ὁ hei, (2) = H," (ze+#"). 
It will be observed that | 
(8) ker (z)=— ἐπ᾿ μοὶ (2), kei (z) = ἔπ her (2), 


in consequence of § 3°7 (8). 
The following series, due to Russell, are obtainable without difficulty : 
(9) ker (2) = — log ($2) . ber (z) + fm bei (z) 


a0 (--» (4 zm 
ἘΣ σον Yon 

* Presidential Address to the Institute of Electrical Engineers, 1889. [Math. and Phys. 
Papers, 111. (1890), p. 492.] . 

f In the case of functions of zero order, it is customary to omit the suffix which indicates 
the order. 

} Phil. Mag. (6) xvit. (1909), pp. 524—552. 

ὃ Quarterly Journal, xu1. (1911), pp. 316—-342. 

l| Integrals equal to ker (z) and kei (2) occur in a memoir by Hertz, Ann. der Physik und Chemie, 
. (3) xxrr. (1884), p. 450 [Ges. Werke, τ. (1895), p. 289]. 
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(10) kei (2) = — log (42) . bei (z) — far ber (z) 


@ (—)” (4z)r* 
+ = am ΤΡ 


It has also been observed by Russell that the first few terms of the expansion of 
ber? (z) + bei? (2) have simple coefficients, thus 


y (2m + 2). 


at) eta bait (gn Bey GO, GO, GOP 


but this result had previously been obtained, with a different notation, by Nielsen (cf. 
§ 5-41); the coefficient of (42)*" in the expansion on the right is 1/[(m !)?. (Qm) !]. 


Numerous expansions involving squares and products of the general 
functions have been obtained by Russell; for such formulae the reader is 
referred to Russell’s memoir and also to a paper by Savidge*. 


Formulae analogous to the results of § 3°61, 3°62 have been discussed by 
Whitehead ; it is sufficient to quote the following here: 


(12) ber_, (2) = cos v7 . ber, (2) — sin v7 . [hei, (z) — bei, (z)], 
(13) bei_, (2) = cos v7. bei, (2) + sin v7. [her, (z) — ber, (z)], 
(14) her_,(z) = cos yz. her, (z) — sin v7 . hei, (2), 
(15) hei_, (2) = sin v7r. her, (z) +.cos v7r. hei, (2). 


The reader will be able to construct the recurrence formulae which have 
been worked out at length by Whitehead. 


The functions of order unity have recently been examined in some detail 


by B. A. Smitht. 


3°9. The definition of cylinder functions. 


Various writers, especially Soninet and Nielsen§, have studied the general 
theory of analytic functions of two variables @,(z) which satisfy the pair of 
recurrence formulae 


(1) ; Cy-1 (2) + Cusk (2) = Ξ G, (2), 
(2) G,—-1 (2) -- ὅν (2) = 26, (2), ' 


in which z and ν are unrestricted complex variables. These recurrence formulae | 
are satisfied by each of the three kinds of Bessel functions. 


Functions which satisfy only one of the two formulae are also discussed by 
Sonine in his elaborate memoir ; a brief account of his researches will be given 
in Chapter x. 


* Phil. Mag. (6) xrx. (1910), pp. 49—58. 

t Proc. American Soc. of Civil Engineers, xuvi. (1920), pp. 375—425. 

~ Math. Ann. xvt. (1880), pp. 1—80. 

ὃ Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), pp. 1, 42 et seq. 
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Following Sonine we shall call any function @,(z), which satisfies both of 
the formulae, a cylinder function. It will now be shewn that cylinder functions 
are expressible in terms of Bessel functions. 


When we combine the formulae (1) and (2), we find that 


(3) σῷ, (2) + νῷ, (z) = zG,_, (2), 

(4) 2@, (2) — νῷ, (2) = — “με (2), 
and so, if $ be written for 2 (d/dz), we deduce that 

(5) (9 + v) ὅ (2) = 2z@,_1 (2), 

(6) (8-1) @,(2) = - σόν, 


It follows that 
(3? — v*) ὅ, (2) = (ὃ — ν) (2@,i()} 
=2(3 —v4+1)@6,_1(2) 


= 2E, (2), 
that is to say 
(7) V,G, (2) = 0. 
Hence GC, (2) = a,J,(z) + 6, Y, (2), 


where a, and ὁ, are independent of z, though they may depend on ν. When 
we substitute in (3) we find that 


a,J,_; (2)+bY,31(2) sa J5,4 (2) +b, Y,_, (2), 
and so, since J,_, (z)/ Y,_, (2) is not independent of 2, we must have 
a,=a,,, ὃ, = b,,. 

Hence a, and b, must be periodic functions of ν with period. unity; and, 
conversely, if they are such functions of ν, it is easy to see that both (1) and 
(2) are satisfied. 

Hence the general solution of (1) and (2) is 

(8) G, (2) = w, (v) J, (2) + @e(v) Y,(z), 
where @,(v) and «,(v) are arbitrary periodic functions of ν with period unity. 
10 may be observed that an equivalent solution is 


(9) G, (2) = τς) H,” (8) + ας, ὦ) H,® (2). 


A difference equation, which is more general than (1), has been examined by Barnes, 
Messenger, XXXIV. (1905), pp. 52—71; in certain circumstances the solution is expressible 
by Bessel functions, though it usually involves hypergeometric functions. 

Note. The name cylinder function is used by Nielsen to denote J, (2), ¥, (2), H, (=) 
und H,(*) (2) as well as the more general functions discussed in this section. This procedure 
is in accordance with the principle laid down by Mittag-Leffler that it is, in general, 
undesirable to associate functions with the names of particular mathematicians. 

The name cylinder function is derived from the fact that normal solutions of Laplace’s 
equation in cylindrical coordinates are 


ek J, (kp) he mo 
(cf. § 48 and Modern Analysis, § 18°5). 
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Some writers*, following Heinet who called J, (2) a Fourter-Bessel function, call Jn (2) 
a Fourier function. 


Although Bessel coefficients of any order were used long before the time of Bessel 
(cf. $$ 1:3, 1°4), it seems desirable to associate Bessel’s name with them, not only because 
it has become generally customary to do so, but also because of the great advance made by 
Bessel on the work of his predecessors in the invention of a simple and compact notation 
for the functions. | 


Bessel’s name was associated with the functions by Jacobi, Journal fiir Math. xv. 
(1836), p. 13 (Ges, Math. Werke, vi. (1891), p. 101]. “Transcendentium {κ᾽ naturam varios- 
que usus in determinandis integralibus definitis exposuit ill. Bessel in commentatione 
celeberrima.” 


A more recent controversy on the name to be applied to the functions is to be found in 
a series of letters in Wature, LX. (1899), pp. 101, 149, 174; Lxxx1. (1909), p. 68. 


* E.g. Nicolas, Ann. Sci. de UEcole norm. sup. (2) x1. (1882), supplément. 
t Journal fiir Math. uxrx. (1868), p. 128. Heine also seems to be responsible for the term 
cylinder function. 


CHAPTER IV 
DIFFERENTIAL EQUATIONS 


41. Daniel Bernoulli's solution of Riccati’s equation. 


The solution given by Bernoulli* of the equation 


dy 

1 τόξοις n 2 

(1) qe ae τ by 

consisted in shewing that when the index x has any of the values 
Ὁ; πῇ, τῇ; -$,-8) τ, -ὰ, ταὶ 18; δ, 


while a and 6 have any constant values}, then the equation is soluble by 
means of algebraic, exponential and logarithmic functions. The values of ἡ 
just given are comprised in the formula 


4m 
9 --- “ὧἶῷοὦΈ -- ὦ. 
2) i 2m +1? 


where m is zero or a positive integer. 


Bernoulli's method of solution is as follows: If n be called the index of the 
equation, it is first proved that the general equationt of index n is transformable 
into the general equation of index N, where 


n 
(3) fea εν 

and it is also proved that the general equation of index n is transformable 
into the general equation of index ν, where 


(4) ν ΞΞ --- γὴ --- 4. 


The Riccati equation of index zero is obviously integrable, because the 
variables are separable. Hence, by (4), the equation of index — 4 is integrable. 
Hence by (3), the equation of index — 4 is integrable. If this process be con- 
tinued by using the transformations (3) and (4) alternately, we arrive at the 
set of soluble cases given above, and it is easy to see that these cases are 
comprised in the general formula (2). 


* Eeercitationes quaedam muthematicae (Venice, 1724), pp. 77—80; Acta Eruditorum, 1725, 
pp. 473—475. The notation used by Bernoulli has been slightly modified; and in this analysis 
n is not restricted to be an integer. 

+ It is assumed that neither @ nor ὦ is zero. If either were zero the variables would obviously 
be separable. 

¢ That is, the equation in which a and ὑ have arbitrary values. 
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4°11. Daniel Bernoulli’s transformations of Riccati’s equation. 
Now that the outlines of Bernoulli’s procedure have been indicated, we 
proceed to give the analysis by which the requisite transformations are effected. 
Take ὃ 4°1(1) as the standard equation of index ἢ and make the substitutions 
gn 1 
ἜΣ Χμ ὦ 
[ΝΌΤΕ. The substitutions are possible because —1 is not included among the values ot 


n. The factor n+1 in the denominator was not inserted by Bernoulli; the effect of its 
presence is that the transformed equation is more simple than if it were omitted. } 


The equation becomes 


Y?dZ Y2z”’ 
that 1s 
| ΑΥ̓͂ ¥ ON 
ag = O(n +1) ZN + aY?, 


where NV = —n/(n +1); and this is the general equation of index N. 
Again in § 41 (1) make the substitutions 


e= 5, γε-ξ- ηξ, 
d 


The equation becomes 


On ate 2 
de at” + bn’, 
where ν τὸ -- ἢ -- 4; and this is the general equation of index ν. 


The transformations described in § 41 are therefore effected, and so the 
equation is soluble in the cases stated. But this procedure does not give the 
solution in a compact form. 


4:12. The limiting form of Riccati’s equation, with index — 2. 


When the processes described in §§4'1, 411 are continually applied to 
Riccati’s equation, the value to which the index tends, when m- © in 
§ 41 (2), is —2. The equation with index — 2 is consequently not soluble by 
a finite number of transformations of the types hitherto under consideration. 


To solve the equation with index — 2, namely 
a 
Re cae es ae 
(1) α Ζ 2 ΕΣ ὃν ’ 
write y = v/z, and the equation becomes 


oo atu be; 


d 
and this is an equation with the variables separable. 

Hence, in this limiting case, Riccati’s equation is still soluble by the use 
of elementary functions. 
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This solution was implicitly given by Euler, Znst. Cale. Int. τι. (Petersburg, 1769), § 933, 


p. 185. If we write (cf. § 414) y= - 5 a , the equation which determines η is 


d?n | abn 
da + a τὸ 
which is homogeneous, and consequently it is immediately soluble. 

Euler does not seem to mention the limiting case of Riccati’s equation explicitly, 
although he gave both the solution of the homogeneous linear equation and the transforma- 
tion which connects any equation of Riccati’s type with a linear equation. 

It will appear subsequently (§ 4°7—4°75) that the only cases in which 
Riccati’s equation is soluble in finite terms are the cases which have now been 
examined ; that is to say, those in which the index has one of the values 

0; — ¢, — 4; — §, —&§; 559} — 2, 
and also the trivial cases in which a or b (or both) is zero. 

This converse theorem, due to Liouville, is, of course, much more recondite 
than Bernoulli’s theorem that the equation is soluble in the specified cases. 


4°13. Euler's solution of Riccati’s equation. 


A practical method of constructing a solution of Riccati’s equation in the 
soluble cases was devised by Euler*, and this method (with some slight changes 
in notation), will now be explained. 

First transform Riccati’s equation, ὃ 41 (1), by taking new variables and 
constants as follows: | 

(1) y=—n/b, ab=—c?, n=2%q-2; 
the transformed equation is 
dn 2 2529-2 _. () . 
(2) qe 1 eee -ο; 
and the soluble cases are those in which 1/q is an odd integer. 


Define a new variable w by the equation 


1 dw 
—4 q-1 -- ------ 
(3) a alles rie 
so that the equation in w is 
2 
(4) a + 2021 7 + (q—1)c2zt?"*w = 0. 


A solution in series of the last equation is 


inicpla cc 
r=0 
provided that’ . 
Arn (20 ἘΦ Ἰ)ίβογ Ἐφ-- 1) 
A, 84ο (r + 1) 
* Nov. Comm. Acad. Petrop. vut. (1760-1761) [1763], pp. 3—63; and rx. (1762—1763) 
[1764], pp. 154—169. 
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and so the series terminates with the term A,,2~%” if ᾳ has either of the values 
+1/(2m +1); and this procedure gives the solution* examined by Bernoulli. 

The general solution of Riccati’s equation, which is not obvious by this method, was 
given explicitly by Hargreave, Quarterly Journal, vu. (1866), pp. 256— 258, but Hargreave’s 
form of the solution was unnecessarily complicated; two years later Cayley, Phil. Mag. (4) 
XXXVI. (1868), pp. 348—351 [Collected Papers, vit. (1894), pp. 9—12], gave the general solu- 


tion in a form which closely resembles Euler’s particular solution, the chief difference between 
the two solutions being the reversal of the order of the terms of the series involved. 


Cayley used a slightly simpler form of the equation than (2), because he took constant 
multiples of both variables in Riccati’s equation in such a way as to reduce it to 


(5) Tg? a 8=0 


4:14. Cayley’s general solution of Riccati’s equation. 
We have just seen that Riccati’s equation is reducible to the form 


d 
7 + 7 -- — ο2 229-2 _ 0, 


given in § 413 (2); and we shall now explain Cayley’st method of solving 
this equation, which is to be regarded as a canonical form of Riccati's 
equation. 


When we make the substitution! 7 = d (log v)/dz, the equation becomes 
dy 


(1) | aa c2244—*y = 0; 
and, if U, and U, are a fundamental system of solutions of this equation, the 
general solution of the canonical form of Riccati’s equation 1s 
(2) = tt 
~ 6,0, + 6,0,’ 
where ΟἹ and C, are arbitrary constants and primes denote differentiations with 
respect to 2. 


To express U, and JU, in a finite form, we write 


v = w exp (0244), 
so that the equation satisfied by w is ὃ 4:13 (4). A solution of this equation 
in w proceeding in ascending powers of 23 1s 


_ 4-| _g-V@Cq-}) 
Gg q= 1) gq—}) 2g - ἢ 
. @—-1)8q-1D 9-1) ae 

~ (q — 1) 2q (2g — 1) 8g (3g — 1) 


and we take U, to be exp (cz9/q) multiplied by this series. 


οἶα 


* When the index n of the Riccati equation is -- 2, equation (4) is homogeneous. 

+ Phil. Mag. (4) xxxv1. (1868), pp. 348—351 [Collected Papers, vit. (1894), pp. 9—12]. Cf. also 
the memoirs by Euler which were cited in § 4°13. 

+ This is, of course, the substitution used in 1702 by James Bernoulli; cf. § 1:1. 
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Now equation (1) is unaffected by changing the sign of 6, and so we take 
U,, U.= exp (+ ce4/q)| 1 + Ε΄ Δοκ (q —1) (3q — 1) 


1 
o2t + --δ΄ PAS? _oagig 
φίᾳ -- 1) φίᾳ-- 1) 2ᾳ (24 -- 1) 


τις ΟΞ 5. υ)(05Ξ 1). τὰς, | 
φίᾳ — 1) 29 (2q -- 1) 39 (8g -- 1) -᾿ 
and both of these series terminate when gq is the reciprocal of an odd positive 
integer. Since the ratio U,:U, is the exponential function exp (2cz?/q) 
multiplied by an algebraic function of 2%, it cannot be a constant; and so 
U,, U, form a fundamental system of solutions of (1). 
If gq were the reciprocal of an odd negative integer, we should write 
equation (1) in the form 


ΔἸ - 2 har (w/e) =0, 


whence it follows that 
d 
a dz log (γι Vi + 2 V2), 
where γι and -y, are constants, and 
- q “6 3} el :Ὲ 1) ee 
V,, Κη, -Ξ 2 exp(F cz9/q) 1 SG ἘΠῚ Ἐ1) dq (2g +1)°" tr... |. 
The series which have now been obtained will be examined in much greater 
detail in §§ 4°4—4-42. 


The reader should have no difficulty in constructing the following solutions of Riccati’s 
equation, when it is soluble in finite terms. 


| Equation : Values of U,, Uz 
(i) 1 (dn/dz)+r?=1 exp (+2) 
(ii) (dn/dz) +r? =2z-*3 (1 $32") exp (+ 32") 


(iii) | (dy/dz)+y?=z~ 85 (LF δο"μδ. 26 27) exp (+5215) 


(i) | (dn/dz)+y2=2-4 | zexp(+1/z) 
(ii) (dn/dz) +? = 2-8/3 2 (14 32. 1,8) exp (+ 32-3) 
(iii) (ἀη (2) +n? = 2 125 2(1 52-4 +28. ) 32,56) exp (+52—14) 


It is to be noticed that the series U,, U2 (or V,, V,, as the case may be) are supposed 
to terminate with the term before the first term which has a zero factor in the numerator ; 
see § 4°42 and Glaisher, Phil. Trans. of the Royal Soc. cLXx11. (1881), p. 773. 


Ww. B. F. Ἰ 
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Among the writers who have studied equation (1) are Kummer, Journal fiir Math. x11. 
(1834), pp. 144—-147, Lobatto, Journal fiir Math. xvi. (1837), pp. 363—371, Glaisher (in 
the memoir to which reference has just been made), and Suchar, Bull. de la Soc. Math. de 
France, Χχχτι. (1904), pp. 103—116; for other references see § 4.3. 


The reader will observe that when g=0, the equation (1) is homogeneous and imme- 
diately soluble; and that the second order equation solved by James Bernoulli (§ 1:1) is 
obtainable by taking g=2 in (1), and so it is not included among the soluble cases, 


4°15. Schlajli’s canonical form of Riccati’s equation. 
The form of Riccati’s equation which was examined by Schlafli* was 
du ΒΟ -1:,3 
(1) dt a (4% — [-O—1 y?, 
This is easily reduced to the form of § 413 (2) by taking —¢-*/a as a new 
independent variable. 


To solve the equation, Schlafli wrote 


d log y 
+1 _.. 9... 
oar aie 
and arrived at the equation 
{ay ἂν .- 
ἐπα ἡ (α ΕἸ) ψε0 
1 F(a, th= Σ : 


mao m! Γ(α Ἔπι +1)’ 
the general solution of the equation in y is 
y =¢,F (a, t) + at-*F (—a, ὃ). 
The solution of (1) is then 
_ otk (a +1, t)+o,F(—a—1, ὃ) 
Ὁ c, F(a, t) + οὐ Κ (-- a, t) ; 
The connexion between Riccati’s equation and Bessel’s equation is thus 


rendered evident; but a somewhat tedious investigation is necessary (§ 4°43) 
to exhibit the connexion between Cayley’s solution and Schlafli’s solution. 


Note. The function ¢ : 2, defined as the series 

1 @ 1 ΟΝ 

2° z(2+1) 2.8 2(2-- 1) (75-..2) °"’ 

which is evidently expressible in terms of Schlafli’s function, was used by Legendre, 
Eléments de Géométrie (Paris, 1802), note 4, in the course of his proof that πὸ is irrational. 


Later the function was studied (with a different notation) by Clifford; see a posthumous 
fragment in his Math. Papers ‘London, 1882), pp. 346—349. 


L424 
Ζ 


* Ann. di Mat. (2) 1. (1868), p. 282. The reader will see that James Bernoulli’s solution in 
series (8 1.1) is to be associated with Schlafli’s solution rather than with Cayley’s solution. 
+ This notation should be compared with the notation of § 4:4. 
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It is obvious that J, (z)=(32)¥ F'(v, — χοῦ), 
and it has recently been suggested* that, because the Schlafli-Clifford notation simplifies 
the analysis in the discussion of certain problems on the stability of vertical wires under 
gravity, the standard notation for Bessel functions should be abandoned in favour of a 
notation resembling the notation used by Schlafli-Clifford :—a procedure which seems com- 
parable to a proposal to replace the ordinary tables of trigonometrical functions by tables 
of the functions | 
io) γῆ i) en 


So SS 
n=o(2n)!? neo (Qn+1)! 


4:16. Miscellaneous researches on Riccati’s equation. 


A solution of Riccati’s equation, which involves definite integrals, was given by Murphy, 
Trans. Camb. Phil. Soc. 111. (1830), pp: 440—443. The equation which he considered is 


du 2 
at + Au = BY, 


and, if a be written for 1/(m+2) and 4-| d (log y)/d¢ for u, his solution (when A Ba?=1) is 
1 
y= [λτ1Φ exp (08 /h) +9 (1/h) exp (ἀμ) ὧδ, 
-1 


= -α : -~h pam is > hn 
where Φ (h)=ehh [ eM dha Σ aera aay 
If 1/h be written for h in the second part of the integral, then the last expression given 
for y reduces to wit multiplied by the residue at the origin of ἀ 1 @ (A) exp (¢*/h), and the 
connexion between Murphy’s solution and Schlafli’s solution (§ 4°15) is evident. 
An investigation was published by Challis, Quarterly Journal, vu. (1866), pp. 51—53, 
which shewed how to connect two equations of the type of καὶ 4°13 (2), namely 


α 
tates, 


in one of which 1/g is an odd positive integer, and in the other it is an odd negative 
integer. This investigation is to be associated with the discovery of the two types of 
solution given in § 4°14. 


The equation δι + = + bz" u? — cz™=0, 


which is easily transformed into an equation of Riccati’s type by taking 2*-4+! and z*u as 
new variables, was investigated by Rawson, .Messenger, vil. (1878), pp. 69—-72. He trans- 
formed it intu the equation 
dy _ ata 
dz 2 


by taking bu=cz*/y; two such equations are called cognate Riccati equations. A somewhat 
similar equation was reduced to Riccati’s type by Brassinne, Journal de Muth. χνι. (1851), 
pp. 255—256. 

The connexions between the various types of equations which different writers have 
adopted as canonical forms of Riccati’s equation have been set out in a paper by Greenhill, 
Quarterly Journal, xvi. (1879), pp. 294—298. 


yt bam 4 y2— can t4=0, 


* Greenhill, Engineering, cvit. (1919), p. 384; Phil. Mag. (6) xxxvut1. (1919), pp. 501—528 ; 
see also Engineering, οὐχ. (1920), p. 851. 
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The reader should also consult a short paper by Siacci, Wapoli Rendiconti, (3) vit. 
(1901), pp. 189—143. And a monograph on Riccati’s equation, which apparently contains 
the majority of the results of this chapter, has been produced by Feldblum, Warschaz 
Univ. Nach. 1898, nos. 5, 7, and 1899, no. 4. 


4.2. The generalised Riccati equation. 


An obvious generalisation of the equation discussed in ὃ 41 is 
(1) SY = P+ Qy + Ry! 


where P, Q, αὶ are any given functions of z. This equation was investigated 
by Euler*. It is supposed that neither P nor R is identically zero; for, if 
either P or “αὶ is zero, the equation is easily integrable by quadratures. 

It was pointed out by Enestrim, Encyclopédie des Sci. Math. τι. 16, § 10, p. 75, that a 
special equation of this type namely 

naxdx—nyyadx+xrudy=xy dx 

was studied by Manfredius, De constructione aequationum differentialum primi gradus 
(Bologna, 1707), p. 167. “Sed tamén haec eadem aequatio non apparet quomodo construi- 
bilis sit, neque enim videmus quomod6 illam integremus, nec quomodo indeterminatas ab 
invicém separemus.,” 

The equation (1) is easily reduced to the linear equation of the second 
order, by taking a new dependent variable u defined by the equation +t 


1 dlogu 
(2) I~" Rode ᾿ 
The equation then becomes 
Ἂ 1 ἐν τ 
Conversely, if in the al ba ale of the second order, 
du du 
(4) Po dz + py, Ag + Pot = 0, 
(where 20, p1, P2 are given functions of z), we write 
(5) u = elude, 
the equation to determine y is 
ἂν 5, Ps 
6 “oe --ξ Ey γ, 
(6) aaa τὰ ae 


which is of the same type as(1). The complete equivalence of the generalised 
Riccati equation with the linear equation of the second order is consequently 
established. 


The equations of this section have been examined by Anisimov, Warschau Univ. Nach. 
1896, pp. 1—33. [Jahrbuch iiber die Fortschritte der Math. 1896, p. 256. ] 


* Nov, Comm. dcad. Petrop. v1. (1760—1761) [1763], p. 32; see also a short paper by W. W. 
Johnson, Ann. of Math. 111. (1887), pp. 112—115. 

+ This is the generalisation of James Bernoulli’s substitution (§ 1:1). See aiso Euler, Inst, 
Caic. Int. τ᾿. (Petersburg, 1769), §§ 831, 852, pp. 88, 104. 
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4.21. Euler's theorems concerning the generalised Riccati equation. 


It has been shewn by Euler* that, if a particular solution of the 
generalised Riccati equation is known, the general solution can be obtained 
by two quadratures; if two particular solutions are known the general 
solution is obtainable by a single quadrature+. And it follows from theorems 
discovered by Weyr and Picard that, if three particular solutions are known, 
the general solution can be effected without a quadrature. 


To prove the first result, let y, be a particular solution of 


ἂψ 2 
and write y= ¥+1/v. The equation in v is 


+ (Q+ 2Ry,)0+ R=0, 


of which the solution is 
v exp {{{Ὁ + 2Ry) dz} + [Rexp {f(Q + 2Ry,) dz} .dz =0, 
and, since v = 1/(y—y), the truth of the first theorem is manifest. 
To prove the second, let y and y, be two particular solutions, and write 
wa tae 
: Ψ-- γι 
The result of substituting (y,w -- y)/(w —1) for y in the equation is 
Yo — Yr dw w dy, 1 dy, 


-- ο΄. .-.-.--- «πὸ 


(ὦ --1}} dz w-ldz w—ldz 


| and, when we substitute for (dy,/dz) and (dy,/dz) the values P + Qy+ Ry; 
and P+ Ογο- Ry,’, the last equation is reduced to 


1 dw 
ΝΣ 
so that w=cexp {f(Ry, — Ry,) dz}, 


where Ὁ is the constant of integration. Hence, from the equation defining w, 
we see that y is expressed as a function involving a single quadrature. 
To prove the third result, let y, and y, be the solutions already specified, 


let yz be a third solution, and let ο΄ be the value to be assigned to c to make 
y reduce to y,. Then | 


ψ -- νι C A’ 
and this is the integral in a form free from quadratures. 
* Nov. Comm. Acad. Petrop. vm1. (1760—1761) [1763], p. 32. 


+ Ibid. p. 59, and rx. (1762—-1763) [1764], pp. 163—164. See also Minding, Journal fiir 
Math. xv. (1850), p. 361. 
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It foilows that the general solution 1s expressible in the form 


ee Cf, (2) + fa(z) 
Chs (2) + fi (2) | 


Hence it is evident that, if y,, γα, ys, ψεὲ be any four solutions, obtaimed by 
giving C the values C,, C,, C;, C, respectively, then the cruss-ratto 


(Ys = Ys) (Yo-Yo) 
(υ, mas Ys)(Ys = Ye) 


18 independent of 2; for it is equal to 


(C; ze C,) (C; =, Οὺ 
(C, ἐμαῖς (,) (ὦ a C,) 


In spite of the obvious character of this theorem, it does not seem to have 
been noticed until some forty years ago*. 


Other properties of the generalised Riccati equation may be derived from 
properties of the corresponding linear equation (§ 4.2). Thus Raffyt has given 
two methods of reducing the Riccati equation to the canonical form 


these correspond to the methods of reducing a linear equation to its normal 
form by changes of the dependent and independent variables respectively. 


Various properties of the solution of Riccati’s equation in which P, Q, δ are rational 
functions have been obtained by C. J. D. Hill, Journal fiir Math. xxv. (1843), pp. 23—37 ; 
Autonne, Comptes Rendus, xcvi. (1883), pp. 1354—1356; cxxviil. (1899), pp. 410—412; and 
Jamet, Comptes Kendus de ἴ Assoc. Frangaise (Ajaccio), (1901), pp. 207—228; Ann. de la 
Fac. des Sci. de Marseille, xu. (1902), pp. 1—21. 


The behaviour of the solution near singularities of P, Ὁ, R has been studied by Falken- 
hagen, Vieww Archief voor Wiskunde, (2) vi. (1905), pp. 209—248. 


The equation of the second order whose primitive is of the type 


_ im + Cone +303 
οι tcelotcses’ 


where ¢, C2, ὦ are constants of integration (which is an obvious generalisation of the 
primitive of the Riccati equation), has been studied by Vessiot, Ann. de la Fac. des Sci. de 
Toulouse, 1X. (1895), no. 6 and by Wallenburg, Journal ftir Math. cxxt. (1900), pp. 210—217; 
and Comptes Rendus, CKXXVII. (1903), pp. 1033—1035. 


* Weyr, Abh. bihm. Ges, Wiss. (6) vit. (1875—1876), Math. Mem. 1. p. 30; Picard, Ann. Sci. 
de VEcole norm. sup. (2) vi. (1877), pp. 342—343. Picard’s thesis, in which the result ‘is con- 
tained, is devoted to the theory of surfaces and twisted curves—a theory in which Riccati’s 
equation has various applications. 

+ Nouv. Ann. de Math. (4) τι. (1902), pp. 529—545. 
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4.8. Various transformations of Bessel’s equation. 


The equations which we are now about to investigate are derived from 
Bessel’s equation by elementary transformations of the dependent and inde- 
pendent variables. 


The first type which we shall consider is* 


Pu oy, — PP t+) 
@ τα νυ | 
where ὁ is an unrestricted constant. The equation is of frequent occurrence 
in physical investigations, and, in such problems, p is usually an integer. 


The equation has been encountered in the Theory of Conduction of Heat and the 
Theory of Sound by Poisson, Journal de l’Ecole Polytechnique; x1. (cahier 19), (1823), 
pp. 249-403; Stokes, Phil. Trans. of the Royal Soc. 1868, pp. 447—464 [Phil. Mag. (4) 
XXXVI. (1868), pp. 401—421, Math. and Phys. Papers, 1v. (1904), pp. 299-324]; Rayleigh, 
Proc. London Math. Soc. τν. (1873), pp. 93—103, 253-—283 [Sezentific Papers, 1. (1899), 
pp. 138, 139]. The special equation in which p=2 occurs in the Theory of the Figure of 
the Earth; see Ellis, Camb. Math. Journal, τι. (1841), pp. 169—177, 193—201. 


Since equation (1) may be written in the form 


—} -ἰ 
. oo ne “Ὁ — {ee Ὁ (p+) }.uzt=0, 


its general solution is 
(2) u = 24), (ciz). 


Consequently the equation is equivalent to Bessel’s equation when p is 
unrestricted, and no advantage is to be gained by studying equations of the 
form (1) rather than Bessel’s equation. But, when p is an integer, the solu- 
tions of (1) are expressible “in finite termst” (cf. § 34), and it is then 
frequently desirable to regard (1) as a canonical form. The relations between 
various types of solutions of (1) will be examined in detail in δ 4:41—4-4:3, 


The second type of equation is derived from (1) by a transformation of 
the dependent variable which makes the indicial equation have a zero root. 
The roots of the indicial equation of (1) are p+ 1 and —p, and so we write 
u= vz»; we are thus led to the equation 


9 d?y 2p dy 


of which the general solution is 
(4) v= 2P+4@ 44 (οἱ). 


* See Plana, Mem. della R. Accad. delle Sci. di Torino, xxv1. (1821), pp. 519—538, and Paoli, 
Mem. di Mat. e di Fis. della Soc. Italiana delle Sci. xx. (1828), pp. 183-188. 


+ This was known to Plana, who studied equations (1) and (5) in the paper to which reference 
has just been made. 
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Equation (3), which has been studied in detail by Bach, Ann. Sci. de ?Ecole norm. sup. 
(2) 11. (1874), pp. 47—68, occurs in certain physical investigations; see L. Lorenz, Ann. 
der Physik und Chemie, (2) xx. (1883), pp. 1—21 [Oeuvres Scientifiques, τ. (1898), pp. 371— 
396]; and Lamb, Hydrodynamics (Cambridge, 1906), 88 287-291. Solutions of equation (3) 
in the form of continued fractions (cf. $§ 5-6, 9°65) have been examined by Catalan, Bulletin 
de UV Acad. R. de Belgique, (2) xxxI. (1871), pp. 68—73. See also Le Paige, cbid. (2) x11. 
(1876), pp. 1011—1016, 935—939. 


Next, we derive from (3), by a change of independent variable, an equation 
in its normal form. We write z = 6%/g, where g =1/(2p +1), the equation then 
becomes 


d?y = 
(5) dee ο"ζϑα ty = 0), 
and its solution is 
(6) υ = (£9/q)/O0 Gr j2q) (06 9/q). 
When a constant factor is absorbed into the symbol @, the solution may be 
taken to be 
£4 Oi y29) (οὐξε 4). 


Equation (5), which has already been encountered in ὃ 4°14, has been studied by Plana, 
Mem. della R. Accad. delle Sci. dt Torino, xxvi. (1821), pp. 519—538; Cayley, Phil. Mag. 
(4) χχχνι. (1868), pp. 348—351 [Collected Papers, vit. (1894), pp. 9—12]; and Lommel, 
Studien iiber die Bessel’schen Functionen (Leipzig, 1868), pp. 112—118. 


The system of equations which has now been constructed has been dis- 
cussed systematically by Glaisher*, whose important memoir contains an 
interesting account of the researches of earlier writers. 

The equations have been studied from a different aspect by Haentzschel + 
who regarded them as degenerate forms of Lamé’s equations in which both of 
the invariants g, and σς are zero. 


The following papers by Glaisher should also be consulted: Phil. Mag. (4) xiu11. (1872), 
pp. 433—-438; Messenger, vilt. (1879), pp. 20—23; Proc. London Math. Soc. 1x. (1878), 
pp. 197—202, 

It may be noted that the forms of equation (1) used by various writers are as follows: 

dty k(k+1) 


aaty=—2 & (Plana), 
eR, +1 
> he p? Rated R, (Poisson), 
d? 1 
oe atunl ie a (Glaisher). 


Equation (5) has been encountered by Greenhill} in his researches on the stability of a 
vertical pole of variable cross-section, under the acticn of gravity. When the cross-section 
is constant, the special equation in which g=@ is obtained, and the solution of it leads to 
Bessel functions of order +}. : 


* Phil. Trans. of the Royal Soc. cixx11. (1881), pp. 759-828 ; see also a paper by Curtis, Cam- 
bridge and Dublin Math. Journal, 1x. (1854), pp. 272—290. 

+ Zeitschrift fiir Math. und Phys. xxx. (1886), pp. 25—33. 

+ Proc. Camb, Phil. Soc, 1v. (1883), pp. 6573. 
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4:31. Lommel’s transformations of Bessel’s equation. 


Various types of transformations of Bessel’s equation were examined by 
Lommel on two occasions; his earlier researches* were of a somewhat special 
type, the later+ were much more general. 


In the earlier investigation, after observing that the general solution of 


d?y 2yv—1 dy 
(1) dhe dz t 4 : 
ig 
(2) y = 2", (2), 


Lommel proceeded by direct transformations to construct the equation whose 
general solution is 2"-*@, (γ 28), where a, 8, y are constants. His result, 
which it will be sufficient to quote, is that the general solution of 


(3) ae Te + (Qa— ϑβν +1) 24+ {8532 + a (a — 2Bv)}u=0 


15 

(4) ιν Ξε ζῆν--αὖ, (γε). 

When 8=0, the general solution of (3) degenerates into 

Ξε 2 ὁ (C1 +, log 2); 
and when y=0, it degenerates into | 
πα τα (cy + Cc, 2*Bv) 

unless Sy is zero. 

The solution of (3) was given explicitly by Lommel in numerous special cases. It will 
be sufficient to quote the following for reference : 


εἶν ἀμ 1 yp? ti 
(6) et ot ἮΝ 2 u=0; u=@, (V2) 
(7) Ζ πὰ +(1- yy a ΠΕ πο; us σὰν ᾧ (/2z) 
dz ΓΝ . ; 
Ae du 1 
(8) 253 (ον) = ~q7u=0; u= σὰν @, (i /2z). 
7 U 
(9) τς t Btyz8-? u=0; u= 2k Pr) (0py (y28). 
4 : ae 1G. (ΔΩ 
(10) ὁ πα tu=0; τι τε χὰ By (Sei), 8 Ey (Huet). 
αδω 4.) G .} 5 
(11) qa teu=0; u=zt @, (324), zt Gy (323). 


An account of Stokes’ researches on the solutions of equation (11) will be given in 
S$ 6.4, 102. | 


* Studien iber die Bessel’schen Functionen (Leipzig, 1868), pp. 98~120; Math. Ann. u1. 
(1871), pp. 475—487. | 
{ Math. Ann. x1v. (1879), pp. 510—586. 
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Lommel’s later researches appeared at about the same time as a memoir 
by Pearson*, and several results are common to the two papers. Lommel’s 
procedure was to simplify the equation + 


ἀδ ψίχ(2)) _2v—-1d{y/x(2)}, ν _ 
div(z)}? wz) dw(z) x) 
of which the solution is (§ 4.3) 


(12) y =x (2) iv (2)}" ὅν {ψ' (2)}. 
On reduction the equation becomes 
dy {ψ' (2) vi), 9x ()) dy 
08) αὐ τῷ τῶ το Fat ea ae 
γ΄ Ὁ) (αν. ¥ OX OXO_VO_, 
: Ε (2) oc TOM Ere x(z) x (2) wy |y=o 


Now define the function $(z) by the equation 
$2) _ ὙΠΟ) ων. Ὁ Ὁ, 9X @ 


φ(2) y'(z) vz) x2) 
It will be adequate to take 
(14) φ(2) -- 0 (2) (XP ψ (>. 


It we eliminate χ (2), 1t is apparent that the general solution of 


(is) ἦν PC) dy , Ε {f a _19"(2) 


------- oe ...- -.--. 


2) φί(2) dz |4\d(z)J 2. d(z) 

8 (WNL) ay ON ΒΒ 
| ἐρῶ τὲ τε! (Pay νυ τὸ 
15 

(16) y= J eee oe. ὅ, {ψ (2)}- 


As a special case, if we take ¢ (2) = 1, it is seen that the general solution of 


dy Τ[1ψ΄ _ 3 {[¥' (ὦ AY PT oe ye le) as 
an +o ital t MOM + BESS [y= ° 
1s 
(18) y= Vit (2)/W ()} ὦ, {ψ (2). 
Next, returning to (13), we take χ (2) = {y (z)}#—’, and we find that the general 
solution of 


ὧν (WO), ΟΥ̓ ἄν (ας ψ΄())" 
(19) ae eet (24 0X Ἐν Eat y= 
15 


(20) β y= iv )}" G iv ()}. 


* Messenger, 1x. (1880), pp. 127—131. t The tanctions x (z) and y (z) are arbitrary. 
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The following are special cases of (17): 


Si Oa ne Oe nm 

(21) qa t ( —-P)y=0; γ- Ὁ, (65), 
2 2/Z ͵ 

(22) e942 A 0; y=2G,(e”). 


The independent researches of Pearson proceeded on very similar lines 
except that he started from Bessel’s equation instead of from the modified 
form of it. The reader will find many special cases of equation (17) worked 
out in his paper. 

A partial differential equation closely connected with (7) and (8), namely 

ge 
Fea (ty) — 0, 


has been investigated by Kepinski, Math. Ann. x1. (1906), pp. 397—405, and Myller- 
Lebedeff, Math. Ann. Lxvi. (1909), pp. 325—330. The reader may verify that Kepinski’s 
formula 


en SE [τον eH, CD) sh 


is a solution, when f(w) denotes an arbitrary function of w. 


The special case of the equation when v= —1 was also investigated by Kepinski, Bull. 
int, de ? Acad. des Sct. de Cracovie, 1905, pp. 198—205. 


4°32. Malmstén’s differential equation. 


Twenty years before Lommel published his reseatches on transformations of Bessel’s 
equation, Malmstén* investigated conditions for the integrability in finite terms of the 


equation 
d*y rd 
α) “ὦ εἰ B= (4:5. 3)» 
which is obviously a generalisation of Bessel’s equation; and it is a special case of § 4°31 
(15). 
To reduce the equation, Malmstén chose new variables defined by the formulae 
z= (6, y=ucre, 
where p and g are constants to be suitably chosen. 
The transformed equation is 
ἄξει 2c(m+2jq—2 4 99 - PY (Ρᾳ Ἐτῳ -- Du 
GU ya—2 gt TP NPI Td 2) 
aa + Opa — qtl+qn) 75 | 49 (im + 2)a—2 4 3 - 
We choose p and g so that this may reduce to the equation of § 4°3 (1) considered by 
Plana, and therefore we take 


2pqg—gq+l+qr=0, (m+2)g=2, 
so that p= — 4r—}m. 


The equation then reduces to 
i | 4A q? {48 +(1—1)}— 1]. 
dg? | (m+2) 4¢? 
* Camb. and Dublin Math. Journal, ν. (1850), pp. 180—-182. The case in which s=0 had been 
previously considered by Malmstén, Journal fiir Math. xxx1x. (1850), pp. 108—115. 
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By ὃ 4°3 this is integrable in finite terms if 
ἀρ" {48+ (1 -- 5)2) —f=n(n+1), 
where 2 is an integer; so that 


(2) m+o— + Vist 


n+4 


The equation is also obviously integrable in the trivial cases A =O and m= -- 3. 


4°4. The notation of Pochhammer for series of hypergeometric type. 

A compact notation, invented by Pochhammer* and modified by Barnesf, 
is convenient for expressing the series which are to be investigated. We shall 
write now and subsequently 

(a), Ξε α (α -- 1) (α -- 2)... (α Ἐπ -- 1), (a) = 

The notation which will be used is, in general, 


Σ (a1)n (2 )n (Ae) -. , + (Ap) gn. 


G1, Ag, «++, Ay; ’ 2. 554) » 2 
pla (αι, ας » ἂρ» Pr» Pe post) = na τὸ ἈΠ (P:)n (Pa)n «+» (Pg)  (pa)n- 


In particular, 


Toe Beh 


(a), 
1!(p), ΣΤ Ιλ, 
5: (α)» 
-_ ni(p)n- ? 
zZ™ 
2 alow 
F(a, Bs ρ; 2)= Σ Σ ten 


The functions defined by the first three series are called generalised hyper- 
geometric functions. 


(a; ps 2)5Ξ1 Ὁ} a+... 


οὔ (p; Ζ) ΞΞ 


It may be noted here that the function ,F,(a; p; Ζ) is a solution of the 


differential equation 
d?y - 
244 (p— 2) —ay = 0, 


and, when p is not an integer, an independent solution of this equation is 


2°? Fi(a—-pt+1; 2 -p; 2). 
It is evident that 


J, (z) = ris: οὔ (ν 1; -- 2.25). 


Various integral representations of functions of the types 5}, 9/2, οὔ have been studied 
by Pochhammer, Math. Ann. xii. (1893), pp. 174—178, 197—218. 


* Math. Ann. xxxvi. (1890), p. 84; xxxvui1. (1891), pp. 227, 586, 587. Cf. § 4°15. 
t Proc. London Math. Soc. (2) v. (1907), p. 60. The modification due to Barnes is the insertion 
of the suffixes p and q before and after the F' to render evident the number of sets of factors. 
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4°41. Various solutions in series. 


We shall now examine various solutions of the equation 


du, ρμίρ τ 1) Dy, 
dz? 23 


and obtain relations between them, which will for the most part be expressed 
in Pochhammer’s notation. 


It is supposed for the present that p is not a positive integer or zero, 
and, equally, since the equation is unaltered by replacing p by —p—1, it is 
supposed that p is not a negative integer. 


It is already known (§ 4.3) that the general solution* is σὲ. (οἵ), and 
this gives rise to the special solutions 
τι oF (p + ὃ; 1032); σ΄ FL (4—p; 10323.. 
The equation may be written in the forms 
a es 26 ou _P(p+1) +1) 
2 


which are suggested by the fact that the functions e+% are solutions of the 
original equation with the right-hand side suppressed. 


(ueF*), 


When % is written for z(d/dz), the last pair of equations become 
(3 —p—1)(9+4+ p). (ueF?) + 2ozS (ueF) = 0. 

When we solve these in series we are led to the following four expressions for τι: 
aes Fi (p+1; 2p+2; —2cz); 2 ¥%e*..F,(—p; —2p; —2cz); 
getie~@ Fi(p+1; 2p4+2; 2cz); 2 ?e-*.,F,(—p; —2p; 202). 

Now, by direct multiplication of series, the two expressions on the left are 
expansible in ascending series involving z?*}, z?*, zP*8, .... And the expressions 


on the right similarly involve z~?, z'-?, 2°-?, .... Since n none of the two sets of 
powers are the same when 2p is not an integer, we must have 


(1) e* Fi (p+1; 2p+2; —2cz)=e-*.,. Fi (p+1; 2p+2; 2062) 
Ξ οὔ, (p+ ἃ; 225), 
(2) e~.,F,(—p; —2p; — 202) =e. ,F,(—p; —2p; 2cz) 
=F, (ἢ -- »; 1323). 
These formulae are due to Kummerf. When (1) has been proved for general 
values of p, the truth of (2) is obvious on replacing p by — p—1 in (1). 


We now have to consider the cases when 2p is an integer. - 


* It follows from § 3:1 that a special investigation is also necessary when p is half of an odd 
integer. 
+ Journal fiir Math, xv. (1836), pp. 188—141. 
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When p has any of the values 4, 3, 3, ..., the solutions which contain 2~? 
as a factor have to be replaced by series involving logarithms (§ 3°51, 3°52), 
and there is only one solution which involves only powers of z. By the 
previous reasoning, equation (1) still holds. 

When p has any of the values 0, 1, 2, ... a comparison of the lowest powers 
of z involved in the solutions shews that (1) still holds; but it is not obvious 
that there are no relations of the form 

2-? δ᾽, (4—p; 40°92?) =2-Pe%, FF, (— p; — 2p; -- 202) + k,2?41 PF, (p +3; 105 23) 
=2 Pe “PF (—p; —2p; 2cz)+h,2?) PF, (p+ 3; $e%2*), 
where k,, ἄς are constants which are not zero. | 

We shall consequently have to give an independent investigation of (1) 
and (2) which depends on direct multiplication of series. 


Nore. In addition to Kummer’s researches, the reader should consult the investiga- 
tions of the series by Cayley, Phil. Mag. (4) xxxvi. (1868), pp. 348—351 [Collected Papers, 
VII. (1894), pp. 9—12] and Glaisher, Phil. Mag. (4) xu. (1872), pp. 438---488; Padi. 
Trans. of the Royal Soc. cLxx11. (1881), pp. 759—828. 


4°42. Relations between the solutions in series. 
The equation 
e,F,(pt1; 2p+2; -- 202) =e F,(pt+1; 2p+2; 202), 
which forms part of equation (1) of § 4°41, is a particular case of the more 
general formula due to Kummer* 
(1) iF (a; p; C)=eFi(p—a; p; —£),, 

which holds for all values of a and p subject to certain conventions (which will 
be stated presently) which have to be made when a and p are negative integers. 

We first suppose that p is not a negative integer and then the coefficient of 
¢" in the expansion of the product of the series for ef and ,F,(p —a; p; -- is 


. (-)™ (p—a)m_ (Ὁ 2 τ ; = 
nno(n= my! MTom ΒΟ» meat’ Κρ τ λα ττρ τι M)nm 


ate (awed, 


_if we first use Vandermonde’s theorem + and then reverse the order of the factors 
in the numerator; and the last expression is the coefficient of {* in ,F, (a; p; ζ). 
The result required is therefore established when a and p have general complex 


valuest. 

* Journal fiir Math. xv. (1836), pp. 1838—141; see also,Bach, Ann. Sci, de Ecole norm. sup. (2) 
τι. (1874), p. 55. 

Τ See, e.g. Chrystal, Algebra, τι. (1900), p. 9. 

} Another proof depending on the theory of contour integration has been given by Barnes, 
Trans. Camb. Phil. Soc. xx. (1908), pp. 254—257, 
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When p is a negative integer, equation (1) is obviously meaningless unless 
also a 15 a negative integer and |a|<|p:. The interpretation of (1) in these 
circumstances will be derived by an appropriate limiting process. 


First let a be a negative integer (= — NV) and let p not be an integer, so 
that the preceding analysis is valid. The series ,F,(—N; p; ζ) is now a 
terminating series, while ,F,(p + NV; p; -- ) is an infinite series which con- 
sists of N+ 1 terms followed by terms in which the earlier factors p+ JN, 
p+N+1,p+N +2, ... in the sequences in the numerators can be cancelled 
with the later factors of the sequences p, p+ 1, p +2, ... in the denominators. 

When these factors have been cancelled, the series for ,F,(— Ν᾽; p; ζ) and 
Fi(o+N; p; —§) are both continuous functions of pnear p =— M, where 
WV is any of the integers V, Ν +1, Ν᾿ +2, 

Hence we may proceed to the limit when p ~ — Η͂, and the limiting form 
of (1) may then be written* 


(2) 1 Fi(-N; -—M; ζ)  ΞΞ ὁ.» (N-M; -M; -£)1, 
in which the symbol “| means that the series is to stop at the term in ΖΝ, ie. 
the last term in which the numerator does not contain a zero factor, while 
the symbol 1 means that the series is to proceed normally as far as the term 
in ¢“-*, and then it is to continue with terms in ζ ΤΡ, ¢*+2,... the vanishing 


factors in numerator and denominator being cancelled as though their ratio 
were one of equality. 


With this convention, it is easy to see that 
83) δι ΣΦ; -M; Ί =F (-N; - 07 
ΝΙΩΥ͂ —N)! 
M!(M +1)! 
When we replace V by M—WN aud ζ by —&, we have 
(4) P(N -M; -M; -$)1 =.F (N-M; -M; --ἰ) 


Ni(M—-N)! 
M!(M +1)! 


As an ordinary case of (1) we have 
Fi(M-N+1;M+2; ποι Ν . ι; M42; -- Ὁ, 
and from this result combined with (2), (3) and (4) we deduce that 
(5) δι (-N; ~M; $)1 Ξ οὐ. (Κ --Η, -M; -- ) "1. 


This could have been derived directly from (1) by giving p -- a (instead of a) 
an integral value, and then making p tend to its limit. 


+ (=)4 πὸ See Py (Mf -- N + 1 : M + 7 ζ). 


+ (—)* («--οἯο ΛΑ +1; M+2; - 0%). 


* Cf. Cayley, Messenger (old series), v. (1871), pp. 77—82 (Collected Pupers, v1. (1895), pp. 458— 
462], and Glaisher, Messenger, vit1. (1879), pp. 20—23. 
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We next examine the equation 
(6) e@ Fi (p+1; 29+2; — 202) =F, (p+ 3; 1ὦ 23), 
which forms the remainder of equation (1) in ὃ 4°41, and which is also due to 
Kummer*. 
If we suppose that 2p is not a uegative integer, the coefficient of (cz)” in 
the product of the series on the left in (6) 1s 


τ (- 2)" (p + 1), = (—)* om (p = 1). (-- n— 2p ei ΕΝ 
mao (rn —m)!m!(2p+2)m (2p + 2)n m=0 m!(n—m)! 


Now = Σ 9" nOm (p - 1) (- π -- 2p --- 1)n—m 15. the coefficient of ἐδ in the 
-m=0 


expansion of (1 — 2t)-?-1(1 — ¢)"++', and so it is equal to 


1 sen 


= sa} +) (1 — 2t)-P-1 (1 — atti te dt = (1 — uw’)? Fu" du, 


Qari 
as u = t/(1 —t) and the contours enclose the origin but no other singularities 
of the integrands. By expanding the integrand in ascending powers of u, we 


see that the integral is zero if n is odd, but 10 1s equal to (p G Boe when n is 


even. 
Hence it follows that 
(cz)".(p + 1). 
e Fi (p+1; 2p + 2; -- 206)" Σ νυ (2p + 2)m.nt 
Ξ Ν ὌΠ δα 
: n=0 2". ni (p+ 8)» 
and this is the result to be proved. 
When we make p tend to the value of a negative integer, — NV, we find by 
the same limiting process as before that 
lim ,F,(p+1; 29+2; —2cz)=,F,(11—-N; 2-—2N; -- 202) 71 
) - Ὸ ΔΝ 
ΠῚ ΟΠ ΩΝ-- ΤΙΝῚ 
ΤΩΝ — 2)!(2N)! 
It follows that 
oF, (8 —N; 4c%*) =e.  ( --Ν; 2-—2N; -- 2.2) 1 
ae ᾽»ΑΚ -- 1}! 
ΤῺΝ-- 2}: (2})}} 
If we change the signs οὗ c and z throughout and add the results so obtained, 
we find that 
(7) 2..F,8@—-N; 302") =e". F,(1-N; 2-2N; —2cz) | 
+e? J F,(1—-N; 2—2N; 202) 1, 


(— 2czP*-).,F,(N; 2N; — 2cz). 


(2c2)?¥- e ΡΝ; 2N; —2cz). 


* Journal fiir Math. xv. (1836), pp. 138—141. In connexion with the proof given here, see 
Barnes, Trans. Camb. Phil. Soc. xx. (1908), p. 272. 
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the other terms on the right cancelling by a use of equation (1) This is, of 
course, the expression for J_y,,; (cz) in finite terms with a different notation. 


For Barnes’ proof of Kummer’s formulae, by the methods of contour inte- 
gration, see § 6 ὅ. 


4°43. Sharpe's differential equation. 
The equation 


(1) G14 ἐν 7 t(z+A)y=0, 


ΝΣ 

which is a generalisation of Bessel’s equation for functions of order zero, 
occurs in the theory of the reflexion of sound by a paraboloid. It has been 
investigated by Sharpe*, who has shewn that the integral which reduces to 
unity at the origin is 


δπ 
(2) y= c| cos (z cos θ + A log cot $0) dé, 
0 
where 
ἀπ 
(3) 1-πῸ06 | cos (A log cot $0) dé. 
0 


This is the appropriate modification of Parseval’s integral (§ 3.3). To in- 
vestigate its convergence write cos θ = tanh ¢, and it becomes 


6008 (4 Φ + 2 tanh cos(Ag + Ζ tanh g) | 
o “- σ ΠῚ cosshde ao, 


It is easy to see from this form of the integral that it converges for (complex) 
values of A for which | (A)! < 1, and+ 
C= 2 cosh ἐπά. 
Τ 


The integral has been investigated in great detail by Sharpe and he has 
given elaborate rules for calculating successive coefficients in the expansion of 
y in powers of z. 


A simple form of the solution (which was not given by Sharpe) is 
y =e*? δ᾽ (4 F dca; 1; F 202). 
The reader should have no difficulty in verifying this result. 
* Messenger, x. (1881), pp. 174—185 ; x11. (1884), pp. 66--79; Proc. Camb. Phil. Soc. x. (1900), 


pp. 101—136. 
t See, e.g. Watson, Complex Integration and Cauchy’s Theorem (1914), pp. 64—-65. 
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4°5. Equations of order higher than the second. 


The construction of a differential equation of any order, which is soluble 
by means of Bessel functions, has been effected by Lommel* ; its possibility 
depends on the fact that cylinder functions exist for which the quotient 
@, (z)/@_, (2) is independent of 2. 

Each of the functions J, (2) and Y,(z), of integral order, possesses this 
property [§ 2°31, 3:5]; and the functions of the third kind ἢ, (z), H,® (z) 
possess it (§ 3°61), whether ν is an integer or not. | 

Now when ὃ 89 (5) is written in the form 


q™ 
(1) qa 28” ὅν (γ V2) = (ξγ)γ" δὴν Gym (γ V2), 
the cylinder function on the right is of order — ν if m = 2». 
This is the case either (i) if ν is an integer, n, and m= 2n, or (11) if 
y=n+$ and m=2n+1. 
Hence if @,, denotes either J, or Y,, we have 
on [ohn 
we eens VO} _ yz Cn (V2). 
From this equation we obtain Lommel’s result that the functions 215 J, (γ ν 2), 
ΦΥ͂ (y /z2) are solutions oft 
qn 4c)" 


where v has any value such that γῆ" = (—)"c™, so that 
Υ = tc exp (rii/n). (r =0, 1, 2, ...,n-1) 
By giving γ all possible values we obtain 2n solutions of (2), and these 
form a fundamental system. 
Next, if @n,, denotes H,,,, we have Ὁ. μι.) =e™*? τὸ Gn, so that 


+ n+} . 
ee (γν z)} = οἴ") πὶ ( 4.0)» σ-λππὶ ζ, (ry Jz), 
and hence zi"+t H,,,, (γ /z) is a solution of 
| q+ y (Acymtly 
(3) dz2t1 ὯΝ ΣΝ 2 


where y has any value such that y+ = c™+1 ρον) πὸ so that 
y =— 1c exp {rai/(n+4)},  (r=0, 1, 2,..., 2n) 
and the solutions so obtained form a fundamental system. 


* Studien iber die Bessel’schen Functionen (Leipzig, 1868), p. 120; Math. Ann. πὶ, (1870), 
pp. 624--635, 
{ The more general equation 
aky 


age = NY 


has been discussed by Molins, Mém. de Acad. des Sci. de Toulouse, (7) vit. (1876), pp. 167—189. 
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For some applications of these results, see Forsyth, Quarterly Journal, x1x. (1883), 
pp. 317—320. : 


In view of (1), which holds when m is an integer, Lommel, Math. Ann. τι. (1870), p. 635, 
has suggested an interpretation of a “fractional differential coefficient.” Thus he would 


interpret (Z)' exp (ty Jz) to mean @, (yi./z). The idea has been developed at some 
length by Heaviside in various papers. | 


Lommel’s formulae may be generalised by considering equation (3) of 
§ 4°31, after writing it in the form 


(3 + a) (3 +a— 2Bv) u = — By22* u, 
the solution of the equation being u = z6"-*@, (yz*). For it is easy to verify 
by induction that, with this value of τ, 
m-1 
IT (3 τα-- 2»β) (Ὁ + a— 2Av — Ir) u =(—)*B*c22"8 y, 
r=0 
and so solutions of 
n-1 . 
4) Il (3 +a—2r8) (3 + a— 2Bv — QWrP) u= (—)"Bmoms"8 y, 
r=0 ; 


are of the form u = 2-9, (28), 
where y = c exp (rat/n). (r=0,1,...,n—1) 


By giving γ these values, we- obtain 2n solutions which form a fundamental 
system. 


In the special case in which n = 2, equation (4) reduces to 
(3 +a) (3 +a—28)(3 + a—2Bv) (3 +a— 2βν — 28) u = Pieie#u, 


This equation resembles an equation which has been encountered by Nicholson* in the 
investigation of the shapes of Sponge Spicules, namely 


αἵ απ 
(5) dz {ῳ Za a= 2746 τ, 
that is to say 9 (9 --1 (9+ ἀμ — 2) (9 Ἐ4μ -- 3) u=zt-™ wy, 


If we identify this with the special form of (4) we obtain the following four distinct sets 


of values for a, B, μ, ν: 
α β | μ | 4 


* Proc. Royal Soc. xc. A (1917), pp. 506—519. See also Dendy and Nicholson, Proc. Royal 
Soc. uxxx1x. B (1917), pp. 573—587; the special cases of (5) in which 4=0 or 1 had been solved 
previously by Kirchhoff, Berliner Monatsberichte, 1879, pp. 815-828. [Ann. der Physik und 

Chemie, (3) x. (1880), pp. 501—512.) 
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These four cases give the following equations and their solutions: 


(6) saat w= 2h (Gy (2) + Sy (ὦ}}, 

(7) Sal gatm ees eB 2) +PFa(26N9)}, 

(8) DED actus wees (Gy (Seb) + Fe (giet), 
(9) 7 » at =2u; u=z+ {Pro (22-4) + Py (2iz- 9)}. 


These seem to be the only equations of Nicholson’s type which are soluble with the aid 
of Bessel functions; in the case μ- 2, the equation (5) is homogeneous. Nicholson’s general 
equation is associated with the function 


3-Q2 2422 142, 247% 
of er SRT 


4-9" 4-2n’ 4--ῶμ’ (4-- ὃμ) 


4.6. Symbolic solutions of differential equations. 

Numerous mathematicians have given solutions of the equation ὃ 49 (1) 
namely 

du _ »(»-1) 
(1) ag OUR A τυ, 

in symbolic forms, when p is a positive integer (zero included). These forms 
are intimately connected with the recurrence formulae for Bessel functions. 

It has been seen (§ 4°3) that the general solution of the equation 18 

2G p14 (cz); 


and from the recurrence formula ὃ 3:9 (6) we have 
ἀν : 
4 Bp εγ(οίο) = (— iP” (FY (2-4, (ciz)}. 


Since any cylinder function of the form @, (ctz) is expressible as 
(ae* + Be~*)/,/z, 


where a and 8 are constants, it follows that the general solution of (1) may 
be written 


(2) us get (5 Ὶ ae” + Be? , 


zdaz - 2 


A modification of this, due to Glaisher*, is 


d δῦ, ies 
(3) Us gPH (5) (a’e* + Be), 


where a’ = a/c, B’=—8/c. This may be seen by differentiating a’e*+’e~® once. 


* Phil. Trans. of the Royal Soc. cuxxu. (1881), p. 813. It was remarked by Glaisher that 
equation (3) is substantially given by Earnshaw, Partial Differential Equations (London, 1871), 
p. 92. See also Glaisher, Quarterly Journal, x1. (1871), p. 269, formula (9), and p. 270. 
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Nore. A result equivalent to (2) was set by Gaskin as a problem * in the Senate House 
Examination, 1839; and a proof was published by Leslie Ellis, Camb. Math. Journal, 11. 
(1841), pp. 193—195, and also by Donkin, Phil. Trans. of the Royal Soc. cxivu. (1857), 
pp. 43—57. In the question as set by Gaskin, the sign of c? was changed, so that the solu- 
tion involved circular functions instead of exponential functions. 


Next we shall prove the symbolic theorem, due to Glaishert, that 


4) (5) =a (ὁ Ζ) we: 


In operating on a function with the operator on the right, it is supposed 
that the function is multiplied by 1/z-? before the application of the 
operators 2° (d/dz). | 


It is convenient to write 


d 
Og 
z=e, eT Ὁ, 
and then to use the symbolic formula 
(5) S (3). (eZ) =e. (ὃ +.a)Z, 


in which a is a constant and Z is any function of z. 


The proof of this formula presents no special difficulties when / (9) is a polynomial in 


J, as is the case in the present investigation. See, eg. Forsyth, Treatise on Differential 
Equations (1914), § 33. 


It is easy to see from (5) that 


gph (4) = g(ptie (e-209,)p 
zdz 
= e(PTN9 {(e-3) , (e-Y) (6.399)... (e~-*3)} 
= 9 PF(S — 2p + 2) Ὁ — 29 + 4) -- 2p + 6)...3, 
when we bring the successive functions 9.39 (beginning with those on the left) 
past the operators one at a time, by repeated applications of (5). 


We now reverse the ordert of the operators in the last result, and by a 
reversal of the previous procedure we get 


ger (5) = ef POS (3 — 2) (F— 4)...  --ῶν + 2) 
= elP OT (S + 2p — 2)(3 + Qp — 4)... (3 + 2). e276] 
= eT (PHNOT (ES) (69D)... (CS), 6- P—18] 


-3.[(e 3) 25} 


* The problem was the second part of question 8, Tuesday afternoon, Jan. 8, 1839; see the 
Cambridge University Calendar, 1839, p. 319. 


1 Nouvelle Corr. Math. τι. (1876), pp. 240—243, 349350 ; and Phil. T'rans. of the Royal Soe. 
CLxXxII. (1881), pp. 803—805. 


¢ It was remarked by Cayley, Quarterly Journal, x1. (1872), p. 132, in a footnote to a paper by 


Glaisher, that differential operators of the form z¢+! £. z~4, ie. 3-a, obey the commutative law. 
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and this is the result to be proved. If we replace p by p + 1, we find that 


(6) 2 (5) =a [ες ἢ ΕΊ : 


When we transform (2) and (3) with the aid of (4) and (6), we see that 
the general solution of (1) is expressible in the following forms: 


1 (,, d\?ae%+ Be 
Pt ge? τ B'e—% 
(8) a κυ: ᾿ ie 
The solutions of the equation | 
d?y 2p dv _ 
| ds de °° = 
((3) of § 4.3], which correspond to (2), (3), (7) and (8) are 
d \Pae* + βε 
εἰ (ean (pect Icha 
(9): τ (sas) Ζ ᾿ 
| + 
(10) | v= get (5) : (ae Ξ Δ’ e-@), 
1 d \Pae* + Be-@ 
(11) υ-- (6) Se. 
1 d \P* qe + β΄ 6“ 
ay ae ad 


A different and more direct method of obtaining (7) is due to Boole, Phil. Trans. of the 
Royal Soc. 1844, pp. 251, 252; Treatise on Differential Equations (London, 1872), ch. Xvit. 
pp. 423—425 ; see also Curtis, Cambridge and Dublin Math. Journal, 1x. (1854), p. 281. 
The solution (9) was first given by Leslie Ellis, Camb. Math. Journal, τι. (1841), pp. 169, 
193, and Lebesgue, Journal de Math. x1. (1846), p. 338; developments in series were 
obtained from it by Bach, Ann. ϑοῖ. de ἢ Ecole norm. sup. (2) U1. (1874), p. 61. 

Similar symbolic solutions for the equation Δ. —c*z%4-2y=0 were discussed by Fields, 
John Hopkins University Circulars, vi. (1886—7), p. 29. 

A transformation of the solution (9), due to Williamson, Phil. Mag. (4) x1. (1856), 
pp. 364—37], is 

(13) v=cP (ξ. 3) (ae* + Be~ *). 


τς, ἊΜ when they operate on 


V1 ω 


This is derived from the equivalence of the operators 


functions of cz. 
We thus obtain the equivalence of the following operators 


woof (ZY Eco (x20) 2] 
= (cay (πρὶ, =| tl (az) <a} 


it being supposed that the operators operate on a function of cz; and Williamson’s formula 
is then manifest. 
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4:7. Lrouville's classification of elementary transcendental functions. 


Before we give a proof of Liouville’s general theorem (which was mentioned 
in § 4°12) concerning the impossibility of solving Riccati’s equation “in finite 
terms ” except in the classical cases discovered by Daniel Bernoulli (and the 
limiting form of index — 2), we shall give an account of Liouville’s* theory | 
of a class of functions known as elementary transcendental functions; and we 
shall introduce a convenient notation for handling such functions. 


For brevity we writet 
l, (z) = l(z) = Ἰορ 2, ἰ, (2) = ἰ ([ (2)), ἰ, (2) ΞΞ ἰ (ἐς (2)), ee 
61 (2) =e (2) =e’, 64 (2) =e(e(z)), 65(2) -- 6(6,(2)), ...., 
af(@a=sfa@=fflz)dz, afla=sisf)}, sf@)=s {af 2}, 


A function of z is then said to be an elementary transcendental functiont 
if it 1s expressible as an algebraic function of z and of functions-of the types 
ἰ, φ (2), 6, Ψ (2), ς,χ (2), where the auxiliary functions ¢(z), (z), χ (2) are 
expressible in terms of z and of a second set of auxiliary functions, and so on; 
provided that there exists a finite number n, such that the nth set of auxiliary 
functions are all alzebraic functions of z. 7 


The order of an elementary transcendental function of z 1s then defined 
inductively as follows: 


(I) Any algebraic function of z is of order zero§. 


(II) If f,(z) denotes any function of order r, then any algebraic function 
of functions of the types 


Lf, (2), ef, (2), sf; (2), Sr (2), Fr-i (2), ... (2) 


(into which at least one of the first three enters) is said to be of order r + 1. 


(IIT) Any function is supposed to be expressed as a function of the lowest 


possible order. Thus elf, (2) is to be replaced by f,(z), and it is a function of 
order 7, not of order r + 2. 


In connexion with this and the following sections, the reader should study Hardy, 
Orders of Infinity (Camb. Math. Tracts, no. 12, 1910). The functions discussed by Hardy 
were of « slightly more restricted character than those now under consideration, since, for 
his purposes, the symbol ς is not required, and also, for his purposes, it 1s convenient to 
postulate the reality of the functions which he investigates. | 


‘It may be noted that Liouville did not study properties of the symbol ς in detail, but 
merely remarked that it had many properties akin to those of the symbol ὦ, 


" Journal de Math. τι. (1837), pp. 56—105 ; x11. (1838), pp. 523547; tv, (1839), pp. 423456. 

t+ It is supposed that the integrals are all indefinite. 

+ ‘* Une fonction finie explicite.” 

§ For the purposes of this investigation, irrational powers of z, such as 2", of course must 
not be regarded as algebraic functions. 


112 THEORY OF BESSEL FUNCTIONS [CHAP. IV 


4°71. Liouville’s first theorem* concerning linear differential equations. 
The investigation of the character of the solution of the equation 


au 
(1) a = UX (2), 


in which x (2) is a transcendant of ordert n, has been made by Liouville, who 
has established the following theorem : 

If equation (1) has a solution which is a transcendant of order m+ 1, where 
m2>n, then either there exists a solution of the equation which 1s of order} n, 
or else there exists a solution, u,, of the equation expressible in the form 


(2) u; = py (2). fu (2), 
where f,(z) is of order μ, and the order of $,(2) does not exceed p, and μ 28 
such that n<p<m. 

If the equation (1) has a solution of ΤΥ γα -Ἐ1, let it be ἔμ (2); then 
fmsi(2) is an algebraic function of one or more functions of the types 1 fm (2), 
sfim (2), @fm (2) as well as (possibly) of functions whose order does not exceed 
m. Let us concentrate our attention on a particular function of one of the 
three types, and let it be called 6, 3 or @ according to its type. 

(1) We shall first shew how to prove that, if (1) has a solution of order 
m +1, then a solution can be constructed which does not involve functions of 
the types @ and 5. 

For, if possible, let ἔν (2) = F(z, 8), where F’ is an algebraic function of 0; 
and any function of z (other than @ itself) of order m-+1 which occurs in F — 
is algebraically independent of @. | 

Then it is easy to shew that 


ak OF 2 dfm(z) PF 
(8) τῷ ΧΟ Ξ πα τῷ de i002 
1] dfm(z)? er [ἃ ἘΞ 1. ἀιι(:) 
TAG dz} 0 E fn (2) dz Une 88. * x (2), 
it being supposed that z and 6 are the independent variables in performing 
the partial differentiations. 


The expression on the right in (3) is an algebraic function of 9 which 
vanishes identically when @ is replaced by /f,,(z). Hence it must vanish 
identically for all values of θ; tor if it did not, the result of equating it to 
zero would express f(z) as an algebraic function of transcendants whose 
orders do not exceed m together with transcendants of order 1 m +1 which are, 
ea hypothesi, algebraically independent of 0. 


* Journal de Math. tv. (1839), pp. 435—442. 
+ This phrase is used as an abbreviation of "" elementary transcendental function of order n.” 


1 dtu 
+ Null solutions are disregarded ; if τὸ were of order less than ἢ, then — ΠΩΣ would be of order 


less than n, which is contrary to hypothesis. 
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In particular, the expression on the right of (3) vanishes when @ is replaced 
by 6+ c, where c is an arbitrary constant ; and when this change is made the 
expression on the left of (3) changes into 


oo he 9 +c). x (2), 
which is therefore zero. That is to say 
(4) TIE EFD ρα, O40).x(2)=0. 


When we differentiate (4) partially with regard to c, we find that 
01 (z, 0 +c) oF (z, +c) 
Gc , dc? ᾿ 
are solutions of (1) for all values of ὁ independent of z. If we put c=0 after 
performing the differentiations, these expressions become 
aF (2,0) F(z, 8) 
06’ | eh 
which are consequently solutions of (1). For brevity they will be called 
Fy, Foo, .... 7 


Now either F and F, form a fundamental system of solutions of (1) or 
they do not. 


If they do not, we must have* 


F,= AF, 
where A is independent both of z and 6. On integration we find that 
F=e%*, 


where ® involves transcendants (of order not exceeding m+1) which are 
algebraically independent of 6. But this is impossible because 649 is not an 
algebraic function of 6; and therefore F and F, form a fundamental system 
of solutions of (1). 
Hence Fy. is expressible in terms of F and F by an equation of the form 
Fog = AF, + BF, 
where A and B are constants. Now this may be regarded as a linear equation 
in @ (with constant coefficients) and its solution is 
P= Dc + De? or F=e* (P, + 0,6}, 
where ®, and ®, are functions of the same nature as ®, while a and B are 
the roots of the equation 
ve@—-Ax—B=0. 
The only value of F which is an algebraic function of @ is obtained when — 
a=B=0; and then F is a linear function of 0. | 
Similarly, if Jmi(z) involves a function of the type 3, we can prove that 
it must be a linear function of ὃ. 


" Since F' must involve 6, Fe cannot be identically zero. 
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It follows that, in so far as fn4, (2) involves functions of the types @ and ὃ, 
it involves them linearly, so that we may write 


Far (2) = Σθ, (2) Og (2) ... Op (2). 31 (2) 3a (2)... Bq (2). Ψ»,4 (2), 
where the functions y, , (2) are of order m+ 1 at most, and the only functions 
of order m+ 1 involved in them are of the type @. 
Take any one of the terms in fm,4.(z) which is of the highest degree, quu 
function of 6,, 0.,... 9, Se,-.., and let it be 


0, (2) 0, (2) ... Op (2). 94 (2) ... FQ (Z). Ψ»,9 (2). 
Then, by arguments resembling those previously used, it follows that 


ὃ ὃ 0 ὃ ὃ 0 
EB 88, “780, ὃ, aS, 5 | fan) 
is a solution of (1); 1.6. Wp ἡ (2) is a solution of (1). 
But Wp. (2) is either a function of order not exceeding m, or else it 1s a 
function of order m+ 1 which involves functions of the type Θ᾽ and not of 
the types @ and 5. 


In the former case, we repeat the process of reduction to functions of lower 
order, and in the latter case we see that some solution of the equation is an 
algebraic function of functions of the type Θ. 


We have therefore proved that, if (1) has a solution which is a transcendant 
of order greater than n, then evther it has a solution of order n or else it has a 
solution which is an algebraic function of functions of the type ef, (2) and 
d, (2), where f,, (2) is of order μ and ¢, (z) is of an order which does not exceed μ. 


(II) We shall next prove that, whenever (1) has a solution which is a 
transcendant of order greater than n, then it has a solution which involves 
the transcendant ef, (2) only in having a power of it as a factor. 

We concentrate our attention on a particular transcendant © of the form 
οὕ, (2), and then the postulated solution may be written in the form G(z, 9), 
where G is an algebraic function of @; and any function (other than @ itself) 
of order 4 + 1 which occurs in G 15 algebraically independent of Θ. 


Then it is easy to shew that 


(5) ΩΣ G.x (2) - + 20f, (2) 2 + + (Of. op ee 


+ OL f+ (fi ONES - F-x 


The expression on the right is an algebraic function of @ which vanishes | 
when @ is replaced by ef,,(z), and so it vanishes identically, by the arguments 
used in (1). In particular it vanishes when Θ᾽ is replaced by c@, where ὁ is 
independent of z. But its value is then 

d?G (z,c@) 


dz? - G (z, c@).x (2), 
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so that 
(6) POG £9) _ Ge, 0@). x (2) =0. 


When we differentiate this with regard to c, we find that 
0G (z,c@) eG (z,c@) 
ὃ ᾿ 00 ᾿ 
are solutions of (1) for ald values of c independent οἵ z. If we put c=1, these 
expressions become 


@: 056 (z, @) 


96 (z, @) 
oe Ge 


Hence, by the reasoning used in (I), we have @G, = AG or else 
@" Goo = A®G. + BG, 


where A and B are constants. 


In the former case G = ΦΘ΄, and in the latter G has one of the values 
, 07 + Φ,Θὲ or Θυ (Φ, + ®, log Θ) = Θυ (Φ, + Of, (z)}, 


where ®, ®,, ®, are functions of z of order μ΄- 1 at most, any functions of 
order 4+ 1 which are involved being algebraically independent of @; while 
y and 6 are the roots of the equation 


a(«—1)—-Arx—B=0. 


In any case, G either contains © only by a factor which is a power of @ or else 
_ @ is the sum of two expressions which contain @ only in that manner. In the 
latter case*, 

G (2, c@) — cG (2, @) 


is a solution of (1) which contains @ only by a factor which is a power of @. 


By repetitions of this procedure, we see that, if @,, @,, ... @, are all the 
transcendants of order x +1 which occur in the postulated solution, we can 
derive from that solution a sequence of solutions of which the sth contains 
@,, ©, ... Θ, only by factors which are powers of @,, @,, ... @,; and the rth 
member of the sequence consequently consists of a product of powers of 
@,, 9, ... @, multiplied by a transcendant which is of order μὶ at most; this 
solution is of the form 


| , (2) exp ΙΣ γε log @,} : 
which is of the form ¢, (2). ef, (2). 


* If Φ, is not identically zero ; if it is, then 4, Θὲ is a solution of the specified type. 


116 THEORY OF BESSEL FUNCTIONS | CHAP. IV 


4°72. Liouville’s second theorem concerning linear differential equations. 


We have just seen that, if the equation 
d?u 
(1) Ta Ux (2) 
{in which y (2) is of order x] has a solution which is an elementary tran- 
scendant of order greater than n, then it must have a solution of the form 


pu (2) 6}, (2), 
where »>n. If the equation has more than one solution of this type, let a 
solution for which μ᾽ has the smallest value be chosen, and let it be called w,. 
Liouville’s theorem, which we shall now prove, is that, for this solution, the 
order of ἃ (log u,)/dz is equal to n. | 
Let 
d log uy 
——_ =f 
dz 
and then ¢ is of order » at most; let the order of t be N, where NV <p. 


If N=n, the theorem required is proved. If N>n, then the equation 
satisfied by ¢, namely 


(2) - += χ (2), 


> 


., 
has a solution whose order Ν᾽ is greater than n. 


Now ¢ is an algebraic function of at least one transcendant of the types 
Ufx-1(2), sfw-i (2), @fv-1 (2) and (possibly) of transcendants whose order does 
not exceed N—1. We call the first three transcendants 6, Ὁ, @ respectively. 


If ¢ contains more than one transcendant of the type 0, we concentrate 
our attention on a particular function of this type, and we write 


t= F(z, @). 
By arguments resembling those used in § 4°71, we find that, if NV >n, then 
F (z,0+¢) 
is also a solution of (2). The corresponding solution of (1) is 
exp {F'(z, 0+.) dz, 


and this is a solution for all values of ὁ independent of z. Hence, by 
differentiation with respect to c, we find that the function u, defined as 


E {exp [1 (5, θ +c) de} | 
is also a solution of (1); and we have 


τ = τῷ [19 dz, 


C=O 


so that 
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But the Wronskian of any two solutions of (1) is a constant*; and so 
ue hy = C, 
where C is a constant. 
If C=0, Fis independent of 6, which is contrary to hypothesis ; so C # 0, and 
ou= ν(Ο 7) 9)» 
Hence u, is un algebraic function of θ; and similarly it is an algebraic function 
of all the functions of the types 6 and Ὁ which occur in ἐ. 
Next consider any function of the type © which occurs in t; we write 
| t= α (5, 0), 
and, by arguments resembling those used in § 4°71 and those used earlier in 
this section, we find that the function u, defined as 


0 i 
55 | exp [G(z, cO) del 
is a solution of (1); and we have 


uz = tt, [Θ 9 dz, 
so that 
i ay 6}: 
dz ‘dz 
This Wronskian is a constant, C,, and so 
| τ = Μ{6{({Θ 69). 

Consequently wu, is an algebraic function, not only of all the transcendants of 
the types θ and ὅν, but also of those of type @ which occur int; and therefore 
u, is of order N. This is contrary to the hypothesis that 1, is of order w+1, 
where n> WN, if N>n. 

The contradiction shews that N cannot be greater than n; hence the order 
of d(log u,)/dz is n. And this is the theorem to be established. 


= u,°O Ge . 


4°73. Lrouville’s theorem+ that Bessel’s equation has no algebraic integral. 


We shall now shew that the equation 


ὧν Vat y= 
eaetegq, t+ v?)y=0 
has no integral (other than a null-function) which is an algebraic function of z. 


We first reduce the equation to its normal form 


2 + J 
(1) Tat 1-P LF v=o, 
by writing y=uzt, p=tv—h. 


* See e.g. Forsyth, Treatise on Differential Equations (1914), § 65. 

+ Journal de Math. tv. (1839), pp. 429—435 ; v1. (1841), pp.4—7. Liouville’s first investigation 
was concerned with the general case in which x (z) is any polynomial; the application (with 
various modifications) to Bessel’s equation was given in his later paper, Journal de Math. νι. 
(1841), pp. 1—13, 36. 
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This is of the form 


d?u 
aa wy (2), 
where | 
(2) χω ς-Ἐ ΡῈ 1. 


If possible, let Bessel’s equation have an algebraic integral; then (1) also 
has an algebraic integral. Let the equation which expresses this integral, w, 
as an algebraic function of z be 


(3) A(u, z)=90, 
where is a polynomial both in u and in z; and it is supposed that «οὐ is 
irreducible *. 

Since wu is a solution of (1) we have 

(4) AuuncAe πὶ 2.Au2AuAz + AnAr'e + Ayr ux (z) = 0. 

The equations (8) and (4) have a common root, and hence all the roots 
of (3) satisfy (4). 

For, if not, the left-hand sides of (3) and (4) (qua functions of u) would 
have a highest common factor other than .% itself, and this would be a 
polynomial in w and in z. Hence . would be reducible, which is contrary to 
hypothesis. 

Let all the roots of (3) be th, τῳ, ... Uy. Then, if s is any positive integer, 

Uy + Us? +... Uy? | 
is a rational function of z; and there is at least one value of s not excéeding 
M for which this sum is not zerof. 
Let any such value of s be taken, and let 


M 
= > u,,*. 


m=1 


Also let W,=s(s—1)...(s—rt+ 1). rs yd (G2), 


where r=1,2,...8. Since ἐγ, Ue,... Uy are a solutions{ of (1), it 18 easy to 
prove that | 


ὰ dW, _ 

(5) As Le 

(6) oe = Vintr(s—r+1l)x(z) Wi, (r=1,2,...8—1) 
dW, 

(7) “aa ἘΠῚ Χ (z) Υ͂..... 


* That is to say, -S has no factors which are polynomials in u or in z or in both uw and z. 
+ If not, all the roots of (3) would be zero, 
+ Because (4) is satisfied by all the roots of (3), qua equation in τε. 


΄ 
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Since W, is a rational function of z, it is expressible in partial fractions, 

so that “ Bn, 

ΡΘΕ Cae 
where A, and B,, are constants, « and Ἃ are integers, n assumes positive 
integral values only in the last summation and Ag $ 0. 

Let the highest power of 1/(z — @q) which occurs in W, be 1/(z — a,)?. 

It follows by an easy induction from (5) and (6) that the highest power of 
1((2 -- aq) in W, is 1/(z — a,)?**, where r = 1, 2,... 8. 

Hence there is a higher power on the left of (7) than on the right. This 
contradiction shews that there are no terms of the type Bn,q (2 — Gq)" in W, 
and so . 

W,= Σ A,2". 
nu=—-K 

We may now assume that A, #0, because this expression for W, must 
have a last term if it does not vanish identically. 

From (5) and (6) it is easy to see that the terms of highest degree in z 
which occur in W,, Wi, We, Ws, ... are*® 

AZ, NAA!) Anse’, VA, (3s — 2) 247, .... 
By a simple induction it is possible to shew that the term of highest degree 
in W,, is A,2*.1.3...(2r—1).8(s— 2)... (s— 2r + 2). 
An induction of a more complicated nature is then necessary to shew that the 
term of highest degree in W,,,., is 


AA, 247! 2 . 4, eee (2r). (s ὌΝ 1) ( -- 8)... (s os 2r + 1)..F, (4, eras ἐς; 4 —" 48 ; Lis 
where the suffix r+1 indicates that the first r+1 terms only of the hyper- 
geometric series are to be taken. 


If s is odd, the terms of highest degree on the left and right of (7) are 
of degrees ἃ — 2 and A respectively, which is impossible. Hence W, vanishes 
whenever 8 is odd. 

When s is even, the result of equating coefficients of z’~ in (7) is 


AdA,.s!=—2AA,.8!.F, (4, — 4s; Ὼ —4s; Τὴ» 


That is to say AA,.8!1.F, (4, — $5; 4-48; 1) =0, 
and so, by Vandermonde’s theorem, 
2.4.6... 8 
δ, ει 5 3 ey 
eae ες Gay 


The expression on the left vanishes only when 2 is zero tf. 


* It is to be remembered that the term of highest degree in x(z) is -- 1. 
+ The analysis given by Liouville, Journal de Math. v1. (1841), p. 7, seems to fail at this 
point, because he apparently overlooked the possibility of A vanishing. The failure seems in. 


evitable in view of the fact that J’ Ω 442) +d ΩΣ 1. (2) is an algebraic function of z, by §3:4. The 


subsequent part of the proof given here is based on a suggestion made by Liouville, Journal de 
Math. τν. (1839), p. 435; see also Genocchi, Mem. Accad. delle Sci. di Torino, xxi. (1866), 
pp. 299-362; Comptes Rendus, uxxxv. (1877), pp. 391—394. 
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We have therefore proved that, when s is odd, W, vanishes, and that, when 
s is even, W, is expressible in the form 
Σ Ay ger 


n=() 
where A, does not vanish. 


From Newton’s theorem which expresses the coefficients in an equation 
in terms of the sums of powers of the roots, it appears that M must be even, 
and that the equation & (u, z) =0 is expressible in the form 


2} 
(8) uM + 2 unr 38, (1/2) = 0, 


where the functions 38, are polynomials in 1/z. 


When we solve (8) in a series of ascending powers of 1.2, we find that 

each of the branches of u is expressible in the form 

Σ οι πὶ 

m=0 
where ἢ is a positive integer and, in the case of one branch at least, Οὺ does 
not vanish because the constant terms in the functions 3), are not all zero. 
And the series which are of the form 

Σ 6,.2. 

m=0 
are convergent* for all sufficiently large values of z. 

When we substitute the series into the left-hand side of (1), we find that 
the coefficient of the constant term in the result is c,, and so, for every branch, 
¢ must be zero, contrary to what has just been proved. The contradiction 
thus obtained shews that Bessel’s equation has no algebraic integral. 


4:74. On the impossibility of integrating Bessel’s equation in finite terms. 

We are now in a position to prove Liouville’s theoremt that Bessel’s 
equation for functions of order v has no solution (except a null-function) 
which is expressible in finite terms by means of elementary transcendental 
functions, if ὃν is not an odd integer. 


As in § 4-73, we reduce Bessel’s equation to its normal form 
ἄξω 
(1) dz? = UX (2), 
where y (z)=—1+p(p+1)/2 and p=+v—}. 
Now write d (log u)/dz =t, and we have 


dt, _p(pt+))_ 
(2) “ρεϑει- ἘΠῚ =0. 


* Goursat, Cours d’Analyse, τι. (Paris, 1911), pp. 278---281. Many treatises tacitly assume the 
convergence of a series derived in this manner from an algebraic equation. 
+ Journal de Math, νι. (1841), pp. 1--13, 36. 
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Since x (z) is of order zero, it follows from ὃ 4°72 that, if Bessel’s equation — 
has an integral expressible in finite terms, then (2) must have a solution 
which is of order zero, i.e. it must have an algebraic integral. 


If (2) has an algebraic integral, let the equation which expresses this 
integral, ¢, as an algebraic function of z, be 


(3) A(t, 2) =0, 
where & is an irreducible polynomial in ¢ and z. 
Since ¢ is a solution of ᾿ we have 
(4) + {x (6) -- δ) H= 
As in the corresponding 5. of § 4°73, all the branches of ¢ satisfy (4). 


First suppose that there are more than two branches of ¢, and let three 
of them be called ἐ;, t, ts, the corresponding values of ὦ (defined as exp {tdz) 
being τη, ἴω, us. These functions are all solutions of (1) and so the Wronskians 


are constants, which will be called Οἱ, αι, C;. 
Now it is easy to verify that 
Οἱ = 8 — 1 = tats y= 65 
and ἔς — t is not zero, because, if it were zero, the equation (3) would have a 
pair of equal roots, and would therefore be reducible. 
Hence Οὐ #0,.and so 
UUs = ΟἹ [({ς — te). 


Therefore u,us (and similarly u,v, and τι 1) is an algebraic function of z. 


Ugly . Uy Up 
But “m=, /——-, 
Uy Us 


and therefore u, is an algebraic function of z. This, as we have seen in § 4°73, 
cannot be the case, and so ¢ has not more than two branches. 


Next suppose that ¢ has two branches, so that «Οὐ (t, 2) is quadratic in t. 
Let the branches be U + /V, where U and V are rational functions of 2. By 
substituting in (2) we find that 


(5) ae Ur+ V=x (2), 


V'+4UV=0. 
Let V be factorised so that 
V = Az* II (z -- ας)", 


where A 18 constant, «, and Ἃ are integers, and «, and «, are not zero. 
W. Β. Καὶ, 
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From the second member of (5) it follows that 
Laan, ened, ele 
42 Σ 4 (2 -- αρ)᾽ 
and then by substituting into the first member of (5) we have — 

Kq " kg 
(6) at] ζ6-- τ le +2 Ga) sp + 4a Il (¢—a,g)"4 — χ (2) = 9. 

Now consider the principal part of the expression on the left near a,. It 
is evident that none of the numbers «, can be less than — 2, and, if any one 
of them 1s greater than — 2 it must satisfy the equation 

κεῖ t+ ἀκ, = 0, 

so that κε is 0 or — 4, which are both excluded from consideration. Hence all 
the numbers «, are equal to — 2. 


Again, if we consider the principal part near οὐ, we see that the highest 
power in V must cancel with the —1 in χ (2), so that X= — αὶ κε. 
ᾳ 


It follows that ν V is rational, and consequently «οὖ (ἐ, 2) is reducible, which 
is contrary to hypothesis. 
Hence ¢ cannot have as many as two branches and so it must be rational. 
Accordingly, let the a for ¢ in partial fractions be 
t= 5 Ane™+ = Bn, 9 
n= τα n, » G@—a) 
where A, and B,,, are constants, « and, are integers, ἢ assumes positive 
values only in the last summation and a, # 0. 
If we substitute this value of ¢ in (2) we find that 
Σ nAy,z — Σ ΒΕ mg 5 +f Σ Ane” eT ar Ὁ 41 —-PPth) 0 
Be cnive n,q (2 — Ὁ sae ( ye 23 
If we consider the principal part of the left-hand side near a, we see that 
1/(2 — aq) cannot occur in ¢ to a higher power than the first and that 
By — Bi, = 9, 
so that B= 1. 
Similarly, if we consider the principal parts near Ὁ and οο, we find that 
e=1, (A_?-A.,=p(pt+1); rA=0, A?=-1. 
Since p= +v—4, we may take A_,=— p without loss of generality. © 
It then follows that 


τ τε 2? et? ἢ (2 -- ay). 
q 
Accordingly, if we replace u by z~? e** w in (1), we see that the equation 


dw Pp 2up 
(7) art 2(+i- BY τι 3 w=0 
must have a solution which is a polynomial in z, and the constant term in 
this polynomial does not vanish. 
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When we substitute Σ ¢,,2™ for w in (7) we find that the relation connecting 
successive coefficients 18 


m(m— 2p — 1) ¢m £ 2tCm1(m — ἢ — 1) = 9, 
and so the series for w cannot terminate unless m — ἢ — 1 can vanish, 1.6. unless 
p is zero or a positive integer. 
Hence the hypothesis that Bessel’s equation is soluble in finite terms leads 


of necessity to the consequence that one of the numbers + v — 4 1s zero or a 
positive integer; and this is the case if, and only if, 2v is an odd integer. 


Conversely we have seen (§ 3.4) that, when 2» is an odd integer, Bessel’s 
equation actually possesses a fundamental system of solutions expressible in 
finite terms. The investigation of the solubility of the equation 1s therefore 
complete. 


Some applications of this theorem to equations of the types discussed in ὃ 4°3 have 
been recorded by Lebesgue, Journal de Math. x1. (1846), pp. 338—340. 


4:75. On the impossibility of integrating Riccati’s equation.in finite terms. 


By means of the result just obtained, we can discuss Riccati’s equation 
dy 


ao az” + by? 


with a view to proving that it is, in general, not integrable in finite terms. 
It has been seen (δ 4°21) that the equation is reducible to 


2 
O° ray = 0, 
where n= 94 -- ῶ; and, by § 43, the last equation is reducible to Bessel’s 
equation for functions of order 1/(2q) unless ᾳ = 0. 
Hence the only possible cases in which Riccati’s equation is integrable in 


finite terms are those in which q is zero or 1/q is an odd integer ; and these 
are precisely the cases in which n 1s equal to — 2 or to 


_ 4m 
2m+1- 


(m=0Q, 1, 2, ...) 


Consequently the only cases in which Riccati’s equation is integrable in finite 
terms are the classical cases discovered by Daniel Bernoulli (cf. § 4°11) and the 
limiting case discussed after the manner of Euler in § 412. 


This theorem was proved by Liouville, Journal de Math. vi. (1841), pp. 1—13. It 
seems impossible to establish it by any method which is appreciably more brief than the 
analysis used in the preceding sections. 
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4°8. Solutions of Laplace’s equation. 


The first appearance in analysis of the general Bessel coefficient has been 
seen (δ 118) to be in connexion with an equation, equivalent to Laplace’s 
equation, which occurs in the problem of the vibrations of a circular membrane. 


We shall now shew how Bessel coefficients arise in a natural manner from 
Whittaker’s* solution of Laplace’s equation 


es 


(1) aa T oy? + Oa υ 
The solution in question is 
(2) v=|" ff (z+ cos u + ry sin u, u) du, 


in which f denotes an arbitrary function of the two variables involved. 
In particular, a solution is 
πτ 
[ ek (2+ ixcosu+iysinu) ang any, du, 
-π 
in which & is any constant and m is any integer. 


If we take cylindrical-polar coordinates, defined by the equations 


x=pcosd, y=psin φ, 
this solution becomes 


ΐπτ π . 
ek eikecos (U—4) cog mudu = e* i etke°8” cos m (v + dh) dv, 
- τ —T 


τ 
= Qe i ete °08% aos my cos md du, 
0 


= 2 πὶ" e cos md. J m (kp), 


by § 2:2. In like manner a solution is 
ω » 
| ek (2+ tzcosut iysint) gin mudu, 
— ir 


and this is equal to 2i"esin md.Jm (kp). Both of these solutions are 
analytic near the origin. 


Again, if Laplace’s equation be transformed to cylindrical-polar coordi- 
nates, it 1s found to become 
eV 10} 1090} ΟἿ᾽ 
--ἐτε--ἐ- τς tay =9; 
op? p Opp? Of? ὃ 
* Monthly Notices of the R. A. 5. uxt. (1902), pp. 617—620; Math. Ann. ivi. (1902), 
pp. 333—341. | 


+ The simplest method of effecting the transformation is by using Green’s theorem. See 
W. Thomson, Camb. Math. Journal, tv. (1845), pp. 33-42. 
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and a normal solution of this equation of which e* is a factor must be such that 
τὸν 
V og? 

is independent of ¢, and, if the solution is to be one-valued, it must be equal 


to —m? where m is an integer. Consequently the function of p which is a 
factor of V must be annihilated by 


a@ aa a + μ- π) 
ἀρ" ρ dp pry’ 
and therefore it must be a multiple of J,, (kp) if it is to be analytic along the 
line p = 0. 
We thus obtain anew the solutions 
, 008 
e& ἔν mo. «},. (kp). 


These solutions have been derived by Hobson* from the solution e# Jo (kp) by Clerk 
Maxwell’s method of differentiating harmonics with respect to axes, 


Another solution of Laplace’s equation involving Bessel functions has been obtained by 
Hobson (ibid. p. 447) from the equation in cylindrical-polar coordinates by regarding 0/dz 
as a symbolic operator. The solution so obtained is 


cos C d 

ain Om (c z)f 
where f(z) is an arbitrary function; but the interpretation of this solution when G,, involves 
ἃ function of the second kind is open to question. Other solutions involving a Bessel 


function of an operator acting on an arbitrary function have been given by Hobson, Proc. 
London Math. Soc, xxiv. (1893), pp. 55—67; χχνι. (1895), pp. 492—494. 


4°81. Solutions of the equations of wave motions. 


We shall now examine the equation of wave motions 
(1) cA 5a ae 
ox? οὐ 023) οἱ οἵ 
in which ¢ represents the time and ὁ the velocity of propagation of the waves, 
from the same aspect. 


Whittaker'st solution of this equation is 
(2) γε] ] J (asin ucosv+ysinusiny+zcosu+ct, τι, v) dudy, 
—7r 0 


where f denotes an arbitrary function of the three variables involved. 
In particular, a solution is 
Y= [ | eittesin neces yenusin-tsconu bet) δ' (u v) dudy 
2 >] 
—rJ/ @O : 
where F denotes an arbitrary function of u and v. 


* Proc. London Math: Soc. xx11, (1892), pp. 431—449. 


Τ᾽ Math. Ann. tv. (1902), pp. 342—345. See also Havelock, Proc. London Math. Soc. (2) τι. 
1904), pp. 122—137, and Watson, Messenger, xxxvi. (1907), pp. 98—106. 
p | 
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The physical importance of this particular solution lies in the fact that it 
is the general solution in which the waves all have the same frequency kc. 


Now let the polar coordinates of (a, y, z) be (7, 8, φ), and let (w, y) be the 
angular coordinates of the direction (u, v) referred to new axes for which the 
polar axis is the direction (0, ¢) and the plane Ψ τ, passes through the 
z-axis. The well-known formulae of spherical trigonometry then shew that 


cos ὦ = cos θ cos w+ sin θ sin u cos (Ὁ — φ), 
sin u sin (v— φ) =sin ὦ sin p. 


Now take the arbitrary function F (u, v) to be S, (ὦ, v) sin u, where S,, de- 
notes a surface harmonic in (u, v) of degree n; we may then write 


Sr (u, v) = Sn (8, φ > @, vv), 
where S, is a surface harmonic* in (w, :) of degree n. 


We thus get the solution 
Vn = eitet | " μὰ 5, (0, 6; ὦ, ψ) 5ἰα wdwdy. 
Since S,, is a surface harmonic of degree n in (w, yy), we may write 
5,(8, 65 ὦ, +) = An(8, $)- Pn (cos ὦ) 
ἘΣ {An (8, 4) 008 map + Bui (θ, $)sin mop] Pym (cos o), 


where A, (6, φ), An™ (8, φΦ) and B,(™ (θ, φΦ) are independent of w and w. 
Performing the integration with respect to yp, we get 


ΤΊ, = 2me% A, (8, $)| ere P, (cos ὡ) sin ode 


= ἢ piket 2 H+ (kr) 
= (2π}} 56 V(r) A, (9, >) 
by § 3:32. 
Now the equation of wave motions is unaffected if we multiply 2, y, z and 
t by the same constant factor, i.e. if we multiply r and ¢ by the same constant 
factor, leaving 6 and ¢ unaltered; so that A, (6, φ) may be taken to be in- 
dependentt of the constant k which multiplies r and t. 


Hence lim (k-" V,,) is a solution of the equation of wave motions, that is 
Κ-0 


to say, r"A,,(@, φΦ) is a solution (independent of t) of the equation of wave 
motions, and is consequently a solution of Laplace’s equation. Hence A, (9, φ) 


* This follows from the fact that Laplace’s operator is an invariant for changes of rectangular 
axes, 
+ This is otherwise obvious, because S, may be taken independent of k. 
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is a surface harmonic of degree n. If we assume it to be permissible to take 
A,(8, ) to be any such harmonic, we obtain the result that 


etkety—t J,,,3 (kr) P,™ (cos A) ete mo 


ts a solution of the equation of wave motions*; and the motion represented by 
this solution has frequency ke. 


To justify the assumption that 4,,(6, @) may be any surface harmonic of degree x, we 
construct the normal solution of the equation of wave motions 


0 ΟΡ 1 oO : cV 1 @V ray 
ὃν {τ }}πῖο ὃ (sin 655) Ὁ are τα τ δ’ 


which has factors of the form e# se mp. The factor which involves 8 must then be of 


the form P,™(cos 8); and the factor which involves r is annihilated by the operator 


d d 
ar (7 3) —n(n+1)+kr*, 


so that if this factor is to be analytic at the origin it must be a multiple of J, 3 (br) / Jo. 


4°82. Theorems derived from solutions of the equations of Mathematical 
Physves. 


It is possible to prove (or, at any rate, to render probable) theorems con- 
cerning Bessel functions by a comparison of various solutions of Laplace’s 
equation or of the equation of wave motions. 


Thus, if we take the function 
et J, {εν (ρ᾽ + a? — 2ap cos φ)}, 


by making a change of origin to the point (a, 0, 0), we see that it is a solution 
of Laplace’s equation in cylindrical-polar coordinates. This solution has e* as 
a factor and it is analytic at all points of space. It is therefore natural to 
expect it to be expansible in the form 


ekz | Aol (kp) +2 Σ (A, cosm@ + By sin md) Jin (ke) . 
m=1 


Assuming the possibility of this expansion, we observe that the function under 
consideration is an even function of ¢, and so B,,=0; and, from the symmetry 
in p and a, A, is of the form CaJm(ka), where Cm is independent of p and a. 


We thus get 
J, jki(p? + a? — 2ap cos d)} = Σ EmCmd m (kp) Im (ka) cos md. 
m=0 
If we expand both sides in powers of p, a and cos ¢, and compare the 
coefficients of (k°pa cos $)™", we get 
Cm = 1, 


* Cf. Bryan, Nature, xxx. (1909), p. 309. 
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and so we are led to the expansion * 
J {ka/(p? + a? — 2ap cos ¢)} = Σ end (kp) Jim (ka) cos md, 
of which a more formal proof will be given in § 11:2. 

Again, if we take οἷ t+z) which is a solution of the equation of wave motions, 
and which represents a ‘wave moving in the direction of the axis of z from 
+2 ἴο -- 2x with frequency ke and wave-length 27/k, we expect this expression 
_ to be expansiblet+ in the form 
Qm\* inet So ἐπ kr) P 6 

etket Σ οὐ (Ar) Pa (cos 9), 
kr n=0 
where c, is a constant; so that 
πα Sek 
etkrcosé -- (=) Σ θεῖν n+} (kr) Pp (cos θ)). 


If we compare the coefficients of (Ar cos 8)" on each side, we find that 


ἐπ Cyt” (2n): 
oer = (20) ao τ τ ‘on τς 
n! Qt? Γ (n+ 3) 2". (n!) 
and so Cc, = n+ 4; we are thus led to the expansion} : 


} ὦ 
gikrcos@ -- (=) Σ (n +4) τη (Ar) Pr (cos 9), 


r n=0 


of which a more formal proof will be given in ὃ 11. 


4°83. Svlutions of the wave equation in space of p dimensions. 


The analysis just explained has been extended by Hobson§ to the case of 
the equation — 
ay av, δ’ τὸν 
Ort δὰ Oty? οὐ Ot?” 
A normal solution of this equation of frequency kc which is expressible as a 
function of r and ¢ only, where 
T= (a? + Le" + oot Lp"), 


must be annihilated by the operator 


ao p-lo., 
at at 


and so such a solution, containing a time-factor et, must be of the form 
etket Cs pa (ker) /(ker bP. 


* This is due to Neumann, Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 589—65. 

+ The tesseral harmonics do not occur because the function is symmetrical about the axis of z. 
+ This expansion is due to Bauer, Journal fiir Math. ivi. (1859), pp. 104, 106. 

8 Proc. London Math, Soc. xxv. (1894), pp. 49—75, 
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Hobson describes the quotient @4,p-» (kr)/(kr)#'?—) as a cylinder function 
of rank p; such a function may be written in the form 


@ (kr | p). 


By using this notation combined with the concept of p-dimensional space, 
Hobson succeeded in proving a number of theorems for cylinder functions of 
integral order and of order equal to half an odd integer simultaneously. 


As an example of such theorems we shall consider an expansion for 
J {k /(r° + a? — 2ar cos ¢) | p}, 


where it is convenient to regard ¢ as being connected with a, by the equation 
%,=rcosg. This function multiplied by e* is a solution of the wave equation, 
and when we write p = rsin ¢, it is expressible as a function of p, ¢, t and of 
no other coordinates. 


Hence 7 
: eet J {kh /(r? + a? — 2ar cos d) i p} 
is annihilated by the operator | 
Oy Pre, -δ 
Op? p Op δα ’ 
that is to say, by the operator 


δ p-10  (p—2)cos¢ ὃ 1 @ 
ot ar r?sin h ap * agit 


Now normal functions which are annihilated by this operator are of the form 


C μα» (ἄν 
“τα. 5 p, (cos $ |), 


where P, (cos ¢ ! p) is the coefficient* of a® in the expansion of 
(1 — 2a cos d + α")" ἐρ͵ 
By the reasoning used in § 4°82, we infer that 
J {k /(r? + a? — 2ar cos ¢) | p} 


1 ao 
= (kay (er ost, AnI napa (hr) Snstpas (ka) Pn (cos φ |p). 


Now expand all the Bessel functions and equate the coefficients of 
(K°ar cos $)" on each side; we find that 
ΝΕ 2" 7 A, 2° (n+4p—1) 
2tPantD(nt+dp) {QPL (n+p)? nt 4» -- 1) ’ 
so that A, = 2” (n + 4p —1) 0 (4p — 1). 


* So that, in Gegenbauer’s notation, 


Py (cos $ | p) = cip-l (cos φ). 
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We thus obtain the expansion 
Sp th / (1? + αὐ — 2ar cos Φ)} 


τ (r4a?— 2ar cos φὴ!ρ- 
9-1 DP (4-1) 2 
= EOP EDF (nt $P—V ύκη»ο (lr) Jnstp- (ka) C1?" (0086). 


An analytical proof of this expansion, which holds for Bessel functions of 
all orders (though the proof given here is valid only when p is an integer), will 
be given in § 11-4. 


4°84. Bateman’s solutions of the generalised equation of wave motions. 
Two systems of normal solutions of the equation 
τὰ δ δ᾽ δ» Δ’ 1 
Ox? O22 Ou? ὃαᾳβᾳ, οἷ Of 
have been investigated by Bateman *, who also established a connexion between 
the two systems. 
If we take new variables p, σ, χ, defined by the equations 
L,=pcosy, =a cosy, 
=psny, w%4=osiny, 
the equation transforms into 
: Ξ "VV 10V 18 }7}ὴ) 16 7 
©) lip t pat deh t leat ta be tat apt 8 OF 
A normal solution of this equation with frequency ke is 
J, (kp cos ®) J, (ko sin Φ) ef Hxtyy+ket), 


where ® is any constant. 


. 


Further, if we write 
p=rcos¢, o=rsin φ, 
so that (7, x, Ψ, $) form a system of polar coordinates, equation (2) transforms 
into 
eV 380V 18V = cotd—tangIV 
O wt ἐμ} = δῷ 
pee ore al [ΓὙ 
r?cos' 0x? sink hoy’ c? at? 
Now normal solutions of this equation which have e*#xt”tke) as a factor 
are annihilated by the operator 
eo 38 .,,1feF 0 Ty y? 
at nan tk Ἐπ ἐδ t (Cot — tan g) ας — Ee aah 


* Messenger, xxx111. (1904), pp. 182—188; Proc. London Math. Soc. (2) 111. (1905), pp. 111—123. 
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and since such solutions are expressible as the product of a function of r and 
a function of ¢ they must be annihilated by each of the operators _ 

eo 30 ,, 4(A+1) 

at : ἐμ τῶ 
yp" 


δ᾽ + (cot - — tan 6) 2 oa cos? sin? sin? Φ 


ag? op 


where ἃ is a constant whose value depends on the particular solution under 


consideration. The normal solutions so obtained are now easily verified to be 
of the form 


(kr) Janis (kr) cos" ᾧ sin’ 


x of, (eS ee Ἢ ας τ ~ +41; v+1; sin? φ) etluxtrbtket), 


+ 4ἀλ ( + 1) -- 


It is therefore suggested that 
J, (kr cos ¢ cos B) J, (kr sin ᾧ sin ®) 


is expressible in the form 


Σ ay (kr) Jory: (kr) cos sin’ ..F, (ἐΞ:“- ΟΣ rn, A at ae 1; v+1; sin *$), 
A 


where the summation extends over various values of X, and the coefficients a, 
depend on ἃ and ®, but not on x or φ. By symmetry it is clear that 


a, =b, co#® sin’ D.,F, (ἐξ -, be atl; y+1; sint® J, 


where b, is independent of ®. 


It 15 not difficult to see that 


N=h(wt+v)+n, (n =0, 1, 2,...) 
and Bateman has proved that 


D(etvt+nt+1l)Pvt+ntl) 


ae a a a! P(w+nt 1) {Pvt 1)? 


We shall not give Bateman’s proof, which is based on the theory of linear 
differential equations, but later (8 11°6) we shall establish the expansion of 
J, (kr cos ¢ cos ®) J, (kr sin ᾧ sin ®) by a direct transformation. 


CHAPTER V 
MISCELLANEOUS PROPERTIES OF BESSEL FUNCTIONS 


5:1. Indefinite integrals containing ὦ single Bessel function. 


In this chapter we shal] discuss some properties of Bessel functions which 
have not found a place in the two preceding chapters, and which have but 
one feature in common, namely that they are all obtainable by processes of a 
definitely elementary character. | 

We shall first evaluate some indefinite integrals. 


The recurrence formulae ὃ 3:9 (5) and (6) at once lead to the results 


(1) | “2He, (z)dz= 2°. 4, (2), 
(2) i 0H @, (2) de=—2-'' @,,_, (2). 


To generalise these formulae, consider 


| “21 f (2) @, (2) de; 
let this integral be equal to 
211A (2)6,(z) + Β (4) Gia (2), 
where A (z) and B(z) are to be determined. 


The result of ditferentiation 15 that 


rf (2) G,(e) 22 1A (2) G2) + AG) *E,(2)- AG) Fn (2)| 


+24) [8 (2) G4, (z) + B(z) ὦ, (2)}. 
In order that A (z) and B(z) may not depend on the cylinder function, we 
take A(z) = B’(z), and then 


f(z) = A’ (z) + 
Hence it follows that 


(3) fe {Bre)+ 


Qv+1 
Ζ 


A (2) + B (2). 


ον 


1; 
+1 B (+B ων 23, (2) dz 
= ζεῖ {8’ (2) @, (2) + Β (2) ὅκα (2)}. 

This result was obtained by Sonine, Math. Ann. xvi. (1880), p. 30, though an equivalent 
formula (with a different notation) had been obtained previously by Lommel, Studien iber 
die Bessel’schen Functionen (Leipzig, 1868), p. 70. Some developments of formula (3) are 
due to Nielsen, Vyt Tidsskrift, 1x. (1898), pp. 73—83 and Ann. di Mat. (3) vi. (1901), 
pp. 43—46. | 

For some associated integrals which involve the functions ber and bei, see Whitehead, 
Quarterly Journal, XI. (1911), pp. 3388-—340. 
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The following reduction formula, which is an obvious consequence of (3), 
should be noted: 


(4) : οὐ, (2) dz =—(p!— v*) { * #8, (2) de 
+ [A ἢ, αὶ (2) + (μ — ν) HE, (2) |. 


5°11. Lommel’s integrals containing two cylinder functions. 


The simplest integrals which contain two Bessel functions are those 
derived from the Wronskian formula of ὃ 3°12 (2), namely 


Ju (2) I-42) — Sn (2) (2) = — 2 


2 


which gives 
©) ls fp --se ΤΩ. 
(2) l crac)" «εἴτανε To: 
and similarly, from § 3°63 (1), 
(@) ii are) ΣΕ at 
ῴ l sare wy 88 Te 
©) l ae@773 Ko 


The reader should have no difficulty in evaluating the similar integrals which contain 
any two cylinder functions of the same order in the denominator. The formulae actually 


given are due to Lommel, Math. Ann. Iv. (1871), pp. 103—116, The reader should compare 
(3) with the result due to Euler which was quoted in ὃ 1:2. 


Some more interesting results, also due to Lommel *, are obtained from 
generalisations of Bessel’s equation. 


It is at once verified by differentiation that, if y and 7 satisfy the equations 


d? d?n 
“4+ Py= 0, qt 81 =9, 


Ἢ i , 
then | (P—Q)yndz=y ας τη =. 


* Math, Ann. x1v. (1879), pp. 520—536. 
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| Now apply this result to any two equations of the type of § 431 (17). If 

G,, @, denote any two cylinder functions of orders » and ν respectively, we have 
BEN A) IE} ας ἀφ, {b(2)} 
Seay cat [Sb ES - By ey See! 

_1(¢@_ φ΄ ὦ) ψ΄), Ψ΄ ἢ ς os 

2 {ra a ae ae Al μ [φ (2)} @ ψ ΟῚ 


. {[Φ΄ ὦ) 8 (φ΄ ())" aay as φ' (2)}" 
[τῷ τῶ τ τότ! Ty 


πὐρῶ τῆρον YO ar 


«Ey φ (Ὁ ὅ, ψ Ο)}.χ Peer eet iy 


where ¢ (2) and yr (2) are arbitrary functions of z. 


This formula is too general to be of practical use. As a special case, take 
φ (2) and Ψ (2) to be multiples of z, say kz and lz. It is then found that 


(7) " ω —P)z— ἘΞ a φῇ (kz) Ὁ, (lz) dz 


Ζ 


w+ {hoy Fld Ga) MOL) 
= 2 {k@u4, (ke) @, (Ie) — 1G, (kz) B41 (lz)} —  -- ») G, (kz) G, (lz). 


The expression on the left simplifies still further in two special cases (1)u=y, 
(11) ὦ =. 
If we take μεν, it is found that 
Ζ Ξ: ΕΝ φ» τς pe 
(8) i Ζ Gn (kz) 6. (iz) dz= Ζ ει (kz) On 2: ae (kz) gee (iz)} . 
This formula may be verified by differentiating the expression on the right. 
It becomes nugatory when k=1, for the denominator is then zero, while the 
numerator is a constant. 
If this constant is omitted, an application of l’Hospital’s rule shews that, 
when 1 ~k, 
(9) | " 26, (kee) @, (kee) de = -- ὧν (μα μιν (ke) δ, (ke) 
—kzG,, (kz) δ᾽, (02) — 6, (kz) Puss (kz)}- 
The result of using recurrence formulae to remove the derivates on the 


right of (9) 18 


(10) | ἐφ, (2), (ke) dz = 42 (2G, (ke) @,, (ke) — ya (ke) Puss (kz) 
— Curr (kz) Cus (kz)}. 
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Special cases of these formulae are: 
(11) | ἐπ G2 (kz) dz = 427 {G2 (kz) -- Gus (kz) ὅ,μμ (Κ2)}} 


-οἷα - Bete) + ρων, 


(12) | * 2, (ke) @_, (kz) dz = 42 (2@, (kz) Pp (ke) + Cynr (kz) @ ys (Ke) 
+ Cys: (kz) μι (kz)}, 


the latter equation being obtained by regarding e“"@, (kz) as a cylinder 
function of order — yz. 


To obtain a different class of elementary integrals take ἀρ =/ in (7) and it 
is found that 


Ζ ¢ 2) By Ἂν ΤᾺΝ k 
(13) [ Φ, (ΕΖ, (es) 45... ᾿Ξ κι ([6) Ὁ, ({2) GG) 
Ν ᾿ Ζ μ-ν 
4 Culke) G, (kz) 
μὲν ὶ 
The result of making v > » in this formula is 


αὉ [δι δι) - σε | Sos (he yee a (ke) 


2 (kz) dl 408 Eu (kz)G, (kz) 
μ 


a 
The last equation is also readily obtainable by multiplying the equations 


V.Gu(z)=0, Vy “te = Que (2) 


104 al(z) 1 
by 1) 


placing z by kz. 


- G@, (z) respectively, subtracting and integrating, and then re- 


As a special case we sand 
(8) [δ γ 55 = 5 (sas (he) Bu (ke) — Ju (ke) Bosslle)} + 5 Jot (ke) 
An alternative method - obtaining this result will be given ees 


Results equivalent to (11) are as old as Fourier’s treatise, La Théorie Analytique de la 
Chaleur (Paris, 1822), §§ 318—319, in the case of functions of order zero; but none of the 
other formulae of this section seem to have been discovered before the publication of 
Lommel’s memoir. 


Various special cases of the formulae have been worked out in detail by Marcolongo, 
Napoli Rendiconti, (2) 111. (1889), pp. 91—99 and by Chessin, Trans. Acad. Sct. of St Louis, 
XII. (1902), pp. 99—108. 
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512. Indefinite integrals containing two cylinder functions; Lommel’s 
second method. 


An alternative method has been given by Lommel* for evaluating some 
of the integrals just discussed. By this method their values are obtained in a 


form more suitable for numerical computation. 
The method consists in adding the two results 
d a = = 
dz {2° 7, (2) @, (z)} = — 2° [G. (2) @.ui (2) + Gas (2) ὅ, (2)} 
+(p+ pty) 2G, (2) G, (2), 
ἃ a = = 
is {2° Gui (2) Cran (2)} = 2° {Fy (2) @r41 (2) + Gus (2) @, (2)} 
Ἕ(ρ-τρ-ν -- 2) 2°47 EG, 4, (2) Ὁ vas (2), 
so that | 
(p+ mtv) [ 7 G,(2)G,(2)de +(p—w—v—2) [2 Spas (2)F rar (2) de 
| = 2° 1G, (2) @, (2) + uti (2) Pras (z)}, 
and then giving special values to p. 


Thus we have 
Q) | eG.) Grn (2) de 


Teer [9,) 5, (2) + Sass (2) Fra (2h 


gett 


(2) [ getvt+l Cu (2) G, (2) dz= -εέτστη 1G. (z) G, (2) + $usi (2) C vas (z);. ; 


As special cases of these 


8 [τη Cu@de=- Ὁ, [5,6 ὅν, ΟἿ] 


σ (Gi. (z)+ G@ ΜΈ] (z)}. 


(4) [ 
Again, if p be made zero, it is ἫΝ that 


"2 pars α 2 co d 
(ut 9 σι, S - ὠτνε9) | Gn) Grrl S 
= 6, (2) ὅ, (2) + Cur (ey G var (2), 
so that, i summing formulae of this type, we get 


(5) H+ Vf" Gy σι Fut vt 3m) | Oren 2) Grsn le) τ 
=G, (z ) G, (z) +2 ἋΣ Crm (2) Cis (z) + Gruen (2) Cran (2). 


* Math. Ann. x1v. (1879), pp. 530-536. 
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In particular, if ~=v=0, 
[Φ.ὠϑ.ὦ 5 
Ξ = |@ (2)G, (2) +2 = Cm (2) @m(2) + Gn (2) On @| 
where n= 1, 2, 3,.... But there seems to be no simple formula for 
ΚΜ (z) ὅ, ὦ) == 


For a special case of (1) see Rayleigh, Phil. Mag. a XI. (1881), p. 217. [Scientific Papers, 
τ. (1899), p. 516.] 


5°13. Sonine’s integrals containing two cylinder functions. 


The analysis of ὃ 5:1 has been extended by Sonine, Math. Ann. xvi. (1880), pp. 30—33, 
to the discussion of conditions that 


SSO SAG OS, fh δ) de 


may be expressible in the form 
A) Su ἰΦ OHO, NAB) Gay PHS, He} 
+O (2) Cub} rar th O4+D ©) Guys fb O} Fra YO 


but the results are too complicated and not sufficiently important to justify their insertion 
here. | 


5°14. Schafheitlin’s reduction formula. 
A reduction formula for 


[ #G,2 (2) dz, 


which is a natural extension of the formula ὃ 51 (4), has been discovered by 
Schafheitlin* and applied by him to discuss the rate of change of the zeros of 
G, (2) as v varies (§ 15°6). 


To obtain the formula we observe that 


[2m οὐ v9) B (2) dz 
| -- [Ὁ μῳ,͵ (las Sates st Ὁ, (z) dz 
=[-2#@, (2) @,' (2)] + | {eG (2) + (u + 1) 24 Ὁ (2) G (2) de 
Now, by a partial integration, 
(μ +3) | μα ἢ (2) dz -- [z+ @,? (z)] 
+2 | “2H @,! (2) (eG! (2) + (ὦ — v*) @(z)} de, 


* Berliner Sitzungsberichte, v. (1906), p. 88. 
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and so 
(u+1)| “μη @,0(2) dz = [2G (z)] + 2 Ϊ “2H (25 -- νὴ 99, (2) @ (2) de. 
Hence, on substitution, 
(u+1) | “oH (23 -- νὴ) @,2(z) de 
=[2#@C,"(2)—(u +1) 4, (2) @ (2)] 
+2 [ 2+ (9, (2) Gy (2) dz + ((ᾳ. --1} -- ον} | * gH, (2) @,'(2) de 
= [24+ @,'2(z) — (wt 1) 2.5 @,(z) G, (2) + 2448 @,2(2) 
+ {8 (m+ 1P— ν ah EY (z)] 
~ (n+) | HS 2()— (w+ 1) 8 ὡἘ1}- νὴ [CAE 4. 
By rearranging we find that 
(u +2) [6 (2)de= (ut 1) = 3+ 1 af’ C3 (2) de 
+4 [eet (2G, (4) -- ὁ (4 +1) GS, (2)}}" tet [22 — ἘΞ (μ + 1} SA (2)), 


and this is the reduction formula in question. 


5°2. Expansions in series of Bessel functions. 

We shall now discuss some of the simplest expansions of the type ob- 
tained for ($2)" in ὃ 2°7. The general theory of such ere is reserved 
for Chapter XVI. 

The result of § 2.7 at once suggests the possibility of the expansion 

+ 2n)D(wt+n 
(1) (hep = 3 ETE ΚΟ) 
which is due to Gegenbauer* and is valid when μ is not a negative integer. 
To establish the expansion, observe that 
= (es on) Tere) (42)-" Tron (2) 
is a series of analytic functions which converges uniformly throughout any 
μὰ. domain of the z-plane (οὗ ὃ 3°13); and since 


Fp 4) πύον ΟἹ] = FO Ὁ φαμεν.) ὦ Ἐπ) Seren (2) 


it is evident that the derivate of the series now under consideration is 
Γ T(etn+l 
ΡΣ, ete) us τ) nd wie -«(72) - Σ HS 7 utenti ()| a 
ἢ τα 


* Wiener Sitzungsberichte, uxxtv. (2), (1877), pp. 124—130. 
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and so the sum is a constant. When we make z-—0, we see that the constant 
is unity; that is to say 
+2n)T (n+ n 
Σ aS (42) "μην (2) = 1, 


and the required result is established. 


The reader will find that it is not difficult to verify that when the expansion on the 
right in (1) is rearranged in powers of z, all the coefficients except that of 2 vanish; but 
this is a crude method of proving the result. 


5°21. The expansion of a Bessel function as a series of Bessel functions. 


The expansion 


(1) (2), (2) = (42) “P+ 1-4) 
ς (w+ 2n) T (uw +n) 
a aoa Dw+l—p—-—n)Cvt+n+l) J uton (2) 
is a generalisation of a formula proved by Sonine* when the difference ν — μ 
is a positive integer; it is valid when μ, ν and ν -- are not negative 
integers. 

It is most easily obtained by expanding each power of z in the expansion 
of (4z»—"J,(z) with the aid of § 5:2, and rearranging the resulting double 
series, which is easily seen to be absolutely convergent. 

It is thus found that . 


ΙΓ. SOG 
(42) 7, (2) = Zoom! Γ(ν Ὁ πὶ -Ὁ Ὁ) 
gm! ΣΕ ὩΡῈΣΡ ΕἸ ΕΣ ΝΠ ΈΡ 2 
ΡΝ ἫΝ a p! J yc-2mssp (2) 
. (—)™ © (μ - 2n) Γ (w+m+n) 
=] pI Oa melee (n—m)! J aren (2) 


ΟΣ ΙΣ. Οὐ ΓΈ) 
ἜΠΕΕΝ 


C(wt+n)C(v+1—yp) 
N= niT@w+i-p —~n)T(v+n+1) 


by Vandermonde’s theorem ; and the result is established. 


kant 
n=O 


Ῥω + 21) Jason (2) 
. ίμ a5 2n) J uton(Z); 
If we put ν τε + σι, we find that 


(2) (Δ) Sat (2) = = a 


which is Sonine’s form of the result, and is readily proved by induction. 


cute Tut) γι, Oy 
Org fm ΕἸ) Futon (2 


* Math, Ann. xvt. (1880), p. 22. 
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By a slight modification of the analysis, we may prove that, if k is any 
constant, | 
δ Γ(μ Ἐ ἢ) 
3 ν cies seta AD 
(3) (dheyn*J, (ke) =e 3 oe 
Χο (etn, —n; v +1; 19) (et 2n) Syren (2). 


This formula will be required in establishing some more general expansions 
in § 11°6. 


5°22. Lommel’s expansions of (z + h)*? J, [νᾷ2 + h)}. 


It is evident that (z +h)7J, {/(z2+h)}, qua function of z+ h, is analytic 
for all values of the variable, and consequently, by Taylor’s theorem combined 
with § 3°21 (6), we have 


(1) (e+h)-¥Jd,{(V/(z +h)} = >. on “ [στ Ἰνὼ, (/2)} 
-Σ ΠΡ σ νεπ "νι (2). 


Again, (2 - ἢ) "ὦ, ὑψίς -- λ}} 1s analytic except when z+ h=0; and so, 
provided that |h|<!z!|, we have 


hm ἀκ 
ὦ) +h. (Vet) = 2 πτάτα de (V8) 
= Σ xo. gem) 7... κα (ν 2). 
m=O 
These formulae are due to Lommel*, ss we take y= -- 4 in (1) and v=} in 
(2) we deduce from § 3°4, after making some slight changes in notation, 
8 8 5 
2 δὲ 2 i" 
(3) (=) cos y(et—2et)= Σ ins (2) 
λὲ ο ym 
(4) (=) sin /(2? + 22) ἘΣ ἄτα: J ym (2), 


equation (4) being true only when |¢|<4|2). These formulae are due to 
Glaisher+, who regarded the left-hand sides as the generating functions 
associated with the functions whose order is half of an odd integer, just as 
exp {42 (t—1/t)} is the generating function associated with the Bessel co- 
efficients. 

Proofs of (3) and (4) by direct expansion of the right-hand sides have 
been given by Glaisher; the algebra involved in investigations of this nature 
is somewhat formidable. 


* Studien iiber die Ressel’schen Functionen (Leipzig, 1868), pp. 11—16. Formula (1) was given 
by Bessel, Berliner Abh. 1824 [1826], p. 35, for the Bessel coefficients. 

+ Quarterly Journal, x11. (1873), p. 136; British Association Report, 1878, pp. 469—470. Phil. 
Trans. of the Royal Soc. cixxtt. (1881), pp. 774-—781, 813. 
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‘We shall now enumerate various modifications of (1) and (2). 
In (1) replace z and h by 2? and kz*, and then 
ao (. Δ» m 
(5) J, (σν Ἐ ἔξ αι τ δὲν Σ - ΠΣ J yim (2), 
and, in particular, 


(6) J(ev2y= ae Σ CM GEN 7 a) 
If we divide (5) by (1 +) and then make & — —1, we find that 


(32) (32)™ 
μ γώ 2) m! “μη (2). 


In hke manner, from (2), 
(8) J evi ἘΠ τα ταν Σ Gy, Ge, 
provided that |k|< 1. 
If we make k > —1-+0, we find, by Abel’s theorem, 


_Jim [ + be, fe/(1 Ὁ 4}}} = ΣΈΘΕΝ a Gee J,—m (2), 


provided that εἶς series on the right is seiveen πὲ The convergence 1s obvious 
when ν is an integer. If y is not an integer, then, for large values of m, 
(-)" G2)" | _ (-)" G2) T(m—v) 
et ..- 


sin (m —v) πὶ {1 + 0(1/m)} 


z)” sin yi 
— Gey sin yn {1+0(1/m)}. 
Hence the condition for convergence is R(v)>0, and if the condition is 


satisfied, the convergence is absolute. Consequently, when R(v) > 0, and also 
when ν Is any integer, 


m= = m} mt να (2) Ξο 
In like manner, if R(v) >—1, and also when ν is any integer, we have 
. οΌ lg m 
(10) J, (2/2) = 2-4 = Gey oS ym (2). 


It should be observed that functions of the second kind may be substituted 


for functions of the first kind in (1), (2), (5) and (8) provided that jh|< | Z| 
and |k|<1); s0 that 


(11) (eA Y, [ve + hy} = Σ CEM teem vy, vey, 
m=(0 ° 

(2) (2 +A, (6:6 4}}-- Σ GO em γος (Ve), 

(13) V,fev(1+h)}=(1+ ky 3 CGE" ye), 


(14) γ lev(l+b}=a+kyre Σ SEM yey 
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These may be proved by expressing the functions of the second kind as a 
linear combination of functions of the first kind; by proceeding to the limit 
when ν tends to an integral value, we see that they hold for functions of 
integral order. 

By combining (11)—(14) with the corresponding results for functions of 
the first kind, we see that we may substitute the symbol @ for the symbol 
Y throughout. 


These last formulae were noted by Lommel, Studien, p. 87. Numerous generalisations 
of them will be given in Chapter x1. It has been observed by Airey, Phil. Mag. (6) XxxvI. 
(1918), pp. 284—242, that they are of some use in calculations connected with zeros of 
Bessel functions, 


When we combine (5) and (13), and then replace /(1 + &) by A, we find 
that, when |A?—1| <1, 


(15) @, ον)» Σ OP OP Une” 4m (2), 


and, in particular, when A is unrestricted, 
ed ow ) 7% A? os 1 m Ζ 

(16) Ree eS γε 
m=0 NM: 
These two results are frequently described* as multiplication theorems for 
Bessel functions. 

It may be observed that the result of treating (14) in the same way as (8) is that 
(when ν is taken equal to an integer 7) 

ΟΌ — 2 mm 
(17) ~(n=1)! Bfsren 3 SE” γος, Ὁ. 


An alternative proof of the multiplication formula has been given by Béhmer, Berliner 
Sitzungsberichte, x11. (1913), p. 35, with the aid of the methods of complex integration ; 
see also Nielsen, Math. Ann. L1x. (1904), p. 108, and (for numerous extensions of the 
formulae) Wagner, Bern Mittheidlungen, 1895, pp. 115—119; 1896, pp. 53—60. 


[Norg. A special case of formula (1), namely that in which v=1, was discovered by 
Lommel seven years before the publication of his treatise; see Archiv der Math. ΧΧΧντι. 


(1861), p. 356. 
His method consisted in taking the integral 


᾿ Tl cos (Er cos 6+ y7 sin θ) ἀξ dy 
over the area of the circle £?+7?=1, and evaluating it by two different methods. 


The result of integrating with respect to ἡ 18 


ce oe — πα - ἢ ἀξ 
oe "ἢ | sin (€r cos 8+ n7 sin 8) ΠΕ πεν, 
ey are (ér cos 6) sin {/(1 — ξ3). sin g, 
wifey ; r 51} 6 


nx _ \m . om { 
ξὰ 13 ore [. cos (ξ» cos 6). (1 --γνεὶ dé 


᾿ Ξ (-- )" (47 sin 6)?" Jin 41 (7 608 8) 
eer m! (r cos @ymt! ? 


* See, e.g. Schafheitlin, Die Theorie der Besselschen Funktionen (Leipzig, 1908), p. 83. 
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and the result of changing to polar coordinates (p, @) is 
l π 1 l = m1 
με te I, cos {rp cos (ᾧ -- θ)}} ρἀρ ἀφ = 5— 1" | , 98 (rp cos Φ) ράραφ 


τὰς | { 008 (6) agen == f° (1 -- ΘᾺ οὐϑ (Er) d= (rr 


If we compare these equations we obtain (1) in the case y=1 with z and A replaced by 
r? cos? 6 and 7? sin? 6.] 


5°23. The expansion of α Bessel function as a series of Bessel functions. 
From formula ὃ 5:22 (7), Lommel has deduced an interesting series of 
Bessel functions which represents any given Bessel function. 
If μ᾽ and ν are unequal, and μ is not a negative integer, we have 
. > (Ge) ἐν 
Gs 2 hay te 
_ = ("dey 
n= n! Γ(νῈ n+1) 
The repeated series is absolutely convergent; consequently we may re- 
arrange it by replacing p by m —n, and then we have 
= μα (—)"P(wet+n+1) 
= »--͵Ὲ -- Ὡς ὃς Semele 
J, (2) ee ($2) τυ κῶν (2) 12a (m = n)! Γ(ν +n+ yt ? 
and hence, by Vandermonde’s theorem, 
Γίμ ΕἸ) ς Γ(ν--ἰα  πι) (bz) 
] oe NEE εν ἀπ ΞΕ) τὸν 
(1) J, (2) Γ =p. Er (ν ἐπι - 1) m! 


-P(wtnt 1) = ae J uintp (2). 


Jat (2 ). 


This formula was given by Lommel, Studien δον die Bessel’schen Functionen (Leipzig, 


1868), pp. 22—23, in the special case μεθ; by differentiating with respect to ν and then 
putting » =0, it is found that 


Γί(μ- 1) 5. P(m— Ε 
(2) be Yo (2) Jy ()log (fe) SED OO ματα, ΚΟ 
xiv (m+1)+y(—p)— v(m—p)}, 


and, when »=0, we have Lommel’s formula 
(3) ἐπ Fo (2)=Jo (2). fy ἰὸς 46}. Σ Ge Yn) 
m=1 m.m. 
This should be compared with Neumann’s expansion given in § 3°57. 


53. An addition formula for Bessel functions. 


An extension of the formula of § 2°4 to Bessel functions of any order is 
(1) T(e+t)= Σ Sim(t) Im (2), 


where | z| <j¢|, v being unrestricted. This formula is due to Schlafli* ; and 
the similar but more general formula 


(2) C(ett)= Σ Cm(t)In(2) 
is due to Soninef. ᾿ 


* Math, Ann. ut, (1871), pp. 135—187. t Ibid. χνι. (1880), pp. 7—8. 
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It will first be shewn that the series on the right of (1) is a uniformly 
convergent series of analytic functions of both 2 and ¢ when 
lzi<r, Rejt|<A, 
where r, R, A are unequal positive numbers in ascending order of magnitude. 
When τὺ is large and positive, J, (t) Jm(z) is comparable with 


sin νπ. (4R). (r/R)™ τύ") 


and the convergence of the series is comparable with that of the binomial 
series for (1—1r/R)”. When m is large and negative (=—n), the general 
term is comparable with 
(—)" GA)" GAr)” 
Div+n+1).n! 
and the uniformity of the convergence follows for both sets of values of m by 
the test of Weierstrass. . 
Term-by-term differentiation is consequently permissible*, so that 
(5-2) Σ Sm (Ime) =_ Σ κα υκ) τυ Κῶ Sm (2) 
1 


τῷ Sma τοῦ κι) Jn) 


ἜΗΝ 
= 9 2 J y—m (t) (Im (2) = Jm+1 (z)j, 
and it is seen, on rearrangement, that all the terms on the right cancel, so 
that 
(5 - Ὁ ai GeO. 
ot δ Py pee ¥v—-M γι 
Hence, when [2] « [1], the series Σ υὑἹν- ({) οὖρι (2) isan analytic function 
m= -—-c 
of z and t which is expressible as a function of z+t only, since its derivates 


with respect to z and ¢ are identically equal. If this function be called 
F(z+t),then _ 


F(e+t)= Σ Jim(t)In(2). 


If we put z=0, we see that F'(t)=J,(t), and the truth of (1) becomes 
evident. 


Again, if the signs of ν and m in (1) be changed, we have 
9. (ἘΞ Σ (—)™I-v4m() Yim (2), 
and when this result is combined with (1), we see that 


(3) Y,(z+t)= Σ Yy—m (t) Im (2). 


* Ct. Modern Analysis, § 5-3. 
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When this is combined with (1), equation (2) becomes evident. 
The reader will readily prove by the same method that, when | z|</¢|, 


(4) Jn(t—2)= Σ Trym (t) Im (2) 
(5) ,(t-2)= Σ Cram Ὁ Im (2) 
(6) Y,(t—2)= Σ Yam (ὃ Tm (2): 


Of these results, (3) was given by Lommel, Studien tiber die Bessel’schen Functionen 
(Leipzig, 1868), when » is an integer; while (4), (5) and (6) were given* explicitly by Graf, 
Math. Ann, χιατι. (1893), pp. 141—142. Various generalisations of these formulae will be 
given in Chapter x1. 


5:4. Products of Bessel functions. 


The ascending series for the product J, (2) J,(z) has been given by various 
writers; the expansion is sometimes stated to be due to Schénholzert, who 
published it in 1877, but it had, in fact, been previously published (in 1870) 
by Schlaflit. More recently the product has been examined by Orr§, while 
Nicholson|| has given expansions (cf. § 5°42) for products of the forms 


J, (9) Yn(z) and Ym(z) Yn (2). 
In the present section we shall construct the differential equation satisfied 


by the product of two Bessel functions, and solve it in series. We shall then 
(δ 5°41) obtain the expansion anew by direct multiplication of series. 


Given two differential equations in their normal forms 


3 2 
o? + I=0, oY + Jw =0, 


if y denotes the product vw, we have 
of = owt ῶυ εὐ + ww" 
=—(I+J)y¥+2'w, 
where primes indicate differentiations with respect to z. 


* See aleo Epstein, Die vier Rechnungsoperationen mit Bessel’schen Functionen (Bern, 1894), 
[Jahrbuch tiber die Fortschritte der Math. 1893— 1894, pp. 845—846]. 

+ Ueber die Auswerthung bestimmter Integrale mit Hillfe von Verdnderungen des Integrationsweges 
(Bern, 1877), p.18. The authorities who attribute the expansion to Schénholzer include Graf and 
Gubler, Einleitung in die Theorie der Bessel’schen Funktionen, τι. (Bern, 1900), pp. 85—87, and 
Nielsen, Ann. Sci. de Ecole norm. sup. (3) xvriz. (1901), p. 50; Handbuch der Theorie der Cylin- 
derfunktionen (Leipzig, 1904), p. 20. According to Nielsen, Nouv. Ann. de Math. (4) τι. (1902), 
p. 896, Meissel obtained some series for products in the Iserlohn Programm, 1862. 

1 Math. Ann, τις. (1871), pp. 141—142. A trivial defect in Schlifli’s proof is that he uses a 
contour integral which (as he points out) converges only when R (μ Ἐν Ἐ1)»0. 

8 Proc. Camb. Phil. Soe. x. (1900), pp. 98—100. 

|} Quarterly Journal, xut1. (1912), pp. 78—100. 
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It follows that ᾿ {fy + (L+J) y} = 2υ υ' + ϑυ ὦἹ 
= — 27υιυ' —2Jv’w 
and hence γ΄ +2([4+J)y¥+(U' +d) y=(U—-J) (v'w— ow’). 
Hence, in the special case when I= J, y satisfies the equation 
(1) γ΄ + 41y' + 20'y=0; 
but, if I # J, it is easy to shew by differentiation that 


ἃ (y"4+2714+JS)y¥ τῷ! εὐ’ 
(2) Ἂ fees Ee ry, 


Ζ 


This is the form of the differential equation used by Orr; in connexion with (1), see 
Appell, Comptes Rendus, xct. (1880), pp. 211—214. 


To apply these results to Bessel’s equation, the equation has to be reduced 
to a normal form; both Orr and Nicholson effect the reduction by taking 
σφ, (9) as a new dependent variable, but, for purposes of solution in series, it 
is simpler to take a new independent variable by writing 


ad ad 
z=e’, 27,7997 
so that eA (e% — y*) J,(z) =0. 


Hence the equation satisfied by J, (2) J, (2), when μὲ # v’, 15 
d dy 20 2 dy 2 y2\2 ἡ, τὰ 
Fo get 2 — mt — v9) 72} hey + (pi yyy 0, 
that is to say | 
8) [M2 ty) 984 ὦ" ν}]ν + 40" (9 +9 +2) y=, 
and the equation satisfied by J,(z) J+, (2) 18 | 
(4) ¥ (33 — 4ν3) y + 4059 (9 +1) y=0. 
Solutions in series of (3) are | 
2 Σ (—)™ Cy 2", 
m=0 
where a= +w+vand 
αι 4 (α + 2m -- 1) (α - 2m) Cn_, ; 
oa (at mtv+2m)(atm—v+2m)(a—p+y+t+2m)(a—p—vt2m) 


If we take a= Ἐν and : 
RT at LT Ἐ1)᾿ 
we obtain the series 
= (—y" (dete Γ(μ + y+ 2m +1) 
οι ΓΙ μεν 1) ΓᾺ(μ Ἐπὶ ἘΠ τὴν Ἐ 1)" 
and the other series which are solutions of (3) are obtained by changing the 
signs of either or ν or both μ and ». 
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By considering the powers of z which occur in the product J, (2) J, (z) it 
is easy to infer that, if 2u, ὃν and 2 (μ - ν) are not negative integers and if 
p? # v®, then 
(—)™ (fz ypetete™ Γ (+ v + 2m + 1) 
Byles (= Ξο Paty Ἐηὶτ 1) Γ(μ Ἔ πὶ 1) T(v+m+l1) 
In like manner, by solving (4) in series, we find that, when 2» is not a 
negative integer, then 
Σ (-." (2) γ 3. Γ (ὧῶδν - 2ηι- 1) 
J ,* _ τον δὺο σε ete pee TY, δε τ ee AST 
(6) τς Σ mF ὧν ἐπὶ τ Ὁ (Porm lp 
and, when ν is not a negative integer, then 
(—)™(gz™" (2m)! 
GE Be) = ayo rmiDlrimel 1) 
By reasoning which resembles that given in § 4°42, it may be shewn that 


(6) holds when ν is half of an odd negative integer, provided that the quotient 
Γ (ὃν + 2m + 1)/T (ῶν +m +1) is replaced by the product (2v +m + 1)m. 


5-41. Products of series representing Bessel functions. 


It is easy to obtain the results of § 5:4 by direct multiplication of series. 
This method has the advantage that special investigations, for the cases in 
which p?= νῖ and those in which ». + ν is a negative integer, are superfluous. 

The coefficient of (—)™(4z+’t?™ in the product of the two absolutely 
convergent series 

2 (ym (dem ς (Ὁ) 42): 
mom! (w+ m+ 1) μαρπὶ D(v+n+1) 
OS OE ret ee 
neon! ΓᾺν Ἐπ: 1). (οι -- )}} Γ (Ὶ τ πι τη Ἐ 1) 
(--» 
~ mT (με πε 1)}ῳ(ν Ἐπὶ- 1),ζ0 


is 


Σ πο... (τ--ν -α ™)in_n-(— α — M)n 
" —)™(— up —v—2mM)m 
mT wtm+1yCoe+m+1) 
= (μ -τσ-ν - πὶ -- 1), 
ΠΤ (μ τ ἄν Ἐ1)Γ (ν τ πὶ Ἐ1)᾽ 
when Vandermonde’s theorem is used to sum the finite series. 


Hence, for all values of » and ν, 


(—™(feyetr (uty + m+ Dm 
(1) Jn) Io) * 2 Pm ETO τας Ὁ’ 


and this formula comprises the pias (5), (6) and (7) of § 54. | 
ει \ ae ἐν ates Cn tye ‘ 


ὶ ὩΣ ὮΝ ΩΣ } ) LA deft 7 
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This obvious mode of procedure does not seem to have been noticed by any of the 
earlier writers; it was given by Nielsen, Math. Ann. L11. (1899), p. 228. 


The series for Jy (2) cosz and ον (2) sin z were obtained by Bessel, Berliner Abh. 1824, 
[1826], pp. 38—39, and the corresponding results for J,(z)cosz and J,(z)sinz were 
deduced from Poisson’s integral by Lommel, Studien dber die Bessel’schen Functionen 
(Leipzig, 1868), pp. 16—18. Some deductions concerning the functions ber and bei have 
been made by Whitehead, Quarterly Journal, x11. (1911), p. 342. 


More generally, if we multiply the series for J, (az) and J,(bz), we obtain 
an expansion in which the coefficient of (—)™ ab” (4z)#+"?"™ is 


bad q2m—2n Aan 
_u of’ Su —po—m; vt; b?/a?) 


and so 
κὰν, (faz (462) 
(2) Ju (a2) Jv (bz) = Ty 
ee —)™ (faz) 2 (— m, —p—-m;v+l1; δ) «ἢ 
m=0 — ΔΓ ΠᾺ(μ- πι- 1) 


and this result can be simplified whenever the hypergeometric series is 
expressible in a compact form. 
One case of reduction is the case 6 = a, which has already been discussed ; 
another is the case ὦ =1a, provided that μἮ = v*. 
In this case we use the formula* 
P(a—-B+1)T 
Ga eae ἘΠ a a rGsrbtGens I) 


and then we see that 


(—)" Gaz)t™ cos dr 
(8) J, (az) I, (az) = 2 ~oPGm+l) P(t im+llotmesl) 
2 (—)™ ( 3 az)tvtam 


aeomiT@+ms lot imei)’ 


_ & __(-)* hazy 005 (J — fon) 
io Sense O° sein G+ ἐπ FDTD + om) 


(—)" (Jaz) cos (ἂν + ἡπὴ)π 
(5) J. (as) I_,(us)= Σ rea ym eT Cp dw Fd 


If we take a = et" in (3) we find that 


: (42)+4m 
(6) bers*(2) + bei,t(2)= Σ omi ΓῸ Ἐπὶ Ἐ Ὁ 0+ ὅπι Ὁ Ὁ’ 


an expansion of which the leading terms were given in § 3'8. 


* Cf. Kummer, Journal fur Math. xv. (1836), p. 78, formula (53). 
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The formulae (3), (4), (5) were discovered by Nielsen, Atti della R. Accad. det Lincez, (5) 
XV. (1906), pp. 490—497 and Monatshefte fiir Math. und Phys. x1x. (1908), pp. 164—170, 
from a consideration of the differential equation satisfied by J, (az) ν᾽ εν (62). 


Some series have been given, Quarterly Journal, xt. (1910), p. 55, for products of the 
types J,3 (2) and J,?(z) J_, (2), but they are too cumbrous to be of any importance. 
By giving y the special values + } in (2), it is easy to prove that 
ΓΟ) ; o μχνεπτ 
2sin 0)? Σ -----ς-ς- 
ΓΦ ΑΘ 2 Tr τ τὶ 


The special case of this formula in which 2» is an integer has been given 
by Hobson *. 


(7) e709 J (zsin θ) = C,,” (cos 9). 


5°42. Products involving Bessel functions of the second kind. 


The series for the products J, (2) Y,(2), Jm(z) Yn(z), and Υ,, (2) Yn(2) 
have been the subject of detailed study by Nicholson; the following is an 
outline of his analysis with some modifications. 


We have 
0 0 
Tu (2) Yn (2) = 5. Jn 2) I (2)} — (P= Sule) I}, 
where ν is to be made equal to n after the differentiations have been performed. 
Now 


ὅς (σι) Jo (2)} = 10g (42). Ju (2) Jo (2) 


Σ | (—) (τυ P(e t+ vt 2r+1) 
ro iE G@tutr et) Cwetrt 1 lv+r tl) 


Xx {wh etyt+2r+l)—p(wtvt+rt ἡ τψ τ 1} 


and 
oy (2) J_, (z)} = — log ($2). Ju (z) J_, (2) 
roo LID (w—vtrtl) Ptrti)P-vtr+)) 


«humvee Yum v tr Dy vt +} |. 


n-1 00 
We divide the last series into two parts, 2 and Σ᾽. In the former part we 
r=0 r=n 
have 
: —y+r+1) 
ha Yo et 
apie P(—v+r+1) 


* Proc. London Math. Soc. xxv. (1894), p. G6; 85:6 also Cailler, Mém. de la Soc. de Phys. de 
Genéve, xxx1v. (1902—1905), p. 316. 

+t Quarterly Journal, xii. (1912), pp. 78--100. The expansion of Jo (z) Yo (2) had been given 
previously by Nielsen, Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 21. 


=(--*(n—r-1)}, 
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while in the latter part there is no undetermined form to be evaluated. When 
r is replaced in this part by n +7, it 15 seen that 


(1) wd, (z) Y,(z)=— = TG@sred 


τ Oday (ut ntrt D> 
reo ri(ntr)i Tl Qtrtl) 


x {2 log (42) + 2p (utnt 2r+1) 
—bv(wtntrt+])—yv(wtrtl) 
—y(ntr+1l)—W(r+1)}. 


The expression on the right is a continuous function of ~ at «=m where 
m=0, 1, 2,..., and so the series for 7J,,(z) Y, (2) 1s obtained by replacing μ 
by m on the right in (1). 


The series for Y,,, (2) Yn (2) can be calculated by constructing series for 
0° J'4.4(2) J4,(2) 
ομὸν μ-π,,ν πῇ 


in a similar manner. The details of the analysis, which is extremely laborious, 
have been given by Nicholson, and will not be repeated here. 


5°43. The integral for J, (2) J, (2). 


A generalisation of Neumann’s integral (δ 2°6) for J,,?(z) is obtainable by 
applying the formula* 


πΡ(μτ-ν-- 2ηι- 1) 


ἐπ 
[ costty+2™ @ cos (μ -- v) 6d0= err D (iy +m+1)Po+mstl) 


to the result of § 5:41; the integral has this value when m= 0, 1, 2, ..., provided 
that R(w+v)>—1. 

‘It is then evident that 
oder (-—)” guty+am cost tyten θ 


2 
Ju (2) Jy (2) == = Ἂ mi Γ(ί(μ-ν-ηι -" 1) 


cos (μ -- ν)θαθ, 
so that when R(w+yv)>-—1, 
ἀπ 
(1) Jue) Io(e)== | J uv (22 cos 0) cos (μ — v) Od8; 
0 


the change of the order of summation and integration presents no serious 
difficulty. 


* This formula is due to Cauchy; for a proof by contour integration, see Modern Analysis, 
p. 268. 
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If n be a positive integer and R(u—n)>—1, then 
(2) Ju (2) , (2) = "ΠΣ a Aue (22 cos 0) cos (4 +n) 0d6, 
and this formula is also true if w and n are both integers, but are otherwise 


unrestricted. 


Formula (1) was given by Schlafli, Math. Ann. τις. (1871), p. 142, when »p+y are both 
integers; the general formula is due to Gegenbauer, Wiener Sitzungsberichte, oxi. (2a), 
(1902), p. 567. 


5°65. The expansion of (4z*” as a series of products. 


A natural generalisation of the formulae of Neumann (§2°7) and Gegenbauer 
(§ 5:2) is that 


ΠΩ ΟΡ ΑΙ) 
(1) (ἀ 2)" πΞ-Ἔ (μ -τν- Ὁ) 
x 5 ered my POPE) 5) nim ®) 
m=0 


The formula is true if ~ and v are not negative integers, but the following 
proof applies only if R(w+v+1)>—1. 
From ὃ 5:2 we have 


(z cos θ)} 1» = = Se a ee BE ἐπὶ J 442m (22 608 6). 
ae ! 


If we multiply by cos («4 -- ν) θ and integrate, it is clear from § 5°48 that 
ἐν fhr ) 
= | cos*” θ ο08 (μ -- ν) θάθ- Σ ΟΕ ΣῈ δον ἘΠ) 
wT 00 m=0 m! 
x J tn (z) J μι (2), 


and the result follows by evaluating the integral on the left; for other values 
of » and ν the result may be established by analytic continuation. 


The formulas. is at once deducible from formulae given by Gegenbauer, Wiener Sitzungs- 
berichte, LXxv. (2), (1877), p. 220. 


5°51. Lommel’s series of squares of Bessel functions. 
An expansion derived by Lommel* from the formula 


2vdJ,?(z) _ J*,_, (2) ~ νη (2) 


z dz 
is Ps ()— & 2422) CP a) 
n=0 2 dz 


so that 
: no (2) dz= | Σ (v + 2n) J*,42n @| ; 
m= 


* The results of this section will be found in Math. Ann. 11. (1870), pp. 632—633; χιν. (1878), 
p. 532 ; Minchener Abh. xv. (1886), pp. 548—549. 
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Hence, by 8511] (11), we have 
(1) 42? [.Χ15,.. (2) -- ,.., (2) (2) } = Σ Yt 20) να (z), 


on taking zero as the lower limit when R ) >0; by adding on terms at the 
beginning of the series, it may be seen that the restriction R(v) > 0 is super- 
fluous. 

If we take in turn ν = 4, y= ὃ, and add and subtract the results so obtained, 
we have (δ 9.1) 


(2) = = 3 (n (n +3)J% n+} (2), 
ἡ δὼ». τῷ 
(3) Fe - ΣΟΥ ἀπ Past (2) 
while, by taking v= 1, we see that 
(4) 42? ("ἡ (2) Ἐὐ (2)} = = (2n + 1) Jonas (2)- 


Another formula of the same type 15 ‘sited by differentiating the series 


Σ En Jin (z ) ; 
n=0 


for it is evident that 


i 2) 


£ Σ €n Jan (2) =2 = En J vin (z) J van (2) 
ΖΦ n=0 
= Σ ea Toan (2) (Svan (2) — rants (2)} 
= Jd, (2) [..Χ (2) + νι (2)} 
= Qvd7(z)/z, 
and so, when R(v) >0, we cbtain a modification of Hansen’s formula (8 2), 
namely 


(5) Σ εὐ (2) = 2p [ Taye. 
2=0 “0 t 


An important consequence of this formula, namely the value of an upper 
bound for | J, (x)}|, will be given in § 13:42. 


By taking v= 3, it is found that 
7: .ς (Οἵ 
Σ En JP nas (z) = =|" sin? ¢ rr 


n=O 
wn2t iz PZ 
-(|-2" pe sin 9ὲ σὲ 
0 Wig 


wr ft 
and so 


(6) Σ σύ, (2) = 28% (22), 
n=0 T 


where, as usual, the symbol Si denotes the “sine integral.” This result is given 
by Lommel in the third of the memoirs to which reference has been made. 
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5°6. Continued fraction formulae. 

Expressions for quotients of Bessel functions as continued fractions are 
deducible immediately from the recurrence formula given by 8.8.3 (1); thus, 
if the formula be written 


Jy (Zz) _ Lely 
σαν de Sen 
J, (2) 


‘it is at once apparent that 
J, (2) _ $2/v 1γ"{ν (ν Ἔ 1)} 427/{(v +1)(y + 2)! 


(1) Jy (2) 1 Ξ 1 == ] τ... 
t2/((v+m—1)\(vt-m)} ἐζύνρκει (2) }[([ν -Ἐ ἢ.) 
_ 1 ma Fy 4m (2) 
This formula is easily transformed into 
(2) = (z) _ 1 1 1 γεν (2) 
Jyr(z) Qv/z-2(vt+l)jz—-...-2v+m)/z— Jvem(Z) ἡ 


These results are true for oni values of v; (1) was discovered by 
Bessel* for integral values of ν. An equivalent result, due to SchlémilchT, 1s 
that, if Q, (2) = Jv4i (2)/{42 J, (2)}, then 


1 cn | 42. +2 2 Qy+m (2) 
(3) Q, (2) = v+1—vt+2—v+3-.. _—vtm— 4, 
Other formulae, given by Lommel! , are 
(4) Jvu(zZ) ὁ 23 ΝΕ 23 BJ vim (2) 
See) 2@ 41) — BOF) —2OF3)—...- 274m) — Tram (2) 
(5) J ,42(2) ἘΠ 2 2(v+1) +1) 2? 2 2S vam (2) 
J, (2) 2(v+1)—2(v+2)-.. . πο 2 Ἑ πηι) -- Tyem(2) ἡ 


The Bessel functions in all these formulae may obviously be replaced by any 
cylinder functions. 


It was assumed by Besse] that, when m-> 00, the last quotient may be 
neglected, so that 


Je(2) μεν κϑν(ν Ὁ 1} ξ2{ν Ὁ 1).ν- 3)" 


(6) .1,.. (2) ἈΞ: - 1 - ] ce 


* Berliner Abh. (1824), (1826], p:31. Formula (2) seems not to have been given by the earlier 
writers; see Encyclopédie des Sci. Math. 11. 28, § 58, p. 217. A slightly different form is used by 
Graf, Ann. di Mat. (2) xx111. (1895), p. 47. 

+ Zeitschrift fiir Math. und Phys. τι. (1857), p. 142; Schlémilch considered integral values of 
y only. 

ἐ Studien iiber die Bessel'schen Functionen (Leipzig, 1868), p. 5; see also Spitzer, Archiv der 
Math. und Phys. xxx. (1858), p. 332, and Giinther, Archiv der Math. und Phys. ἀντ. (1874), 
pp. 292—297. 


W.B. EF. 6 


154 THEORY OF BESSEL FUNCTIONS [CHAP. V 


It is not obvious that this assumption is justifiable, though it happens to 
be so, and a rigorous proof of the expansion of a quotient of Bessel functions 
into an infinite continued fraction will be given in § 9°65 with the help of the 
theory of “ Lommel’s polynomials.” 


[Norr. The reason why the assumption is not obviously correct is that, even though 


the fraction p,,/7, tends to a limit as m-» oo, it is not necessarily the case that τ ae noe == 
im ἘΠ 
tends to that limit; this may be seen by taking " 
Pm=m+sin Mm, Gm=M, an= -1.} 


The reader will find an elaborate discussion on the representation of J, (z)/J,_, (2) as ἃ 
continued fraction in a memoir*® by Perron, Miinchener Sitzungsberichte, xxxvit. (1907), 
pp. 483—504; solutions of Riccati’s equation, depending on such a representation, have 
been considered by Wilton, Quarterly Journal, xivi. (1915), pp. 320—323. The connexion 
between continued fractions of the types considered in this section and the relations con- 
necting contiguous hypergeometric functions has been noticed by Heine, Journal fir 
Math. ivi. (1860), pp. 231—247 and Christoffel, Journal fiir Math. ivi. (1861), 
pp. 90—92. 


5°7. Hansen's expression for J,(z) as a limit of a hypergeometric function. 
It was stated by Hansen+ that 


— jim (2 ean 
(1) ὠμ-- CEST F,(.,m3 941; - i): 


We shall prove this result for general (complex) values of ν and z when A and 
» tend to infinity through complex values. 


If X= 1/6, «= 1/n, the (m+ 1)th term of the expansion on the right is 


os m ( v+2m πι-- 
- Ge" Te er rh 3 1a LG +76) (1 +77). 
This is a continuous function of δ and 7; and, if δι, 7 are arbitrary positive 
numbers (less than 2 | 21), the series of which it is the (m+ 1)th term con- 
verges uniformly with respect to δ and ἡ whenever both | ὃ <8, and | 7 |<. 
For the term in question is numerically less than the modulus of the (m+ 1)th 
term of the (absolutely convergent) expansion of 


mop of (1/80, 1/90; v +1; 42°8,), 


and the uniformity of the convergence follows from the test of Weierstrass. 
Since the convergence is uniform, the sum of the terms is a continuous 


* This memoir is the subject of a paper by Nielsen, Miinchener Sitzungsberichte, xxxvitl. 


(1908), pp. 85—88. 
+ Leipziger Abh. τι. (1855), p. 252; see also a Halberstadt dissertation by F. Neumann, 1909. 
[Jahrbuch ilber die Fortschritte der Math. 1909, p. 575.] 
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function of both the variables (δ, 7) at (0, 0), and so the limit of the series is 
the sum of the limits of the individual terms; that is to say 


(ey ΚΙ τ, ἐδη, Ὁ ΟΡ 4) 
ἮΞ γά τοδί Geese 4 )= 2orr@ emery 
n~>O 


and this is the result stated. 


6°71. Bessel functions as limits of Legendre functions. 

It is well known that solutions of Laplace’s equation, which are analytic 
near the origin and which are appropriate for the discussion of physical 
problems connected with a sphere, may be conveniently expressed as linear 
combinations of functions of the type 

cos 


r™P, (cos 9), 1” P,,™(cos 6) ee mo; 


these are normal solutions of Laplace’s equation when referred to polar 
coordinates (7, 8, $). 

Now consider the nature of the structure of spheres, cones and planes 
associated with polar coordinates in a region of space at a great distance from 
the origin near the axis of harmonics. The spheres approximate to planes and 
the cones approximate to cylinders, and the structure resembles the structure 
associated with cylindrical-polar coordinates ; and normal solutions of Laplace’s 
equation referred to such coordinates are of the form (§ 4.8) 

Cos 
ett J, (kp) an mo. 
It is therefore to be expected that, when r and n are large* while @ is small 
in such a way that rsin θ (1.6. p) remains bounded, the Legendre function 
should approximate to a Bessel function; in other words, we must expect 
Bessel functions to be expressible as limits of Legendre functions. 

The actual formulae by which Bessel functions are so expressed are, in 
effect, special cases of Hansen’s limit. 

The most important formula of this type is 

(1) lim P, (cos 4 = J, (2). 


2, “» © 

This result, which seems to have been known to Neumannt in 1862, has been investi- 
gated by Mehler, Journal fiir Math. Lxvit. (1868), p. 140; Math. Ann. ν. (1872), pp. 136, 
141—144; Heine, Journal fiir Math. Lxrx. (1869), p. 130; Rayleigh, Proc. London Math. 
Soc. 1x. (1878), pp. 61—64; Proc. Royal Soc. xcu. A, (1916), pp. 483—437 [Scientific Papers, 
1. (1899), pp. 338—341 ; vi. (1920), pp. 393—397]; and Giuliani, Giorn. di Mat. Χχτι. (1884), 
pp. 236—239. The result has been extended to generalised Legendre functions by Heine 
and Rayleigh. 


It has usually been assumed that ἢ tends to infinity through integral 
values in proving (1); but it is easier to prove it when n tends to infinity as 
a continuous real variable. 


* If n were not large, the approximate formula for P,, (cos 6) would be (sin™6)/m!. 
+ Cf. Journal fiir Math. ux. (1863), pp. 36—49. 
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We take Murphy’s formula 
Py (cos 2/n) = oF, (—n, n +1; 1; sin? 42/n); 
and the reasoning of the preceding section is applicable with the slight 
modification that we use the inequality 


| sin (42/n) | < 3 | (2/n) |, 
when j z| < 2||, and then we can compare the two series 
4} (—n,n+1; 1; sin?$z/n), oF, (1/5, 1/8,+1; 1; 8,2) 22), 
where 6, is an arbitrary positive number less than §| z|-' 4nd the comparison 
is made when |n| >1/8,. The details of the proof may now be left to the reader. 


When n is restricted to be a positive integer, the series for P, (cos z/n) 
terminates, and it is convenient to appeal to Tannery’s theorem * to complete 
the proof. This fact was first noticed by Giuliani; the earlier writers took for 
granted the permissibility of the passage to the limit. 


In the case of generalised Legendre functions (of unrestricted order m), 
the definition depends on whether the argument of the functions is between 
+1 and —1 or not; for real values of x (between 0 and 7) we have 


P,-™ (cos = = tan™ (ἡ τ) ει (—n, n+1; m+1; 81η3Κ 2 


n I'(m +1) 
so that 
(2) lim n™ P,.-™ (cos =) = Jim (a), 


but otherwise, we have 


tanh” ; 
P,-™ ( cosh 4 = ety Mf, (—n, n+1; m+1; —sinh?}z/n), 
so that 
(3) lim 2™P,-™ (cosh 4 = I, (2). 


The corresponding formula for functions of the second kind may be deduced 
from the equation which expressest Q,” in terms of P,™ and ἢ, ἢ; it is 


(4) | lim eee os (cosh = =) | = Ki, (2). 


n-»o|SIn(m+n 
This formula has been given (with a different notation) by Heinej; it is most 
easily proved by substituting the integral of Laplace’s type for the Legendre 
function, proceeding to the limit and using formula (5) of ὃ 6:22. 


* Cf. Bromwich, Theory of Infinite Series, § 49. 
+ Cf. Barnes; Quarterly Journal, xxx1x. (1908), p. 109; the equation is 


sinmrsinny .. ἔμ Ρ,"» 
Ρί m n) are Qn a Γ( -- m+n) Τ' (L+m+n) 


in Barnes’ notation, which is adopted in this work. 
+ Journal! fiir Math. uxrx. (1868), p. 131. 
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Another formula, slightly different from those just discussed, is 
: ; n? + 2? ; 
(5) lim Ρ (᾿Ξ: 3} = 1. (22); 
this is due to Laurent*, and it may be proved by using the second οὗ Murphy’s 
formulae, namely 


P,, (cos 6) = cos" $6..F,(—n, —n; 1; — tan? }6). 


[Note. The existence of the formulae of this section must be emphasized because it 
used to be generally believed that there was no connexion between Legendre functions and 
Bessel functions. Thus it was stated by Todhunter in his Hlementary Treatise on Laplace's 
Functions, Lames Functions and Bessel’s Functions (London, 1875), p. vi, that “these 
[i.e. Bessel functions] are not connected with the main subject of this book.”] 


5°72. Integrals associated with Mehler’s formula. 


A completely different method of establishing the formulae of the last 
section was given by Mehler and also, later, by Rayleigh ; this method depends 
on a use of Laplace’s integral, thus 


P, (cos @) = - [" (cos 9+ 1sin σ΄ cos φ)" dd 
0 


a 1 [ δ᾽ tor cose + <sin eco09) dd. 
ἽΤ 0 
Since 


᾿ς n log {cos (z/n) + 7 sin (z/n) cos ¢} > tz cos Φ 
uniformly as n + «© when 0<¢ <7, we have at once 


lim P,, (cos z/n) = : [" εἷξ cd dd = J, (2). 
N-> © 0 


T 


Heine t and de Ball} have made similar passages to the limit. with integrals 
of Laplace’s type for Legendre functions. In this way Heine has defined 
Bessel functions of the second and third kinds; reference will be made to his 
results in ὃ 6°22 when we deal with integral representations of Y, (2). 


Mehler has also given a proof of his formula by using the Mehler-Dirichlet integral 
2 {° cos (n+}) φαφ 
ἄμε =). Jae ance 
If np=y, it may be shewn that 
2 [2 cos ψαψ 
but the passage to the limit presents some little difficulty because the integral is an im- 
proper integral. 


Various formulae have been given recently which exhibit the way in which 


“Journal de Math. (3) 1. (1875), pp. 384—885; the formula actually given by Laurent is 
erioneous on account of an arithmetical error. 


t Journal fiir Math. uxix. (1868), p. 181. See also Sharpe, Quarterly Journal, xxiv. (1890), 
pp. 383—386. 


+ Astr. Nach. cxxviu, (1891), col. 1—4. 
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the Legendre function approaches its limit as its degree tends to infinity. 
Thus, a formal expansion due to Macdonald * 18 

(1) P,-™ (cos 0) 

= (n+ $)-™ (cos $8) [Im (2) 
+ sin? $0 {42 Sings (@) — Sings (2) +427 Sings (2)} + ...], 
where 2 = (2n + 1) sin 38. 
Other formulae, which exhibit an upper limit for the error due to replacing 

a Legendre function of large degree by a Bessel function, aret 

(2) P,, (cos n) + im Qn (cos η) 

= y(sec η). δε" θέ τιαα LJ, {(n + 4) tan ἡ} + ἐγ {(n +4) tan 9] 
40, /(sec 1) 
. ᾿ς Ἐπ +H 
(3) P, (cosh 8) = (ςεἢ Ὁ) τωρ + ESS, 
(4) Qn (cosh &) = e~@*h(é- tanh ) 4/(sech £&). K, {(n + 4) tanh &} 
#0, /(sech &). e~@t+HE 
| R(n)+3 ; 

where, in (2), 0 << ἐπ, and, in (3) and (4), ξξ: Ο; the numbers @,, 6,, 0; are 
less than unity in absolute magnitude, and n may be complex provided that 
its real part is positive. But the proof of these results is too lengthy to be 
given here. 


5:73. The formulae of Olbricht. 
The fact that a Bessel function is expressible by Hansen’s formula as ἃ 
limit of a hypergeometric function has led Olbrichtt to investigate methods 
by which Bessel’s equation is expressible as a confluent form of equations 
associated with Riemann’s P-functions. 
If we take the equation 
2 yy 
of which a fundamental system of solutions is the pair of functions 
z*J,(z), 2 Y,(2), 
and compare the equation with the equation defined by the scheme 
a, 06, σ, 
Ρ - β, 0, | ; 
a, BY, γ, 
* Proc. London Math. Soc. (2) x11. (1914), pp. 220—221; some associated results had been 
obtained previously by the same writer, Proc. London Math. Soc. xxx1. (1899), p. 269. 
+ Watson, Trans. Camb. Phil. Soc. xxu. (1918), pp. 277—-308; Messenyer, xiv. (1918), 


pp. 151—160. 
+ Nova Acta Caes.-Leop.-Acad. (Halle), 1888, pp. 1—48. 
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namely 
d?y posse CASE ee 
dz? Ζ-- αὖ 2 ---ὖ = z—c jdz 
+{* (a—b)(a—c) | BB Cees a) MOD) 
z2-a z—b Z—-C 


eS See a ee 
* @— a) (z — 6) (2-6) 0, 


we see that the latter reduces to the former if 
a=0, a=v—p, A=—-V—yp, 
while ὁ, c, 8, 8’, γ, γ΄ tend to infinity in such a way that β - β΄ and y+¥ 
remain finite (their sum being 24+ 1) while BB’ = yy = 40? and b+c=0. 
We thus obtain the scheme 
0, 2:8, --21ιβ, 
lm PJ v—p, 8, Y 2); 
B-ro 
πν--μ, -β, Y> 
where y, γ΄ Ξε μ τ ὁ Ἐ νί( +4) + BY. 
Another similar scheme is 


—vV—p τπ 8 ἢ γ΄, 
with the same values of γ and γ' as before. 
A scheme for J, (2) derived directly from Hansen’s formula 18 


0, oO , — 4αβ, 
lim P) ἀν, α- ἂν, 0, 2h. 
p>=) ἰ- ἂν, β-- ἄν, νε1-α-β. 


Olbricht has given other schemes but they are of no great importance and 
those which have now been constructed will be sufficient examples. 


Nots. It has been observed by Haentzschel, Zeitschrift fiir Math. und Phys. XXX. 
(1886), p. 31, that the equation 
αν -ξ μὲν, 
ur 


du? 
whose solution (§ 4°3) is ut@, (hu), may be derived a confluence from Lamé’s equation 


= =[(v? -- 4) {0 () το οι) — AP ly, 


when the invariants gg and g3 of the Weierstrassian elliptic function are made to tend to 
zero. 


CHAPTER VI 


INTEGRAL REPRESENTATIONS OF BESSEL FUNCTIONS 


6:1. Generalisations of Poisson’s integral. 


In this chapter we shall study various contour integrals associated with 
Poisson’s integral (§§ 29, 3:3) and Bessel’s integral (§ 2.2). By suitable choices 
of the contour of integration, large numbers of elegant formulae can be obtained 
which express Bessel functions as definite integrals. The contour integrals will 
also be applied in Chapters vil and VIII to obtain approximate formulae and 
asymptotic expansions for J,(z) when z or ν is large. 


It happens that the applications of Poisson’s integral are of a more 
elementary character than the applications of Bessel’s integral, and accordingly 
we shall now study integrals of Poisson’s type, deferring the study of integrals 
of Bessel’s type to ὃ 6:2. The investigation of generalisations of Poisson’s 
integral which we shall now give is due in substance to Hankel *. 


The simplest of the formulae of § 3:3 is § 8.9 (4), since this formula contains 
a single exponential under the integral sign, while the other formulae contain 
circular functions, which are expressible in terms of two exponentials. We 
shall therefore examine the circumstances in which contour integrals of the type 


ὃ 
” | eit Tdt 
a 


are solutions of Bessel’s equation; it is supposed that 7' is a function of ὁ but 
not of z, and that the end-points, a and ὦ, are complex numbers independent 
of 2. | 


The result of operating on the integral with Bessel’s differential operator 
V,, defined in ὃ 81, is as follows: | 


6 ὃ b 
v, Ὁ | οἶδ rat} = "Ὁ | et T(1 — Ὁ) dt + ὧν + 1)ierh{ ett Tet 


a . 


b ὃ 
== 3g"! Ga T(e= 1)| + ier [ et ὦν +1)7t- as {7 ( -- 1} dt, 


* Math. Ann. 1. (1869), pp. 473—485. The discussion of the corresponding integrals for Iy (2) 
and K,(z) is due to Schlafli, Ann. di Mat. (2) 1. (1868), pp. 232-242, though Schlafli’s results 
are expressed in the notation explained in § 4:15. The integrals have also been examined in great 
detail by Gubler, Ziirich Vierteljahrsschrift, xxx. (1888), pp. 147 —172, and, from the aspect of 
the theory of the linear differential equations which they satisfy, by Graf, Math. Ann. xiv. (1894), 
pp. 235—-262 ; Lv1. (1903), pp. 432—444. See also de la Vallée Poussin, dnn. de la Soc. Sct. de 
Bruxelles, xx1x. (1905), pp. 140—143. 
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by a partial integration. Accordingly we obtain a solution of Bessel’s equation 
if T, a, ὃ are so chosen that 


Sire -- 1)} = (2 +1) Tt, e T(e- »| = 


The former of these equations shews that 7 is a constant multiple of 
(#?— 1)’, and the latter shews that we may choose the path of integration, 
either so that it is a closed circuit such that e(#—1)”*+? returns to its 
initial value after ¢ has described the circuit, or so that e# (3 — 1)» Ὁ ὁ vanishes 
at each limit. 


A contour of the first type is a figure-of-eight passing round the point 
t=1 counter-clockwise and round t=—1 clockwise. And, if we suppose 
temporarily that the real part of z is positive, a contour of the second type is 
one which starts from + 007 and returns there after encircling both the points 
— 1, +1 counter-clockwise (Fig. 1 and Fig. 2). If we take a, b= +1, it is 


Fig. 1. 


Fig. 2. 


necessary to suppose that R(v+4)>0, and we merely obtain Poisson’s 
integral. 

To make the many-valued function (¢? — 1)» ἢ definite*, we take the phases 
of ¢—1 and ¢+1 to vanish at the point A where the contours cross the real 
axis on the right of t= 1. 

We therefore proceed to examine the contour integrals 

(1+, -1-) (-1+,1+) 
af eee—ietd, | eiet (6 -- 1γντὸ dt, 


τοὺ 


* It is supposed that ν has not one of the values 4, §,$;...; for then the integrands are analytic 
at +1, and both integrals vanish, by Cauchy’s theorem. 
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It is to be observed that, when R(z)> 0, both integrals are convergent, 
and differentiations under the integral sign are permissible. Also, both 
integrals are analytic functions of ν for all values of ν. 

In order to express the first integral in terms of Bessel functions, we 
expand the integrand in powers of z, the resulting series being uniformly 
convergent with respect to ¢ on the contour. It follows that 

(lt, -1-) 00 (1t+,-1-) 
” [. et (2 -1)-4dt= Σ i em (#2 -- 1γν- ἀξ, 


m=0 


ym ΖΡ αι} 


m! 


Now ¢™(#— 1)" ἢ is an even or an odd function of ¢ according as m is even 
or odd; and so, taking the contour to be symmetrical with respect to the origin, 
we see that the alternate terms of the series on the right vanish, and we are 
then left with the equation 


fe izt (42 — 1 )»-4 di = 9 Σ ( a () -- 1)ν- αἱ 
a οἰ (2? — 1) “82 Sori, (ὃ -- 1Ὁ 


-- (—)martem (“* 

m=() (2m) /0 
on writing ἐπε γα; in the last integral the phases of ὦ and u—1 vanish when 
u is on the real axis on the right of u=1. 


um-t(u—1)"-* du, 


To evaluate the integrals on the right, we assume temporarily that 
R(v+4)>0; the contour may then be deformed into the straight line 
from 0 to 1 taken twice; on the first part, going from 0 to 1, we have 
u—1=(1—u)e-*, and on the second part, returning from 1 to 0, we have 
u—1=(1—1u)et*, where, in each case, the phase of 1 — u is zero. 


We thus get 


r(i+) 1 
| u™—* (yu — 1)» du = [6- (τ ἢ tt — el ney { u™—4(1—u)y-* du 
υ 0 


C(m+4)0(v +4) 
Γι ἘνΈῈ1) — 


= 22 cos vir 


Now both sides of the eqnation 

(1+) T'(m 

i yn (u — 1)» τὲ du τ 21 COS ν7Τ D(m+4s)P+$) 

0 I (m+v+1) 
are analytic functions of ν for all values of »; and so, by the general theory of 
analytic continuation*, this result, which has been proved when & (v +4) >0, 
persists for ald values of ν. 

* Modern Analysis, 85 ὅ. The reader will also find it possible to obtain the result, when 

R (v+4)~<0, by repeatedly using the recurrence formula 


(+) ,.-ἢ ek m+vtnu+1 (A+) ,, 
-1)"t"~2 du =~ LOR! u™—-b iy — yyy πῈὶ 
[ u (u-1) u Fine 10 u (u%- 1) du, 


which is obtained by integrating the formula 
d | 
Th fymts (u—1)teth — ον Ἐν ἐπε τὶ (ω -- ΡΠ Ἐς (vtn+t) u™—* (nu — 1» 1κ5- : 


the integral is then expressed in terms of an integral of the same type in which the exponent of 
u—1 has a positive real part. 
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Hence, for all* values οὖν, 


(i+,-1-) | , (- —)m νυν νι I'(m + $) 
ν izt — 1\-4 :Ξ gee a net τὰν σον 1.2 
Ζ is e# (2 —1)-§ αὐ τε 2 σοι νπ. Γ(ν +4) 2 γα τ 1) 


= νειν Γ() Cw + $) cos vr. J, (2). 
Therefore, if ν + 4 1s not a positive integer, 
r(y- ν). ($2)" aa fa Le ll izt (1,12... 1λ)ν-ὶ 
(1) J, (2) = a Da) Σ e' (27 -- 1-4 αἱ, 
and this is Hankel’s generalisation of Poisson's integral. 


Next let us consider the second type of contour. Take the contour to lie 
wholly outside the circle |¢|=1, and then (¢?— 1)" 1s expansible in a series 
of descending powers of t, uniformly convergent on the contour; thus we have 

Β( —vtm) 
??—] ν-ἰ - Σ Ee) fey i— om 
( ) m=0 7: 11 (ἐ = v) 
and in the series the phase of t lies between — 3m and + ἐπ. 


Assuming+ the permissibility of integrating term-by-term, we have 


(-14,1+) — 2 2 T(4—v+m) [{-1},11} ; 
2” ett (72 — ] ν--ὀ αἱ _ > - οἷ - - f2v—1—2am οἶζί dt. 
ν᾿ ( ) mao πὶ (ἐ -- ν) 
But 
(-1+, 1+) (0+) 
| ane et di = (—)mt 6 "τὶ gnaw | (-- θὲ ο-ὉἩἍ du, 
ot οὐ expta 


where a is the phase of z (between + $7); and, by a well-known ἰοσταυ ας, the 
last integral equals — πὶ. (2m — ὃν + 1). 
Hence 


- i 1+) eitt ( — 1-4 dt = 5 Qart (--}.»" 6 rr τυ t2m P (4 — y+ m) 


fen m-o m!ID(4-—v) DP (Qm— ῶν +1) 
Dv+l are ο΄ "πὶ Γ() 
oy 


when we use the duplication formula§ to express I‘ (2m — Ὅν + 1) in terms of 
I'(g—v+m) and [(—v+m-+1). 


* If y —4 is a negative integer, the simplest way of evaluating the integral is to calculate the 
residue of the integrand at u=1. 


(-1+,1+) 


+ To justify the term-by-term integration, observe that J | et dt | is convergent; let 


iro J 
its value be K. Since the expansion of (t? ~ 1)’~3 converges uniformly, it follows that, when we 
are given ἃ positive number e, we can find an integer Mp independent of t, such that the remainder 
after M terms of the expansion does not exceed e/K in absolute vaiue when }1 > My. We then 
have at once 
| aa Paid (Ee ἡγτξαι- geet ded Ὁ ται ee ἀπ gral oe Δι 

oe m=o πε Γ (ἢ -- ν) 


-1+,1+ 
<¢eK™ ate ΕΝ 
or J 
and the required result follows from the definition of the sum of an infinite series. 
Ζ Cf. Modern Analysis, § 12-22. § Cf. Modern Analysis, § 12°15. 
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Thus, when #(z)>0 and ν + ὁ 15 not a positive integer, 
Γ(! -- νὴ ονπὶ (1 σὴν [(-18,1.} 
(2) J_,(z)= a = et (5 — Ἰὴν τὸ αἱ. 
This equation was also obtained by Hankel. 
Next consider 
(-1+,1+) 
| eizt ( = 1y-3 dt, 
οοὐὗ exp( — iw) 
where ὦ is an acute angle, positive or negative. This integral defines a function 
of z which is analytic when 
—ir+o@<argz<jrt+o; 
and, if z is subject to the further condition that | arg z| < ἐπ, the contour can 
be deformed into the second of the two contours just considered. Hence the 
analytic continuation of J_,(z) can be defined by the new integral over an 
extended range of values of arg z; so that we have 
(8) τὰ, (2) - Γ ‘i = (42)” τον 
πὶ Τ (4) i exp(—iw) 
where arg z has any value between — ἐπ + ὦ and ἐπ + ὦ. 
By giving ὦ asuitable value*, we can obtain a representation of J_, (z) 
for any assigned value of arg z between — 7 and 7. 


When αὶ (z)>0 and & (ν +4) >0 we may take the contour to be that shewn in Fig. 3, 


et (?? a 1-3 dt, 


Fig. 3. 


in which it is supposed that the radii of the circles are ultimately made indefinitely small. 
By taking each straight line in the contour separately, we get 


-,ν »νπὶ v 0 : 


-1 
+/ ett e 7 3wi(v~}) (1 ΜΒ ἐ)ν-ὀΑὶ αἱ 
0 


1 
+f ett ο--πὲ(ν-- 4) (1 ~ 22)” 4 dt 


~1 
0 

+ | ett οπὶ(ν - 4) (1 — 22)" 4 αἱ 
1 
wot 

+{ ett ett(v— 4) (1 — ἐδ)ν--ἰ ἃ i 
0 


* If | w| be increased in a series of stages to an appropriate value (greater than 47), a repre- 
sentation of J—,(z) valid for any preassigned value of arg z may be obtained. 
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On bisecting the third path of integration and replacing ¢ in the various integrals by 2, 
—t, +t, t, it respectively, we obtain a formula for J_,(z), due to Gubler*, which corre- 
sponds to Poisson’s integral for J, (2); the formula is 

2 ($2)" ie — σέ 2\v— [ — Ξ))»-ὶὰ | 
(4) J_,(z)= =FO4hTO) sin va ᾿ e-2t (1422)-4 dt+ | cos (γέ Ἑ νπὴ. (1 --- ε3)ηντ-ὸ dt 
and, if this be combined with Poisson’s integral, it is found that 

παρ κῳ to hae | 

5 Y,, (2) ΞΞ.-- ---ξς sin (zt). (1 —¢)"-4 dt -- at (1422-hdt 
a formula which was also discovered by Gubler, though it had been previously stated by 
Webert in the case of integral values of ν. 


After what has gone before the reader should have no ditficulty in obtaining a formula 
closely connected with (1), namely 


=P Ger (π ᾿Ξ 
(6) J, (2) ΞΞ- ir) ᾿ (ἐξ -- 1)» τ ὁ cos (at). dt, 
in which it is supposed that the phase of 3 -" 1 vanishes when ¢ is on the real axis on the 


right of ¢=1. ὃ 


6°11. Modifications of Hankel’s contour integrals. 


Taking R(z) > 0, let us modify the two contours of ὃ ΟἽ into the contours 
shewn in Figs. 4 and 5 respectively. 


Fig. 4. | Fig, 5. 
By making those portions of the contours which are parallel to the real 


* Ziirich Vierteljahrsschrift, xxx. (1888), p. 159. See also Graf, Zeitschrift fiir Math. und 
Phys. xxxvrit. (1893), p. 115. 

+ Journal fiir Math. uxxvi. (1873), p.9. Cf. Hayashi, Nyt Tidsskrift for Math. xx1u1. B, (1912), 
pp. 86—90. The formula was examined in the case »=0 by Escherich, Monatshefte fiir Math. 
und Phys. 11. (1892), pp. 142, 234. 
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axis move off to infinity (so that the integrals along them tend to zero), we 
obtain the two following formulae: 


a σῳ-Γ4-9. 4} 


(+) (-1-) 

x | ei (βδ — 1)"-3 dt + | 65 (72 — ])r-3 at| 
1---οοὐ ~l+awi 

ΙΝ ( ἘΝ νὴ ονπὶ (42)” 


he. ee 


(—1+) 
1 


(1+) | . 
x [ et (2? -- 1)» τὸ dt + [ et (ἢ -- 1)» } αι ὶ 
| 14007 wd 


μι -“- 


In the first result the many-valued functions are to be interpreted by taking 
the phase of #—1 to be 0 at A and to be + π᾿ at B, while in the second the 
phase of ?—1 is 0 at A und is — 7 at B. 

To avoid confusion it is desirable to have the phase of ¢— 1 interpreted 
in the same way in both formulae; and when it is supposed that the phase of 
—1is+at B, the formula (1) is of course unaltered, while (2) is replaced by 


8) σον τ τ τ 


πος Ὑ ED ae | ae 
x fen| et (27 -- 1)"—-3 dt + Eel e (2? — 1)»—-4 dt |. 
1+07 


—l+az 


pes a 


In the last of these integrals, the direction of the contour has been reversed 
and the alteration in the convention determining the phase of #—1 has 
necessitated the insertion of the factor 6- 3(ν - ὃ) τὸ 

On comparing equations (1) and (8) with § 3°61 equations (1) and (2), we 
see that 


raat Vp . ἡ 1 ) . 

) Ht (0) = Ra | pa Oa 
- ν). » f(-1-) . 

(5) H,® (2) me eee ett ( -- 1)» ὁ dt, 


unless ν is an integer, in whith case equations (1) and (3) are not independent. 


We can, however, obtain (4) and (5) in the case when ν has an integral 
value (n), from a consideration of the fact that all the functions involved are 
continuous functions of ν near y=n. Thus 


HH, (2) = lim A,” (2) 


= lim r 4- a 9. ne ett (21-1 dt 
ὩΣ mn r+). 
= Γ i he [ie (β os 1γ5-ὲ dt, 


and similarly for H,,* (z). 
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As in the corresponding analysis of § 6:1, the ranges of validity of (4) and 
(5) may he extended by swinging round the contours and using the theory of 
analytic continuation. 


Thus, if — 4a < w < $7, we have 


1 Ἐπ Γ( -- ν). (gz) [OP izt [Ξ..--1Ὲν -- : 
(6) H," (2)= at T (4) Po cevecie a 1) ee 


while, if — ὅπ < w < ἐπ, we have 


Γ( -- ν). ((2})» (61>) ; 5 
7 H,® (2) = “+ eft ([β —1)”-} dit, 
τ ( at I (4) is exp (—iw) ( ) 
provided that, in both (6) and (7), the phase of z lies between — 4a ὦ and 
πω. 


Representations are thus obtained of 17,0) (2) when arg z has any value 
between —7r and 27, and of H,®(z) when arg z has any value between 
— 2π and π. | 


If w be increased beyond the limits stated, it is necessary to make the contours coil 
round the singular points of the integrand, and numerical errors are liable to occur 
in the interpretation of the integrals unless great care is taken. Weber, however, has 
adopted this procedure, Math. Ann. xxxvit. (1890), pp. 411—412, to determine the for- 
mulae of ὃ 3°62 connecting H,() (.-- 2), H,2)(—z) with H," (2), Hl) (2). 

Note. The formula 27Y, (z)=A,)(z)—H,)(z) makes it possible to express Y, (2) in 
terms of loop integrals, and in this manner Hankel obtained the series of ὃ 3°52 for 
Y,.(z); this investigation will not be reproduced in view of the greater simplicity of 
Hankel’s other method which has been described in § 3°52. 


6°12. Integral representations of functions of the third kind. 


In the formula § 6:11 (6) suppose that the phase of z has any given value 

between — 7 and 27r, and define @ by the equation 
arg z=w + B, 

so that -- ἐπ < β « Κπ. 

Then we shall write 

| t-l=e%" 2 (-- u), 
so that the phase of ~ wu increases from — 7+ 8 to 7 +8 as ¢ describes the 
contour; and it follows immediately that 
ἡ τὰ ΓΞ I ee. ρους ( or 
(Ι) ͵ #A,() ὮΝ 7 χὰ | e~" (— u)*-t 14+ 2, du, 

where the phase of 1 + }7u/z has its principal value. Again, if 8 be a given 
acute angle (positive or negative), this formula affords a representation of 
H," (z) valid over the sector of the z-plane in which 


coexp 7p 


—47r+B8<argz<fr+B. 
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Similarly *, from § 6°11 (7), 
ay tL (fv) δ ατένπ τ πὶ (04) 
ὦ) H,"@)= Mo | co 


where β is any acute angle (positive or negative) and 
—ir+B<argz<hr4+8. 

Since, by 8 3°61 (7), H_,“ (2) = ον τὸ H," (2), it follows that we lose nothing 
by restricting ν so that R(v+4)>0; and it is then permissible to deform 
the contours into the line joining the origin to 0 exp7@, taken twice; forthe 
integrals taken round a small circle (with centre at the origin) tend to zero 
with the radius of the circlet. 

On deforming the contour of (1) in the specified manner, we find that 

8. HM) =(2) Tih ~ 5 weet ew (LE de 


Zi 2z 
where 8 may be any acute angle (positive or negative) and 
R(v+4)>0, -$r7+B<argz<3r+8.. 
In like manner, from (2), 
(4) Ho (2) 2 ( 2 ) et ὦ--νπ--}η) ie ip 
° D(v+s) Jo 
where 8 may be any acute angle (positive or negative) and 
R(v+4)>0, —$r+B<argz<4ir+8. 


The results (3) and (4) have not yet been proved when ὃν is an odd positive integer. 
But in view of the continuity near »=7+4 of the functions involved (where n=0, 1, 2, ...) 
it follows, as in the somewhat similar work of § 6°11, that (3) and (4) are true when y=, 
#,4,..... The results may also be obtained for such values of ν by expanding the integrands 
in terminating series of descending powers of z, and integrating term-by-term; the formulae 
so obtained are easily reconciled with the equations of § 3:4. 


ὩΣ δ" (- ἐ)»τὸ (1 -- =). du, 


au\’—4 
tues (1H) ay 
Tz | 


The general formulae (8) and (4) are of fundamental importance in the 
discussion of asymptotic expansions of εν (2) for large values of |z|. These 
applications of the formulae will be dealt with in Chapter vi. 

A useful modification of the formulae is due to Schafheitlin§. If we take 
arg z= £8 (so that arg z is restricted to be an acute angle), and then write 
u = 22 cot 6, it follows that 


Qvt ov ὁπ cas ν-ὶ 6. et (z—-v0+36) 
(1) ee he τους, —————_____-— p22 cot Ὁ 
© ΗΟ τ τυ Το τότ τσ λα, 
ΟνἪ ov ἐπ cos’-# θ : et (Z—-v 9 +46) 
(2) Se ils ee ὙΠ ἈΒΒΡΘΝΝ ee cob) 
Oy AMOS shG4 bra) [ smvng oa, 


* To obtain this formula, write 
t+lsze ἐπὲ, πὶ (- ἡ, t-1=2e7 (1 - ziu/z). 
Τ There seems to be no simple direct proof that 
0 1 = 
r a») [' en ® (uy (a + a πὴ 


coexp ἐβ 
is an even function of ν. 


{ Cf. Modern Analysis, § 12°22. ἃ Journal fiir Math. cxtv. (1894), pp. 31—44. 
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and hence that 


Qvti pv i cos’—4 8. sin (2 — vO + $0) e~22 cote 
(7) J(2= To+hHra)! —  sinvtg sa 


2¥+1 )ν [ ἐπ cos’? θ. cos (2 — νθ + $0) 
~ Pvt4)TQ) 'o sin?” +) 9 


These formulae, which are of course valid only when R(v + })>0, were 
applied by Schafheitlin to obtain properties of the zeros of Bessel functions 
(δὲ 15°32--15-35). They were obtained by him from the consideration that the 
expressions on the right are solutions of Bessel’s equation which behave in the 
appropriate manner near the origin. : 


e2zcot θ αθ. 


(8) Y,(z)= 


do 
The integral [: 6. μντὶ (14 u)*—4 du, which is reducible to integrals of the types 


occurring in (3) and (4) when » =», has been studied in some detail by Nielsen, Math. Ann. 
LIX. (1904), pp. 89—102. 


The integrals of this section are also discussed from the aspect of the theory of asymp- 
otic solutions of differential equations by Brajtzew, Warschau Polyt. Inst. Nach. 1902, 
nos. 1, 2 [Jahrbuch iiber die Fortschritte der Math. 1903, pp. 575—577]. 


6°13. The generalised Mehler-Sonine integrals. 


Some elegant definite integrals may be obtained to represent Bessel functions 
of a positive variable of a suitably restricted order. To construct them, observe 
that, when z is positive (=z) and the real part of v ts less than ἢ, it is per- 
missible to take ὦ = ἐπ in ὃ 611] (6) and to take w =— ἔπ in § 611 (ἴ), 0 
that the contours are those shewn in Fig. 6. When, in addition, the real part 
of ν is greater than — }, it is permissible to deform the contours, (after the 
manner of ὃ 612) so that the first contour consists of the real axis from +1 
to + o taken twice while the second contour consists of the real axis from 
—1 to -- οὐ taken twice. 


Fig. 6. 


We thus obtain the formulae 


Γ ν TaN leas : 
| Ho) (a) = top Ge a — e-2—Hni) | est (42 -- 1γ)ν- ἀξ, 


Ἵ 
[1.5 (x) =_ --- Sana — err) [Ὁ —tat (ὃ = 1)»-ὲ dt, 


the second being derived from ὃ 6:11 (7) by replacing ὁ by —t. 
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In these formulae replace ν by —v and use the transformation formulae 
given by §3°61(7). It follows that, when 2 >0 and —}< R(v)< $, then 


= 4! @)= sary day h ei 
— = ΤΟΙΣ ΩΝ Gare 

ὥς 4@=rg=areaer | eT 

7 V@=- a=Hrande | @ 


Of these results, (3) was given by Mehler, Math. Ann. v. (1872), p. 142, in the special 
case v:=0, while Sonine, Math. Ann. xvI. (1880), p. 39, gave both (3) and (4) in the same 
special case. Other generalisations of the Mehler-Sonine integrals will be given in § 6:21. 


6°14. Symbolic formulae due to Hargreave and Macdonald. 


When &(z)>0 and & (ν +34) > 0, it is evident from formula § 6°11 (6) that 
(42)” 1 τῸ 
AY (2) =——> ὕὔᾧ iet (1 — ἢ)» τ-ἰ αἱ 
©) P(+3) PE) J ites” ae 
where the phase of 1 -- 3 lies between 0 and -- ἐπ. 
If D denotes (d/dz) and f is any polynomial, then 
F (it). οἷ = f (D) οἷ 


and so, when v +4 is a positive integer, we have 


ΝΙΝ ᾿ 
BO @)=5G +4)FQ) oe {(1 + }ὲἧγν -ὶ eit} dt 
eee: 2a ae ee 
arco ia el 
___(4)”"—— ν δίῃ 2-- 0082 
Potpray ον -.: 


When ν- ὁ is not a positive integer, the last expression may be regarded as a symbolic: 
representation of H,()) (z), on the understanding that f(D) (e+*/z) is to be interpreted as 


£1 
i etst fF (et) αἱ. 
+1404 
iis ($2)” , sin 2—-2C08S2 
(1) H,() προς τῷ (14+ D*)"-+ --:.-ς-- 
and similarly | | 
(2) H,® = rw (14 Day—2 58 τ COs 8 
so that i. 
(22) yo, 5182 
(3) J, (@)== σεῦτ (1+?) 
(4) Υ͂, (2) -Ξ ω- pee) J eee + Dye pct eee. 


Γ(ν +4) (4) 
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The series obtained from (4) by expanding in ascending powers of D does not converge 
unless it terminates; the series obtained in a similar manner from (3) converges only 
when &(v)> 3. 

The expressions on the right of (3) and (4), with constant factors omitted, were given 
by Hargreave, Phil. Trans. of the Royal Soc. 1848, p. 36 as solutions of Bessel’s equation. 
The exact formulae are due to Macdonald, Proc. London Math. Soe. xx1x. (1898), p. 114. 

An associated formula, valid for all values of ν, is derivable from ὃ 6°11 (4). If isany 
positive integer, we see from the equation in question that 


H,?) @- TG er |e (t2—1)"-"-4(—)™. (14 22)» eM dt 


1+oi 
_(=PTG=»): (32)" 1 Oe cc ee renee 
so that mir (3) ae J rors : a 
ῳ,.. Pw+$—%). (Δ) αὐ τω ἢἢ 
(5) i; Oe TEE (14+ D?)" {(g2)?"" HO” (2h. 


A similar equation holds for the other function of the third kind, and so 
P (vy +3 — "). 32)” 2\n "-ν 

(6) G, )-- “6 ἘΦ 5 δ᾽ (1 DOM (de? G0 ©) 

This result, proved when ἢ (z) >0, is easily extended to all values of z by the theory of 
analytic continuation; it was discovered by Sonine, Math. Ann. xvi. (1880), p. 66, when 
vy=n,and used by Steinthal, Quarterly Journal, xvVItl. (1882), p. 338 when v=n+4; in the 
case when ν τεῦ - ὁ the result was given slightly earlier (without the use of the notation 
of Bessel functions) by Glaisher, Proc. Camb. Phil. Soc. 111. (1880), pp. 269-271. A proof 
based on arguments of a physical character has been given by Havelock, Proc. London 
Math. Soc. (2) τι. (1904), pp. 124—125. 


6°15. Schldfli’s* integrals of Poisson’s type for I,(z) and K, (2). 
If we take ὦ = ἐπ᾿ in ὃ 61 (3) and then replace z by 72, we find that, when 


| arg z|< ἐπ, 
— v) eri (Zz) fort) 


(1) 1,(2)= B58 “ 


and the phase of ἐξ — 1 at the point where ¢ crosses the negative real axis 1s — 27. 


6. τ (ἢ -- 1)» ἀξ; 


Fig. 7. 


If we take R(v+4)>0 to secure convergence, the path of integration 
may be taken to be the contour of Fig. 7, in which the radii of the circles 
may be made to tend to zero. We thus find the formulat 


Γ —yp ονπὶ ν ᾿ a) 
TG@)\= ep la -- σ-οτῇ [ ee ly tdt 


1 
+ 4 (6. "τὸ + 6 Ξ»τὸ [. ez! (1 ed t?\v-4 at}, 


* Ann. di Mat. (2) τ. (1868), pp. 239—241. Schlafli obtained the results (1) and (2) directly 
by the method of § 6-1. + Cf. Serret, Journal de Math. 1x, (1844), p. 204. 
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in which the phases of ¢?—1 and of 1 — # are both zero. Now, from ὃ 3°71 (9), 
we have 


___ 2) Dee ΕΣ 

(2) 1,0) τα ἬΤΦ |, 6553  -- #)"-4 αἱ, 
and so 

(3) Ly(e)- 1.) =P G=Msnen GY ("eae aya 
that is to say* 

(4) K,(2)= U eee a et (2 — 1)»- dt, 
whence we obtain the formula 

(5) K, (2) = ΠΑΡ | wa “£0088 sinh θάθ, 


a result set by Hobson as a problem in the Mathematical Tripos, 1898. The 
formulae are all valid when R(v+4)>0 and jargz|<4a. The reader will 
find it instructive to obtain (4) directly from § 611 (6). 


6°16. Basset’s integral for K, (az). 

When = is positive and z is a complex number subject to the condition 
| arg z|< ἀπ, the integral for H'? (aze#*) derived from ὃ 611 (6) may be written 
in the form 

. Γ(νἘ 3). (ξ 27)" (G+) et dit 
π΄ (azei*') = = Bas [.. (@—1yt? 
Now, when R(v)>-— 4, the integral, taken round arcs of a circle from p to 
petinm—tsrez tends to zero as p > ©, by Jordan’s lemma. Hence, by Cauchy’s 
theorem, the path of integration may be opened out until it becomes the line 
on which R(zt)=0. If then we write zt =1u, the phase of — (u?/z*)— 1 1s --π 
at the origin in the u-plane. 
It then follows from § 3°7 (8) that 


K, (az) = ἔπιο ἐντὶ HY (xze***) 


ie Γ(ν + ἐ). (ξ 52)" (ζ 522} " [ "οὐ g—x2t ft 
= IG) J aye @aly? 
ΓΚ τ ἐξ). (22) [ ez dy, 
~ Der P(A) Je (ut aye te 
and so we have Basset’s formula 
Ξ Γ (ν -- 5). (2 2)» [5 cos au. ἀμ 
(1) K, (@z) = ws Was i (u2 + φ)ν τ ’ 
valid when R(v+4)>0, ὦ » 0, [τρ 2] «ἐπ The formula was obtained by © 
Bassett, for integral values of v only, by regarding K,(2) as the limit of 


* The integral on the right was examined in the case v=0 by Riemann, Ann. der Physik und 
Chemie, (2) xcv. (1855), pp. 130—139. 
+ Proc. Camb. Phil. Soc. v1. (1889), p. 11; Hydrodynamics, 11. (Cambridge, 1888), p. 19. 
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a Legendre function of the second kind and expressing it by the corresponding 
limit of the integral of Laplace’s type (Modern Analysts, § 15°33). The formula 


for K,,(«z) is obtainable by repeated applications of the operator ΔΕ : 


Basset also investigated a similar formula for I, (xz), but there is an error 
in his result. 


The integral on the right in (1) was studied by numerous mathematicians before Basset. 
Among these investigators were Poisson (see ὃ 6°32), Journal de l’ Ecole Polytechnique, 1x. 
(1813), pp. 289-241; Catalan, Journal de Math. v. (1840), pp. 110—114 (reprinted with 
some corrections, Mém. de la Soc. R. des Sci. de Lnége, (2) x11. (1885), pp. 26—31); and 
Serret, Journal de Math. vill. (1843), pp. 20, 21; 1x. (1844), pp. 193—210; Schlémilch, 
Analytischen Studien, τι. (Leipzig, 1848), pp. 96—97. These writers evaluated the integral 
in finite terms when ν +4 is a positive integer. 

Other writers who must be mentioned are Malmstén, A. Svensku V. Akad. Handl. τιχτι. 
(1841), pp. 65 —74 (see § 7°23) ; Svanberg, Nova Acta Reg. Soc. Sci. Upsala, x. (1832), p. 232 ; 
Leslie Ellis, Trans. Camb. Phil. Soc. vitt. (1849), pp. 213—215; Enneper, Math. Ann. VI. 
(1873), pp. 360—365 ; Glaisher, Phil. Trans. of the Royal Soc. cLxxit. (1881), pp. 792— 
815; J. J. Thomson, Quarterly Journal, xviii. (1882), pp. 377—381; Coates, Quarterly 
Journal, Xx. (1885), pp. 250—260; and Oltramare, Comptes Rendus de I’ Assoc. Francaise, 
XXIV. (1895), part τι. pp. 167—171. : 


The last named writer proved by contour integration that 


“ροϑαμ ἂν. — (—)*-1 9 αὐτὶ /e~tz/p 
ο (ulate 221 (n— 1)! Ldpe-1\ Jp le 
2 ae αὐτὶ ¢@—-xep 
= 3-1 way Lappy ,.ν 
The former of these results may be obtained by differentiating the equation 


[ coszu.du πο 5 ΝΜ» 


0 wep 2zJ/p ° 
and the latter is then obtainable by using Lagrange’s expansion. 


6°17. Whittaker's* generalisations of Hankel’s integrals. 
Formulae of the type contained in ὃ 3°32 suggest that solutions of Bessel’s 
equation should be constructed in the form 
23 | "git T dt. 
It may be shewn by the ΤΡ ΤΕ of § 6:1 that 


Oa ; aT q 
V, {=| et rat} = E οἴ (1 — Δ) ia _ ier | 
δ. a*T aT’ 
— af etc — t*) aa 2t + (v? — ἢ ΤΊ at, 
and so the integral is a solution if 7' is a solution of Legendre’s equation for 


functions of order ν — } and the values of the integrated part are the same at 
each end of the contour. 


* Proc. London Math. Soc. xxxv. (1903), pp. 198—206. 
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If 7’ be taken to be the Legendre function Q,_,(¢), the contour may start 
and end at +0vexp(— ἴω), where ὦ is an acute angle (positive or negative) 
provided that z satisfies the inequalities 


—trt+o<argz<irt+o. 


If T be taken to be P,_,(¢), the same contour is possible; but the 
logarithmic singularity of P,_,(¢) at t=—1 (when v— ξ is not an integer) 
makes it impossible to take the line joining —1 to 1 as a contour except in 
the special case considered in § 3°32; for a detailed discussion of the integral 
in the general case, see § 10°5. 


We now proceed to take various contours in detail. 


First consider 
(—1+, 1+) Μ 
a | et Q,_,(t) dt, 

οὐ ὁ exp (—ia) 
where the phase of ¢ 1s zero at the point on the right of t=1 at which the 
contour crosses the real axis. Take the contour to lie wholly outside the circle 
|¢|= 1 and expand Q,-,;(¢) in descending powers of ἐ. It is thus found, as in 
the similar analysis of ὃ 671, that 


\b ρ- ἐνερ) πὸ c(-14,14) 
νι λα ea | of exp (—iw) i δ τὺ 
and therefore | 
_ (galt eto bes — - 
(2). J_,(z) = ease ΠΥ Q_,-3 (4) αἱ. 


If we combine these formulae and use the relation* connecting the two 
kinds of Legendre functions, we find that 


(4z)t ed ἢ τί 7: 1+) 
a 1‘ (4) cos vir 


(3) H,® (z) = 


eit P yt (t) dt. 


οὐ ¢exp ( -- ἰω) 


Again, consider 7 
(i+) ; 
zt οἷ Q,_3 (t) dt; 
/ ortexp (—tw) 
this is a solution of Bessel’s equation, and, if the contour be taken to lie on the 
right of the line R(t)=a, it is clear that the integral is O {z+ exp(—a|z/|)} as 
2-. τ οὖ. Hence the integral is a multiple of H,% (2). Similatly by making 
z > — 1, we find that 
(-14) . . 
a] et Q, 4 (t) dt 
at exp (—iw) 
* The relation, discovered by Schlafli, i8 


tan ππ 
nw 


P, (z) {Qn (2) - Q -n-1 (z)} } 


ef. Hobson, Phil. Trans. of the Royal Soc. cuxxxvu. (1896), p. 461. 
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is a multiple of H,(z). From a consideration of (1) it is then clear that 


A e~h(v ts) wif (1+) . 
(82) ᾿ οἷ ῳ,. (t) dt, 


(4) H,™ (2) - a (4) . οοὐ exp (—tw) 


(Qz)h ο- Ὁ" th τὸ p(-14) 7 
Θ (z) = —_____—_ ize QO, _ χ (ὁ) dt, 
(5) H, (2) τ Γ() ar, ῳ ε( ) 
and hence, by § 3°61 combined with Schlafli’s relation, 
aya Gntaerin ΠΣ ay | 
(6) A, (2) a I’ (4) cos vir J οἵοχρ ay By —4() αἱ; 


this is also obvious from (8). 
The integral which differs from (6) only by encircling the point + 1 instead 
of — 1 is zero since the integrand is analytic inside such a contour. 


In (5) and (6), arg (¢+ 1) vanishes where the contour crosses the real axis 
on the right of —1, and, in (5), arg(¢—1) is — 7 at that point. 


6°2. Generalisations of Bessel’s integral. 


We shall next examine various representations of Bessel functions by a 
system of definite integrals and contour integrals due to Sonine* and 
Schlaflit. The fundamental formula which will be obtained is easily reduced 
to Bessel’s integral in the case of functions whose order is an integer. 

We take Hankel’s well-known generalisationt of the second Eulerian 
integral 

1 1 [Ὁ 
C(tm+l) I _, 
in which the phase of ¢ increases from — 7 to π᾿ as ¢ describes the contour, and 
then 


t{-¥-—m-1 ef dt, 


Ep bey Ger § [PPG wae 


m=0 miLTw+m+t 1) πὶ m=0/ -τ οὐ m! 
Consider the function obtained by interchanging the signs of summation 
and integration on the right; it is 


(0+) 
{ t~’—exp car dt. 


This is an analytic function of z for all values of z, and, when expanded in 
ascending powers of z by Maclaurin’s theorem, the coefficients may be obtained 
by differentiating with regard to z under the integral sign and making z zero 
after the differentiations§. Hence 

(0+) 2 ao (_.\m 2m (0+) 
| t~¥-1 exp {'-4 dt= > age | t~¥—m-1 ef dt, 


m=O m! 


—2 

* Mathematical Collection, v. (Moscow, 1870); Math. Ann. χνι. (1880), pp. 9—29. 

t dnn. di Mat. (2) v. (1873), p. 204. His memoir, Muth. Ann. ut. (1871), pp. 184—149, should 
also be consulted. In addition, see Graf, Math. Ann. νι. (1903), pp. 423—432, and Chessin, Johns 
Hopkins University Circulars, x1v. (1895), pp. 20—21. 

t Cf. Modern Analysis, § 12°22, § Cf. Modern Analysis, §3 5°32, 4°44, 
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and so we have at once 


(1) J, (2) =S& fl 


(0+) 
t-”’—lexp ar dt. 

This result, which was discovered by Schlafli, was rediscovered by Sonine; 
and the latter writer was the first to point out its importance. 

When | arg z| < ἐπ, we may swing round the contour about the origin until 
it passes to infinity in a direction making an angle arg z with the negative 
real axis. 

On writing ¢ = $zu, we then find that, when | arg 2] < ἐπ, 


2 στ. fo wr d 
(2) 2 aks ei exp {8#(u- 3) . 
This form was given in Sonine’s earlier paper (p. 335). 


Again, writing w =e”, we have 
(3) J. (z) a ox ezsinhw— vw day 
ἡ πὶ} ὦ ᾿ 


«-πὶ 


valid when |argz|<4a. This is the first of the results obtained by Schlafli. 


In this formula take the contour to consist of three sides of a rectangle, as 
in Fig. 8, with vertices at οὐ — mt, — πὶ, πὶ and 2 + 77. 


Fig. 8. 


If we write ὁ ἢ πὶ for w on the sides parallel to the real axis and + 76 for w 
on the lines joining 0 to + πὶ, we get Schlajli’s generalisation of Bessel’s integral 


(4) J,(z)= : [cos (νθ — zsin θ) dé — = [ eo vimsennt di, 
Tso Tw 0 


valid when | arg z|< ἐπ. 

If we make arg z > + 47, the first integral on the right is continuous and, 
if R(v) > 0, so also is the second, and J, (2) is known to be continuous. So (4) 
is still true when z is a pure imaginary if Κα (ν) is positive. 

The integrals just discussed were examined methodically by Sonine in his 
second memoir; in that memoir he obtained numerous dca‘te integrals by 

appropriate modifications of the contour. For example, if Ψ be an acute angle | 
(positive or negative) and if 
—hrt+y<argz<tr— 
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the contour in (3) may be replaced by one which goes from οὐ — (a -- Ψ) ὑ to 
xo+(r+y)t. By taking the contour to be three sides of a rectangle with 
corners at οὐ -- (π -- ψ), -- (π -- ψ)ὺ, (π +) 1, and οὐ + (4+) 1, we obtain, 
as a modification of (4), | 


—vib fr 
(5) J, (2) = { οἴ δ ψ 088 cos (vO — z cos W sin 6) dé 
0 
_ ew” sin vr [ 
ἀπο απο ἢ | 
Again, if we take y to be an angle between 0 and 7, the contour in (3) may 


be replaced by one which passes from οὐ — (ἐπ + y)i to 0 + (40+) i, and 
so we find that 


1 Gale 
(6) J, (2) = = | cos (νθ ~— z sin 6) dé 
0 


e—2sinh (t+ ty) — vt dt. 


+= | e—zsinhtsing—vt sin (Ζ cosh ὁ cos Ψ' — ᾧ νπ — vw) dt, 
0 


provided that | arg z| is less than both and 7 — Ψ. | 
When R(v)>0 and z is positive (=2), we may take Ψ =0 in the last 
formula, and get* 


ἀπ οὐ 
(7) ὑ,, (α) Ξε =| cos (νθ — ὦ sin 6) dé + 1 6." sin (x cosh t — $v7) dt. 
᾿ 0 0 


Another important formula, derived from (1), is obtained by spreading out 
the contour until it is parallel to the imaginary axis on the right of the origin; 


by Jordan’s lemma this is permissible if R(v) > — 1, and we then obtain the 
formula | 


(8) | J, (2) = Gey ieee exp μ - it dt, 


2 6-- εὐ 


in which c may have any positive value; this integral is the basis of many of 
Sonine’s investigations. 


Integrals which resemble those given in this section are of importance in the Investiga- 
tion of the diffraction of light by a prism; see Carslaw, Proc. London Math. Soc. xxx. 
(1899), pp. 121—161; W. H. Jackson, Proc. London Math. Soc. (2) 1. (1904), pp. 393—414 : 
Whipple, Proc. London Math. Soc. (2) χνι. (1917), pp. 94—111. 


6°21. Integrals which represent functions of the second and third kinds. 


If we substitute Schlafli’s integral § 6-2 (4) for both of the Bessel functions 
on the right of the equation 


Y, (z)=J,(z) cot vw — J_, (2) cosec v7, 
we find that 


aw Y,(2)=cot vr | pr (v8 — zsin 0) dé — cosec vir | ae (6 + 2 sin 0) dd 
0 0 
— cos vr i 7 ο΄ vt—zsinh ¢ αἱ a [ evt—zsinhé dy. 
0 0 


“Cf. Gubler, Math. Ann. xi1x. (1897), pp. 583—584. 
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Replace θ by π —6@ in the second integral on the right, and it is found on re- 
duction that 


(1) Y,()= 2 | “sin (z sin -- v0) dé — - | “(ert + 6" cos pir) e~2sinht df, 
0 0 


a formula, practically discovered by Schlafli (who actually gave the correspond- 
ing formula for Neumann’s function), which is valid when | arg z |< ἐπ. 


By means of this result we can evaluate 
1 [Ὁ Ἐπὶ 
τος, | ezsinh w—vw day 
TJ ὦ ᾿ 


when | arg z|< ἐπὶ for we take the contour to be rectilinear, as in Fig. 9, and 


TT 


0 
Fig. 9. 


write —t, 10, t+ πὶ for w on the three parts of the contour; we then see that 
the expression is equal to 


ent 


οῦ 
| e—vt—zsinht dt, 
πὶ 0 


Zi. gvt-zsinht ἠέ + =| οἱ (zsin 0—v6) dé + 
πὺ 0 


and this is equal to J, (z)+7Y,(z) from formula (1) combined with § 6:2 (4). 
Hence, when | arg z|< ἐπ, we have 


οὐ Ἐπὶ 
(1) ae sinh 2—yw 
(2) H, (2) ΕΞ e dw, 


(3) H, (2) (z)= = ΕΝ “ᾳ-πτ Ὁ dw. 


Formulae equivalent to these were discovered by Sommerfeld, Math. Ann. XLVII. (1896), 
pp. 327—357. The only difference between these formulae and Sommerfeld’s is a rotation 
of the contours through a right angle, with a corresponding change in the parametric 
variable; see also Hopf and Sommerfeld, Archiv der Math. und Phys. (3) xvitl. £1911), 
pp. 1-16. 


By an obvious change of variable we may write (2) and (3) in the forms 
(4) HO (== [ “een wr exp Ἷ ω-Ὁ}} ἴω 


(5) H,® (z) reas i [ προ δυις, ds exp μ (u -7)| du ; 


6°21] INTEGRAL REPRESENTATIONS 179 


the contours are those shewn in Fig. 10, emerging from the origin and then 


bending round to the left and right respectively; results equivalent to these 
were discovered by Schlafii. 


Fig. 10. 


[Nots. There is no difficulty in proving these results for integral values of ν, in view 
of the continuity of the functions involved ; cf. ὃ 6°11.] 


We proceed to modify the contours involved in (4) and (5) to obtain the 
analytic continuations of the functions on the left. 


If ὦ is an angle between — 7 and 7 such that | ὦ — argz|< ἐπ, we have 


0 exp (π -- ο)ὴ ὲ 
(6) HH, (2) --. u-*-l exp [- (u -*) du, 
Oexp tw 
and : 
1 f2exp (—3r—w) 4 1 
(3) = --- συν ΞΕ 
(7) H,® (2) = τ ΑΒΕΝ u-* exp {4 (u wt du, 


the contours being those shewn in Fig. 11 and Fig. 12; and these formulae 
give the analytic continuations of the functions on the left over the range of 


Ο 
Fig. 11. Fig. 12. 


values of Ζ for which w—}47< argz<w+47; and ὦ may have any value 
between * — 7 and 7. 


* If |w| were increased beyond these limits, difficulties would arise in the interpretation of 
the phase of u. 
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Modifications of (2) and (3) are obtained by replacing w by w + 427; it is 
thus found that* 
e —hynt β ἀπὲ ᾿ 
(8) A,” (z) Ξε — | eizcosh w-vw doy 


-o—}ni 


_2 ime 


οὐ ἐπὶ 
| eZ cosh ¥ cosh yw. dw, 
0 


Her [ οὐ -- ὁ πὶ 


πὶ 


“ὦ "πὶ 


(9) H,® (z)= 


πὶ 


--ὁ πὶ ; 
ΞΞ { ezcosh τ cosh yw. dw, 
ye 0 


provided that | arg Ζ] «ἔπ. 

Formulae of special interest arise by taking z positive (= x) in (6) and (7) 
and —1< R(v)<1. A double application of Jordan’s lemma (to circles of 
large and small radius respectively) shews that, in such circumstances, we may 
take ὦ τε ἐπ in (6) and ὦ =—47 in (7). It is thus clear, if u be replaced by 
+ re, that 


—hvni fa —hyri fo 
(10) ae Yoana dt = ze | 615 cosht cosh vt. dt, 
- 0 
4 hvwi fo ; 
(1 1) H,® ( 2) = an! τ oy e—izcosh t—vt (ἠέ -- — “δ΄ | e~zeosht φορῇ yt. dt, 
—o 0 


and hence, when « > 0 and —1 « R(v)< 1, we have 


(12) J, (2) = 2 [ sin (ὦ cosh t — 4v7r). cosh vt dt, 

(13) Y,(2)= -= | "cos (a cosh t—4v7r). cosh vt. dt; 
and, in particular (cf. § 6:13), ee 

(14) J(o)= ={" Go} 7 

(15) Yi (aya Ξ[ ee, 


when we replace cosh ¢ by ¢. 


The last two formulae are due to Mehler, Math. Ann. v. (1872), p. 142, and Sonine, 
Math. Ann. xvi. (1880), p. 39, respectively; and they have also been discussed by Basset, 
Proce. Camb. Phil. Soc, “111. (1895), pp. 122—128. 


A slightly different form of (14) has been given by Hardy, Quarterly Journal, XXXII. 
(1901), pp. 369—-384; if in (14) we write r=2 ψ(αδ), ct=au+b/u, we find that 


(16) | ᾿ sin (au +2) τος wd (2 /(ab)}. 


Nors. The reader will find it instructive to obtain (14) from the formula 


sin (n+4) 
Pa(con 8)== | Fe oon oon gy) Ὁ 


combined with the formula § 5°71 (1). This was Mehler’s original method. 
* Cf. Coates, Quarterly. Journal, xx1. (1886), pp. 183—192. 
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6°22. Integrals representing I,(z) and K, (2). 

The modifications of the previous analysis which are involved in the dis- 
cussion of 7, (2) and K, (2) are of sufficient interest to be given fully; they are 
due to Schlafli*, though he expressed his results mainly in terms of the 
function F(a, t) of § 415. 

The analysis of § 6-2 is easily modified so as to prove that 


*(0+) 
(1) 1, (z)= Gey ea 5 t—"— exp (: +- a) dt, 
and hence, when | arg z | < ἐπ, 
1 (0+) . 1 
(2) 1,,4(2)-Ξ a u-* exp {42 (u + at du, 
οὐ ἐπὶ 
cosh w—ver 
(3) I,(z)= = es θ dw. 


The formulae (2) and (3) are valid when argz=+ 4 if R(v)>0. 


If in (8) the contour is taken to be three sides of a rectangle with corners 
at 0 — πὶ, — i, πὶ, 0 τ πὶ it 18 found that 


(4) 1, (2) == =|" e708 8 cos vO.AO — = [ * g-200sht—vt dt, 
0 
so that 


2 sin vir 


I_,(z)-1,(z)= 


| ᾧ e~2cosht eosh yt. dt, 
0 
and hence, when | arg z | < ἐπ, 
(5) Κ, (ἡ -- [" e-*e00ht cosh vt. dt, 
v0 


a formula obtained by Schlaflit by means of somewhat elaborate transforma- 
tions. 


From the results just obtained, we can evaluate 


Ἐπὶ 
τον τὶ | e2cosh wW—vw dw 
Qar2 - 0 -πὶ 


when [τρ Ζ] « 8π. For it is easily seen that 


1 οὐ --πὲ 1 οὉ -πὶ eae | 
—— ΘΖ cosh w—vw dw = inc 1 +{ e? cosh 0—vw dw 


200 “ὦ --πὶ TY J -- ὦ -- πὶ οὐ = τὶ 
τες © eeooshw—v day + I, (2) 
ey zi) e-zcosht—vt dt 4. 7, (2) 
| 
er™ 
= τς. 11-ν (2) — Lo (2)} Ὁ 1, (4), 


* Ann. di Mat. (2) v. (1873), pp. 199—205. 
+ Ann. di Mat. (2) v. (1873), pp. 199—201; this formula was used by Heine, Journal fiir 
Math, ixrx. (1868), p. 131, as the definition to which reference was made in § 5°72. 
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and hence 
οὐ Ὑπὶ ον πὶ Ἧι; (2) ΗΝ et J, (2) 
cosh w—yw ἘΞΒΕΠΕ οι ak SEES ne A ὧδ. 
© =e ae ἘΠΕ 21 sin yar 
Again, we may write (5) in the form 
(7) K,(2)=5 | ὙΠ gnzcosht=ot off 
and hence, by the processes used in § 6:21, 
. a wexp (~ iw) 1 
(δ) K,(2)=: uv exp| —4z (υ + ἣ du, 
Oexp tw Uu 


when — 3 < @ <7 and ον ἀπ-ω. 
Similarly 
oexp (π- ωὠ) ὁ 
(9) evn im (2) δε "“ἶὖ β (2) Ξ = sin νπ P u7¥—} exp ἘΣ (υ + Ἴ du ; Ν 


Tv Oexp (-r+w) i 


this is valid when 0< ὦ <2a7 and —47+o<argz<jr+o. 


The contours for the formulae (8) and (9) are shewn in Figs, 13 and 14 
respectively. 


Fig. 18. Fig. 14. 


Further, when z is positive (=x) and —1< R(v)<1, the path of integra- 
tion in (8) may be swung round until it becomes the positive half of the 
imaginary axis; it 1s thus found that 


K, (ω) - 26 ἐντὶ 1 vy’ exp [- 412 (υ - Ἵ dv, 
so that 
(10) K, (a) = }e-¥ | * grizsinht—vt dp 
and, on changing the sign of », > 
(11) K, (a) =}e" | 7 gmizsinhttot de, 
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From these results we see that 


(12) 2 cos ἔἐνπ. K, (4) = [ * g-izsinht cosh vt. dt, 
so that 7 
1 Ξ : 
(18) Καὶ, (x) = aateel, cos (# sinh ¢) cosh vt . dt, 


and these formulae are all valid when x >0 and —1< R(v)<1. 
In particular 
‘ : 2 t) dt 
(14) Κι (2)=] cos (# sinh ἐ) dt = , ΣΤ 
a result obtained by Mehler* in 1870. 


It may be observed that if, in (7), we make the substitution 4ze‘=1, we find that 


(15) Κρ) de) | exp {--τ.- 5} SE, 


T 


provided that A (z*?)>0. The integral on the right has been studied by numerous mathe- 
maticians, among whom may be mentioned Poisson, Journal de I’ Ecole Polytechnique, 1x. 
(cahier 16), 1813, p. 237; Glaisher, British Association Report, 1872, pp. 15—17; Proc. 
Camb. Phil. Soc. 111. (1880), pp. 5—12; and Kapteyn, Bull. des Sci. Math. (2) xvi. (1892), 
pp. 41—44, The integrals in which » has the special values } and ὃ were discussed by 
Euler, Inst. Cale. Int. 1v. (Petersburg, 1794), p. 415; and, when ν is half of an odd 
integer, the integral has been evaluated by Legendre, Exercices de Caleul Intégral, 1. (Paris, 
1811), p. 366; Cauchy, Evercices des Math. (Paris, 1826), pp. 54—56; and Schlémilch, 
Journal fiir Math. xxxit. (1846), pp. 268-280. The integral in which the limits of inte- 
gration are arbitrary has been examined by Binet, Comptes Rendus, x11. (1841), pp. 958— 
962. 


6°23. Hardy's formulae for integrals of Du Bois Reymond’s type. 
The integrals 


[sint.sinS. ἐν dt, [ cose. Mea. ἐν" dt, 

0 t 0 t 

in which 2 >0, —1< R(v) <1, have been examined by Hardy+ as examples 
of Du Bois Reymond’s integrals 


= sin, ,,. 
Ι: ΠΟ dt, 


in which 7 (6) oscillates rapidly as ὁ +0. By constructing a differential equation 
of the fourth order, Hardy succeeded in expressing them in terms of Bessel 
functions ; but a simpler way of evaluating them is to make use of the results 
of § 6:21, 6°22. 

* Math. Ann, xviii. (1881), p. 182. 

+ Messenger, xu, (1911), pp. 44—51. 
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If we replace ¢ by ae‘, it is clear that 


| sin t sin = . ἐν τ dt=a2” i sin (463) sin (xe) . e” dt 
0 


— 

ie? yor] {6 088: + ez cosh ¢ — g%esinht _ e~*zsinh t} ον" αἱ 
.5“--νπὶ FO) ogy rt (2) 

= -- 1." [mie bh" H (26) — mie” HN (22) 


— 20. ἐντὶ K, (2x) — Qe"? K_, (2a), 
and hence we have 


eS EE as : Da = 
(1) Ι sintsin = .t t= ΕΤῚ [J, (2x) — J_, (2a) + I_, (2x) — I, (22), 
and similarly 
(2) [ .08 ἔοοϑ = tv dt= ΝΕ [J (2a) -- J, (2a) + I_, (2x) -- 1, (2a)], 


When ν has the special value zero, these formulae become 


(3) ᾿ sin tsin =, a =47Y,(2x)+ K,(22), 
(4) [ cos t cos. = — ἔπ , (2x) + K, (22). 


6°24. Theisinger’s extension of Bessel’s integral. 


A curious extension of Jacobi’s formulae of § 2:2 has been obtained in the case of Jy (x) 
and J, (x) by Theisinger, Monatshefte fiir Math. und Phys. xxiv. (1913), pp. 337—-341; we 
shall now give a generalisation of Theisinger’s formula which is valid for functions of order 
ν where -$<v<h. 


If a is any positive number*, it is obvious from Poisson’s integral that 


J, (2) = ποτ στο ε 6 “:εἰπθ cos (x cos θ) sin’ dé 


2 (fa)" ἐτ — e~axeing in2” 
+s |, (1 —e~4=8in 8) cos (2 cos 6) sin?” θαθ. 


Now 2 | 3 (1 -- δι᾽ «ποίη θὴ cos (7 cos 6) sin®”” θαθ 
0 


w ] — e~axsind ξ . 2 
-| sinh (x sin 8) sinh (a sin 6 — ιΔ Cos 6) sin?” θαθ 
0 


((: 1- axi(z-1/2)}. 2-- 1 ν dz 
pale [ τ “ae is ae ΕἸ 2 sinh (—éxz). ( a ) = 
where the contour passes above the origin. Take the contour to be the real axis with an 
indentation at the origin, and write z= +tan 4¢ on the two parts of the contour; we thus 
find that the last expression is equal tc 

" if 1—exp (—azi cot >) 

0 sin (x cot d) 
εὐ | iw] - exp (a2zicotd) . 
6 sin (« cot d) sin 2 
=4 | Η sin (sax cot Φ) cos (Sax cot φ -- vr) Trem cot ae 


* In Theisinger’s analysis, a is an even integer. 


9 


sin (a tan 3). e”** cot?’ ᾧ ἐφ ag 


sin (7 tan 14). ὁ - "τὶ cot?” τ 
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and therefore 


ay RO+yr 
2 ($7)” 
ἐπ " sin (4 tan ἐφ) ὃν ¢ 
+2 Ι sin (ax cot d) cos (ξαι cot φ -- vr) sine coke) cot me 
The transformation fails when ν >4, because the integral round the indentation does 
not tend to zero with the radius of the indentation. The form given by Theisinger in the 
case y=1 differs from (1) because he works with § 3:3 (7) which gives 


r(v—$)T (ὁ) 
(2) ae 


χω [ ἐν ροΞακεῖαθ cos (x cos θ) sin” 6d 
0 


J, (4) = | ee e—exsin@ sin (x cos 6) sin®”~-? 6 cos θαθ 
9 


+4 | - sin (tax cot d) cos (fax cot φ — vr) ee οοὔὖν τος ς are 


provided that $< »v< 8. 


6°3. The equivalence of the integral representations of K, (z). 


Three different types of integrals which represent K,(z) have now been 
obtained in § 6°15 (4), 6-22 (5) and 6°16 (1), namely 


K,(2)= es eal et (t8— Lyd 


= [ e~2cosht cosh yt. dt, 


Γ(ν + 4). (22)" [“ cosau. du 
τ (ΘΕῈ a” Or I, (ut + 22)” 
The equality of the first and second was directly demonstrated in 1871 by 
Schlafli*; but Poisson proved the equivalence of the second and third as early 
as 1813, while Malmstén gave a less direct proof of the equivalence of the 
second and third in 1841. We proceed to describe the three transformations 
in question. 


6°31. Schlaji’’s transformation. 


We first give an abstract of the analysis used by Schlafli, Ann. di Mat. (2) v. (1873), 
pp. 199—201, to prove the relation 


1 ($). 32)” (" i p_pw-igea | e-seoshe 
Pivots) Ji e~# (2-—1)"-tdt= ? e-#08h 8 cosh νθ αθ 
which arises from a comparison of two of the integral representations of A, (2), and which 
may be established by analysis resembling that of § 2-323. 


We have, of course, to suppose that 4) (z) > 0 to secure convergence, and it is convenient 
at first to taket -- ὁ « 2 (ν) «1. 


* An earlier proof is due to Kummer, Journal fiir Math, xvii. (1837), pp. 228—242, but it is 
much more elaborate than Schlafli’s investigation. 
+ The result is established for larger values of R (v) either by the theory of analytic continua- 
tion or by the use of recurrence formulae. 
W. B. F. 7 
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Now define S by the equation 
S= | * (8 —1)"-4 
1 


where +>1; and then, if ¢=x -- (5 -- 1) τῷ we have 


αἱ 


πῆ 


= rot ee : -ν (1-- μὴν - . κα -- ἰ) ya 
ϑ'- (5 - 1} (ὦ 1} [ (1 -- 2) 41 a} du 


Ore ton ιν JEP SP] 


on expanding the last factor of the integrand in powers of u and integrating term-by-term. 
Replacing x by cosh 6, we see that 


cosh 8 dt r(l—v)T(w+4) . 
4. 1ν-})}. ee ον 5) ΡΤ, 
J - CEES cohg oar pray όόΠΠΠ 
so that, by a partial integration, 
2” T (v+$) e-*eth 9 cosh y6d6 = 2” a0 (v +4) e~*ceeeh@ sinh 6 sinh νθ αθ 


FQ) Jo vT (4) 0 
=a I, e~#e0h § sinh 6d6 
“Fase |, peer eS 
τι ἢ ! | ome are 
ares [ [.“ 55 (ᾶ -- i θοσι 
me [6ππἀ-τγτίαι 


the inversion of the order of the integrations presents no great theoretical difficulty, and 
the transformation is established. 


6°32. Poisson’s transformation. 


The direct proof that 


1 [7 grmembtnnege = POH) (88) [” con) 
2} ἀντ 4) Jo (ut+ ay 

is due to Poisson*, Journal de Ecole Polytechnique, 1X. (1813), pp. 239—241. The equation 
is true when |argz|<4$mn, r>0 and R(v)> —4, but it is convenient to assume in the 
course of the proof that 2 (v) > 4 and | argz|<}7, and to derive the result for other values 
of z and » by an appeal to recurrence formulae and the theory of analytic continuation. 


If we replace ¢ by asnew variable defined by the equation v=2”e~™, we see that it is 
sufficient to prove that 


” cos(au)du ὁ Γ (ὦ) [Γ᾽ 
roth | (εὐ πον} v (22) Jo 


exp {-- ἐσ (vl +. 22 u—1/")} dy, 


* See also Paoli, Mem. di Mat. e di Fis. della Soc. Italiana delle Sci. xx. (1828), p. 172. 
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Now the expression on the left is equal to 


t”~4e-' cos zu ore 
3 he (ai apr “Garay edn Ι. δ’ πὶ exp {-- δ(υιδ Ὁ 2} cos eu. dedu 


- [: {exp ( — su?) cos xu. du}. 85 ὁ exp (-- 422) ds, 
when we write ἐπε (u?+2*) and change the order of the integrations *. 


Now " exp ( -- διι3) cos ru. απ τε δ ' (4) 4- ὁ exp (-- 27/8), 
and so we have 


roth | aera | s”~l exp { —sz? —}.77/s} ds 


= HD | exp —4e (0 +220) do, 


which establishes the result. 


[Norg. It is evident that s=}xre-*/z=4}y!/"/z, The only reason for modifying 
; [.. 6 τὲ οοδδέ -- vt fy 


by taking v as ἃ parametric variable is to obtain an integral which is ostensibly of the 
same form as the integral actually investigated by Poisson ; with his notation the integral is 


I, exp (~2" — αν 5) dz.] 


6°33. Malmstén’s transformation. 


The method employed by Malmstént in proving that, when A(z) >0 and & (v)> -ἰ, 
then 
T(vt+}) [ cos(vu)du_ 1 (3) Qe)” 
(ga) T ἄντ! . (ute td” ΓΙ ἢ) 
is not so direct as the analysis of §§ 6°31, 6°32, inasmuch as it involves an appeal to the 


theory of linear differential equations. It is first shewn by Malmstén that the three 
expressions 


| e~ xt (72 1)”—3 αἱ, 
1 


” cos (ru) du ἼτΣ πρῶτ, ways ΣΟΥ 2\ = 
[ carcass |, 9 “Οὐ ταῦ ade [ eH (ate dd, 


gua functions of x, are annihilated ¢ by the operator 


- ὧν —1) fat, 


and that as 7-> +0, the third is 0 (655) while the first and second are bounded, provided 
that R(v)>0. It follows that the second and third expressions form a fundamental system 
of solutions of the equation 


«54 a (2-1) 3 -Ξ 5 
* Cf. Bromwich, Theory of Infinite Series, ὃ 177. 


+ K. Svensku Τ᾿. Akad. Handl, txt. (1841), pp. 65—74. 
+ The reader should have no difficulty in supplying a proof of this. 
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and the first is consequently a linear combination of the second and third. In view of the 


unboundedness of the third as 7-> +0, it is obvious that the first must be a constant 
multiple of the second so that 


“ (008 au)jdu_ f° are oa y=} 

: arpa ae |, e—# (¢2 — ἢ)» αἱ, 
where (Οὐ 15 independent of x. To determine C, make 2-0 and then 

“du ” gaa pivot 
I, ΕΞ tae 
ΤΠ.) (ἃ) Cr (2v) 

80 that oz ὃν Τ' (ν +4) “~~ gtw 
and the required transformation follows, when 2(v)> 0, if we use the duplication formula 
for the Gamma function. 


An immediate consequence of Malmstén’s transformation is that | eae i 
| 0 
expressible in finite terms; for it is equal to 
uid es ᾿ — st (72 WW. π-} 
Tay [. Oana 
δῦ --)αὸ- e~ yl (5 υ) αν 
21 {(m—1) 8 J 
= we~** Ἀ-1(222}} (Qn—m—1)! 
~ (22)*-1(n—1)! mo m!(n—m-1)! 

This method of evaluating the integral is simpler than a method given by Catalan, 
Journal de Math. v. (1840), pp. 110—114; and his investigation is not rigorous in all its 
stages. The transformation is discussed by Serret, Journal de Math. vitr. (1843), pp. 20, 
21; ΙΧ. (1844), pp. 193—216; see also Cayley, Journal de Math. x11. (1847), p. 236 
[Cotlected Papers, τ. (1889), p. 313.] 


6°4. Aurry’'s integral. 
The integral 
| cos (é + «t) dt 
0 


which appeared in the researches of Airy* “On the Intensity of Light in the 
neighbourhood of a Caustic” is a member of a class of integrals which are 
expressible in terms of Bessel functions. The integral was tabulated by Airy 
by quadratures, but the process was excessively laborious. Later, De Morgant 
obtained a series in ascending powers of 4; by a process which needs justification 
either by Stokes’ transformation (which will be explained immediately) or by 
the use of Hardy’s theory of generalised integralsf. 


* Trans. Camb, Phil. Soc. νι. (1838), pp. 379-402. Airy used the form 
οΌ 
i cos ἀπ (w* -- mw) dw, 
0 


but this is easily reduced to the integral given above. 

{ The result was communicated to Airy on March 11, 1818; see Trans. Camb. Phil. Soc. v1. 
(1849), pp. 595-599. 

t Quarterly Journal, xxxv. (1904), pp. 22—66 ; Trans. Camb. Phil. Soc. xxt. (1912), pp. 1—48. 
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Stokes observed* that the integral satisfies the differential equation 


dy 
dx 2 + tay = = 0, 
and he also obtained the asymptotic expansions of the integral for large 


values of z, both positive and negative. 


As was observed by Stokes (loc. cit. p. 187), this differential equation can be reduced 
to Bessel’s equation ; cf. § 4. (5) with 2g = 3. The expression of Airy’s integral in terms of 
Bessel functions of orderst + 4 was published first in a little-known paper by Wirtinger, 
Berichte des natur.-med. Vereins in Annsbruck, xxi11. (1897), pp. 7—15, and later by 
Nicholson, Phil. Mag. (6) xvii. (1909), pp. 6—17. 


Subsequently Hardy, Quarterly Journal, xL1. (1910), pp. 226--240, pointed out the con- 
nexion between Airy’s integral and the integrals discussed in §§ 6:21, 6°22, and he then 
examined various generalisations of Airy’s integral (§§.10°2—-10-22). 


To evaluate Airy’s integral, we observe that it may be written in the form 


an exp (ἐδ + tat) dt. 


Now consider this integrand taken along two arcs of a circle of radius p with 
centre at the origin, the arcs terminating at p, pet” and pet™, pe™ respectively. 
The integrals along these arcs tend to zero as p > 0, by Jordan’s lemma, and 
hence, by Cauchy’s theorem, we obtain Stokes’ transformation 


Τ᾽ cos ( + at) dt== sf... Ἢ πὶ ρον + txt) dt 
0 i 


exp ¢™ 


= ; [ {et™* exp (-- τ᾽ + ef! ar) 9. ἐπὶ exp(— τὸ ἢ 6. ἐπί :}} dr; 
/0 


the contour of the second integral consists of two rays emerging from the 
origin and the third integral is obtained by writing ret™ ret for ¢ on these 
rays. 


Now, since the resulting series are convergent, it may be shewn that§ 


Σ (+ γρνρΞβνιπὲ am 


οΌ 
exp (— τὸ + e*#"! χ τὸ dr = 
[ PC , ) m=0 m! 


{ 7™ exp (— τὸ dr, 


* Trans. Camb. Phil. Soc. rx. (1856), pp. 166—187. [Jath. and Phys. Papers, 11. (1883), 

pp. 329—349.] See also Stokes’ letter of May 12, 1848, to Airy, Sir G. G. Stokes, Memoir and 
Scientific Correspondence, τι. (Cambridge, 1907), pp. 159—160. 

+ For other occurrences of these functions, see Rayleigh, Phil. Mag. (6) xxvirr. (1914), 
pp. 609—619; xxx. (1915), pp. 329—338 [Scientific Papers, v1. (1920), pp. 266—-275; 841—349] 
on stability of motion of a viscous fluid; also Weyl, Math. Ann. txvmr. (1910), p. 267, and, for 
approximate formulae, § 8:43 infra. 

+ The integral is convergent. Cf. Hardy, loc. cit, Ὁ. 228, or de la Vallée Poussin, Ann. de la 
Soc. Sci. de Bruxelles, xv1. (1892), pp. 150—180. 

§ Bromwich, Theory of Infinite Series, § 176. 
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and so 
[cos (e+ at) dt = ΕΟ |” τ exp (— 7°) dr 
- Σ (+2) sin (m+1)r.T(4m+4)/m! 


ς (+4) = (+ $2) 
=e ΕΠ Ὁ I‘ (m + #) < tn 2 gm! Fee | 
This is the result obtained by De Morgan. When the series on the right 
are expressed in terms of Bessel functions, we obtain the formulae (in which 
z is to be taken to be positive) due to Wirtinger and Nicholson: 


(1) i cos (t* — at) dt = tarV(4z). E 4($5)+ σι (F753) | 
(2) in cos ( + at) dt τὸ ὁ π ν(4 2). [1 -ἰ (ae) -7 3) | 


=F ΚΞ 2). 


6°5. Barnes’ integral representations of Bessel functions. 

By using integrals of a type introduced by Pincherle* and Mellin, Barnes} 
has obtained representations of Bessel functions which render possible an easy 
proof of Kummer’s formula of ὃ 442. 

Let us consider the residue of 

— Γ (2m — 8). (12) 
at 8 =2m+-y7, where r=0,1,2,..... This residue is (---} (tz)*"+7/r!, so the sum 
of the residues is (—)"z*™e—*. 

Hence, by Cauchy’s theorem, 

᾿ 2)" $ o+) [(2m— s).(az)* 
J,(s)e# = — GF te 2 Ἔα ἡ ἴω 
if the contour encloses the points 0,1, 2,.... It may be verified, by using 
Stirling’s formula that the integrals are convergent. 
Now suppose that R(v) >—4, and choose the contour so that, on it, 
R(v +s8)>— 4. When this last condition is satisfied the series 
= Γ (2m — 8) 
nm-02".  Γ(ν τ ἢν Ἐ 1) 
is convergent and equal to 
r(—s)Pwt+st+ 

Posi tt ae ele) PCR DICE TD’ 

* Rend. del R. Istituto Lombardo, (2) x1x. (1886), pp. 559—562; Atti della R. Accad. dei 
Lineei, ser. 4, Rendiconti, 1v. (1888), pp. 694—/00, 792—799. 
+ Mellin has given a summary of his researcher, Math. Ann, Lxvitt. (1910), pp. 305—337. 


+ Camb. Phil. Trans. xx. (1908), pp. 270—279. For a bibliography of researches on integrals 
of this type, see Barnes, Proc. London Math. Soc. (2) v. (1907), pp. 59—-65. 
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by the well-known formula due to Gauss. If therefore we change the order 
of summation and integration* we have 
($2) ve Γ(- 5)  (v +8 + 4). (az) ds 
πὶ Jo C(vtdst+$) 0 vt 51) 
The only poles of the integrand inside the contour are at 0,1, 2,.... When 
we calculate the sum of the residues at these poles, we find that 

: = I (vy +m + $).(—22)™ 

Jetadey 3 peste Dlr ieF Ty)’ 


J, (2) 6: = -- 


so that 
(1) J, (2) 67% = rey if (v+4; 2v+1; — 20), 
which is Kummer’s relation. In like manner, we find that 
(2) J, (z) e% = ($2) iF, (v+4; 2v4+15 212). 


I'v +1) 
These formulae, proved when ἢ (v) > — 4, are relations connecting functions 
of ν which are analytic for all values of ν, and so, by the theory of analytic 
continuation, they are universally true. 


It is also possible to represent Bessel functions by integrals in which no 
exponential factor 1s involved. To do this, we consider the function 
DP (—»—s)T (—s)(hizy*, 
qua function of 8. It has poles at the points 
s=0,1,2,...5 —v,-v+1,—v+2,.... 
The residue at s = m is 
aw (—)™ (har 
sin vr m! Γ (v+m-+1)’ 
while the residue at 8 = -- ν +.m is 
πὶ’ (-)™ (germ 
sin νπ m! Γ (v+m-+1)’ 


so that 
(3) are -twtint FT?) (2) τ - = [ (—v~—s) IT (—s) ( 12)» 85 ds, 
and, in like manner, 


(4) mebtuet FT,00 (2) = -- ΕΞ [ DP (—v—s) P(—s)(— fiz» ds, 


where the contours start from and return to + 0 after encircling the poles of 
the integrand counter-clockwise. When | arg iz | < $77 in (8) or | arg (— iz) | < ἐπ 
in (4) the contours may be opened out, so as to start from οο ἡ and end at 
~ 01, If we reverse the directions of the contours we find that 


“στο 
(ὅ me“botiet HT, (2) -- ΕΞ " P(—v—s) P(—8) (fiz™ ds, 


- Ὁ -- 


* Cf. Bromwich, Theory of Infinite Series, § 176. 
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provided that | argiz!< ἐπ᾿; and 

| ~c+nt 

(8) ebehnt H,0 (2) τες [ΤΟ v8) P(— 8) (— died 


provided that | arg (— 12) « ἐπ᾿; and, in each integral, c is any positive number 
_ exceeding R(v) and the path of integration is parallel to the imaginary axis. 
There is an integral resembling these which represents the function of the 
first kind of order ν, but it converges only when R(v)>0 and the argument 
of the function is positive. The integral in question is 
_ 1 (7 Γ(- 9) (5) "5 |. 
7) LO=sa) tererty & 
and it is obtained in the same way as the preceding integrals; the reader 
will notice that, when [8] is large on the contour, the integrand is O (| s|-’~’). 


6°51. Barnes’ representations of functions of the third kind. 


By using the duplication formula for the Gamma function we may write 
the results just obtained in the form 
(22) [“ Γ( Ἐ8δ:- 2). (α 2z¥ds 
Φιγ πὶ. Γ( 1) 0 (Qv4+8+1)sinsq’ 


Consider now the integral 
-ἘΞ [τούτον PO Ἐ4Ὲ ἢ). Bie} ds, | 
in which the integrand differs from the integrand in (1) by a factor which is 
periodic in 8. It is to be supposed temporarily that 2» is not an integer and 
that the path of integration is so drawn that the sequences of poles 0, 1, 2, ...; 
— 2y, 1 — 2v, 2 — 2y, ... lie on the right of the contour while the sequence of 
poles — vy — 4, τον -- ὃ, —v—§, ... lies on the left of the contour. In the first 
place, we shall shew that, if | arg 7z|< 7, the integral taken round a semi- 
circle of radius p on the right of the imaginary axis tends to zero as p + ©; 
for, if s = pe®, we have 
8Γ (—s)T (— 2» —8) PT (v+8+$).(20z) = ΓΤ 
and, by Stirling’s formula, 
ἰοὲ (vy +s8+4). (202)! 
T(s+1) 0 (2v+s8+1) 
~ pe® log (212) — (v + pe) (log p + 10) + pe — ὁ log (2a) ; 
and the real part of this tends to —co when —4 7 < 0 «ἐπ, because the dominant 
term is — pcos @ log p. When @ is nearly equal to + }7,, | sin 8π| is comparable 
with } exp {p7|sin @ |} and the dominant term in the real part of the logarithm 
of 8 times the integrand 1s 
p cos @ log | 2z| — psin θ. arg 212 — pcos 0 log p + pO sin 6 + pcos θ -- 2pz|sin θ)], 
and this tends to — οὐ as p > οὐ if jarg1tz|< ga. 


(1) J, (2) eF? = 


wT (vy +s +4). (2iz) 
2y+s+1)sin 8π 51ὴ (2ν Ὁ 8) π᾿ 
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Hence s times the integrand tends to zero all along the semicircle, and so 
the integral round the semicircle tends to zero if the semicircle is drawn so as 
to pass between (and not through) the poles of the integrand. 


It follows from Cauchy’s theorem that, when | arg 7z| <a and 2y is not an 

integer, then ΝΙΝ 

(22)" od 

~ Oi YT J 2 

may be calculated by evaluating the residues at the poles on the right of the 
contour. 


ΓΟ 8) T (- ὃν -- 8) Γ + 8 4). (2izy' de 


The residues of 
T(—s) T(— 2v —s) lv +8 4+ ὁ). (2iz) 


at s=m and s =— ὃν +m are respectively 
aw D(vtm+§).(202z)™ 6 π᾿ (νην 4). (2) tm 
sin2yr m!IT(Qv+m+1) ΠῸς βιηνπ om! P(—-2v+m+1) 
and hence 


- 2 [Pre P em ΤῸ +e+)). Ciel ads 


_ (22zart Tv +4) 
~ sin Qvr ['(2v +1)" | 
eri (9) πὶ T(4—v) 
~  ginQyr Γ(Ι -- 2») 


{J, (2) -- ον τ). (2)}. 


Py (v+4; 2ν- 1; 312) 


δι (4-0; 1 -τῦν; 902) 


gin 2vtr 


== 
ee 


It follows that, when |.arg 7z |< $7, 
e—t2—v=) cos (vir). (22)” 


πϑ 


x | T (—s) ΤΟ ὃν τ) Pts + ἢ). (2izy de, 


(2) A," (z)= 


and similarly, when | arg (—1z) | < ὃπ, 
_ eb") cos (vir) . (22)” 


πὶ 


Χ Γ Γς ΘΟ Γς-- 2v -- 8) Γ(ν Ἐ8. 4).(- 212}" ds. 


(3) H,™ (2) = 


The restriction that ν is not to be an integer may be removed in the usual 
manner by a limiting process, but the restriction that 2ν must. not be an odd 
integer cannot be removed, since then poles which must be on the right of the 
contour would have to coincide with poles which must be on the left. 


CHAPTER Vil 
ASYMPTOTIC EXPANSIONS OF BESSEL FUNCTIONS 


71. Approximate formulae for J, (2). 


In Chapter 11f various representations of Bessel functions were obtained 
in the form of series of ascending powers of the argument z, multiplied in some 
cases by log z. These series are well adapted for numerical computation when 
22 is not large compared with 4 (ν +1), 4 (ν + 2), 4(v+ 3), ..., since the series 
converge fairly rapidly for such values of z. But, when | z| is large, the series 
converge slowly, and an inspection of their initial terms affords no clue to the 
approximate values of J,(z) and Y,(z). There is one exception to this state- 
ment; when ν + ἢ is an integer which is not large, the expressions for J, (z) 
in finite terms (§ 8.4) enable the functions to be calculated without difficulty. 


The object of this chapter is the determination of formulae which render 
possible the calculation of the values of a fundamental system of solutions of 
Bessel’s equation when z is large. 


There are really two aspects of the problem to be considered ; the investi- 
gation when ν is large is very different from the investigation when ν is not 
large. The former investigation is, in every respect, of a more recondite 
character than the latter, and it is postponed until Chapter VIII. 


It must, however, be mentioned that the first step towards the solution of 
the more recondite problem was made by Carlini* some years before Poisson’s+ 
investigation of the behaviour of J,(«), for large positive values of x, was 
published. 


The formal expansion obtained by Poisson was 


ΧΕ 1.8 21823? 20%. 7 
. 1: 15. 82 5? | 
+ sin (ὦ -- }π). {Ties ἘΠΕ + 


when ἃ is large and positive. - But, since the series on the right are not con- 
vergent, and since Poisson gave no investigation of the remainders in the 
series, his analysis (apart from his method of obtaining the dominant term) is 
to be regarded as suggestive and ingenious rather than convincing. 


* Ricerche sulla convergenza della serie che serva alla soluzione del problema di Keplero (Milan, 
1817). An account of these investigations has already been given in § 1-4. 

+ Journal de V Ecole Polytechnique, x11. (cahier 19), (1823), pp. 350—352; see $1:6. An in- 
vestigation of J, (x) similar to Poisson’s investigation of Jy (4) has been constructed by Gray and 
Mathews, 4 Treatise on Bessel Functions (London, 1895), pp. 34—38. 
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It will be seen in the course of this chapter that Poisson’s series ard asymptotic; -this 
has been proved by Lipschitz, Hankel, Schlafli, Weber, Stieltjes and Barnes. 


It must be mentioned that Poisson merely indicated the law of formation of successive 
terms of the series without giving an explicit expression for the general term ; such an 
expression was actually obtained by W. R. Hamilton*® (οὗ § 1-6). 


The analogous formal expansion for J,;(z) is due to Hansen}; and a few 
years later, Jacobit obtained the more general formula which is now usually 
written in the form _ 


Jn(#)~ (3) cos (4 -- ξππ -- πὶ) 


voy _ Ant = 12) (ht — 80). (Ant 12) (An? — 8) (ἀπ᾽ -- δὴ (Ant 7) 


( 2!(8a)? 4! (82)! 
: 4n? ~ 1? An? ~ 12) (4n? — 83) (4m? — 5? 
sin (— nw — tn). Pee - Ce ae Pat, 


These expansions for Jp (x) and J, (4) were used by Hansen for purposes of numerical 
computation, and a comparison of the results so obtained for isolated values of x with the 
results obtained from the ascending series led Hansen to infer that the expansions, although 
not convergent, could safely be used for purposes of computation §. 


Two years before the publication of Jacobi’s expansion, Plana|| had dis- 
covered a. method of transforming Parseval’s integral which placed the expansion 
of J,(x) on a much more satisfactory basis$. His work was followed by the 
researches of Lipschitz**, who gave the first rigorous investigation of the 
asymptotic expansion of J,(z) with the aid of the theory of contour integra- 
tion; Lipschitz also briefly indicated how his results could be applied to J; (2). 


The general formulae for J,(z) and Y,(z), where v has any assigned (com- 
plex) value and z is large and complex, were obtained in the great memoir by 
Hankel tt, written in 1868. 


* Some information concerning W. R. Hamilton’s researches will be found in Sir George 
Gabriel Stokes, Memoir and Scientific Correspondence, τ. (Cambridge, 1907), pp. 130-—136. 

+ Ermittelung der absoluten Stérungen [Schriften der Sternwarte Seeburg}, (Gotha, 1843), 
pp. 119-—123. 

t Astr. Nach, xxvm1. (1849), col. 94. (Gea. Math. Werke, vit. (1891), p. 174.] Jacobi’s result 
is obtained by making the substitutions 


{2 . cos (a — knw — 4x) =(-1)2"t+) cos z+ (- 1)i*(@~1) sin x, 
J2. win (© -- ἀππ -- dr) =(— ΟΡ ἘΠ) gin 2 -- {- 1)" cos z, 


in the form quoted. 
§ See a note by Niemdller, Zeitschrift fiir Math. und Phys. xxv. (1880), pp. 44—48. 
| Mem. della R. Accad. delle Sci. di Torino, (2) x. (1849), pp. 275-—292. 
{ Analysis of Plana’s type was used to obtain the asymptotic expansions of Jy(z) and Yy(z) by 
MeMahon, Annals of Math. vi11. (1894), pp. 57—61. 
** Journal fiir Math. τινι. (1859), pp. 189—196. 
tt Math. Ann. τ. (1869), pp. 467—501. 
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The general character of the formula for Y,,(z) had been indicated by Lommel, Studien 
tiber die Bessel’schen Functionen (Leipzig, 1868), just before the publication of Hankel’s 
memoir; and the researches of Weber, Math. Ann. vi. (1873), pp. 146—149 must also be 
mentioned. 


The asymptotic expansion of K,(z) was investigated (and proved to be 
asymptotic) at an early date by Kummer*; this result was reproduced, with 
the addition of the corresponding formula for I, (z), by Kirchhofft; and a little- 
known paper by Malmstént also contains an investigation of the asymptotic 
expansion of K, (z). 

A close study of the remainders in the asymptotic expansions of Jp (x), Yo (x), Lo (ὦ) 
and K; (x) has been made by Stieltjes, Ann. Sci. de ?Ecole norm. sup. (3) 111. (1886), 
pp. 2838252, and parts of his analysis have been extended by Callandreau, Bull. des Sci. 
Math, (2) xiv. (1890), pp. 110—114, to include functions of any integral order; while 
results concerning the remainders when the variables are complex have been obtained by 
Weber, Math. Ann. xxxvit. (1890), pp. 404—416. 


The expansions have also been investigated by Adamoff§, Petersburg Ann. Inst. polyt. 
1906, pp. 239-—-265, and by Valewink]| in a Haarlem dissertation, 1905. 


Investigations concerning asymptotic expansions of J,(z) and Y’, (2), when 
[Ζ] 15 large while ν is fixed, seem to be most simply carried out with the aid 
of integrals of Poisson’s type. But Schlaflif? has shewn that a large number of 
results are obtainable by a peculiar treatment of integrals of Bessel’s type, 
while, more recently, Barnes** has discussed the asymptotic expansions by 
means of the Pincherle-Mellin integrals, involving gamma-functions, which 
were examiued in § 6:5, 6°51. 


7.2. Asymptotic expansions of H,” (z) and H,® (z) after Hankel. 


We shall now obtain the asymptotic expansions of the functions of the 
third kind, valid for large values of |z|; the analysis, apart from some slight 
modifications, will follow that given by Hankeltf. 


Take the formula § 6:12 (3), namely 


2 \t etz—tur—in) pwoxpis du\’-4 
(1) ae Piece Il) <n oe ΡΝ —U»,v—h ou 
ere ΕΞ Γ(ν + ὁ) oe (1 Ω 5) du, 


valid when -- ἀπ «β « ἐπ and —$7+8< δτρ 2 « ὃπ -- β, provided that 
R(v + 4) >0. 


The expansion of the factor (1 + }7u/z)’-+ in descending powers of 2 is 


(ν --Ἠ ἐλὴκ  (ν — $)(v — δ). (tu)? . 
codes το Ὁ S48 Ὁ 


* Journal fiir Math. xvix. (1887), pp. 228-.--242, + Ibid, xiv, (1854), pp. 348—376. 
1 K. Svenska V. Akad. Handl. tx11. (1841), pp. 65—-74. | 

§ See the Jahrbuch tiber die Fortschritte der Math. 1907, p. 492. 

| Lbéd. 1905, p. 828. I dnn. di Mat, (2) v1. (1875), pp. 1—-20. 

** Trans. Camb. Phil. Soc. xx. (1908), pp. 270—-279. 

tt Math. Ann. 1. (1869), pp. 491—495. 
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but since this expansion is not convergent all along the path of integration, 
we shall replace it by a finite number of terms plus a remainder. 


For all positive integral values of p, we have* 
fu \Y— »-1(}λ... m Ἔ ἋᾺΞ pl ν-»-ὶ 
(145) = ESS Ge) + ens (ge) 7.6 τοῦ ταῦ  " α 
It is conveniert to take p so large that R(v—p—4)<0; and we then choose 
any positive angle ὃ which satisfies the inequalities 
|B|<4r—8, [ἀτρ 2 -- (ἐπ ὁ β)] «πὶ -- ὃ. 
The effect of this choice is that, when 6 is given, z is restricted so that 
—w+265 <arg 2 < 2π — 26. 
When the choice has been made, then 


ut : μὲ ᾿ 
por > sin ὃ, arg (1 - x) |<™ 


for the values of ¢ and u under consideration, and so 


( _ ay 


say, where A, 15 independent of z. 
On substituting its expansion for (1 + {τω 4)" and integrating term-by- 
term, we find that 
A,® (2) = (= )’ ete -- ἐνπ-- πὶ [Σ (ἐ -- ν)». f(y Ἐπὶ: Κ) ᾿Ξ 2, | : 


πὸ nig miI'(v +4). (2 )» 


< et! T(v)| (sin 5)2 (v—p—}) — A p> 


where 


1 A ($—v) : 1 ἜΡΟΝ cu lyvte= 
[By | < A et es {[ ao at [ e“|urtP ‘duit 


=p: |z ΓΡ, 
where B, is a function of », p and ὃ which is independent of z. 
Hence, when δὲ (ν — p— 5) <0 and R(v + $) >0, we have 


2\! . PS) (4 — vin ($+ YY 5 
() = { —— ὃ(2-- Δὄνπ-- 42) ἱ αλλ rm 
OP ae =) ᾿ ee πο (δι) TOP), 
when z is such that — π + 2δ < arg 2 < 2 — 28, ὃ being any positive acute 
angle; and the symbol O is the Bachmann-Landau symbol which denotes a 
function of the order of magnitude of 27} as | z|—~ 0. 


The formula (1) is also valid when R (v — p—4)>0; this may be seen by 


* Cf. Modern Analysis, §5:41. The use of this form of the binomial expansion seems to be 
due to Graf and Gubler, Einleitung in die Theorie der Bessel’ schen Funktionen, τ. (Bern, 1898)» 
pp. 86-87. Cf. Whittaker, Modern Analysis (Cambridge, 1902), §-161; Gibson, Proc. Edinburgh 
Math. Soc. xxxvu11. (1920), pp. 6—9; and MacRobert, ibid. pp. 10—19. 

+ Cf. Modern Analysis, § 21. 
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supposing that R(v—p—%)>0 and then taking an integer q so large that 
R(v—q—4) <9; if the expression which is contained in [ ] in (1) is then 
rewritten with g in place of p throughout, it may be expressed as p terms 
followed by g—p-+1 terms each of which is Ο (7:2) or o0(z-”); and the sum 
of these g — p+1 terms is therefore () (272). 


In a similar manner (by changing the sign of ὁ throughout the previous 
work) we can deduce from ὃ 6°12 (4) that 
, 2 \# PS) ( - ν)κ(ξ Ἐν) 
(2) eon) epraail e7 ἴ(α-- ἐνπ-- }π) ™. m = 
2) (2) =(2) te ae + OC], 
provided that R (y+ 4)>0 and that the domain of values of z is now given 
by the inequalities 
— 27 + 26 < arg z <7 — 28. 
If, following Hankel, we write 


(v, m) = 0». BAe B+ ¥)m ΓῸ Ἐπὶ ὁ) 


m! m!I‘(v—m + 4) 
ΒΕ [4ν3 -- 1°} (4ν3 — 33}, . {4νϑ -- (2m -- 1} 
" Q2m χη} 


these expansions become 


(3) H,” (2) = (3) ef σ-ὶνν-ὶη) E ya se AB (τὴ ; 


περ (2.2))» 


(4) He) =(2)'e etcine in "5 Gam) +(e). 


m=0 (21z)™ 


_ For brevity we write these equations thus: 


1 MP pan ae: (— Vg (ν, nu) 
ὼ HM @)~ (7) tere 2 SE 
3 pas ee eee - (Ὁ, m) 
(6) H,® (z) (=) Ὁ (Ζ--ὰ τ Σ γι ΝΣ 


Since (ν, m) is an even function of ν, it follows from the formulae of 
§ 3°61 (7); which connect functions of the third kind of order ν with the corre- 
sponding functions of order — v, that the restriction that the real part of ν 
exceeds — $ is unnecessary. So the formulae (1)—(6) are valid for all values 
of v, when z is confined to one or other of two sectors of angle just less than ὅπ. 


In the notation of generalised hypergeometric functions, the expansions are 


OX? a ] 
(7) ALY (e)~(=) gt (τ-- ἐνπ--}πὶ ΓΝ (4 +», 4-v; xi) 


Q\ ., 1 
(8) H,® (2) ~ (=) enters) oP (4 + b-¥; πος ) 


of which (7) is valid when — πὶ < arg z < 27, and (8) when — 2 < arg z < 7. 
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7°21. Asymptotic expansions of J,(z), J_,(z) and Υ͂, (2). 
If we combine the formulae of ὃ 7:2, we deduce from the formulae of ὃ 3°61 


(which express Bessel functions of the first and second kinds in terms of 
functions of the third kind) that 


2 \3 (—)™.(v, 2m) 
(1) J(e)~(=) 0s (2 — Jum — ἐπ). Σ oo 


ce ed ant), 


-- 51ὴ (2 -- ἔνπ -- 51π). 


aa (2207) 
Q\4T . : 2 (-)™.(v, 2m) 
ped ee 4 
+ cos (z ἀἐνπ 4 πὶ) . beer (22) 4 


, 23 <= (-)".(y, 2m) 
(3) J_,(z)~ (=) cos (σἶνπ--}π). Σ (22) 


moO 
| 2 (-)™.(v, 2m 1) 

ae - pag LS ale δος. 
51ὴ (2 τ ἐνπ -- 47). "ἢ (22a 


(2\'{. 2 (-)™.(y, 2m) 
(4) Y_,(z)~ (2) [sin (7 -Ἡ ἐνπ -- 1π). δον ΝΕΡΌΝ 


Ὁ (—)". (ν, 2m+1 
teos(e+ pom — ἀπ). Σ Pt” 


and (in the case of functions of integral order n only), 


(9) Υ͵ (5) Ὁ (=) sin (2 -- ηπ -- 1π). Σ (-)". (1 2m) πε 


τι 
+c0s(e—gnw—4n). Σ ΞΡ eet]. 

These formulae are all valid for large values of | z| provided that | arg z |< 77; 
and the error due to stopping at any term is obviously of the order of magni- 
tude of that term multiplied by 1/z. Actually, however, this factor 1/z miy 
be replaced by 1/z*; this may be seen by taking the expansions of H,") (2) and 
H,")(z) to two terms further than the last term required in the particular 
combination with which we have to deal. 


As has been seen in ὃ 7:2, the integrals which are dealt with when 
R (+) > —} represent H, (2) and H,@(z), but, when R(v) < — $, the integrals 
from which the asymptotic expansions are derived are those which represent 
H_,(z) and H®)_,(z). This difference in the mode of treatment of J,(z) 
and Y,(z) for such values of ν seems to have led some writers to think* that 
formula (1) is not valid unless R(v) >— 4. 

* Cf. Sheppard, Quarterly Journal, xx111. (1889), p. 223 ; Searle, Quarterly Journal, xxx1x. 


(1908), p. 60. The error appears to have originated from Todhunter, An Elementary Treatise on 
Laplace’s Functions, Lamé’s Functions and Bessel’s Functions (London, 1875), pp. 312—313. 


200 THEORY OF BESSEL FUNCTIONS [CHAP. VII 


The asymptotic expansion of J,(z) was obtained by Lipschitz* by inte- 
grating e* (1 — ¢)-! round a rectangle (indented at +1) with corners at +1 
and +1+ 007. Cauchy's theorem gives at once 


1 00 
| εἷξ (1 — ὙΠ ὃ dt + el [ οὗτος y-t (2 τῶ) du 
~1 9 


ao 
— em οτἴτῶς μοὶ (2 —iu)-4+du =0 
0 


and the analysis then proceeds on the lines already given; but in order to 
obtain asymptotic expansions of a pair of solutions of Bessel’s equation it 
seems necessary to use a method which involves at some stage the loop 
integrals discussed in Chapter VI. 


It may be convenient to note explicitly the initial terms in the expansions 
involved in equations (1)—(4); they are as follows: 


ξ Ὁ)» ὦ, 2m)_ (4-1) (44-39 


mao (22) αὐτὰ 21(82}} 
εἰν) = 19 Ar? = 8).4ν"-- δ)(άν"- 7) _ 
41(82)* ee 
= (-)m.(y, 2m+1)_ 44-1 (4ν -- 1°) (ἀν' -- 3°) (40° - —5), 
m=0 (22)? ~ 1182 = 8t(82P 


The reader should notice that 
J? (2) +4 v.41 () ὦ gad 
a formula given by Lommel, Studien, p. 67. 

Nott. The method by which Lommel endeavoured to obtain the asymptotic expansion 
of Y,, (z) in his Studien, pp. 93—-97, was by differentiating the expansions of J,,(z) with 
respect (ὃ »; but of course it is now known that the term-by-term differentiation of an 
asymptotic expansion with respect to a parameter raises various theoretical difficulties, 
It should be noticed that Lommel’s later work, Math. Ann. tv. (1871), p. 103, is free from 
the algebraical errors which occur in his earlier work. These errors have been enumerated 
by Julius, Archives Néerlandatses, xxviii. (1895), pp. 221—225. The asymptotic expansions 
of J,(z) and Y,(z) have also been studied by McMahon, Ann. of Math. vim. (1894), 
pp. 57—6I, and Kapteyn, Monatshefte fiir Math. und Phys. xiv. (1903), pp. 275—282. 


A novel application of these asymptotic expansions has been discovered 
in recent years: they are of some importance in the analytic theory of the 
divisors of numbers. In such investigations the dominant terms of the ex- 
pansions are adequate for the purpose in view. This fact combined with the 
consideration that the theory of Bessel functions forms only a trivial part of 
the investigations in question has made it seem desirable merely to mention 
the work of Voronoit and Wigertt and the more recent papers by Hardy§. 

* Journal fiir Math. ivr. (1859), pp. 189—196. 

ἡ Ann. Sci, de UEcole norm. sup. (3) χκι. (1904), pp. 207—26u. 459—534; Verh. des Int. 
Math. Kongresses in Heidelberg, 1904, pp. 241—245. 

{ Acta Mathematica, xxxvi1. (1914), pp. 118—140. 


8 Quarterly Journal, xuvt. (1915), pp. 268—283; Proc. London Math. Sos. (2) xv. (1916), 
pp. 1—25. 
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7°22. Stokes’ phenomenon. 


The formula ὃ 7:21 (1) for J,(z) was established for values of z such that 
larg 2| «π. If we took arg z to lie between 0 and 2m (so that arg ze~™ lies, 
between — 7 and 7r) we should consequently have 

J, (2) =e" J, (πο τὸ 
ἀν - πὶ Ὁ (—)™ .(yv, 2m) 
3 Θ (--2 τὴ cos (σε τ — kar — 177) hed ~(See=riyim 


(—)™.(v, 2m + »| 


oo 
— sin (ze-™* -- ἐνπ Ξ t7) 2 ἘΞ (σο πόθι 


0 
so that, when 0 < arg z < 27, 
[24 | 2 (—)™.(y, 2m) 
(vd) πὶ “Ὁ Se es τι υό τατον 
ὕ, (6). ertni(2)' | cos (e+ dum + ἐπ) Σ OSE 


ae 2 (—)™. (ν, 2m + Ὁ 
sin. (z + ἐνπ Ῥ 1π) ae (22) ᾿ 


and this expansion is superficially quite different from the expansion of 
§ 7.21 (1). We shall now make a close examination of this change. 


The expansions of ὃ 7:21 are derived from the formula 
J, (2) 8 (H. (2) + HY (2)}, 
and throughout the sector in which — 7 < arg 2 « 2zr, the function H, (2) has 
the asymptotic expansion 


a 2 (-)™.(v, m) 
(1) -Ξ ) οἵα--ἀνπ- πὶ εις τ ΟΣ 
se Ὁ ey or τι (21z)" ᾿ 
The corresponding expansion for ἢχ(9 (z), namely 
2\% 2 (v,m) 
(2) .  ρφ ὐιΖ--ἀνπ--}π) Seed ς 
ι πὴ Ae) Ξ: δι = (212) 


is, however, valid for the sector -- ῶπ «δῦρΖςπ. To obtain an expansion 
valid for the sector 0 < arg 2 < 2m we use the formula of ὃ 3°62 (6), namely 


A? (z)=2cosrr. H,* (ze—™*) + er? Η͂ o) (ze-™), 
and this gives 


2. = (v, m) 
H) ae, —t(2—hva—jn) Mo 
) ϊ (2) (5) an 9 (Bie 
Qr\i . 2 (—)". (ν, m) 
Sas t(z+hua0+3r) ee τδ. τέ ΕΘ ϑοο ΟδΝ 
+2cosvrr. (=) é Σ (Sizym 


The expansions (1) and (2) are both valid when 0<argz<7; now the 
difference between them has the asymptotic expansion 


2. 2 (—)™.(v, m) 
2 .( — | et@tivrtin) ee, 
COS νη (=) θ =, ἜΣΣΩ 
and, on account of the factor e which multiplies the series, this expression -is 
of lower order of magnitude (when | z| is large) than the error due to stopping 
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at any definite term of the expansion (1); for this error is 0 (e- στρ τὶ) when 
we stop at the pth term. Hence the discrepancy between (1) and (2), which 
occurs when Ὁ < arg z< 7, is only apparent, since the series in (1) has to be 
used in conjunction with its remainder. 


Generally we have 


2\2 . 2 (—)".(y, 2 Ξῖτ- % m 

J, (2) © οἱ (=) οἰ (2--ὲνπ--}η) 3 OF στ ye = n) + Cy (:) 6, ὑ(6--νπ-- }πη) ΙΣ, o δε 
where the constants ¢,, c, have values which depend on the domain of values 
assigned to arg z. And, if arg z is continually increased (or decreased) while 
[21 is unaltered, the values of 6, and c, have to be changed abruptly at various 
stages, the change in either constant being made when the function which 
multiplies it is negligible compared with the function multiplying the other 
constant. That is to say, changes in ¢, occur when 7 (2) is positive, while 
changes in ¢, occur when 7 (2) is negative. 


It is not difficult to prove that the values to be assigned to the constants 
c, and ὦ are as follows: 


οι = Fert drt Ca = ely "ῤ)πὶ [(2p — 1) w < arg 2 « (2p +1) πῆ, 
οἱ = ἐφ ΡΝ) t)m ρς τε Δ ρβρίν thai, [2pm < arg z< (2p +2) π|, 
where p is any integer, positive or negative. 


This phenomenon of the discontinuity of the constants was discovered by 
Stokes and was discussed by him in a series of papers. It is a phenomenon 
which is not confined to Bessel functions, and it is characteristic of integral 
functions which possess asymptotic expansions of a simple type*. 


The fact that the constants involved in the asymptotic expansion of the analytic function 
J, (2) are discontinuous was discovered by Stokes in (March?) 1857, and the discovery was 
apparently one of those which are made at three o’clock in the morning. See Sir George 
Gabriel Stokes, Memoir and Scientifie Correspondence, 1. (Cambridge, 1907), p. 62. The 
papers in which Stokes published his discovery are the followingt: Trans. Camb. Phil. 
Soc. x. (1864), pp. 106—128; x1. (1871), pp. 412—425; Acta Math. xxvi. (1902), pp. 393— 
397. (Math. and Phys. Pupers, τν. (1904), pp. 77109; 283—298 ; v. (1905), pp. 988.-- 287. ] 
The third of these seems to have been the last paper written by Stokes. 


7°23. Asymptotic expansions of I,(z) and K, (2). 


The formula § 7:2 (5) combined with equation § 3°7 (8), which connects 
K, (5) and H, (az), shews at once that 


πὶ, Σ (Mm) 
(1) K, @)~ (Σ) 6 a (22) 
πὶ [[-  4v?—1? (dv? — 12) (ἀν -- 3?) 
~ (3) ὶ τῷ Ig 81:8» ΤΠ’ 


* Cf. Bromwich, Theory of Infinite Series, § 133. 
+ Stokes illustrated the change with the aid of Bessel functions whose orders are 0 and +3, 
the latter being those associated with Airy’s integral (§ 6:4). 
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when |argz!< $2. And the formula I, (z) = e”" J, (ez) shews that 
; e 00 (-)™ (ν, m) ο΄ τίν- hae w (Ο, m) m) 
(2) 1, (2) ~ ray =o. 422)" ᾿(Ὡπ2}} mao (22)™’ 
provided that — ἔπ <arg 2 « 37. 
On the other hand, the formula J, (z) = e~#”" J, (οὐπὶ z) shews that 


: 00 (—)™ (vy, m) e—2—(w Ἐπὶ = (v,m) m) 
(3) 4, ()~ Gray π-0 eer (27rz)t m=o (2z)" 


provided that ~ gm < arg 2 « ἐπ. 

The apparent Deny between (2) and (3) when z has a value for 
which arg z lies between —42 and ἐπ is, of course, an example of Stokes’ 
phenomenon which has just Been investigated. 

The formulae of this section were stated explicitly by Kummer, Journal fiir Math, xvi. 
(1837), pp. 228—242, and Kirchhoff, Journal fiir Math. xivill. (1854), pp. 348376, except 


that, in (2) and (3), the negligible second series is omitted. The object of the retention of 
the negligible series is to make (1) and (3) formally consistent with § 3°7 (6). 


The formulae are also given by Riemann, Ann. der Physik und Chemie, (2) xcv. (1855), 
p. 135, when v=0. Proofs are to be found on pp. 496—498 of Hankel’s memoir. 


A number of extremely interesting symbolic investigations of the formulae are to be 
found in Heaviside’s* papers, but it is difficult to decide how valuable such researches are 
to be considered when modern standards of rigour are adopted. 

A remarkable memoir is due to Malmstént, in which the formula 
iE cos ax .da we-% 
0Q4+a)yn + gyn ™ genti ni 
x [(2a)" + C0, (n +1). (2a)"7 + nC, (nm + 1) (r+ 2). (2a)"? +... J 
is obtained (cf. § 6:3). This formula is written symbolically in the form 
" cosaz.dx πο 1....} 
o (1 τ αὐ)6ὦῦ7τι πηι ἢ} [}Γ}} 
the [ ] denoting that [n]-” is to be replaced by (n)_m, and this, in Malmstén’s 
notation, means 
1/{(v + 1) (nm + 2)... (a + md}. 
It will be observed that this notation is different from the notation of ὃ 4.4. 


7:24. The asymptotic expansions of ber (2) and bei (2). 


From the formulae obtained in § 7:21, 7:23, the asymptotic expansions of 
Thomson’s functions ber (2) and bei (2), and of their generalisations, may be 
written down without difficulty. The formulae for functions of any order have 
been given by Whitehead}, but, on account of their complexity, they will not 


* Proc. Royal Soc. ut. (1893), pp. 504—529; Electromagnetic Theory, τι. (London, 1899). My 
thanks are due to Dr Bromwich for bringing to my notice the results contained in the latter work. 

ΤΑ. Svenska V. Akad. Handl, αὐκτι. (1841), pp. 65— 74. 

+ Quarterly Journal, xu. (1911), pp. 329—338. 
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be quoted here. The functions of zero order had been examined previously by 
Russell*; he found it convenient to deal with the logarithms+ of the functions 
of the third kind which are involved, and his formulae may be written as follows: 


ber(z) exp ἃ (2) cos 
4) [μοὶ (2) ~ (ara) sin ΚΤ), 
ker(z) expa(—z)cos 9. 
(2) fea (2) (22/2) sin BCs) 
where 
Pre) eae eee _ 25 18 ὩΣ 
V2 82/2 3842/2 1282 —” 
TC) Coe a RS I 99 


νὰ 8. βϑενὰ 162” 3842°,/2 °°" 
The ranges of validity of the formulae are | arg z|< 42 in the case of (1) and 
| arg 2] « Ser in the case of (2). 


These results have been expressed in a modified form by Savidge, Phil. Mag. (6) x1x. 
(1910), p. 51. 


7:25. Hadamard’s modification of the asymptotic expansions. 


A result which is of considerable theoretical importance is due to 
Hadamard{; he has shewn that it is possible to modify the various asymptotic 
expansions, so that they become convergent series together with a negligible re- 
mainder term. The formulae will be stated for real values of the variables, but 
the reader should have no difficulty in making the modifications appropriate 
to complex variables. 

We take first the case of ,(#) when v >—%. When we replace sin $0 by 
u, we have 


δ eee. _ Gey’ Ὁ COS 8 oi 7) 2v 
1, (0) Ἐπ) ΓΦ τὰ 9sin” θαθ 
2 (2)» 8 ft 


=To+pr@!, exp (— 2v*x).u® (1 — vw) tdu 


aw aye ς Gaon [᾿ arta wh 
“TO+DT@ aco ml Jyh mPa) au, 
the last result being valid because the series of integrals is convergent. 
We may write this equation in the form 


(1) I, (5) = 


a ra 2x 
ener eee | i et) | ptm—s et dt 
DP (v + $) Γ() V(22) mao m! (2a) Jo 
ee 2 (4—v)m-y (vt mt ft, 22) 
 M(Qr2)m-0 DP (vt+h).mi(22)™ ’ 
where ry denotes the “incomplete Gamma-function” of Legendre§. 
* Phil. Mag. (6) xv11. (1909), pp. 531, 537. 
+ Cf. the similar procedure due to Meissel, which will be explained in § 8°11. 
1 Bull. de la Soc. Math. de France, xxxvt. (1908), pp. 77—85. § Cf. Modern Analysis, § 16-2. 
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For large values of x, the difference between 
yet Ee 51) 

Ir (v+4) 
is O(2”+"+4 e~ 2) which is ὁ (1) for each integral value of ἢ. 


and (4+ 7), 


In the case of the ordinary Bessel functions, we take the expression for 
the function of the third kind 


2 νὰ ρἱατ-ὰνπ-- ἀπ) soo ἐωλν» 
(1) Ξε ee ees ee -ὸ μν-- ἢ pce 
Ae) we Pvt I - = { τ σοὶ ia 


Φ δὲ ρἱ(α--νπ--Ῥπ) 2a ᾿ ἐμλν-ἢ 
nd --α-.- Sennen reek ἘΞ ν--ὦ ΚΑΘΈΝΑ ν͵,---2 
& τ ον (1+) du + O(x’e™) 


9 ὁ gi (&- ἐνπ-- tn) 00 (- 1)» πα reek wee τ ΩΣ 
Ξε (=) Τοῦ, wie : u e“du + O(a’e-*), 


so that 
2. γΣ ce ents) ἢ G-Y) my (v+m +4, 20) : 
(1) s- { —~ | gt@—hur-4n) En ο΄ ὃ» ν ρ΄ -ἢν 
(2) 4" (a) (=) a Σ᾿ Γ(ν + ἐ). νυ (Qix)™ + O(are™), 
and similarly 
+ ($—¥)m'y (y+ m +4, 22) 
(2) pos 4(%—4umr — 4) Vv p~ 22 
Os) (= ΒΚ 2 ee T (y+ 4). m!(— Qiz)™ go δε. 
From these results it 1s easy to derive convergent series for the functions 
of the first and second kinds. 


Hadamard gave the formulae for functions of order zero ony but the extension to 
functions of any order exceeding — 4 is obvious. 


7°3. Formulae for the remainders in the asymptotic expansions. 


In 87:2 we gave an investigation which shewed that the remainders in 
the asymptotic expansions of H,”)(z) and H,*)(z) are of the same order of 
magnitude as the first terms neglected. In the case of functions of the first 
and second kinds, it is easy to obtain a more exact and rather remarkable 
theorem to the effect that when ν is real* and «& is positive the remainders 
after a certain stage in the asymptotic expansions of Ji,(@) and Κ᾽, (2) are 
numerwally less than the first terms neglected, and, by a slightly more re- 
condite investigation (§ 7°32), it can be proved that the remainders are of the 
same sign as the first terms neglected. 


Let us write 


ον 


προτο (lta) τῷ ταῦ fae ee 


* We may take vy >0 without losing generality. 
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so that 
(1) σιν = (=) [00s Ὁ dom -- 3π) P (@, v) — sin (@ F $v — 4m) Q(z, »)] 


(2) Υ͂., (5): (3) [sin (a 7 ἐνπ — for) P (ὦ, v) + cos (x F ἐνπ — 42r) Q(z, ν)]. 
Now I (v) =0 and, in the analysis of § 72, we may take ὃ to be ἐπ᾿ since 
the variables are real, and so Ag = 


Τὸ follows that, if p be taken so large that 2p>»—}4, there exists a 
number 6, not exceeding unity in absolute value, such that 


and, on adcing the results combined in this formula, we have* 


(+E) +g) <2 2 Sear ae) + tar) 


where |6,|<1; and, since 9, is obviously real, -1 <4 <1. 


m=0 m! 


It follows on integration that 


1 (—)™. ( τ vom (ᾧ + Yom ($—») i nee Ee 
P (a, v) = =} (2m)! (2x)?™ i (2p)! (2a)? Tox 3) Ι Orem arte du, 


and since 


{ 6,e-% ur tet dul < { “8: ιν ρ-ὶ dy -- Γ (v + 2p + 4), 
0 Jo 


we see that the remainder after p terms in the expansion of ἢ (a, v) does not 
exceed the (p + 1)th term in absolute value, provided that 2p » ν — 4. 


From the formula 
(1 git). ᾧ τὴς (40) 4 Oren (hee 
~ 22 πὸ δι 215 (2»-1}} λῶν; 
we find in a similar manner that the remainder after p terms in the expansion 
of Q(z, v) does not exceed the (p+ 1)th term in absolute value, provided that 
2p >v — §. 
These results were given by Hankel, Math. Ann. 1. (1869), pp. 491—494, and were 


reproduced by Gray and Mathews in their Treatise on Bessel Functions (London, 1895), 
p. 70, but small inaccuracies have been pointed out in both investigations by Orr, 7rans. 


Camb. Phil. Soc. xvit. (1899), pp. 172—180. 


? 


In the case of K, (4) we have the formula 


K, (2) =(5, ES) #eay Alo onus (1+ Σ ay 


* This result was obtained in a rather different manner by Lipschitz, Journal filr Math, tv. 
(1859), pp. 189—196. 
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and 
pce πεν _\m eel me 
04g) 
ROME) Loon (ga 


and, when p >v — 3, the last term may be written 


(-}»,͵. (ἔπιον (uv i Ι Ξ 
ἐπ NE ol τπὸὰ --4)»-ι 

(p— 1)! (ὡς ΞΟ 
where 0< 6, < 1, and so, on integration, 


πλὶ,.- ἧς YM) | g Ὁ» ΡῈ) 
Ky = (=) Soe Η 9. 4 


where 0 < 6, <1 when p>v-—}. 


This is a more exact result than those obtained for P(«,v) and Q (a, v) 
by the same methods; the reason why the greater exactness is secured is, of 
course, the fact that (1 + }ut/x)’-?~? is positive and does not oscillate in sign 
after the manner of (1 + ξυμ α)ν-Ρπὶ + (1 — Liut/x)-P-3. 


1.81. The researches of Stieltjes on J, (x), Y,(x) and K,(x). 


The results of ὃ 178 were put into a more precise form by Stieltjes*, who 
proved not only that the remainders in the asymptotic expansions associated 
with J, (x), Y)(«) and K,(#) are numerically less than the first terms neglected, 
but also that the remainders have the same sign as those terms. 


Stieltjes also examined J, (x), but his result is complicated and we shall not reproduce 
itt. It is only to be expected that J, (.:) is intractable because in the dominant expansion 


the terms all have the same sign whereas in the other three asymptotic expansions the 
terms alternate in sign. 


It is evident from the definitions of § 7:3 that 


P(w,0)= a [ ᾿ ew πα σε + (1 — μι) τ} du, 
VE fue 3 Τὶ Lat 
Q (a, OF Se : 6 τ Ὁ[(1 + g2u)-*§ --α — ὴ) 58} du. 
In these formulae replace (1 + $7u)-+ by 
2 αφ 


wig Lt fiusin?d’ 


* Ann. Sci. de U’Ecole norm. sup. (3) m1. (1886), pp. 233—252. 
t The function J,(z) has also been examined by Schafheitlin, Jahresbericht der Deutschen 


Math,-Vereinigung, xtx. (1910), pp. 120—129, but he appears to use Lavrange’s form for the 
remainder in Taylor’s theorem when it is inapplicable. 
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It is then evident that 


4, fae 
(1 + 41u)-4 +(1—- δῖ t= =|. Tans | 
πε |: "a1 -- χιβ πη > +... +(—)?7 (fu sin‘ g)?™ 
1.0 


+(—)? Αιὐ sin‘ p)?/(1 + 3 1:0 sin‘ Φ)} ἀφ, 
where p is any positive integer (zero included). 
Now, obviously, 


" (fu? sin‘ gp)? ἀφ -θ ["a u? sin* gp)? dd, 


1+44u*sin? Φ 
where 6 lies between 0 and 1; cod ΠΣ 
7 
(1 + inn + (1 gir = 23 guy Puy 
es ee ee —5 τῆς 3. 44 —~ 1 
1.9.8 (4p=5), (Lu)? + (- )P θ 8 ) (Lu)? 


2 (=) (2p = 2) 
If we multiply by the positive function e~” τ} and integrate, it is evident 


— 15. 3°. 5°... (4p — 5) 
1? , 3? po 1: 3 *... (4p — 5)? 
(1) PO) πὶ ar gay te FOP ap — 8)! (82) 
15, 85, 5°... (4p — 1) 

PO Op Bay 

where 0 < 6, <1, and p is any positive integer (zero included); and this is the 

result which had to be proved for P (z, 0). 

Similarly, from the formula 

(™ usin? ddd 


i {((1 + ζύι)τ} —(1 — dau) 4} = = » 1+4uésin’¢’ 


we find that ἐν ἢ 15. 85. BY... (4 -- 3) 
"- 15. 3°. an : 3.85. δ"... (4p — 8) 
ὦ) Q@.0)=~s195+ gigeay et CP Gp Gem 


15,8», 5... (49 +1) 

+ (—)?*) 8, Gp +)! (Sayre “, 
where 0 < 6, <1, and p is any positive integer (zero included); and this is the 
result which had to be proved for Q (ὦ, 0). . 

In the case of K,(a), Stieltjes took the formula 


6:5 f° 
Κι (α) ----ς em“ u-4(1+4u)# du, 
V2J9 
and replaced (1 + $u)7* Ὁ Σ [ fone emer the procedure then follows the 
Yall +4u sin? d’ 
method just explained, and gives again the result of § 7. 


By an ingenious device, Callandreau* succeeded in applying the result of Stieltjes to 
obtain the corresponding results for functions of any ‘ntegral order ; but we shall now explain 
a method which is effective in obtaining the precise results for functions of any real order. 


* Bull. des Sci. Math. (2) xrv. (1890), pp. 110—114. 
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7°32. The signs of the remainders in the asymptotic expansions associated 
with J,(«) and Y, (2). 

It has already been seen that J,(x) and Y,() are expressible in terms of 
two functions P(z,v) and Q(a,v) which have asymptotic expansions of a 
simpler type. We shall now extend the result of Stieltjes (δ 7°31) so as to 
shew that for any real value* of the order v, the remainder after p terms of 
the expansion of P (ὦ, v) is of the same sign as (in addition to being numerically 
less thant) the (p + 1)th term provided that 2p > ν — 4: a corresponding result 
holds for Q (ὦ, v) when 2p > v — 3. The restrictions which these conditions lay 
on p enable the theorem to be stated in the following manner: 


In the oscillatory parts of the series for P (a, v) and Q(x, v), the remainders 
are of the same sign as, and numerically less than, the first terms neglected. 


By a slight modification of the formulae of ὃ 7°3, we have 


P (a, v)= Tort resp, τις yh (1 + dow) 2 + (1 — gi) 4} du, 


gts 


ΟΞ REO. 
and, exactly as in ὃ 79, we may shew that 


= s yes (3 — Vom (du)? oe 


[-¢ τὰ yv—d {(1 + δι)» - (1 -- δι)» ἢ du, 


Σ{( ἐνὶ ἘΑ - Oe (2m)! 
(—)? Goes fa. (1 —t)?-? 47 (1 τῈ ξτω)» ΡῈ -.-,ἨΩΗ - δ τι)» +3} dt. 


The reader will see that we can establish the theorem if we can prove that, 
when 2p > v — 4. the last term on the right is of fixed sign and its sign is that of 


(—)? (3 -- ν»»» (2 1)» (22). 
It is clearly sufficient to shew that 


1 
es — ει ja — tr? δε {(1 + δύ)» rtd — (1 — dint)? +4) dt 
is positive. Now this expression 1s equal tot 
1 
a AN TO Ὁ — t)P-3 sp—v—¥ [pA (ithiut) _ g—Aa—stiut)} qn qd 
πρτνσηταρενξ |,“ t) μι [ἃ le 6 Ῥάλ αἱ 


1 
~ PQp—v +9) 
1 [ : 
Στ: τ 2p—v—F oA —- f+)? , 
“Tp 044). Be λ 6 ( -- ὃ» sin (4 Aut) dtdr 
* As in §7°3 we may take vy >0 without loss of generality. 


+ This has already been proved in § 7:3. 
+ Since | sin (4 Aut) |<}Aut, the condition 2p>v-4 secures the absolute convergence of the 


infinite integral. 


[[ (1 -- ¢)?-? χῆν-ντῦ sin (λει). 67 drat 
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Now (1 — ¢)”-* is a monotonic decreasing function of ¢; and hence, by the 
second mean-value theorem, a number £, between 0 and 1, exists such that 


g 
fa — t)?~ sin (4Aut) dt = | sin (4Aut) dt > 0. 
0 0 


Since Γ (2 — v + $) is positive, we have succeeded in transforming 
i 
2 --ν--. 
into an infinite integral in which the integrand is positive, and so the expression 
under consideration is positive. 


[a — tyr? 40 (( + Aout) ΡῈ — (1 — dint) +4} dt 


That is to say, 
ὁ (1+ τω) t+ (1 — guy} 
P53} (b= Dan(d™ |p (—)? bv (40) 
ace (2m)! (2p)! 
where 820 when 2p >v— 3. And it has already been seen (δ 7.3) that in 
these circumstances 1 9] <1. Consequently 0 <@<1; and then, on multiplying 


the last cquation by e“” uv’? and integrating, we at once obtain the property 
stated for P (z, v). 


The corresponding property ‘for Q(z, v) follows from the equation 


1 (14 diy 9 — ας fig} =" OG λων a 
PD eB” yw gf By bint 2 a 


the details of the analysis will easily be supplied by the reader. 


Nore. The analysis fails when —4}<» <} if we take p=O0, but then the phase of 
(1+42u)”~4 lies between 0 and +4(v—4) π, and so } {(1+4cu)”-$4+(1—32u)"-#} has the 
same sign as unity, and, in like manner, } {(1 + 4¢u)”—4 —(1 — }¢u)”~4}/7 has the same sign as 
ἢ (v—4)u, and hence P(x, νὴ and Q(z, v) have the same sign as the first terms in their 
expansions, 80 the conclusions are still true; and the conclusion is true for Q(x, v) when 
4<v< 3 if p=0. 


7°33. Weber's formulae for the remainders in the expansions of functions 
of the third kind. 


Some inequalities which are satisfied by the remainders in the asymptotic 
expansions of ἢ, (z) and H,® (z) have been given by Weber*. These inequali- 
ties owe their importance to the fact that they are true whether z and ν are real 
or complex. In the investigations which we shall give it will be supposed for 
simplicity that ν is real, though it will be obvious that modifications of detail 
only are adequate to make the mode of analysis applicable to complex values 


* Math. Ann. xxxvit. (1890), pp. 404—416. 
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of v. There is no further loss of generality in assuming that νῈ 0, R(z)>0. 
We shall write | z|=7r, and, since large values of | z| are primarily under con- 
sideration, we shall suppose that 2r ν — }. 

If vy—}$>0, we have*, = § 612 (3), 


(1) —_ “η,ν--ὦ nous 
ΓΑ͂Ν (=) 4 “etal [Temurt(14 st) du 


2 Δὲ et e—4v7—-I 7) oo μλν-ὶ 
aaa —th y,¥—} 1 πρίν a 
<|(=) T( (v +4) + 3) i oo ( = 2r - 


2 ei) Hype 
<|(=) TOD exp|—u (1- a {3 du 


= [- Ὶ eile tein | Ὁ v= i 
᾿λπΖ 27" 


10ἐν « 4, we use the recurrence formula 


A" (2) = (2/z)(v +1) HY) (2) — HY}, (2) 


v+1 
and apply the inequality just obtained to each of the functions on the right. 


It is thus found that 


(1) | H, (2) ς G| (4arz)-# et @-tv2- 3) | 
and similarly 
(2) HH, (2) < ΟἸ( πεν ete dor4) | 
where t | 
Ga ( | "ἢ is 4) 
ve ν 3\-"t 2v+2 
@=(1- =) (i+ ᾿ Ἵ (v<4) 


The results may be called Weber's crude inequalities satisfied by H,") (2) 
and H,” (7) By an elegant piece of analysis, Weber succeeded in deducing 
more refined inequalities from them in the following manner: 


Take the first p terms of the series involved in Hankel’s two expansions 
and denote them by the oe zy" (25 p), By (2; ἊΣ so that 
= (-)Ά. (ν, m) τ᾿ (ym) 
ᾳ) = ee ἣν ἢ ὩΣ 
Σ᾿ (; p)= oa (212)» ᾽ (Zz; p)= mar > (Sizym 7 
It is easy to verify that 
d O49 gs a SP (9) 
gate + 23 S|. (25 P)= F(a 
We regard this as an equation to be solved by the method of variation of para- 
meters; we thus find that 
2" (25 p)=(darz)te tebe [A (2) H,” (2) + B(z) H, (ἡ), 


* In the third line of analysis the inequality e~> 1+ 2 (z>0) has been used. 
+ When ν - ὁ we take 2r>¥+3. 
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where A (z) and B(z) are functions of z so chosen that 
A’ (2) H,") (2) + BY (2) H,” (2)=0, 
A’ (2) £ Ho (2) + B’ ΟΣ, A,” (2) = - (π2) οἷ --ἶνπ--}π) p- (, P) ἐς 


σ᾽ (-- 2.2)": 
It follows that 
; S(e—Lyg—ie (DV, 
A’ (2) = 4{π|(4π2} ὲ οἱ 2-4-3”) ΠΟ H, (2), 
and so 


Α()- 4.-- ἀπ [πο +t) eters Sie ap H,* (2+) dt, 


where A is a constant. 
We obtain a similar expression for B(z), and hence it follows that 
L(z; p)= {A H, (2) + BH,® (z)} (42rz)t οἰ ἀπ ὲντ-.η) 
— ἐπρ. (ν, p) | (<5 genta L “τ cape στὸ {2) πε 5 1 δὲ 
By considering the behaviour of both sides of this equation as z > + 00, it 
is not difficult to see that A =1 and B=0. 
Hence we may write Hankel’s formulae in the forms 


4 
Ζ 


H,® (2) = (=) οἷ(2-- ἦἡνπ-- hn) {> (2; p) + R,™}, 


4 
H,™ (2) = (A) e-se-bre—in (3,0 (65 p) + Rp), 


where the remainder R," may be defined by the equation 
oy g \t HL, (2) Η,9 (2+ ὃ) -- Η,9 (2) A,” (στὸ 
Ry” os ἀπρ - (ν, Pp) I (4) pe ΣΤ gece ae 
Sinee R(z)>0, we have |z+¢|2>4/(r? + 8), and so, by using the crude 
inequalities, we see that.the modulus of the last integrand does not exceed 
25. ap) G92 + 8) ΠΡ ΤΩ, 
Hence 


| Ry” | < 91- G*p | (ν, p) | [ ("3 + 4) ἐ(ΡῈ}) dt, 
0 


and so, when p > 1, we have Th Dy 1 
+ 
(4) | By” | < 20" | (», p) | hore a 


and similarly 


és) | By | < 2G | (v, p) ra ie 


These are the results obtained by Weber; and it will be observed that in 
the analysis no hypothesis has been made concerning the relative values of ν 
and »; in this respect Weber's results differ from the results obtained by 


other writers. 
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7°34. Approximations to remainders in the asymptotic expansions. 


When the argument of a Bessel function is not very large*, the asymptotic 
expansion is not well adapted for numerical computation because the smallest 
term in it (with the remainder after the smallest term) is not particularly 
small; at the same time the argument may be sufficiently large for the 
ascending series to converge very slowly. 


An ingenious method for meeting these numerical difficulties was devised 
by Stieltjest+; we shall explain the method in detail as applied to the function 
K, (x) and state the results which were obtained by Stieltjes by applying the 
method to J, (x) and Y, (2). 


We apply the transformation indicated in § 7.31 to the formula § 6:15 (4), 
so that 
e-* [ὦ ο΄ τι du 
Hola) = V2 " ἢ (1 + ξ)ὲ 
_ 6.5.,2 [ 2 i e~2¥ dé du 


eI, Jo whe usin’ 6) 


--Σ 2 p-l po fr p—-xU $ 
ae ΜΞ] Σ Ϊ ᾿ “ς- δὼ sin? 0)" dédu 


Tv m=0 1 
Ὁ pt e-™ (— du 51η30)Ρ 
[ [ wk. + ἐπε ῖθ) Ὁ ἀμ ' 


That is to say, 
P=1(0, m) 


εὐ ae = 
(1) Ko (a) =(5-) e* | E Coa + (-)? Bo, 
where 
R= at [ [ 6. τὸ (Lu sin? 0)? 
Pat 9 ο ut(1 + dusin?@) 
Now the value of m for which (0, m)/(2x)™ is least is nearly equal to 2x 


when « is large; accordingly, in order to consider the remainder after the 
smallest term of the series for K, (a), we choose p so that 


dé du. 


στε ἀρ τσ, 
where σ᾽ is numerically less than unity; and then 


ο. σι 


at co fr ; 
ommieS ae } —yu 2 ernie 
R, if. | due sin? 6)? ut (L + Jusin’ 6) Abdu. 


Now, as u increases from 0 to 0 , 4 wei increases from 0 up to a maximum 
6 (when u = 2) and then decreases to zero; so we write 


due = eo -#, 
where & increases from — οὐ to οὐ, and, for similar reasons, we write 
sin? @ = τ 


* The range of values of x under contemplation for the functions Jo (x), Yo(x) and Ko (x) is 
from about 4 to about 10. 
t Ann. Sci. de VEcole norm. sup. (3) 111. (1886), pp. 241—252. 
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The domain of integration becomes the whole of the (£, 7) plane; and it 18 
found that 


R,= ed |. [. even |S Σ ars En | dédn, 


where 
Ay o= 4, 4,0 ΞΞ 2a? — τ» Qo2=t, 


by some rather tedious arithmetic. It follows* that the dominant terms of 
the asymptotic expansion of R, for large values of p are 


te Ao,2 + Ao, 0 
R pw 2(= =) Se | ag + AEE. > 
so that 


(2) R pw 2(= ἘΣΣΙ 


It is easy to verify by Stirling’s theorem that 

(0, p) (: 3} = 
Gap? p’ 
so that the error due to stopping at one of the smallest terms is roughly half of the first 
term omitted. 


In like manner Stieltjes proved that, if P(x, 0) and Q(z, 0) are defined as 
in § 7-3, then 


(3) P (a, 0) = : 5 re +(—)? Ry”, 

(4) Q (a, 0) = = ap (ast at ar + 1) + (—)? R,, 
where 

(5) RM~ (2) ἘΞ [εἰπεέτον,, ] 

(6) Ra ~@) = ge demir, 


provided that p is chosen so as to be nearly equal to x, and τ is defined to 
be ὦ — p. 


Results of this character are useful for tabulating Bessel functions in the critical range; 
some similar formulae have been actually used for that purpose by Airey, Archiv der Math. 
und Phys. (3) xx. (1913), pp. 240—2447 (3) xxi. (1914), pp. 30—43 ; and British Association 
Reports, 1913, 1914. 

It would be of some interest to extend the results, which Stieltjes has established for 
Bessel functions of zero order (as well as for the logarithmic integral and some other 
functions), to Bessel functions of arbitrary order. 


* Cf. Bromwich, Theory of Infinite Series, §§ 133, 137, and 174, or the lemma which will be 
proved in 8 8.3, 
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7:35. Deductions from Schafheitlin’s integrals. 
If we replace u by 2 tan @ in the formulae of ὃ 7°32, we deduce that 


(Qx)+# [ἐπ sin’# θ cos (v — 4) 0 2 


ΞΘ eet. oad —2% tan é 
4) — (ett fe sin’ θ sin (ν -- )6 orane 
VEY = Γῴν + 4)! cos’’t! @ : oe 


which resemble Schafheitlin’s integrals of § 6°12, 


It is obvious from these results that 


P (a, v) >0, (—k<v<8) 
Q (a, v) > 0, (4<v< 3) 
Q (a, v) < 0. (—$<v<}) 


An interesting consequence of these results is that we can prove that 


Q (x, v)/P (a, v) 
is an increasing function of « when -- ὁ ἐν <4 and that it is a decreasing 
function of when ἡ < »< ὅ, 


For we have 


Q (a, v) P (a, v) — P’ (2, v) Q(a, v) 
. -- 9 Ϊ (Qx)r*4 an r ο΄ 2% (tan 6+ tan ¢) F(8@, φ) ἀθαφ, 


Γίν +4) 
where 
in 6 sin h)*-4 ; 
F (6, ¢)= ἘΞ ee (tan θ — tan φ) cos (vy — 4) θ sin (ν — 3) φ, 
so that 


(sin 9 sin φ)» ὁ 
(cos θ cos @)?”*} 

If we interchange the parametric variables 6, ᾧ in the double integral and 
add the results so obtained we see that, when —  « ν « ὅ, the double integral 
has the same sign as ἃ -- ν ; and this proves the result. 


F (0, $) + F(¢, 0) = (tan 6 — tan φ) sin (4 5 v) (θ — φ). 


7.4. Schlafir's investigation of the asymptotic expansions of Bessel functions. 


In a memoir which seems hardly to have received the recognition which 
its importance deserves, Schlafli* has given a very elegant but somewhat 
elaborate investigation of the asymptotic expansions of the functions of the 


third kind. 


The integral formulae from which he derived these expansions are 
generalisations of Bessel’s integral ; although Bessel’s integral is not so well 
adapted as Poisson’s integral for constructing the asymptotic expansion of 


* dnn. di Mat. (2) νι. (1875), pp. 1—20. The only standard work on Bessel functions in which 
the importance of this memoir is recognised is the treatise by Graf and Gubler. 
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J, (2) when z is large and ν is fixed, yet Schlafli's method not only succeeds 
in obtaining the expansion, but also it expresses the remainders in a neat and 
compact form. 


Schlafli’s procedure consisted in taking integrals of the type 


aa —~1 exp Ἑ γα (u + 1} du, 
and selecting the contour of integration in such a way that, on it, the phase* of 
tre™ (u — 2+ 1/u) 
is constant. He took two contours, the constants for the respective contours 
being 0 and 7; and it is supposed that r is positive and a 1s real. 


(1) Let us first take the phase to be a; write 
u=1+ pe®, 
where p is positive and @ is real, and then 
re pre? [Ω + ρ 69) 
is negative, and is consequently equal to its conjugate a 


Hence we have 


_ _sin(a+ 26) — Βθ sata 
( P=—Sin@+8)’ “~~ εἰπία Bye 
Next choose a new parametric variable ᾧ such that 
d= 20+a—7T, 
and then | 
(Q)> we cos $ (a — $) ais as ( -- 1} —rsin?d 
cos $(a+¢) u —« cos $(a—) cosh (at) 


Now, as ¢ varies from — (π — a) to (7 -- α), u traces out a contour emerging 
from the origin at an angle — (a — a) with the positive real axis and passing to 
infinity at an angle (a — a) with the positive real axis, provided that 0 < a < 2m. 


If this restriction is not laid on a the contour passes to infinity more 
than once. 


We shall now lay this restriction on a; and then the contour is of the type 
specified for formula ὃ 622 (9), provided that we give w and arg z the same 
_ value a, as 1s permissible. 


It follows that 
ert 7 (re*) —e-™ I, (re Ξε du a 
22 sin var = 5 tee τ τ ‘dat 
where wu is defined in terms of ¢ by equation (2). 
* The reader will find it interesting to compare the general methods of this section with the 


‘‘method of steepest descents” which is applied to obtain various asymptotic expansions in 
Chapter vit. 
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Changing the sign of ¢ is equivalent to replacing wu by 1/u, and so, replacing 
the expression on the left by its value as a function of the third kind, we have 
(3) et" H,® (γε δ΄ ἐδ)) = — =|" ω- + u”) exp | re (u + | 2 a - ἀφ. 


From (2) it follows that --- re*(u —1)*/u increases steadily "ὶ from 0 to + « 
as ᾧ varies monotonically from 0 to w—a; and, if we write 


— re*(u — 1) /u =, 


so that ¢ is positive when w is on the contour, we have 
du _ dt ᾿ dt 
u —re*(u—l/u) e~t-2)* (ut + wt) /(rt)’ 
the range of values of arg τε being less than 7. 
᾿ Next, by Cauchy’s theorem, 
Pere os (ut, :/u-+) pea “+ εΞ " ein ἀξ; 
it is convenient to take the point ζ΄ Ξε 1 inside the contour, but ¢=0 must be 
outside the contour because the origin is a branch-point. 
It follows that 


εν tee alee SRL Sa 0 A 
Pi iio | (ζ-- 1} St/(re*) 

66 

-" πὲντπὶ ἴα) fof (wt, fut, 1+) g-$t ἐπ ξν-ὲ (EL — 1) do dt 
υ) (γοὶ lain) -- δ ἐπ EXP (re) 6 tt Ort (ξ- 1)αζαί 
τὰν ἐῶ aba ΠῚ I, J (E= 1) + bt(re*) 
Now it is evident that 
1 p-1 (—)™ om em (—)? C? tP 


(E> 1p + Eire) = eo E— 1 (remy ὁ (F= 1yr(re (C= 1) 
where p is any positive integer (zero included). It will be convenient subse- 
quently to suppose that p exceeds both R(v— 4) and R(—v-— }). 

On making this substitution in the last integrand and observing that 


1 pet et, 1+) αν. Ee wvtmt+h)  _ mi (ν, ἢ) 
Sari grtat (f— lye dl = πε πε. πεν Gm)!’ 


(with the notation of § 7:2), we deduce that. 
+ -ι {λει 
=) exp (re ὡς dy) i > (-})". (Ὁ, m) + R 2 |, 


m=0 (2re'* )» 


> 2 
1) t (α--ἰ τ) = 
(6) H," (re ) (— 


where 
ΓΙ i (—)? =|" , Wut, 1+) ent yp orto ἃ dtdt ote. 
ῶπὶ Ν(2π) (€— 1)? (re)? (ξ- -1)}. Gt/(re**)j 
* Since d εἰπὲφ  _ sing (1+2cosacosp+cos? Φ) 


ἀφ cosa+cosg@ (cos a + cos φ)" 
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First consider 
1 (ets i/et, 1+) ξνι»-ὶ dr 
Qari (ξ- 1G — 1}} + bt/(re*)} " 
When p is so large that it exceeds both R(v — 4) and R(— v — 8), we take the 
contour to be as shewn in Fig. 15; and when the radii of the large and small 
circles tend to oo and 0 respectively the integrals along them tend to zero. 
If now we write 
ξ-- ὁ: (1 —x)/ax 
on the two rays (which are all that survives of the contour), we find that 


1 p(wts et, 14) ξντρ-τὶ dt 
ami (E-TECH 1y + Hr] 

_ (—)? cos var [3 ρον  (Ι — oP te tdx 
7 τ 9 1-- (1 -- σ)(τ οἷ.) © 


Fig. 15. 


Now the numerator of the integrand is positive (when ν is real), and the 
modulus of the denominator is never less than 1 when 42 < a< $7; for other 
values of a it 1s never less than | sin a}. 


Therefore 
θ eee [“ 
ΠΤ τοι Σοὶ dt ρτὶ P94 (] -- χγριν--ὶ = + (2r)?, 
| Ry | <r? JQ) rte’ tP-t x (1 — x) dxdt = 0, |(v, p)|+(2r) 
where | 4 | is 1 or | cosec a| according as cos a is negative or positive. When v 
is complex, it 1s easy to see that 


cos var | O| (A (v), p) | 


(7) [| Rp |< cos R (v7) (2r)? 
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Hence, finally, when — 42 < arg 2 < $77, 
2\F κατ | 3° I" ™) og 9)». ,») 
(8) H,' ) (2) = (=) οἷ(--ἶνε--}») ΠΣ — (iz) + 6 1 ~(Qizyr ᾿ 


where | 9,| does not exceed 1 or 860 (arg 2) according as 7 (2) 18 positive or 
negative, provided that ν is real and p+4> |v|. When ν is complex, the modi- 
fied form of the remainder given by (7) has to be used. 

Since R {1 —tx(1 —x)/ére*)} >0 when R(e) <0, we see that, in (8), θ᾽ 
has its real part positive when ν is real and J (z) >0. 

If z be replaced by zz in (8) we find that, when | arg z| <7, 


| (y, m) (ν, p) 
(9) ON (Ξ Jie ἡ Ὰ (22)» ἢ +6 aa 
and, when ν is real, 
(i) #(6@,)>0 and | 4,| <1, if R(z)>0, 
(1) | O,|<| cosec (arg z) |, if R(z)< 0. 


The modifications necessary for complex values of ν are left to the reader. 


(II) We next discuss the consequences of taking the phase of 
ἀ γο (ει -- 2- 1 
to be zero. As before, we write 
u=1 + pe®, 
and then τοῖς p? e9/(1 + pet®) is positive, and therefore equal to its conjugate 
complex, so that we obtain anew equation (1). We then diverge from the 
preceding analysis by writing 


= — (20+) 
so that 
sin ἃ (a+ >) p= (ὦ -- 1} _ r sin? ᾧ 
(9) “= ging(a-g)°” "uw “sing@—g)sinfate) 


Now, as ¢ varies from —a to a, u traces out a contour emerging from the 
origin at an angle a with the positive real axis and passing to infinity at an 
angle —a with the positive real axis, provided that a lies between — π᾿ and π. 
The contour is then of the type specified for formula § 6:22 (8) if, as is per- 
missible, we give w and arg z the same value a. 


It follows that, when — 7 <a< 17, 
Κι, (re) = 14c08 vr | ΝΣ exp] -- sre (1 + Η᾿ Fr dd, 


where τὸ 18 defined as a function of ¢ by equation (10); and therefore 


(1) H,® (rele) = 1" | τ’ + w") exp | fret (u + 1) “a “ἀφ, 
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and hence, if now 
t=re*(w—1)?/u, 
we find that 


(12) H.@ (ret@-#*)) = οἐνπὶ exp (-" “ἢ Γ 1,...Ὲ} ght t-4 crt (f— 1) adgdt 


Qar rt otis (EAT Si(re) 
We have consequently expressed a second solution of Bessel’s equation in a 
form from which its asymptotic expansion can be deduced ; and the analysis 


proceeds as in the case of H," (z), the final result being that, when 
—3mr<argz<4r, 
: H,® ~i (χ--λνπ--λπ) ' (ν, m) (v, p) 
(13) "@=(Z)e ΙΕ => (Bizym Ὁ 8 iz | 
where | 6,| does not exceed 1 or | sec arg z | according as I (2) «Ὁ or I(z) 20, 
provided that ν is real and p+}>|v|; and R(6,)>0 when 7(2) «Ὁ. Ifv is 
complex the form of the remainder has to be modified, just as in the case of (8). 


It should be observed that, since the integrands in (3) and (11) are even 
functions of ν, it is unnecessary in this investigation to suppose that ἢ (ν) 
must exceed —}, as was necessary in investigations based on integrals eof 
Poisson's type. 


76. Barnes’ investigation* of asymptotic expansions of Bessel functions. 


The asymptotic expansions of functions of the third kind follow immediately 
from Barnes’ formulae which were obtained in § 65, 6°51. Let us consider 


| ae T(—s) P(—2v — 589) Γ(ν +8+4)(— 202) ds 
—oi—v—p 


- 30). [ Γ(-8ἐνῈ)Γ(--8-ἰ ιν Ἐ})} -- Ὁ Κ)(- 212}}" ds. 


If | arg (-- 2)} ς« ὃπ-- δ, we have 


"“ D(-s+y+p) 0 (-s— +p) I (s—p+4)(~2iayds| 


<f T(—st+vt+p)U(—s—v+p)T(s—pt+ h)e?-) 8 dsl, 


and the last integral is convergent and so the first integral of all is 
0 {(— 2uz)-”?}. 

But, by the arguments of § 6°51, the first integral is — 272 times the sum 
of the residues at the poles on the right of the contour, and so it 15 equal to 
— πὶ H,” (z)/[e!@"” cos vr (2z)’] plus — 277 times the sum of the residues at 
s=—v—},—v—-$8,...,-v—pth. The residue at — -- ἣν -- } is 

(-" Γ (ν Ἐν ἘΔ) Γ(-τν Ἐπ Ὁ ὁ) 
m! (—2izytmrt 


* Trans, Camb. Phil. Soc. xx. (1908), pp. 273—279. 
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and so, when j arg (—1z)|<§ar—6 


H, (2)=— e' @-»=) cos (v7). (22)” 


πὴ 
,»ρὰ (-)™ Pvt m+) (—v+ τς 
| 2m ὭΣ, eee τὺ +O {(— 2.2) τ 


2 Δὲ [Ps (ym) - 
=| —- (2--ὧἐνπ--"π) ς + : 
ΠΥ Ὁ σον, 

and this is equivalent to the result obtained in ὃ 7.2. The investigation of 
H, (2) may be constructed by replacing 7 by —7 throughout. 


The reader should notice that, although the determination of the order of 
magnitude of the remainders by this method is transparently simple, it is not 
possible to obtain concrete formulae, concerning the magnitude and the sign 
of the remainders, which are ultimately supplied by the methods which have 
been previously considered. 


751. Asymptotic expansions of products of Bessel functions. 


It does not seem possible to obtain asymptotic expansions of the four 
products Js,(z) Ji,(z) in which the coefficients have simple forms, even 
when μεεν. The reason for this is that the products H, (2) H,"(z) and 
H, (2) H," (2) have asymptotic expansions for which no simple expression 
exists for the general term; the leading terms in the two expansions are 

Lis FR (ut+y+1) rt 2 seas 
tei {36 9:5: = ooh 
Tz 412 

The products H,,” (2) ,." (2) and H,,® (2) Π ὦ (2), however, do possess simple 
asymptotic expansions; and from them we can deduce asymptotic expansions 
for 

Jn (5) Jy (2) + Υ͂, (2) Υ, (2) 
and for | Ja (2) Υ͂, (2) --- Υ͂, (2) J, (2). 


The simplest way of constructing the expansions is by Barnes’ method, 
_ Just explained in §7°5. A consideration of series of the type obtained in 
§ 5°41 suggests that we should examine the integral 


τα}. ἀρ (ΟΣ -)τ( τ΄ - γί τ΄ -ν( δπ' φύγω 


the contour is to be chosen so that the poles of (2s + 1) lie on the left of the 
contour and the poles of the other four Gamma functions lie on the right of 
the contour; and it is temporarily supposed that μ, v and «+» are not 
integers, so that the integrand has no double poles. The integral is convergent 
provided that | arg (tz) | < 37. 
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First evaluate the integral by swinging round the contour to enclose the 
sequences of poles which lie to the right of the original contour; the expression 
is equal to minus the sum of the residues at these poles, and the residue at 
m+h(u+y) is 


᾿ π᾿ σὲ uty) xt Γ(μενπ 2ηι-1).(-}» (deter 
sin μπ΄. 51} νπ΄. 81} (μ - ν) π᾿ αὶ Γμ ἘΠ ἘΠ Γ( Ἐν ἘΠ) Γμ Ἐν Ἐπι-Ἐ 1) 


It follows that 
co tes εν ἡν(έξ" - 
αι Τα yr( a 8 γί 5 e) 


xT (*54-2) Γ (-45"-«) (fiz ds 


2 
ΒΟΟΣ τ ὙὙῪ Ἔ wt πὲ ἢ, (5) ν (5) Aer Sy (2) J, (2) 
“810 μήτ Β1ὴ νπ sin (“+ ν)π sin (μ -- ν)π 


eto—vle J_y (2) J, (2) mast ΚΟΥ 
᾿ — βίη(ν -- μ) πὸ δι sin (μ ἝἜ v) T 
= a {Ju (ὦ) J. (2) + Yu (8) Y,(2)} 


qe t+») (2 cos war cos vir +78in (4+ ν) 7} 
 gin(e tv) rsin(s—v)r {J (ὦ) ¥, (2) —- Yu (2) Jd, (z)} 


π᾿. (2) J, (2) + Yu(e) ¥,(e)} 


~ Qein $ (e+ v) 3 


-- οοὐ ἐ (μ -- ν) πὶ {J (2) Υ͂, (5) -- Y,(2)J, (z)}] 


sees ee ee 
2cos}(u+v)7 


+ tan} (u—») @ {Ju(2) ¥,(2)— Yue) SDI 


By writing —¢ for ὁ throughout the analysis we deduce that, if both 
jarg iz| and | arg (-- 2) are less than §7, ie. if | arg z|< 7, then 


[{J. (2) J, (2) + Yu (2) ¥, (2)} 


ἃ) sampoer ny pln (©) Sole) + Yale) Poe) 


-- οοὐ ἐ(μ - ν)π. {Jy (2) Y, (2) -- Σ͵, (2), (2)}}} 


ee (ei μὲν (ἐς" --ἡ 
=> " D@s+yr (45 )r > 8 


ΧΡ [Ξ΄ -ἡ Γ (- ξ΄ -- δ) cos em. (ha de, 
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and 
2) πρασ τ gla @ Io) + Pal) Ὑν ΟῚ 


+ tan $(u—v) π΄. {J (2) Υ͂, (2) -- Yu(2) J, (2)}) 
--55/ Pee+pr(Af*-.)r(45"- ) 
| χγ( 8 γ(- π’ - δ) sin sm. be)" de. 


These results hold for all values of μὶ and ν (whether integers or not) 
provided that, in the case of the former μ΄ + ν and μ — vp are not even integers, 
and, in the case of the latter 4 + v and μ -- ν are not odd integers. 


We now obtain the asymptotic expansions of the functions on the left of 
(1) and (2) after the manner of ὃ 7°5. 


We first take p to be an integer so large that the only poles of the in- 
tegrands on the left of the line R (9) = — p — } are poles of Γ (28 +1); and then 


a τῶν 

€ or~p—t 

(when either integrand is inserted) is equal to ὥπὶ times the sum of the 
residues at the poles between the contours. Since 


[7 fede de= 0) 


aoi—p—-} 


we deduce that the asymptotic expansions, when | arg zi < 7, are 


(3) κυ, ὦ (2)]—cot ξ (μ -- ν)π. [ὦ (z) ¥,(2)— J, (4) ¥,(z)] 


_ sine T 
a ae 
Pewee “πε "εἰ sate 
5 yor (AF ἐπε γ( ἔς" ἐμ )γ(ς ἡγ(-ξξ τῆι) 
m=0 (2m + 1)!($2)™*? 
1 
+ 0(sea) | 
μ᾽ -- ν' μὲν μ--ν ν-μ μὲν 31) 
~ πρὶ ἑ(μ.--ν) π᾿" ται gt ie gp Big ee gt a) 
and 
(42 [Ju (2) Jy (2) + Fu(z) Y, (2)] + tan ἐ(μ -- ν) π΄. (Jy (2) ¥, (2) -- ὦν (2) Υμ(2}} 
ἘΣ 2 pee eo-vt+l v—-ptl l-p-v 1, -5) 
πΖοοβὰ (μ -- ») π΄ δ᾿ 2 2 Ὁ “᾿Ξ: 2 °2? gf 
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In the special case when μεν, the last formula reduces to 


(ν, m) 
Qm 22m?’ 


(5) J3(e)+ P(e Σ {1.8.5...(2m—1)] 
and, in particular, 

2 2 (-)™{1.3.5...(2m—1)}* 

(6) Te(e)+ ¥en 2 ee 


Formula (5) seems to have been discovered by Lorenz, K. Danske Vidensk. Selskabs 
Skrifter, (6) νι. (1890). [Oeuvres scientifiques, τ. (1898), p. 435}, while the more general 
formulae (3) and (4) were stated by Orr, Proc. Camb. Phil. Soc. x. (1900), p. 99. A proof 
of (5) which depends on transformations of repeated integrals was given by Nielsen, Hand- 
buch der Theorte der Cylinderfunktionen (Leipzig, 1904), pp. 245—247; the expansion (5) 
is, however, attributed to Walter Gregory by A. Lodge, British Association Report, 1906, 
pp. 494—498. 


It is not easy to estimate exactly the magnitude or the sign of the re- 
mainder after any number of terms in these asymptotic expansions when this 
method is used. An alternative method of obtaining the asymptotic expansion 
of J,?(z)+ Y,7(z) will be given in § 13°75, and it will then be possible to form 
such an estimate. 


CHAPTER VIII 
BESSEL FUNCTIONS OF LARGE ORDER 


8:1. Bessel functions of large order. 


The subject of this chapter is the investigation of descriptive properties, 
including approximate formulae, complete asymptotic expansions, and in- 
equalities of various types connected with Bessel functions; and the pro- 
perties which will be examined are of primary importance when the orders of the 
Junctions concerned are large, though many of the results happen to be. true 
for functions of all positive orders. 


We shall first obtain results which are of a purely formal character, 
associated with Carlini’s formula (§1°4). Next, we shall obtain certain 
approximate formulae with the aid of Kelvin’s* “principle of stationary 
phase.” And finally, we shall examine the contour integrals discovered by 
Debyet; these will be employed firstly to obtain asymptotic expansions when 
the variables concerned are real, secondly, to obtain numerous inequalities of 
varying degrees of importance, and thirdly, to obtain asymptotic expansions 
of Bessel functions in which both the order and the argument are complex. 


In dealing with the function J, (x), in which ν and « are positive, it is 
found that the problems under consideration have to be divided into three 
classes, according as τίν is less than, nearly equal to, or greater than unity. 
Similar sub-divisions also have to be made in the corresponding theorems 
concerned with complex variables. 


The trivial problem of determining the asymptotic expansion of J, (2), when » is large 
and z is fixed, may be noticed here. 


It is evident, by applying Stirling’s theorem to the expansion of § 3-1, that 
J,(s)~exp fo Ἐν log (42) =( +4) l0g%}.| o+ 24% 4... |, 


where ¢)=1//(2r); this result has been pointed out by Horn, Math. Ann. Lu. (1899), 
p. 359. 


[ΝΟΤΕ. For physical applications of approximate formulae for functions of large order, 
the following writers may be consulted: Macdonald, Proc. Royal Soc, yxxt1. (1903), pp. 251— 
258 ; LXx11. (1904), pp. 598—68 ; xc. A (1914), pp. 50—61; PAzl. Trans. of the Royal Soc. cxx. A 
(1910), pp. 113-144; Debye, Ann. der Physik und Chemie, (4) xxx. (1909), pp. 57—136; 
March, Ann. der Physik und Chemie, (4) XXXVI. (1912), pp. 29—50; Rybezytiski, Ann. der 


* Phil. Mag. (δ) xx, (1887), pp. 252—-255. [Math. and Phys. Papers, 1v. (1910), pp. 8308—3806.] 
In connexion with the principle, see Stokes, Trans. Camb. Phil. Soc. 1x. (1856), p. 175 footnote. 
[Math. and Phys. Papers, 11. (1883), p. 341.] | 

+ Math. Ann, Lxvtr. (1909), pp. 5835—558; Miinchener Sitzungsberichte, xu. [δ], (1910). 
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Physik und Chemie, (4) Xut. (1913), pp. 191—208; Nicholson, Phil. Mag. (6) x1x. (1910), 
pp. 516—537; Love, Phil. Trans. of the Royal Soc. ccxv. A (1915), pp. 105—131 ; Watson, 
Proc. Royal Soc. xcv. A (1918), pp. 883—99, 546—563. The works quoted all deal with 
the problem of the propagation of electric waves over the surface of the earth, and are 
largely concerned with attempts to reconcile theoretical with experimental results. ] 


8.11. Meissel’s first extension of Carlini’s formula. 


The approximation (§ 1.4) obtained by Carlini is the first term of the 
asymptotic expansion of a Bessel function of large order; subsequent terms 
in the expansion were formally calculated by Meissel, Astr. Nach. cXXIx. 
(1892), col. 281—284, in the following manner: 

It is clear that Bessel’s equation may be written 

(1) op CF 8) 5 ge) κα. at) J, (ve) = 0; 
if we define a function u(z) by the equation 


J, (vz) = ener exp [τω ᾿ 


then equation (1) transforms into 
(2) 25 [τ΄ (2) + (ὦ (2)}}5}} Ἡ Ζιι (2) -- ν" ( -- 2?) =0. 

If now we assume that, for large values of ν, τ (Ζ) is expansible in a series 

of descending powers of ν, thus 
U(zZ) = VUy + τη τιν + Us/V?+..., 

where tp, %, Ue, Us, ... denote functions of z which are independent of v, by 
substituting in (2) and equating to zero the coefficients of the various powers 
of ν on the left, we find that 


= _— 2t)) Sore op est 4.2 + 23 
Uy = ίνᾷ Ζ );/2, Uy 9 (1 = 2?) » Up 8 (1 — φ» ’ 
f+ Werte, θάνε 5602 + 456s! 252 
Us = 8(1 — 2) ? 4 128 (1 — 2)*¥ ’ 
162 + 86824 + 9242" + 87427 -+ 132° 
ee δ Ὁ ς ἘῸ’ 


Seeceeancesesesenevseveeeereveeeezeeeaeeevneseneoreenen 


Hence, on integration, it is found (cf. § 1.4) that 
' ΞΕ Ξ τ ΠΤ ΤῊΣ ee _ 23 
i u(2)de =v flog a + VA 23) 1} Ζ log (1 — 2?) 
1 {3255 + 42? + 24 


~ βάν (a — 22 10ν" (1 — 23} 
1 == 15122? — 36542! — 3752 _ αὶ 
+ 5760v5 ( -- γ᾽) j 


322° + 2882! + 2322 + 182) 


F881 — δ 
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Hence we have Meissel’s formula 


8. So (vey = 659 exp fev - 23}. exp (- 0) 
ee e+) -- 2} (1 + ΝᾺ -- 2p’ 


where 
_ 1 (24382 427 + 24 
(4) Y= σὰν la _ 2) ~ 164 (1 — 24) 
ΒΡ. = — 15122? — 3654. — 3752 ᾿ 16} 
5760r* (1 — 2)? 
_ 8224 + 28824 + 28226 + 132° 
12814 (1 — 2°) 


It will appear in § 8.4 that the expression given for V, is the sum of the 
four dominant terms of an asymptotic expansion which is certainly valid when 
z lies between 0 and 1 and ν is large. 


It is stated by Graf and Gubler*® that the first approximation derivable from (3), namely 
J, (v2) ~ ___ exp iy ν(1- ἢ 
(Qervyh (1 —2*)t αἰ να —22)}” 
is due to Duhamel; but a search for the formula in Duhamel’s writings has not been 


successful, and it seems certain that, even if it had been discovered by Duhamel, his 
discovery would have been subsequent to Carlini’s. 


Note. The reader should observe that (3) may also be written in the form 


(5) J, (v sech α)-- ὃ {—»(a—tanh a)}.exp(— W.) 


/(27rv tanh a) 


coth? a A coth® a 
Gay (2 ὁ ὃ sech* α) -- Fes 

os coth® ¢ 
5760p5 
coth!2 a hh? 4 6 8 


+... 


(6) W,= (4 sech? a+sech* a) 


(16 -- 1512 sech? a— 3654 sech‘ a -- 375 sech® a) 


8°12. Metssel’s second expansion. 


The expansion obtained in ὃ 8°11 obviously fails to represent J, (vz) when 
z is real and greater than unity; for such values of z, Meisselt obtained two 
formal solutions of Bessel’s equation; and, if we write z=sec 8, the reader 
will see, by making some modifications in ὃ 8°11 (5), that these solutions may 
be written in the form 


2 : 
νϑϑωνε δε, 


* Einleitung in die Theorie der Bessel’schen Funktionen, 1. (Bern, 1898), p. 102. 
t+ Astr. Nach, cxxx. (1892), col. 363—3638. 
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where* 
_ cot? B 
~ [938 (32 sec? 8 + 288 sec‘ 8 + 232 sec* αὶ + 18 sec® 8) 
= oa (768 sec? 8 + 41280 sect B+ 14884 sec*B + 17493 sec’ 
+ 4242 sec” β + 103 sec’ β) 
προ: 
(2) Q,=v(tanB—- β)-- αν Fee + 3 sec? 8) 
re oe (16 — 1512 sec? 8 — 3654 566“ 8 — 375 sec® 8) 
cot" β 7 : 
— 359360, (256 + 78720 sec?8 + 1891200 sec*® + 4744640 sec* 8 


+ 1914210 sec? 8 + 67599 sec” 8) 
Ἔ 0... 

To determine J, (ν sec 8) in terms of these expansions, we take 8 to tend 
to ἐπ, and compare the results so obtained with the expansions of Hankel’s 
type given in ὃ 7:21; we see that, as 8 - ἐπ, 

P,+>0, Q,~v(sec β — ἐπ), 


and we infer that 


(3) H,” (vsec p)=,/(-2 (222) en Py HQ, -iei 
(4) H,” (ν sec B) = JS (- ae 6- Ῥν-ἰο, +397 
It follows that 
2 cot B a 
(5) Je(v see 8) = y/(—2**) σ- ἢ cos (Q, -- 47), 
(6) ¥, (vee B)=  ((ΞΞΞ:Ξ). e-Prsin (Q, — 47), 


where P, and Q, are defined by (1) and (2). It will appear subsequently 
(§ 8.21) that these formulae are actually asymptotic expansions of J, (v sec 8) 
and Y,(v sec β) when » is large and 8 is any assigned acute angle. 


Formulae which are valid for small values of 8, 1.6. asymptotic expansions 
of J,(z) and Y,(z) which are valid when z and vare both large and are nearly 
equal, cannot easily be obtained by this method ; but it will be seen in ὃ 8:2 
that, for such values of the variables, approxiraations can be obtained by 
rigorous methods from Schlafli’s extension of Bessel’s integral. 


* The reader will observe that the approximation has been carried two stages further than in 
the corresponding analysis of § 8°11. 
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Norg. The dominant terms in the expansions (5) and (6), which may be written in the 
form 


(7) J, (2)=M,cos(Q,—tn), VY, (x)=M,sin(Q,—47), 
2 
where uM, ~ (---πῶΞ) ᾽ 
Q, ~ ν (3 -- νῇ) — dun + arc sin (ν 4), 
had been obtained two years before the publication of Meissel’s paper by L. Lorenz in a 


memoir on Physical Optics, H. Danske Videnskabernes Selskabs Skrifter, (6) vi. (1890). 
[Ocuvres Scientifiques, τ. (1898), pp. 421—436.] 


The procedure of Lorenz was to take for granted that, as a consequence of the result 
which has been proved in § 7°51, 


“ i+. date f+ 1. ὩΣ. 


ΡῊ 
ee 1 Ξ Ὁ Ὁ <i) 
and then to use the exact ns 
8 dQ, 2 
(8) da zal,’ 


which is easily deduced from the Wronskian formula of § 3°63 (1), to prove that 


τ 2 
Qa a— pn | {3-1 dx, 
wherice the approximation stated for Q, follows without difficulty. 


Subsequent researches on the lines laid down by Lorenz are due to Macdonald, Pai. 
Trans. of the Royal Soc. ccx. A (1910), pp. 131—144, and Nicholson, Phil. Mag. (6) xiv. 
(1907), pp. 697—707 ; (6) x1x. (1910), pp. 228—249; 516—537; Proc. London Math. Soc. (2) 
Ix. (1911), pp. 67—80; (2) x1 (1913), pp. 104—-126. A result concerning Q,,,—Q,, which 


is closely connected with (8), has been published by A. Lodge, British Association Report, 
1906, pp. 494—498. 


8.2. The principle of stationary phase. Bessel functions of equal order 
and argument. 


The principle of stationary phase was formally enunciated by Kelvin* in 
connexion with a problem of Hydrodynamics, though the essence of the principle 
is to be found in some much earlier work by Stokest on Airy’s integral (δ 64) 
and Parseval’s integral (§ 2:2), and also in a posthumous paper by Riemann?. 


The problem which Kelvin propounded was to find an appecsunete expression for the 
integral 


u= > =f, cos [m {x — tf (m)}] dm, 
0 Ν᾿ 
which expresses the effect at place and time (z, δ) of an impulsive disturbance at place and 


time (0, 0), when f(m) is the velocity of propagation of two-dimensional waves in water 
corresponding to a wave-length 2n/m. The principle of interference set forth by Stokes 


* Phil. Mag. (5) χχιπ. (1887), pp. 252—-255. (Math. and Phys. Papers, rv. (1910), pp. 303—306.] 
t Camb. Phil, Trans. rx. (1856), pp. 175, 183. [Math. and Phys, Papere, τι. (1883), pp. 341, 851.] 
Ζ Ges. Math. Werke (Leipzig, 1876), pp. 400-496, 
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and Rayleigh in their treatment of group-velocity and wave-velocity suggested to Kelvin 
that, for large values of x —¢f(m), the parts of the integral outside the range (μ —a, μ-Ἐ α) 
of values of m are negligible on account of interference if μ is a value (or the value) of m 
which makes 


= [m {tf (m)}]=0. 


In the range (u—a, +a), the expression m {x—¢/(m)} is then replaced by the first 
three terms of its expansion by Taylor’s theorem, namely 


we {x — tf (p)} +0. (m—p)— he pf” (pw) +27" (p)} (an ~ μ)}, 
and it is found that, if* 
Be esd la Oa  ς 
et ef” (H+ oF (μ᾿ 
| ᾿ cos {tu2f’ (p)-+0%} do 
Oe A 2t ef” (H+ 5} (HF 
___ 60s {tu f' (uw) tha} 
JU - Qart {uf” (Hw) +2" (wh) 


In the last integral the limits for ¢, which are large even though a be small, have been 
replaced by - 0 and +o, 


then 


It will be seen from the foregoing analysis that Kelvin’s principle is, effectively, that in 
the case of the integral of a rapidly oscillating function, the important part of the integral is 
due to that part of the range of integration near which the phase of the trigonometrical 
function involved is stationary t. 


It has subsequently been noticed+ that it is possible to give a formal 
mathematical proof of Kelvin’s principle, for a large class of oscillating functions, 
by using Bromwich’s generalisation§ of an integral formula due to Dirichlet. 


The form of Bromwich’s theorem which will be adequate for the applica- 
tions of the principle to Bessel functions is as follows : 


Let F(x) be a function of x which has limited total fluctuation when x >0; 
let y be a function of v which ts such that vy οὐ asv-~ao. Then, if—-l<yp<1, 


γα [at F (a) sin ve. de> F (+ 9) [ wsint.de= F(+ 0) Γ (μ) sin ἐμπ; 
0 0 


and, of 0 < «<1, the sines may be replaced by cosines throughout. 


The method which has just been explained will now be used to obtain an 


* This is the appropriate substitution when m {z-tf(m)} has a minimum at m=z: for a 
maximum the sign of the expression under the radical is changed. 

+ A persistent search reveals traces of the use of the principle in the writings of Cauchy. See 
e.g. equation (119) in note 16 of his Théorie de la propagation des Ondes, crowned Sept. 1815, 
Mém. présentés par divers savants, 1. (1827). [Oeuvres, (1) 1. (1882), p. 230.] 

~ Proc. Camb. Phil. Soc, χιχ. (1918), pp. 49—55. 

§ Bromwich, Theory of Infinite Series, § 174. 
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approximate formula for J,(v) when ν is large and positive. This formula, 
which was discovered by Cauchy’, is 


τοῦς 


This formula has been investigated by means of the principle of stationary phase, com- 
paratively recently, by Nicholson, Phil. Mag. (6) xvi. (1909), pp. 276—277, and Rayleigh, 
Phil. Mag. (6) XX. (1910), pp. 1001—1004 [Scientific Papers, v. (1912), pp. 617—620]; see 
also Watson, Proc. Camb. Phil. Soc. x1x. (1918), pp. 42—48. 


From ὃ 6:2 (4) it is evident that 
ἔπ. i "cos {v (θ — sin 6)} dd — 
WSO 


and obviously 


sin vir 


2 
i ? ev (t+sinh ¢) dt, 


SIN ΡΊΤ |“ ervt+sinh a dt | < = [ow dt = Ο (1/v). 
0 


T 00 


Hence 


Toys Ξ "cos {» (θ -- sin θ}} dd + Ο (1/v). 
0 
Now let ¢ = θ -- βίη @, and then 


" cos {y (θ — sin θ)} a6 = |" = 
ξ 
lim es aed a 2 ; 
e+0l—cosd 6% 
and hence, if $!/(1 — cos 6) has limited total fluctuation in the interval (0, 7), 
wt follows from Bromwich’s theorem that 


* cos vp ἢ 2 3 
[ΞΞΞ τ ἀφ -- al, @~ * cos νφαφ 
2 


aii Γ (4) cos ὑπ, 


cos _cosup ἢ 
1 — cos 6 


ἀφ. 


But 


and then (1) follows at once. 


It still has to be proved that gta -- 008 8) has limited total fluctuation ; to establish 
this result we observe that 


d ( 2} - g~*sin 69 (6) 


db “3(1—cos 6)? ᾿ὦ 
where g (9) = 2 E— 008 oF ~3 (6—sin 6), 
Bo: ὅδαι 9(0)=0, g(r-0)= +, 


9 (6) = (1 —cos 6)?/(1 + cos 6) 20, 
and therefore, by integration, g(6)>0O when 0 49 «π. Consequently φἕα —cos 6) is 
monotonic and it is obviously bounded. The result required is therefore proved. 


* Comptes Rendus, xxxvi1. (1854), p. 993. [Oeuvres, (1) xm. (1900), p. 663.] A proof by 
Cauchy’s methods will be given in § 8.21. 
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By means of some tedious integrations by parts*, it is possible to obtain 
a second approximation, namely 


TQ) 8Γῴ - 
(2) J, (v) = οἱ 3t at a ποεῖ τὴν ὃ) 


and it may also be proved that 


(3) A m=% ΠΟ -Ὦ; 
an associated formula is 
δὲ (4) 
(4) Y, (v) ror οἵ opt 


The asymptotic expansions, of which these results give the dominant 
terms, will be investigated with the aid of more powerful analytical machinery 
in ὃ 8.42. 


8°21. Mevssel’s third expansion. 


The integral just discussed has been used by Cauchy+ and Meissel} to 
obtain the formal asymptotic expansion of J,(n) when n is a large integer. 
It will now be explained how this expansion was obtained by Cauchy and (in 
a more complete form) by Meissel; the theoretical justification of the pro- 
cesses employed will be investigated in ὃ 8°42, 


Taking the formula 
Jn (n) == |" cos {n (9 — sin 6)} 4θ, 
T 90 


let us write 6 —sin θ τε 32; it then follows that, for sufficiently small values of ¢, 


O=t+ b+ aol t ..- -Σ Amott 
and A =1, M=g* λεξ τχῦσ» ΟΝ Me = τγυξέσσυ; 
As = 7307 8b0000? 


It follows that 
1 A ω- dt 
Jn(n) = = [ =, (2m + 1) An rm cos (4. πη) 76 dé. 
When 1 is large, 3n#* is large at the upper limit, and Meissel inferred that 
Jn(n) .Ζ Σ (2m - 1) λ,.. G [ {πὶ cos (4-nt*) dt, 
m=0 - 0 


* See Proc. Camb. Phil. Soc. x1x. (1918), pp. 42—-48. 

t+ Comptes Rendus, xxxvii1. (1854), pp. 990—9938, 1104-1107. ([Oecuvres, (1) x1. (1900), 
pp. 161—164, 167—170.] 

t Astr. Nach. cxxvit. (1891), col. 359-362; cxxviu. (1891), col. 145—154. Concerning 
formula (1), Meissel stated “Schon vor dreissig Jahren war ich zu folgenden Formel gelangt.” 
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where Ο is the sign indicating a “generalised integral” (§ 6:4); and hence, by 
integrating term-by-term and using Euler's formula, Meissel deduced that 


Q) Salmo ZS rw Pm +4) (7 cos ($m +). 


Meissel also gave an approximation for A,,, valid when m is large; and this approxima- 
tion exhibits the divergent character of the expansion (1). 


The approximation is obtainable by the theory developed in the memoir of Darboux, 
“Sur Papproximation des fonctions de trés grands nombres,” Journal de Math. (3) 1v. (1878), 
pp. 5—56, 377—416. 


We consider the singularities of 6 gua function of ¢; the singularities (where 6 fails to | 
be monogenic) are the points at which 6=2rza and t= (12rm)3, where r= +1, +2, +3,...; 
and near* ¢= +(12m)8 the dominant terms in the expansion of 6 are 

$ 
+20 $(36r)8 {1 + aaa} 
(120)$ 

By the theory of Darboux, an approximation to A,, is the sum of the coefficients of 
ἔβην ΕἸ in the expansions of the two functions comprised in the last formula ; that is to say 
that 

Am ~ 2. 864}. 229-8. (Om— 3) _— 
(Qm+1)! (12r)8"™ τὶ 
_ 2r(Qm+%) 
39 F (3) Fr (2m+2). (120)e™" 
and so, by Stirling’s formula, 
1 
(2) vr Cage ER EY WARY 
(18) τ () (m - 3} (1297) | 

This is Meissel’s approximation; an approximation of the same character was obtained 

by Cauchy, loc. cit., p. 1106. 


8°22. The application of Kelvin’s principle to J, (v sec 9). 


The principle of stationary phase has been applied by Rayleigh + to obtain 
an approximate formula for J, (v sec 8) where β 18 ε. fixed positive acute ange 
and ν is larget. 


As in § 8:2 we have 
J,(v sec 8) = Ξ [cos ἰν (θ --- 866 B sin θ}} dé + 0(1/v), 


and 6 —sec β sin @ is stationary (a minimum) when 6 = β. 


Write 6—sec Bsin 6 = 8 — tan 8 + ¢, so that decreases to zero as @ in- 
creases from 0 to @ and then increases as @ increases from 8 to 7. 


* These are the singularities which are nearest to the origin. 

t Phil. Mag. (6) xx. (1910), p. 1004. [Scientific Papers, v. (1912), p. 620.} 

$ See also Macdonald, Phil. Trans. of the Royal Soc. ccx. A (1910), pp. 1831—144; and Proc. 
Royal Soc, uxxt. (1903), pp. 251—258; ixxrr. (1904), pp. 59—68. 
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[" cos {y (6 — sec Ssin 8)} dé 
“0 


| 


0 π-- β-Ἐ tang ; _ dé 
| ΝΕ ἰρονΦῈβ tan βῈ} ὅς, ἀφ 
1 


tan β-- 
τ  Μ tan 8) 


Hence, tf $+ (d6/dd) has limited total fluctuation in the range 0< 9 <7, τί 
follows from Bromwich’s theorem that 


and ¢3 as O-> β. 


[cos {vy (θ — sec 8 sin θ)} 40.. 3 [" cos {y(@ + β — tan β)} agen 


-ν (sera): eet μα aa) 


and so Bs | 
cos jy (tan )- 1π 

(1) J, (vy sec 8) ~ a eee πο, 8) : 
The formula ee eee 
sin jy(tan 6 —§)—477 

(5 ἵν see 8)~ "fm tan BY 


is derived in a similar manner from § 6°21 (1). 


The reader will observe that these are the dominant terms in Meissel’'s 
expansions ὃ 812 (5), (6). 


To complete the rigorous proof of these formulae we have to shew that gt (d0/d) has 
limited total fluctuation. 


Now the square of this function, namely ¢ (d6/d@)}?, is equal to 


θ -- 566 8 sin d—8+tan β 
(1 —sec β cos 6? =e’) 
say. But 

cos 8 cosec θ (1 — sec 8 cos 6)? — 2 (6 —sec Bsin 6 -- B+ tan β) 


ἄρα cos 8 cosec 8 (1 -- sec 8 cos θ)3 


The numerator, ὦ (6), of this fraction has the differential coefficient 
— cos 8 cos 6 cosec? 6 (1 — sec 8 cos 8)?, 


and so &£(6) decreases steadily as 6 increases from Ὁ to ἐπ, and then increases steadily 
as 6 increases from ἐπ to w; since £(6)=0 when 6=8<4n, it follows that ἀ' (6) «0 
when 0<¢6<¢8 and 4’ (0) changes sign once (from negative to positive) in the range 
B<O€r. 


Hence | \/A (8) | is monotonic (and decreasing) when 0 « 6 « 8, and it has one stationary 
point (a minimum) in the range 8B < @ < π; since |.// (6)| is bounded and continuous 
when 0 «θ <= it consequently has limited total fluctuation when 0 <¢ 6 « π|, as had to be 
proved. | 
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8°3. The method of steepest descents. 


A development of the theory of contour integration, called the method of 
steepest descents*, has been applied by Debyet to obtain integral representa- 
tions of Bessel functions of large order from which asymptotic expansions are 
readily deduced. If, in general,,we consider the integral 


| ert 4) ᾧ (w) dw, 


in which | »| is supposed to be large, the contour is chosen so that it passes 
through a point w, at which /’(w) vanishes ; and the whole of the contour is 
then determined by the assumption that the imaginary part of f(w) is to 
be constant on it, so that the equation of the contour may be written in 
the form 


If (w) =1f (uw). 
To obtain a geometrical conception of the contour, let w = ὦ τ ἦν, where u, v 
are real; and draw the surface such that the three coordinates of any point — 


on it are 
μιν, Lf (w). 


If Rf(w) =z, and if the z-axis be supposed to be vertical, the surface has no 
absolute maxima or minima except where f (w) fails to be monogenic; for, at 
all other points, 

Oz 052 

but * Sot 
The points [%, %, Rf (w)} are saddle points, or passes, on the surface, so that 
the contour of integration is the plan of a curve on the surface which goes 
through one of the passes on the surface. This curve possesses a further 
property derived from the equation of the contour; for the rate of change of 
J (ὦ), at any given value of w, has a definite modulus, since f(w) is supposed 
to be monogenic ; and since Jf (w) does not change as w traverses the contour, 
it follows that Rf(w) must change as rapidly as possible; that is to say, that 
the curve is characterised by the property that its direction, at any point of 
it, is so chosen that it is the steepest curve through that point and on the 
surface. 


0. 


It may happen that we have a freedom of choice in selecting a pass and 
then in selecting a contour through that pass; our choice is to be determined 
from the consideration that the curve must descend on both sides of the pass ; 
for if the curve ascended, Rf(w) would tend to +o (except in very special 
cases) as w left the pass, and then the integral would diverge if R (v) > 0. 


* French ‘ Méthode du Col,”’ German ‘“‘ Methode der Sattelpunkte.”’ 

t+ Math. Ann. uxvit. (1909), pp. 535—558; Milnchener Sitzungsberichte, xu. [5], (1910). The 
method is to be traced to a posthumous paper by Riemann, Werke, p. 405; and it has recently 
been applied to obtain asymptotic expansions of a variety of functions. 
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The contour has now been selected* so that the integrand does not 
oscillate rapidly on it; and so we may expect that an approximate value of 
the integral will be determined from a consideration of the integrand in the 
neighbourhood of the pass: from the physical point of view, we have evaded 
the interference effects (cf. ὃ 8:2) which occur with any other type of contour. 

The mode of derivation of asymptotic expansions from the integral will be 
seen clearly from the special functions which will be studied in §§ 8.4---8.48, 
80, 861; but it is convenient to enunciate at this stage a lemma which will 
be useful subsequently in proving that the expansions which will be obtained 
are asymptotic in the sense of Poincaré. 


Lemma. Let Κ΄ (τ) be analytic when [τ « α - δ, wherea>0,5>0; and let 
F(r)= > On τί τὶ 
m= 


when |r| <a, r being positive; also, let | F(r)|< Ke", where K and ὃ are 
positive numbers independent of τ, when τ ts positive and τα. Then the 
asymptotic expansion 

| 9: (τ) dr~ δ aml (m]r) vm 

0 m=1 


as valid in the sense of Poincaré when | v | is sufficiently large and 
jargv|<4r—A, 
where A is an arbitrary positive number. 
It is evident that, if M be any fixed integer, a constant K, can be found 
such that 


M-1 
F(x) -- Σ ἀμτιπιησαὶς Kiril ρν 
n= 


whenever 7 >0 whether 7 <a or tr >a; and therefore 


[ear a= S| err agrintdr + Rar 
0 


where | Bar| «[ lem" |. Ky τι νι eb dr 
0 
= Κι Γ ΠΡ. (v) -- bj" 
-- Ο(ν tr), 


provided that R(v) >, which is the case when |v|>bcosec A. The analysis 
remains valid even when b is a tunction of v such that R(v)— bd is not small 
compared with v. We have cneieiore proved that 


DB 
i 6.5} (r)dr= ΕἸ Pay (mfr) v—™ + O(y- Hr), 
0 man) 
and so the lemma is established. 
* For an account of researches in whieh the contour is the real axis see pp. 1343—1350 of 


Burkhardt’s article in the Encyclopiidie der Math, Wiss. 11. 1 (1916). 
+ Cf. Proc. London Math. Soc. (2) xvir. (1918), p. 133. 
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8°31. The construction of Debye’s contours* when the variables are real. 
It has been seen in § 62, 6°21 that the various types of functions associated 
with J, (5) can be represented by integrals of the form 


[ 6: sinh τῦ5.- ντῦ dw 


taken along suitable contours. On the hypothesis that ν and 4 are positive, 
we shall now examine whether any of the contours appropriate for the 
method of steepest descents are of the types investigated in § 62, 6:21. 


In accordance with the principles of the method of steepest descents, as 
explained in ὃ 8°3, we have first to find the stationary points of 


az sinh w— vw, 
gua function of w, 1.6. we have to solve the equation 
(1) 2cosh w—v=0; 


and it is at once seen that we shall have three distinct cases to consider, 
in which 2/y is less than, greater than, or equal to 1, respectively. We con- 
sider these three cases in turn. 


(I) When a/v <1, we can find a positive number a such that 
(2) 2 =ysech a, 
and then the complete solution of (1) is 
w=+at ϑηπι. 


It will be sufficient to confine our attention to the stationary points+ + a; at 
these points the imaginary part of «sinh w — vw is zero, and so the equation 
of the contour to be discussed is 


7 (a sinh εὖ — vw) = 0. 
Write w = u +12, where 4, v are real, and this equation becomes 


cosh u sin vy — v cosha=0, 
so that v =0, or 


(3) cosh 4 = 


v cosh a 

sinv 
The contour v = 0 gives a divergent integral. We therefore consider the 
contour given by equation (3). To values of v between 0 and 7, corre- 
spond pairs of values of w which are equal but opposite in sign; and as » 
increases from 0 to 7, the positive value of u steadily increases from a to + 20. 


* The contours investigated in this section are those which were discussed in Debye’s earlier 
paper, Afath. dnn. xvi. (1909), pp. 535—558, except that their orientation is different; cf. καὶ 6°21. 

+ The effect of taking stationary points other than +a would be to translate the contour 
parallel to the imaginary axis. 
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The equation is unaltered by changing the sign of v and so the contour is 
symmetrical with regard to the axes; the shape of the part of the contour 


between v = — 7 and v=7r is shewn in Fig. 16. 
πὶ 
OQ 
—a a 
-τὶ 
Fig. 16. 
If = sinh a—acosh a— (sinh οὖ — wcosh a), 


it is easy to verify that + (which is real on the curves shewn in the figure) 
increases in the directions indicated by the arrows. 
As w travels along the contour from οὐ — πὸ to © + πὶ, 7 decreases from 


+0 to 0 and then increases to + 0 ; and since, by § 6°2 (8), 
J. (x) _ 1 ἐμὰ ez sinh ι0-- νεῦ day 
: ὥπὶ oO -- πὲ ΐ 
we have obtained a curve from which we can derive information concerning 
J,(«) when a and ν are large and z/v<1. The detailed discussion of the 
integral will be given subsequently in § 8°4, 85. 
The contours from — © to 0 Ἐ πὸ give information concerning a second 
solution of Bessel’s equation; but this problem is complicated by Stokes’ 
phenomenon, on account of the two stationary points on the contour. 


(II) When z/v >1, we can find a positive acute angle 8 such that 
(4) x=vsec B, 
and the relevant stationary points, which are now roots of the equation 
cosh w— cos B= 0, 
are 10 τε - 18. 
When we take the stationary point 78, the contour which we obtain is 
I (sinh εὖ — weos 8) =sin B — 8 cos B, 
so that, replacing w by u + iv, the equation of the contour is 
cosh w= SBA + - 8) c08 8 


(5) cosh u = ae 


.881] FUNCTIONS OF LARGE ORDER 239 
Now, for values of v between 0 and 7, the function 
sin 8 + (ὁ -- 8)cos -- sinv 


has one minimum (v = §) at which the value of the function is zero; for other 
values οὖν between 0 and 7, 


sin 8 + (υ — 8)cos 8 >sin νυ. 


Hence, for values of υ between 0 and 7, equation (5) gives two real values 
of u (equal but opposite in sign), and these coincide only when v= 8. They 
are infinite when v is 0 or 7. 


The shape of the curves given by equation (5) is.as shewn in the upper 
half of Fig. 17; and if 


τ =1 (sin 8 — 8 cos 8) — (sinh w — w cos 8), 


it is easy to verify that + (which is real on the curves) increases in the 
directions indicated by the arrows. As w travels along the contour from — οὐ - 
to οὐ + πὶ, τ decreases from + oo to 0 and then increases to +00 and so we 


-ἰτὶ 
Fig. 17. 


have obtained a curve from which [§ 6°21 (4)] we can derive information con- 
cerning H,") (a) when « and ν are large and z/y>1. The detailed discussion 
of the integral will be given in § 8°41, 15°8. 


If we had taken the stationary point —78, we should have obtained the 
curves shewn in the lower half of Fig. 17, and the curve going from — to 
oo — πὶ gives an integral associated with H,"(x); this also will be discussed 
in ὃ 841. The two integrals now obtained form a fundamental system of 
solutions of Bessel’s equation, so that there is a marked distinction between 
the case z/y < 1 and the case σίν > 1. 
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(IIT) The case in which y= may be derived as a limiting case either 
from (1) or from (II) by taking a or 8 equal to 0. The curves now to be con- 
sidered are v = 0 and 

(6) cosh wu = v/sin 2, 
and they are shewn in Fig. 18. 


-χτὶ 


| ‘Fig. 18. 


We obtain information concerning H,(v) and H,(v) by considering the 
curves from —« to οὐ + πῆ, while information concerning J, (v) is obtained | 
from the curve which passes from οὐ — πὸ to οὐ +1. The detailed investiga- 
tion will be given in § 8°42, 8°53, 8°54. 


8.32. Geometrical properties of Debye’s contours, 


An interesting result which will be found to be important in dealing with zeros of 
Bessel functions (§ 15°8), and which is also used in proving certain approximate formulae 
which will be stated in καὶ 8°43, is associated with the second of the three contours just dis- 
cussed (Fig. 17 of § 8°31). The theorem in question is that the slope* of the branch from 
—a to οὐ ἐπ πὶ is positive and does not exceed 8. 


It is evident that, for the curve in question, 


Η Ὡς δος — A 
sinh 4 ee 8[8 (v—B) (v } cos v cos 3 
dv sin? » 
But sin (υ -- β) sec v—-(v—8)cosf8 has the positive derivative cos 8 tan? v, and hence it 
follows that 
sin (v— 8) —(v — B) cos v cos B 
has the same signt as v-8. Therefore since -- β and τὸ are both positive or both negative 
fur the curve under consideration, dv/du is positive. 


* Proc. Camb. Phil. Soc. x1x. (1918), p. 105. Since, in the limiting case (Fig. 18) in which 
8 =0, the slope is 0 on the left of the origin and is ,/3 immediately on the right of the origin, no 
better results of this type exist. 

+ This is obvious from a figure. 
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Again, to prove that dv/du does not exceed ,/3, we write 
Ψ δ" B+(v—8) cos B 


sin v ? 


and then it is sufficient to prove that 
By? (0) — ψ" (v) +1 5.0. 
Now the expression on the left (which vanishes when v=) has the derivate 


2ψ' (v) [3 ψ΄ (0) — Ψ (v)] 
-ΞῈ 0 [(v— β) {sin? v +3 cos? ν} cos β - βίη υ sin β -- 8 cos v sin (v -- β)] 
sin? ν sin β -- 3 cos ν sin (v— β) 
But (v — 8) cos β΄ ---- -ὸς-----.ςς-. 8 οοεὴν 
« 4s8in‘ vcosB 
(sin? v+3 cos? v)?’ 
positive when 0<v<7. Therefore, since y’ (v) has the same sign as v — 8, it follows that 
2y' (v) [3p" (0) -- # ()] 
has the same sign as v— 8, and consequently 
By? (x) —y? (v) +1 


has v=8 for its only minimum between v=0 and v=7; and therefore it is not negative. 
This proves the result stated. 


has the positive derivate and so, since it is positive when v=:0, it is 


8.4. The asymptotic expansion* of J, (vsech a). 


From the results obtained in ὃ 8-31 we shall now obtain the asymptotic 
expansion of the function of the first kind in which the argument is less than 
the order, both being large and positive. | 


We retain the notation of ὃ 8.81 (I); and it is clear that, corresponding to 
any positive value of τ, there are two values of w, which will be called w, and 
w,; the values of w, and w, differ only in the sign of their imaginary part, and 
it will be supposed that 

I (w,) > 0, I (w,) < 0. 
We then have | 
ν (tanh a—a) fo 
J, (ν sech a) = ——— Ι: 6.5: ἘΞ -F dr, 
where x= ysech a. 


Next we discuss the expansions of w, and w, in ascending powers of τ. 
Since τ and d7/dw vanish when w=a, it follows that the expansion of 7 in 
powers of w—a begins with a term in (w—a)*; by reverting this expansion, 
we obtain expansions of the form 


W,—-a= Σ . ὅπ 24 (m+s) ee ἘΞ Σ ω»: Cy, 
m=o MM + 1 ‘ . m=0 m + 


4 (m+1) 
i 


* The asymptotic expansions contained in this section and in 88 8-41, 8°42 were established 
by Debye, Math. Ann, txvi1. (1909), pp. 585—558. 
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and, by Lagrange’s theorem, these expansions are valid for sufficiently small 
values of τὶ. Moreover 


am = 5m ἢ (Fe) τὴ (mi) 


1 seh dw 
- πὶ [ ph(m+y) " 


The double circuit in the r-plane is necessary in order to dispose of the 
fractional powers of τ; and a single circuit round a in the w-plane corresponds 
to a double circuit round the origin in the t-plane. From the last contour 
integral it follows that a@,, is the coefficient of 1/(w—a) in the expansion of 
7~#(m+)) in ascending powers of w—a; we are thus enabled to calculate the 
coefficients ain. ; 

Write w—a= W and we have 

τ =—sinha(cosh W —1)—cosha(sinh W— W) 
= Ῥ: (ὦ το W+e W*+...), 
where c,=— sinha, c,=—4cosha, c,=—,sinha,.... Therefore a,, is the 
coefficient of W™ in the expansion of {c) +c, W+¢, W?+...j-t (m+), 

The coefficients in this expansion will be called a,(m), a,(m), a2(nv), ..., 

and so we have 


Ao (m) τς; οἱ (+1) , 


1. ὁ 
alm) m oon | ST ah 
m+1 oo m +1)(m+3) Cy 
᾿ m+1 (m+1)(m +3) 2c Cy 
asm) = oH | a 
(1) _ (mt 1)(m+3)(m+5) ο _ 
25. 8! rd ae 
. m+1l co (m+1)(m+83) (20,0, οὐ 
a,(m) = Cy Hae) Br al a 9] (“ae +3) 
_ (m+1)(m+3)(m+5) 3e7e, 
28. 8! Ce 
4 (m+ 1)(m+3)(m+5)(m+7) ¢4) 
24 4} "ον ᾿ 
\ 


On sibatitution we find that 
( Ay = a, (0) = + (— ᾧ inh α) ἡ, 
a, = a, (1) =— (— $sinh a) {4 coth a}, 
(2) 4 αᾳ = ας (2) - -- (-- ὁ sinh a)—# (ἃ — {τ coth* a}, 
dy = ας(8) = —(— ᾧ sinh a)-? {4 coth a — x, coth’ a}, 
| a= αι (4) = +(—4 sinh a)-! [735 — ἐγ coth’a + 38%, coth‘a}, 
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d(w,— w = 
dr m=0 


when | 7 | is sufficiently small; and since 
dr = cosh ἃ — cosh w, 
dw ΄ 


1¢ fullows that d (w,—w,)/dr tends to zero as r tends to + 0. 


Hence the conditions stated in the lemma of ὃ 8°3 are satisfied, and 80 


has the asymptotic expansion 
Σ Cam Γ (πε + ἐ) 


ἀπὸ gints 


when «x ts large. 
Since arg {(w, -- α) τὴ] > $2 as + > 0, it follows that, in (2), the phase of a, 
has to be interpreted by the convention arg a, = + ἐπ, and hence 


e” (tanh a—a) o Τ' (m + t) Am 
(3) a) V(Qevtanha)m=0 (4) | ($v tanha)™’ 


where 
A,=1, Α,- ἢ -- ὦ coth’a, 
(4) Α,- «ὃς -- τῆς coth? a + ῥϑῆν coth*a, 


The formula (8) gives the asymptotic expansion of J,(vsech a) valid when 
ais any fixed positive number and ν is large and positive. 


The corresponding expansion for the function of the second kind, obtained by taking a 
contour from — οὐ to οὐ Ἐπί, is 
ε"(«-- tanh a) oy (m+) ( 51: y" Am 


(5) P, (vsech a) ~ — Ty τς πῶ wto FQ) ‘Gvtanha*’ 


The position of the singularities of d(w,—,)/dr, qua function of the 
complex variable τ, should be noted. These singularities correspond to the 
points where w fails to be a monogenic function of τ, 1.6. the points where 
dz/dw vanishes. Hence the singularities correspond to the values + a+2nm 
of w, so they are the points where 


tT=2nnicosha, +=2(sinha—acosh a) + 2n71 cosh a, 
and n assumes all integral values. 
It is convenient to obtain a formula for dw/dr in the form of a contour integral; if 
(109, το) be ἃ pair of corresponding values of (ὦ, τ), then, by Cauchy’s theorem, 
=) 1 [(@et)dw dr 1 [(t) dw 
dr) ὃπὶ dr τ το  Qwt τ-- το" 


where the contour includes no point (except 109) at which r has the value ro. 
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8°41. The asymptotic expansions of J,(vsec 8) and Y,(v sec 8). 


In § 8:4 we obtained the asymptotic expansion of a Bessel function in 
which the argument was less than the order, both being large; we shall now 
obtain the asymptotic expansions of a fundamental system of solutions of 
Bessel’s equation when the argument is greater than the order, both being large. 


We retain the notation of ὃ 8.31 (II); it is clear that, corresponding to any 
positive value of τ, there are two values of w lying on the contour which 
passes from — οὐ to οὐ +77; these values will be called w, and w,, and it will 


be supposed that 
R(w,)>0, Rw.) <0. 


We then have 
ev? (tanB—B) dw, dw, 


H,® (ν sec B) = a |e no fe Se αν, 
0 


πὶ τ 
where τε ν 866 β. The analysis now proceeds exactly on the lines of ὃ 8.4 
except that a is replaced throughout by 78, and the Bessel function is of the 
third kind. 


It is thus found that 


[oom du, _ dws) ᾿ ~s dem I (m + 4) 
0 dr dr m=0 gmt ; 
To determine the phase of ας, that is of (—4isin 8), we observe that 
arg {(w, -- 1} τῈ + +47 as τ +0, and so 
dy = e***/4/(4 sin 8). 
Consequently 
yt (ἴδ β--β)-Σπὶ 0 Γ P(m ai + $) An 
1 Hf, (ν sec - ----::- -ς---- 
a se) ~ Taomtan Baty ΓᾺ *Gritan By 
In like manner, by taking as contour the reflexion of the preceding contour 
in the real axis of the w-plane, we find that 
| vi(tanB—A)ttet © Τ' (ῃ + 4) A 
9 HH, sec Po τὺ ae ae > Ἐν ΒΡ eee. : 
ἢ Ve βλν fre tan B)m-o FQ) ‘(Pitan By 
In these formulae, which are valid when β is a fixed positive acute angle 
and ν is large and positive, we have to make the substitutions : 
A,=1, A,=3 +2, cots, 
(3) A,= τὰς + εἷς cot?B + 285, cot*B, 


If we combine (1) and (2), we find that 
(4) J, (vsec 8) ὦ 
__4 _\ s (  ͵ Γ ῶπ -:ὁἌΣς Aam 
er) cos ota v8 — 4) 3 5, ΤῸ Gv tan 


=e αν»: ἜΤ ΘΕ A sey 
+ sin (ν tan 8 — νβ ἐπ) = ΓΦ ana: 
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(5) Y¥,(vsec 8) ~ 


2 \if . 2 (—)" P(2m +4) Am 
(= tan 3) sin (ν tan B - νβ - λπὶ) = Fay G) : (fv tan gym 
= may: ΤΣ . (-)*PQm+ $) A om 
cos (y tan B vB tar) Say . ἀρ cad . 
The dominant terms in these expansions are those obtained by the principle 
of stationary phase in ὃ 8°21. 


8°42. Asymptotic expansions of Bessel functions whose order and argument 
are nearly equal. 


The formulae which have been established in § 8°4, 8.41 obviously fail 
to give adequate approximations when a (or 8) is small, that is when the 
argument and order of the Bessel function concerned are nearly equal. It is, 
however, possible to use the same method for determining asymptotic ex- 
pansions in these circumstances, and it happens that no complications arise by 
supposing the variables to be complex. 


Accordingly we shall discuss the functions 
H.(2), HJ (2), 


where z and » are complex numbers of large modulus, such that | z—v' is 
not large. It will appear that it is necessary to assume that z— ν = ο (23), in 
order that the terms of low rank in the expansions may be small. 


We shall write 


ν:ς 2 (1 = ε), 
and it 1s convenient to suppose temporarily that 
jarg2z!<4n. 
We then have 
(1) HH, (2) = af" exp {z (sinh w — 10) + zew} dw, 


where the contour is that shewn in Fig. 18; on this contour sinh w — w is real 
and negative. 


We write 
T=w—sinhw, 


and the values of w corresponding to any positive value of + will be called w, 
and w;, of which w, is a complex number with a positive real part, and w, is 
a real negative number. 


We then have 
(2) HA, (2) =— = e7 ᾿ exp (zen) Si — exp (eu Tear 
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The expansion of τ in powers of w begins with a term in w’, and hence we 
obtain expansions of the form 


dw < 
exp (zew,) a = i Σ Bin rim, 
m= 


exp (zeu,) 55 art = ef (m+) wi btm, 


and these are valid when | 7| is sufficiently small. 


To determine the coefficients b,,, we observe that 


1. (0+, 0+,0+) dr 
bn = δπὶ exp (zew,). (5) ͵ Tim) 
το Ὁ ee (zew) —— σεν 
θπὶ P (w — sinh 10}} mh)" 


As in the analogous investigation of ὃ 8:4, a single circuit in the 7-plane 
is inadequate, and the triple circuit is necessary to dispose of the fractional 
powers of τ; a triple circuit round the origin in the r-plane corresponds 
to a single circuit in the w-plane. 


It follows that 6,, is equal to }e4™* πὸ multiplied by the coefficient of τυ» 
in the expansion of 


exp (zew). {(sinh w — w)/w*} (mh), 
The coefficients in this expansion will be called 6,(nz), 6,(m), b.(m),... so that 
bm = ἃ 68 m+) #8 G,, (m). 
It is easy-to shew that 


b, (m) = θὲ ον 
b, (m) = 6+) ez, 


e2? m+l 
bm) = grr 1S - }: 


(3) x 


ὃς (m) = 63(m) {5  — (m + 1) =} 


60 


; efz* = (m+1) ε523 a 
bm) = Bho St S080 


@eeeseoeseoeovneneseovesesneeesvoeseeseoneenseeeeeeceseevsevseseeseeeeeeeeee 8 


For brevity we write 


Dn (m) = 62™+2) B,, (ez), 
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so that * 
B, (ez) = 1, B, (ez) = €2, 
Ρ (ez) = ἃ εἾ23 -- τς, 8. (ez) = ᾧ ε᾽2 — sk ez, 
(4) B, (ez) = υἷς εἰ Ζ' — τς εἾ.23 + ghy, 


5 (ez) = τὴ σε" δ᾽ — gets’ + ah Br er, 
[B.(0)=— sen, Bs(0) = τγῷβεσσσ, Bw (0) = — ξεθ δου. 
We then have 


exp (zew,) ams =}7- = ον πὶ Gont1) Be (ez) τὸν, 


dw τ 
exp (zewe) qe a ἐττὶ Σ 6 πνεὴ πὶ βέθμε) BL (ez) τὸν 


and [exp (Ζεω). (dw/dr)] satisfies the conditions of the lemma of ὃ 8.3. 


It follows from the lemma of ὃ 8.3 that 
(5) H,%(2)—~ & edminn B, (ez) sin } (m +1) 4. etd) 
" ST ma0 τὰ ΝΕΥΎΣΣΝΝ 
and similarly 


(6) H,®(2)~- 5 2 etme By (ez) sin ὁ (ην +1) 7. Tyee 


We deduce at once that 


(7) T(e)~5- Bm (ει) sin § (m+ lyn rae 
(8) Y,(z)~— = ΣΟ" Bue (ez) sin?4(m+1)7r. ‘Gat : 


From the Cauchy-Meissel formula ὃ 8:21 (2), it is to be inferred that, when 


m is large, 
| (—)" 4} 
a ee CONCH VIOUS as 
but there seems to be no very simple approximate formula for B,, (ez). 


The dominant terms in (7) were obtained by Meissel, in a Kiel Programmt, 1892; 
and some similar results, which seem to resemble those stated in § 8°43, were obtained by 
Koppe in a Berlin Programm}, 1899. The dominant terms in (8) as well as in (7) were 
also investigated by Nicholson, Phil. Mag. (6) xvi. (1908), pp. 271—279, shortly before the 
appearance of Debye’s memoir. 


* The values of By (0), Bz (0), ... Big (0) were given by Meissel, dstr. Nach. cxxvu. (1891), 
col. 359—362; apart from the use of the contours Meissel’s analysis (cf. § 8°21) is substantially 
the same as the analysis given in this section. The object of using the methods of contour 
integration is to evade the difficulties produced by using generalised integrals. 

The values of Bg (ez), Bz (ez) and Bg (ez) will be found in a paper by Airey, Phil. Mag. (6) xxx1. 
(1916), p. 524. | 

t See the Jahrbuch tiber die Fortschritte der Math. 1892, pp. 476—478. 

1 See the Jahrbuch tiber die Fortschritte der Math 1899, pp. 420, 421. 
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We next consider the extent to which the condition | arg z|< ἐπ, which 
has so far been imposed on formulae (5)—(8), is removable. 


The singularities of the integrand in (2), gua function of τ, are the values 
of τ for which w, (or w,) fails to be a monogenic function of τ, so that the 
singularities are the values of + corresponding to those values of w for which 

dr/dw =0. ΄ 
They are therefore the points 

τ = 2nmi, 
where n assumes all integral values. 


It is consequently permissible to swing the contour through any angle 7 
less than a right angle (either positively or negatively), and we then 
obtain the analytic continuation of H,"(z) or H,®(z) over the range 
—}tr—n<argz<4a7r—%7. By giving ἡ suitable values, we thus find that 
the expansions (5)—(8) are valid over the extended region 


—w<argz<T. 


If we confine our attention to real variables, we see that the solution of the problem is 
not quite complete; we have determined asymptotic expansions of J, (x) valid when x and 
ν are large and (i) z/y <1, (ii) 2/v 1, (iii) 4 το ν [ not large compared with σὲ, But there 
are transitional regions between (i) and (iii) and also between (ii) and (iii), and in these 
transitional regions z/v is nearly equal to 1 while [Ὁ -τν [18 large. In these transitional 
regions simple expansions (involving elementary functions only in each term) do not exist. 
But important approximate formulae have been discovered by Nicholson, which involve 
Bessel] functions of orders +}. Formulae of this type will now be investigated. 


8°43. Approximate formulae valid in the transitional regions. 


The failure of the formulae of § 8-48-42 in the transitional regions led 
Nicholson* to investigate second approximations to Bessel’s integral in the 
following manner: 


In the case of functions of integral order n, 
Jn (x) ze [" cos (nO — x sin @) dé, 
T Jo 


and, when ὦ and n are nearly equal (both being large), it follows from Kelvin’s 
principle of stationary phase (δ 8:2) that the important part of the path of 
integration is the part on which @ is small; now, on this part of the path, 
sin 6 is approximately equal to 0-36. It is inferred that, for the values of 
# and n under consideration, 


In(0)~= |" cos (n8 -- 20 + $26") a0 
1 [.] 
we [ ‘cos (nd Ξ “θ.- £26) dé, 


* Phil. Mag. (6) xix. (1910), pp. 247—249; see also Emde, Archiv der Math. und Phys. (3) 
XxIv. (1916), pp. 239—250. . 


8.48] FUNCTIONS OF LARGE ORDER 249 


and the last expression is one of Airy’s integrals (§ 6-4). It follows that, 
when 2 <n, 


a πῶ ΣΡ τς 5} (EGS): 
and, when z Ὁ ἢ, 
(2) Faves : {6:9} (Sa 4J,), 


where the arguments of the Bessel functions on the right are 4 {2 (ὦ — n)}#/at. 


The corresponding formula for Y,(2) when «> was also found by 
Nicholson ; with the notation employed in this work it is 


2(x—n))t 
(3) Yn (a= ἘΞ 4 — di 
x 

The chief disadvantage of these formulae is that it seems impossible to 
determine, by rigorous methods, their domains of validity and the order of 
magnitude of the errors introduced in using them. - 

With a view to remedying this defect, Watson* Banned Debye’s 
integrals, and discovered a method which is theoretically simple (though 
actually it is very laborious), by means of which formulae analogous to 
Nicholson's are obtained together with an upper limit for the errors involved. 

The method employed is the following : 


Debye’s integral for a Bessel function whose order v exceeds its argument 
x (= vsech a) may be written in the formt 


J h ev (tanh a—a) fo+tni d 
ν secn a) = -------- 6. ὅτ aw, 
ἕ ( ) πὶ Ι: - πὶ 
where 7 = —sinh a(cosh w — 1) — cosh a (sinh w — w), 


the contour being chosen so that τ is positive on it. 


If τ is expanded in ascending powers of w, Carlini’s formula is obtained 
when we approximate by neglecting all powers of w save the lowest, 
-- λυ sinha; and when a=0, Cauchy’s formula of ὃ 8 2 (1) is similarly ob- 
tained by neglecting all powers of w save the lowest, — }w’*. 

These considerations suggest that it is desirable to examine whether the 
first two terms, namely 

— 4w’ sinh a — $w’* cosh a, 
may not give an approximation valid throughout the first transitional region. 


The integral which we shall investigate is therefore 


[e=aW, 


ν 


where 7=—}W'sinha—} W*cosha, 


* Proc. Camb. Phil. Soc. x1x. (1918), pp. 96—110. 
+ This is deducible from § 8°31 by making a change of origin in the w-plane. 
W. B. F. 9 
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and the contour in the plane of the complex variable W is so chosen that τ is 
positive on it. If W= U + V, this contour is the right-hand branch of the 
hyperbola 


U tanha+4U?=}V?, 
and this curve has contact of the third order with Debye’s contour at the origin. 
It therefore has to be shewn that an approximation to 
οὐ ἐπὶ : ac exp (477) 
| e*"dw 18 | e dW. 
0 -- wi 00 exp (— $97) 


These integrals differ by 


i ἘΝ | “ -ατ dw aW) d 
Ὁ 70 : dr ᾿ dr § ὡ 
and so the problem is reduced to the determination of an upper bound for 


i{@(w— W)/dr}:. And it has been proved, by exceedingly heavy analysis 
which will not be reproduced here, that 


aw -- Μὴ) < 37 secha, 
! dr 
and so 
0 [ _ (dw dW J 6ar 
athe tae ee 
Hence 
οὐ Ἐπὶ " Θχρ (ἀπὸ) 
τ [ Ἄπάω-ς  [Π" er dW 480 
Qa J ὦ —si 271} wexp(—3ni) 


where | 4,|< 1. 


To evaluate the integral on the right (which is of the type discussed in 
§ 6.4), modify the contour into two lines starting from the point at which 
= -- tanh a and making angles + ἐπ᾿ with the real axis. 


If we write W= — tanh a + £e+4*' on the respective rays, the integral becomes 
e*" exp (ἀν tanh’ a) i ᾿ exp {— 4v& -- ξι νξοὐπὶ tanh? a} ἀξ 
— e~ 3" exp (ἐν tanh’ a) |” exp [(-- ὁ v& — 4vée~4* tanh’ αἱ ἀξ. 
Expand the integrands in powers of tanh?a and integrate term-by-term—a 
procedure which is easily justified—and we get on reduction 
ἢ πὶ tanh a exp (ἐν tanh’ a) .[J_,(4v tanh’ α) — J (ἐν tanh’ a)], 


and hence we obtain the formula 
tanh a 


(4) J,(vsecha)= V3 


exp ἰν (tanh a+ 4 tanh? a —a)} Ky (ἔν tanh’ a) 
+ 36,r—' exp {v (tanh a—a)}, 


where '6,'< 1. This is the more precise form of Nicholson’s approximation (1). 
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It can be shewn that, whether }»tanh*a be small, of a moderate size, or 
large, the error is of a smaller order of magnitude (when ν is large) than the 
approximation given by the first term on the right. 


Next we take the case in which the order ν is less than the argument 
x (= ν 866 β). 
We then have 


evitanB—B) foo +i(w— 8) 
H," (v sec 8B) --  ---------- [ 6 1 dw, 
πὶ / --οὉ -«ἰβ 
where τ = -- ὁ 81η 8 (cosh w — 1) — cos 8 (sinh w — w), 


the contour being so chosen that τ is positive on it. 


The process of reasoning already employed leads us to consider the integral 
| edW, 


where τε -- ξ1}}7 510 8 -- ὦ 173 cos 63, 
and the contour in the plane of the complex variable W is such that τ is 
positive on it. If W= U+7YV, this contour is the branch of the cubic 


(U?— V*) tan β +4V(3U?— V?)=0 
which passes from — oo —7tan 8 through the origin to 0 exp4at. 


It therefore has to be shewn that an approximation to 
οὐ -Εἐ(π-- B) ᾿ a exp ἐπὶ 
| | e"dw is | e" dW. 


—2—ip —o-—stanp 


The difference of these integrals is 


Unt hbo tae ae ἢ 


and it has been proved that, when* 8 < 42, then 


d(w— W) | < 19π 566 B. 
dr ἱ 
Hence it follows that 
wo +4(7—B) “oo @xp ἐπὶ E 
= em dw=—.| m or dW +e, 
Wey «ip Tt eer 


where | & |< 1. 

To evaluate the integral on the right, modify the contour into tivo lines 
meeting at W=—7tan and inclined at angles 4a and 7 respectively to the 
real axis. On these lines, write 

W=-—vtanB—& —itan β - &e'”’, 


* The important values of 8 are, of course, small values. If 8 is not small, Debye’s formulae 
of ὃ 8-41 yield effective approximations. The geometrical property of Debye’s contour which was 
proved in § 8°32 is used in the proof of the theorem quoted. 
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expand the integrands in powers of tan? 8, integrate term-by-term, and it is 
found that 


exp ἐπὶ 
"ee dW = $71 tan B exp (— 471 tan’ 8) 

x [e737 J_, (ἐν tan 8) + et! Jy (ἐν tan’ )] 
_ weit tan B 
Ξ πα 

On equating real and imaginary parts, it is at once found that 

(5) J,(vsec ) = «ἴδῃ 8 cos ἵν (tan B — }tan? 8 — B)} .[J_4»+ 4] 

+37? tan Asin {v (tan 8 — } tan? B — B)} .[J_,— Jy] + 24θ,!ν, 

(6) Y,(vsec 8) = i tan β sin {v (tan 8 — } tan? 8 — 8)} .[J_-1+J4] 

— 3-* tan B cos ἰν (tan β —} tan? 8 — 8)} .[ J_, — Jy] + 24θ,|ν, 
where the argument of each of the Bessel functions Ji, on the right 1s 
4ytan’8; and | 6,; and | 6;| are both less than 1. These are the more precise 
forms of Nicholson’s formulae (2) and (8); and they give effective approxima- 
tions except near the zeros of the dominant terms on the right. 


It is highly probable that the upper limits obtained for the errors are 
largely in excess of the actual values of the errors. 


/ -2~itans 


exp (— ἑνὶ tan’? 8) H,” (ἐν tan® 8). 


8°5. Descriptive properties* of J, (vx) when 0 <a <1. 


The contour integral, which was obtained in §8°31(1) to represent 
J, (v sech a) was shewn in § 8.4 to yield an asymptotic expansion of the function. 
But the contour integral is really of much greater importance than has hitherto 
appeared; for an integral is an exact representation of a function, whereas an 
asymptotic expansion can only give, at best, an approximate representation. 
And the contour integral (together with the limiting form of it when z=1) 
is peculiarly well adapted for giving interesting information concerning J, (vx) 
when ν 15 positive. 


In the contour integral take v to be positive and write 
εὖ = log {re*}, 
so that u=logr, v=  θ. 
With the contour selected, 
esinh w—w 
is equal to its conjugate complex, and the path of integration is its own re- 
flexion in the real axis. Hence 


1 οὐ +i : 
ὦ, (να) ΞΞ ΕΞ ον zainh w—20) day 
= 12 


1 [τ 
ein ον (zsinh w—eo) dv. 
TWJ0 


* The results of this section are investigated in rather greater detail in Proc, London Math. Soc. 
(2) xvi. (1917), pp. 150—174. 
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Changing the notation, we find that the equation of the contour is 
1 26 


r «sin@’ 


τόπο! ἐν ( - 8. 


and, when this substitution is made for r, the value of ( --- ὦ Β1ηἢ w) is 


0 + /( 6? ~ αὐ sin? 8) 


x sin @ 


r+ 


so that 


log — cot 6. /(@ — αὐ sin? 8). 


This last expression will invariably be denoted by the symbol* F(@, x), 
so that 
(1) J, (vx) = -- = |e —vF 0,2) dQ, 
and by differentiating under the integral sign (a procedure which is easily 
justified) it is found that 


Ε ae eee θ -- αΞ sin θ cos 0 
(2) Je (va) = = [ὁ OG = αὐ sin? 8) 


This is also easily deduced from the equation 


dé. 


1 οὐ ἐπὶ ; , 
Jy (vx) = on | ev (zsinh w—~) sinh εὖ dw. 
ont 


Before proceeding to obtain further results concerning Bessel functions, it 
is convenient to set on record various propertiest of F'(8@,x). The reader will 
easily verify = 


(3) 5 F(6,2)= so—ea + (6? — x*sin® @) > 0, 
ὃ i= 
(4) τ Ρῳ,)-- ἡ τοὺς 
so that 
(5) F(0, x) >F(0,x)>F(0,1)=0; 
and also 
0 θ --- zx’ sin 6 cos 6 
“ δἰ (6 4)π τ 5 — asin 0) <° 


Next we shall establish the more abstruse property 
(7) F (0, x) > F (0, x) + 4 (@ — a sin? 6)//(1 + 2°), 
To prove it, we shall first shew that 


θ — 2? sin 0 cos 8 


9 (9, #) = “(θ᾽ — 2? sin* 0) aN τῶ 


* This function will not be confused with Schlafli’s function defined in § 4-15. 
Τ It is supposed throughout the following analysis that 0< .1<¢1, 0 «9 « τ. 
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It is clear that — 
1 (0, “) = Ν( -- αΞ) «νᾷ - 2’), 
σ(π, 2): 1 «ν(1 +2”), 


so that, if σ(θ, x), qua function of θ, attained its greatest value at 0 or 7, 
that value would be less than /(1+ 27). If, however, g(6,x) attained its 
greatest value when @ had a value 6, between 0 and 7a, then 


_1—«* cos 24, (4, — x? sin 8, cos 0) 0 
(0,2—2sin?6,)! (θ -- αὐ 8ιηθ.}}' 
and therefore 


9 (9, 2) <9 (A, x) =/(1 — a? cos 20.) «νά + “Ὁ, 
so that, no matter where σ (θ, x) attains its greatest value, that value does 
not exceed /(1 + 2”). 


Hence 


— 8, ©) ge a? sin? @) ὅς x* sin 6 cos 6 


νὰ τα 


and so 


— IF (0, x) [aaa dese 
F(0,2)—F(0,«) = [Ξ 40 >) 6, 


whence (7) follows at once. 


Another, but simpler, inequality of the same type is 


(8) F(G, x) > (0, x) +4 θ᾽ Ν( — 2"). 
To prove this, observe that 
oF (νι x) 


> /(6 — 2 sin? 6) > θ ΜᾺ — 2°), 


and integrate; then Pe —- is obvious. 
From these results we are now in a position to obtain theorems concerning 
J, (va) and J,’ (vx) gua functions of ν. 
Thus, since 
OS, (va) _ 
ον 
the integrand being positive by (5), it follows that J, (να) ts a posttie de- 
creasing function of v; in like manner, J,’ (vx) ts a positive decreasing function 
of v. 
Also, since 
Ὁ {erF2 J (vx)} 
Ov 
the integrand being positive by (5), it follows that e”” J, (να) ts a decreasing 
function of v; and so also, similarly, is 9" 0,3) J,’ (va). 


ae | "P(0, 2)" 9,4) dO <0, 
TIO 


1 ιν 7 . (9. wimp F(a, z 
=~=|"{F(6,«)-F(O,2) er FO, 2-v Fn dO ς 0, 
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Again, from (8) we have 


ον" F (0, z) π 
ὦ, (να) ς« τς -| exp {-- ἔνθ ΜΚ -- ἢ) dé 
0 
οὐ F 0, xr) fe 
< [ exp {— ἀνθὸ ( — 2*)} dé, 

0 

so that " 
—wvF (0, x) 
(9) Tone 


(1 = αὶ /(2arv) 
The last expression is easily reduced to Carlini’s approximate expression 
(§§ 1.4, 8:11) for ὦν (να); and so Carlini’s expression is always in error by 
excess, for all* positive values of ν. 
The corresponding result for J,’ (vz) is derived from (7). Write 
& — x*sin?6=G (6, x), 
and replace 6 (θ, x) by G for brevity. 


Then ΠΩ 
᾿ 1 (τ 2 Z 
2aJ,/ (vx) = =| 6." FS, 2) oe) [6 (6, x)'-* de 
ev F (0, x) fr 
< [" exp {—4rG/V(1 + 49}. G-4dG 
3 “9 
ον FO, 25) fo 
< [ἀρ (- ἔνοίνα +29). 6546, 
υ 
and so 
(10) ad,’ (vac) <e7?PO.2) (1 - 22) /a/(Qarv). 


The absence of the factor </(1 — 2?) from the denominator is remarkable. 


It is possible to prove the formulat 


aa af x2’ exp ἰν /(1 — a*)} 
ας ποθ δος ρας τ vO 


in a very similar manner. 


This concludes the results which we shall establish concerning a single 
Bessel function whose argument is less than its order. 


8°51. Lemma concerning F (θ, x). 


We shall now prove the lemma that, when 0 <a <1 and 0 «θ «π, then 

dF’ (6, x) . \, 9 — a? sin θ cos 8 

(1) ge 1G “)-- (0, 2)} ΚΠ ΤῊΝ 

The lemma will be used immediately to prove an important theorem con- 
cerning the rate of increase of .J/, (vz). 


> 0. 


* It is evident from Debye’s expansion that the expression is in error by excess for sufficiently 
large values of ν. 
t Cf. Proc. London Math. Soc. (2) xv1. (1917), p. 157. 
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If ./(@? — 2? sin? 0) = Η (θ, x), we shall first prove that 
dF (0, x) ; dH (8, x) 
“πῶ [| db 
is a non-decreasing function of 6; that is to say that 
(1 — Θ cot OY + @ — 2? sin? 0 
~ O@—asinOcosO 
is a non-decreasing function of θ. 
The differential coefficient of this last function of @ 18 
(θ — a2? sin 6 cos 0)~* [(@ cosec? @ - 1 — 4 sin? 8) (1 — 2”) 

+ 2 (6? cosec? 6 — 6° cot 6 cosec? 6 — 4 sin? @) (1 -- 2”) 

+ 227(1 — θ cot 6) (8 cosec θ — cos 8)? + sin? 6 (1 — ΑΞ }"], 
and every group of terms in this expression is positive (or zero) in consequence 
of elementary trigonometrical inequalities. 

To establish the trigonometrical inequalities, we first observe that, when 0 <6 <7, 
(i) 6+sin 6 cos θ -- 20“ 1 sin? 6>0, 
(ii) @+sin θ cos 6 -- 3θ cot 6>0, 
(iii) sin -- Θ cos 6-4} sin? @>0, 
because the expressions on the left vanish when 6=0 and have the positive differential 
coefficients 
(i) 2(cos@—6-!sin 6)*, (ii) 2(cos@-@cosec θ)}, (iii) sin @(@—sin 6 cos 6), 
and then 
62 cosec? 6 — 68 cot 6 cosec? θ — ἡ sin? 6 
= (6? cosec? -- 1) (1 — 6 cot 6) +cosec θ (sin 6 — 8 cos θ -- 4 sin? 8) 0, 


6? cosec? θ -- 1 — 4 sin? 6 
= § cosec? 6 (9+sin @ cos 6 — 26-1 sin? 6) +cosec @ (sin 6 — 6 cos θ -- 4 sin’ 8) > 0, 


so that the inequalities are proved. 


It has consequently been shewn that 
d (fF 
θ Ϊ 7 > 0, 
where the variables are understood to be @ and 2, and primes denote differ- 
entiations with regard to @. It is now obvious that 
d (FH Θὰ (Ff 
do arf = % wt > >0, 
and, if we integrate this inequality from 0 to 0, we get 
ΓΗ 
ΤῊΝ 
Since F’ and H/H’ vanish when θ Ξε 0, this inequality is equivalent to 


Γ' (θ, “) H (0, x) _ β 

ΟΝ F(6, 4)- F(0, x) 290, 
and the truth of the lemma becomes obvious when we substitute the value 
of H (0, x) in the last inequality. 


8-52] FUNCTIONS OF LARGE ORDER | 257 


8°52. The monotonic property of J,(vx)/J,(v). 

We shall now prove a theorem of some importance, to the effect that, if ὦ 
is fixed, and 0 <a «1, then J, (vx)/J,(v) 18 α non-increasing function of v, when 
ν 15 positive, 

[The actual proof of the theorem will be valid only when ὃ «αὐ «1, (where ὃ is an 
arbitrarily small positive number), since some expressions introduced in the proof contain an 
τ in their denominators; but the theorem is obvious when 0< x <6 since e”F( =) J, (vx) and 
e~ “F(0, =)/ J, (v) are non-increasing functions of ν when x is sufficiently small ; moreover, as 


will be seen in Chapter xvil, the theorem owes its real importance to the fact that it is 
true for values of x in the neighbourhood of unity. } 


It will first be shewn that 


03 J, 05 ., (να) οὕ, (να) a, My (να) ὦ 
Ovox Ont 


(1) J, (να) = — 
To establish this result, we observe that, with the usual notation, 


J, (va) = 1 =| "ev FU 2) dap, 
OJ,(ve) ν at. x) 


Ox =a), ἃ τ ὦ 
and, when we differentiate under the integral sign, 
OS, (vx) _ 1 ae ~y Fw, 2) 
a Ξ- F (xp, α) oF) dap, 
od, (να) ] , 66 (8, x) ~v F(6, 2 
Ovex = onal, σι), τὴν do” © ae 
seal, F (0,2) {G (9,.}}- Ὁ a 4) 6 vF (8,2) αθ 


ἣν [1 (0, » x); τ τ Tae x) {G (0, x)}-3 eset aad 


x 6" Fé, 2) dé, 
if we integrate by parts the former of the two integrals. 


Hence it follows that 


sel a. OJ, (vx) dd (ve) »ν [7 [” rt PO,2 2 
J, (va) dc ὃν ast [9@, Ψ) evi FO 2)+ FW, 2) dO dyp, 
where 
6, x 
20, ~)=21G(0, «| ΟΣ eer ad 
dF (6,2) F(0,2)—F(6,2 x 
>2{ (6,0) [509 eee) aa Ὁ vats ἢ 
>0, 


by using the inequality F (Ψ, «) 2 F(0, z) combined with the theorem of ὃ 8°51. 
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Since 2.(6, Ψ) is not negative, the repeated integral cannot be negative ; 
that is to say, we have proved that 


ae ed Od, (να) od, OS, (va) | 


Oc ὃν Ξυ, 


ὃ (ad, (vx) | 
an | mee J (v2)| = 0. 


J, (vx) 


so that 


Integrating this inequality between the limits # and 1, we get 


OJ, (να) <4 
222) /J, (ve) | 20 


οὐ, (νὉ 
ce j J, (v). 


Since J, (vz) and J,(v) are both positive, this inequality may be written 
in the form 


(2) 2 (σαν, )} «Ὁ, 


and this exhibits the result which was to be proved, namely that J, (vz)/J, (ν) 
is a non-iIncreasing function of ν. 


so that 


8:53. Properties of J,(v) and J,’(v). 
If, for brevity, we write Κ΄ (0) in place of Κ΄ (θ, 1), so that 
τ 6 + ./(6? — sin? θ) 


sin 0 


the formulae* for J, (v) and J,’(v) are 


(1) F(0)=lo — cot 6 /(@ — sin? 0), 


*O—sin A cos) _ n@) dé. 


1 {* -- ’ _! ee eee 
(2) Too) == [ὁ rd, ὕν()-- τ | aca) ° 


The first term in the expansion of Κ᾽ (θ) in ascending powers of @ is 
4.6°/(9 ν3); and we shall prove a series of inequalities leading up to the 
result that F (@)/@ is a non-decreasing function of 8. 


We shall first shew that 
2" (@) 
g Be ae > 0. 


To prove this we observe that 


Κ΄ (θ) [( -- θ οοὐ θγ),0}"» a. vm 2g 
τὲ = OF sin? θ) + 0-* /(@ — sin’ 0), 


* It is to be understood that J,’ (v) means the value of dJ,(x)/dz when x has the particular 


value ν. 
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and that 


ἀθὶ 8 5: 


ἃ (MP -- ἜΡΟΝ _ (® cosect 6 + A cot 6 -- 2) sin? 0 
ἀθὶ f . 


Hence it follows that 


dé 97 2}- oe nee’ (8? cosec? θ + θ cot θ — 2) 


6° (6? — sin? 6 
x (8+ sin 8 cos θ — 24 cot θ) 


d [3555] = Roose δ pote? 


@/(6?—sin? 8), 


2 0, 


by inequalities proved in § 8°51. 


Consequently 
(3) OF” (6) — Γ΄ (@) 20, 
chatistozay 5 (OF" (6) - 8F(6)} 50. 
If we integrate this inequality from 0 to 0 we get 
(4) OF’ (6) — 3F (8) > 0, 


and this is the condition that F'(0)/@ should be a non-decreasing function of θ. 
It follows that 


F(@,1)_,. ΓΘ) 4 
pe 2 {πὶ τιν΄ = 978 


and therefore 


so that Cauchy’s approximation for J, (v) is always in error by excess. 


An inequality which will be required subsequently is 
(5) 2 (6? — sin? 6) F” (8) -- 8 (0 —sin 8 cos 6) F'(8) > 0. 
The truth of this may be seen by writing the expression on the left in the form 
(6? -- 2 sin? 6+ sin 6 cos 6) F’ (6)+(@ —sin Θ cus 6) {6F" (6) —3F (6)!, 
in which each group of terms is positive (cf. § 8°51). 
[Norr. A formula resembling those which have just been established is 
" 25 
(6) [ πολ αι, - 


. 8. 5Γ (δ) vt 
see Phil. Mag. (6) xxxv. (1918), pp. 364--- 8370. 
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8°54. Monotonic properties of J,(v) and J,’ (v). 


It has already been seen (ὃ 8.5) that the functions J,(v) and J,’ (v) are 
decreasing functions of ν. It will now be shewn that both viJ, (v) and viJ,'(v) 
are steadily increasing* functions of v. 


To prove the first result we observe that 
a [νὴ ν (»}} vt 
Sar 


dy 


n 4 fr 
| FO dg — ἢ | F (0)e-"F © do 
TJ0 


0 
al gre |. [ergy — -νΕ (6) 
=~ | [τῷ [" OF" (6) -- 8Ρ (Θὴ σ᾽ 49 


> 0, 


since the integrated part vanishes at each limit and (§ 8°53) the integrand is 
positive. 


Hence νὲ J,(v) is an increasing function of v; and therefore 
(1) νὰ J, (v) < lim {v8 J, (v)} = Γ (4)/(22 88 πὴ = 044781. 
In connexion with this result it may be noted that 
J, (1)=0°44005, 2, (8) =0°44691. 


To prove the second result, by following the same method we find that 
d {ya Je (v)} = 2v-* evi (6) V(@ — sin? 9) 
ὃπ 


ὧν 
vi [πς|ς 1, : 8 (θ -- sin 8 208 θ)" ᾿ τ ΝΕ (6) 
+ an al (0) /( 6? — sin? 6) — 1G — sin’ 6) F(6)+e dé 
> 0, 
by § 8.88 (5), and so v3 J,’ (v) is an increasing function of v. 


π 
0 


Hence 


(2) vt J,’ (v) < lim {vt J,’ (v)} = 8ὲ T () (28 π) = 0°41088. 


It is to be noted that 
J,! (1) =0°32515, 4 (8) = 0°38854. 


8°55. The monotonic property of v+J,' (v)/J,(v). 


A theorem which is slightly more recondite than the theorems just proved 
is that the quotient 
(oF J,’ (v)} = (νυν (v)} 


is w steadily increusing function of v. 
* It is not possible to deduce these monotonic properties from the asymptotic expansions. If, 


asv-»a, f(v)~¢(v), and if φ (ν) is monotonic, nothing can be inferred concerning monotonic 
properties of f(v) in the absence of further information concerning f (»). 
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To prove this result we use the integrals already mentioned in δὲ 8°53, 
8:54 for the four functions 
ἃ {ν.1,(ν} d {va dy,’ ν vy} 
, 8.7 (ν tee, So 
ν 7, (v), ν 7, (ι ; ἐν 2 an. 
Taking the parametric variable in the first and third integrals to be y in 


place of θ, we find that 
LAT, (v)! τ fy Ὅς ν rf 2, (0, ψ) eMPO+FW! dOdyp, 


vid, (v) π᾿ 
where 
ΣΝ see θ — sin 8 cos θ 

0, (0, yr) = αὶ Σ΄ (8) V(@ — sin? θ) — (8° — sin? 6) F'(8) 
θ — sin θ cos 8 ; 
ves Sarpy OVE WH) POD) 

2 ν(θ" — sin? 8) at : — sin 6 cos 8 ; 
LF OR (8) — (8D) - ain sin?) SWF’ (Wy) — Fp), 
+ ea δ) (624 Asin Ocos θ -- 2 sin? θ᾽ 
>? ; γ(θ" — sin? θ) ͵ θ — sin. cost cos 0. ; ; 


by 88:61. The function Ὡ, (θ, y) does not seem to be essentially positive 
(cf. § 8°52); to overcome this difficulty, interchange the parametric variables 
6 and w, when it will be found that 


d (vid, μὲ : ‘ 
HPO as bar: or ZL” F118, W) +21 (yp 90} e+ FO dO dy: 


Now, from the inequality just proved, 
0, (8, +) +, (, 8) 
» Pv) _ 5.0} SW | OF (8) - FO) (W)- FY) | 


yr? tysin y cos Ψ -- 2 βίῃ" Ψ' ,1 27" pa) _ ' 

Ψ' (ap? — sin? vv) i OF (6) F(8)} 
& + Osin 6 cos 8—2sin?@ , δ: ; 
Since θ-ὶ 4/(6? — sin? θ) and } θ}" (0) — F(@) are both (§ 8°53) increasing functions 
of 6, the factors of the first term in the sum on the right are both positive or 
both negative; and, by §§ 8°51, 8:53, the second and third terms are both 
positive. Hence 0, (8, w) + ὦ, (yf, 8) is positive, and therefore 


α (νὴ J,'(v) 
™ aie Ἢ 


which establishes the result stated, 


+ 
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8°6. Asymptotic expansions of Bessel functions of large complex order. 


The results obtained (§§ 8'31—8°42) by Debye in connexion with J, (x) 
and Υ, (5) where v and « are large and positive were subsequently extended * 
to the case of complex variables. In the following investigation, which is, in 
some respects, more detailed than Debye’s memoir, we shall obtain asymptotic 
expansions associated with J,(z) when ν and z are large and complex. 


It will first be supposed that | arg 2 | < 42, and we shall write 
ν = 2 cosh y = z cosh (a + 28), 


where a and β are real and y is complex. There is a one-one correspondence 
between a+ 79 and v/z if we suppose that β is restricted to lie betweent 0 
and a, while a may have any real value. This restriction prevents z/y from 
lying between — 1 and 1, but this case has already (ὃ 8.4) been investigated. 


The integrals to be investigated are 
AL pees | Oe east dy, 
tJ -- ὦ 


Τ 
1 ὦ - πὶ ] a0 
H,® (2) =— —| e-2f (0) day = — eS” dy 
TUS aw Tt! - ὦ + wit dl 
where f(w) = w cosh y — sinh w. 


A stationary point of the integrand is at y, and we shall therefore in-- 
vestigate the curve whose equation is 


If(w)y=I f(y). 
If we replace w by u + tv, this equation may be written in the form 
(v -- 8) cosh acos 8 + (μι — a) sinh asin 8 — cosh u sin v + cosh asin B = 0. 
The shape of the curve near (a, 8) is 
{(u — a)? — (v — 8} cosh asin β + 2 (ὦ -- α) (v— 8) sinh acos B= 0, 
so the slopes of the two branches through that point are — 
ἀπ + garc tan (tanh a cot 8), 
— 47 + sarc tan (tanh a cot 8), 


where the arc tan denotes an acute angle, positive or negative; R (ὦ) in- 
creases aS w moves away. from Ὑ on the first branch, while it decreases as w 
moves away from Ὑ on the second branch. The increase (or decrease) is steady, 
and Καὶ f(w) tends to + o (or — οὐ ) as w moves off to infinity unless the curve 
has a second double-pointt. 


* Miinchener Sitzungsberichte, xu. [5], (1910); the asymptotic expansions of 1, (z) and A, (x) 
were stated explicitly by Nicholson, Phil. Mag. (6) xx. (1910), pp. 938—943. 

t That is ‘> say 0<B<r-. 

x As will be seen later, this is the exceptional case. 
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If (1) and (1) denote the whole of the contours of which portions are 
marked with those numbers in Fig. 19, we shall write 


y ὩΣ 1 ~zfiw 2) _a i w 

8, (2) =— | seid 8,5 (e)=— | eto dw, 
and by analysis identical with that of ὃ 8:41 (except that 78 is to be replaced 
by y), it is found that the asymptotic expansions of S, (2) and S,” (2) are 
given by the formulae 


ev tanh y— y)— 407 - T(m+ 4) An 
(1) a ree te τυ, ον 
Oe ee) Ξε Σ ὁ Py πη 
; —v (tanh y—y)+}72 ας Τ' (m Ze 3) aA 
ῷ * (2) PP RE ERI Ty EO ae πο δος 
OC) SO ~ Gomi tanh) neo PQ) ἔνταππ yy’ 
where arg (— ᾧ νπὶ tanh y) = arg z + arg (—7sinh ¥), 


and the value of arg (— sinh y) which lies between — $7 and $77 1s to be taken. 


(3) 


(ii) 


Fig. 19. 


The values of A,, A,, Az, ... are 
Ay => 1, Α, = 4 — ΤΊ coth? Ύ, 
(3) A, = «ὃς — τῆς coth’ y + #8 coth' y, 


It remains to express H,” (z) and H,” (z) in terms of S, (2) and 8S," (2); 
and to do this an intensive study of the curve on which 


I f(w)=1 f(y) 


1s necessary. 


8°61. The form of Debye’s contours when the variables are complez. 
The equation of the curve introduced in the last section 18 
(1) (υ — 8) cosh acos 8+ (u — a) sinh asin 8 
— cosh usin v + cosh asin 8 = 0, 

where (ει, v) are current Cartesian coordinates and 0 « B< 7. 

Since the equation is unaltered by a change of sign in both u and a, we 
shall first study the case in which a 20; and since the equation is unaltered 
when mw — v and w — 8 are written for v and 8, we shall also at first suppose 


that 0< 8<47, though many of the results which will be proved when ββ is 
an acute angle are still true when @ is an obtuse angle. 
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For brevity, the expression on the left in (1) will be called ᾧ (μι, v). Since 
op (i) = sinh asin 8 — sinh τι sin », 
it follows that, when v is given, 0¢/du vanishes for only one value of u, and so 
the equation in x, 
φ (u, v) = 0, 
has at most two real roots; and one of these is infinite whenever v is a multiple 
of π. 
When 0 <17’< 7, we have* 
φί-- οο,υ)-τ --ὐ, φίτ οο,υ)Ξ --οῦ, 
φ (a, v) = cosh a [(υ -- 8) cos -- sin υ + sin β}5 0, 
and so one root of the equation in u, 
p (u,v) =90, 
is less than ἃ and the other is greater than a, both becoming equal when ὃ = 8. 
By considering the finite root of the equations 
$ (u, 0) =0, φίιι, 7) = 0, 
it is seen that, in each case, this root is less than a, so the larger root tends 
to + οὐ as v tends to + 0 or to 7 — 0, and for values of v just less than 0 or just 
greater than 7 the equation ¢(u, v) =0 has a large negative root. The shape 
of the curve is therefore roughly as shewn by the continuous lines in Fig. 20. 


Next consider the configuration when v lies between 0 and — π. 


y — 2πὶ 
Fig. 20. 


When »v is — 8, 06(u, v)/Ow vanishes at u=—a, and hence (wu, — 8) has a 


minimum value | 
2 cosh asin 8(1 — Ια cot 8 — a tanh a) 


at u=—a. There are now two cases to consider according as 
1— Scot B—atanha 
is (I) positive or (I1) negative. 


* Since d¢ (a, v)/dv =cosh a (cos -- cos v), and this has the same sign as v— 8, @ (a, v) has a 
minimum value zero at v=8. 
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The domains of values of the complex y = a+ 1β for which 
1 -- βὶ οοὐ 8—atanha 
is positive (in the strip 0<@<-7) are numbered 1, 4, ὅ in Fig. 21; in the 
domains numbered 2, 3, 6a, 6b, 7a, 7b the expression is negative; the cor- 


responding domains for the complex v/z = cosh (a +78) have the same numbers 
in Fig. 22. 


0 7b 7a 
Fig. 21. Fig. 22. 


(1) When 1 — 8 cot 8 —a tanh ais positive, φ (u, — 8) 1s essentially positive, 
so that the curve never crosses the line y=— 8. The only possibility therefore 
is that the curve after crossing the real axis goes off to — οὐ as shewn by the 
upper dotted curve in Fig. 20. 

(II) When 1—f8cot B—atanha is negative, the equation ¢(—a,v)=0 
has no real root between 0 and 8 — 27, for 

og (— a, v)/dv = cosh a (cos B — cos v). 
Therefore ¢(—a,v) has a single maximum at —£, and its value there is 
negative, so that ¢(— a, v) is negative when v lies between 0 and 8 — 2π. 

Also ¢(u, 8 — 277) has a maximum at «=a, and its value there is negative, 
so that the curve ¢(u, v)=0 does not cross v= 8 — 2a; hence. after crossing 
the real axis, the curve must pass off to 2 — 7, as shewn by the dotted curve 
on the right of Fig. 20. 

This completes the discussion of the part of the curve associated with 
&," (2) when α »Ό, 0 « β ς ἐπ. 

Next we have to consider what happens to the curve after crossing the 
line v= + 7. 

Since | ¢ (a, v) = cosh a {(v — 8) cos 8 — sin v + sin 8}, 
and the expression on the right is positive when v 2 8, the curve never crosses 
the line w=a; also 

φ (u, nor) =(u — a) sinh asin 8 + (nm — 8) cosh ἃ 608 8 + cosh asin 8, 
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and this is positive when u > a, so that the parts of the curve which go off to 
infinity on the right must lie as shewn in the north-east corner of Fig. 23. 
When 1 —atanh a+ (π —8)cot β» 0, 


1.6, when (a, 8) lies in any of the domains numbered 1, 2 and 3 in Fig. 21, it is 
found that the curve does not cross v = 27 — 8, and so the curve after crossing 
υ τε passes off to — οὐ + wt as shewn in Fig. 23 by a broken curve. 


Fig. 23. 


We now have to consider what happens when (a, 8) lies in the domain 
numbered 6a in Fig. 21. In such circumstances 


1—atanha+(m— 8) cot8<0; 


and ᾧ (-- α, v) has a maximum at v = 27 — 8, the value of ¢ (— a, 27 — 8) being 
negative. The curve, after crossing v = 7, consequently remains on the right of 
u=—a until it has got above v= 22 — β. 


Now ¢(—a, v) is increasing in the intervals 


(8,27 —B8), (27+ 8,47r—8), (47+, 67-8), ...; 
let the first of these intervals in which it becomes positive be 
(2Mr + 8, 2Μπ + 2π — 8). 


Then ¢ (u, 2Ma + 2a — 8) has a minimum at u =—a, at which its value is 
positive, and so the curve cannot cross the line v= 2Mr+2n—8; it must 
therefore go off to infinity on the left, and consequently goes to 


-ο +(2M+1)77; 


it cannot go to infinity lower than this, for then the complete curve would 
meet a horizontal line in more than two points. 


8°61] FUNCTIONS OF LARGE ORDER 267 


When (a, £) is in 6a, the curve consequently goes to infinity at 
— oo +(2M +1) πὶ, 
where M 15 the smallest integer for which 1 — a tanha + {((M +1) π -- β) cot β 
15 positive. 

We can now construct a table of values of the end-points of the contours 
for S," (2) and S,® (z), and thence we can express these integrals in terms of 
H,”™ (2) and H,® (2) when (a, 8) lies in the domains numbered 1, 2 and 6a in 
Fig. 21; and by suitable reflexions we obtain their values for the rest of the 


complete strip in which 0< 8<7. The reader should observe that, so far as 
the domain 1 is concerned, it does not matter whether £ is acute or obtuse. 


If M is the smallest integer for which 
1—atanha+ {(M +1) π — 8} cot B 
is positive when cot β is positive, and if NV is the smallest integer for which 
1 —a tanh a — (Na + 8) cot B 


is positive when cot 8 is negative, the tables of values of S,% (2) and S,® (z) 
are as follows: 


Regions End- points Sy (z) 


1, 3, 4 —-o, ota A) (z) 

2,6@ |ΙΟ-- πὸ wo+n2 2S, (2) 

5, 76 -ο, ποι πὶ ὡ9-νπὶ J_, (2) 
6b —0—2Nri,o+ nt | eNvwt ALO) (ze- Νπὸ 
7a —0,0+(2M+1) art | e-Mvni H,1) (ze—- Mat) 


| 
Regions End-points S,®) (2) 


1,2,5 | -wo+m, ὦ HA, (z) 

3, 7a | —wo+mt, —wo-— πὶ 2J, (2) 

4, 66 O+2ri, « Qevxt J _, (2) 
θα —-0o+(2M+1) ri, ὦ eMvni Hf) (zeMnt) 
76 — οο- wt, ὦ -- 2Nri e—Nvwi 77,\2) (γε Ν τὸ 


From these tables asymptotic expansions of any fundamental system of 
solutions of Bessel’s equation can be constructed when ν and z are both arbi- 
trarily large complex numbers, the real part of z being positive. The range of 
validity of the expansions can be extended to a somewhat wider range of values 
of arg z by means of the device used in ὃ 8°42. 
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The reader will find it interesting to prove that, in the critical case 8B=47, the contours 
pass from — οὐ to οὐ +7 and from —« +77 to οὐ, so that the expansions appropriate to 
the region 1 are valid. 


Norse. The differences between the formulae for the regions θα and 66 and also for the 
regions 7a and 7b appear to have been overlooked by Debye, and by Watson, Proc. Royal 
Soc. xov. A, (1918), p. 91. 


8°7. Kapteyn’s inequality for J, (nz). 
An extension of Carlini’s formula (δ 8.11, 8:5) to Bessel coefficients in 
which the argument is complex has been effected by Kapteyn* who has 


shewn that, when z has any value, real or complex, for which z*—1 is not 
a real positive numberf, then 


(1) |Jn(ne)| < | Zee in ME 2} 


{1+ νά — δ." | 
This formula is less precise than Carlini’s formula because the factor (πη) (1 -- 22) does 


not appear in the denominator on the right, but nevertheless the inequality is sufficiently 
powerful for the purposes for which it is required {. 


To obtain the inequality, consider the integral formula 
1 oH 
Jn (nz) = Ini | t"—! exp {dnz (t — 1/t)} dt, 


in which the contour is a circle of radius e“, where u is a positive number to 
be chosen subsequently. 


If we write t = e“t”, we get 
J, (nz) = = [ exp [n {2 (6" 6 — e“e-) — wu -- 10}} dd. 


Now, if M be the maximum value of 
lexp {hz (eve — e-“e- 3) —u — 19} | 
on the contour, it is clear that 
[., (nz)|< Μ5. 
But if z = pe“, where p is positive and a is real, then the real part of 
hz (eve --- σ΄" 6) —u — 00 
18 hp {e" cos (α -+ 0) -- 6" cos (a -- θ)} -- τι, 
and this attains its maximum value when 
tan θ = — coth ὦ tan a, 
and its value is then 
p /(sinh? u + sin? a) — τὸ 


* Ann. Sct. de l’Ecole norm sup. (8) x. (1893), pp. 91—120. 

+ Since both sides of (1) are continuous when z approaches the real axis it follows that the 
inequality is still true when z*-1 is positive: for such values of z, either sign may be given to the 
radicals according to the way in which z approaches the cuts. 

+ See Chapter xvit. 
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Hence, for all positive values of ει, 
| Jn (npe’*)| < exp [np (sinh? u + sin* a) — nw]. 
We now choose w 80 that the expression on the right may be as small as 
possible in order to get the strongest inequality attainable by this method. 
The expression 
p ¥(sinh? u + sin? a) — ὦ 
has a minimum, qua function of u, when u is chosen to be the positive root of 
the equation * 
sinh ucoshu _ 
(sinh? ὦ + sin? α) 
With this choice of u it may be proved that 


2 /(1 — 2*). sinh u cosh u = + (cosh 2u — e*), 


᾿ 
δ᾽ 


and, by taking z to be real, it is clear that the positive sign must be taken in 
the ambiguity. Hence 


2 {1 + /(1 — 2*)} sinh u cosh wu = 053" — eva, 
and so 
Ser) agg 2 one ee) expe) 
i+va-2) | 8 [em — oe) 
=R/(1—2)—-u 
_ sinh? u + sin? a 
~ sinh w cosh ὦ 


log 


= p /(sinh? u + 81 a) — wu, 
and it 1s now clear that 


|Jn(nz)|< 


Ἔ exp νί -- ἊΝ 
1 Ἐἰνᾷ -- 22} 1" 
An interesting consequence of this inequality is that 'J,,(nz)| <1 so long 
as both !z'<1 and 
ll A ed 
1+ γᾷ — 2) 
To construct the domain in which the last inequality is satisfied, write as 
before z = pe, and define u by the equation 


~ Φ 


sinhucoshu 1 
(sinh? u +sin?a) ρ΄ 
The previous analysis shews at once that, when 
[2 exp νᾷ — 2’) ᾿ 
[1- νᾷ -- 2) 
then p (sinh? u + sin? a) — τὸ = 0. 


1, 


* This equation is a quadratic in sinh? u with one positive root. 
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It follows that 
Qu 


canes sin? a = sinh uw (u cosh u — sinh w). 
sinh 2u’ ( 7 ) 


= 

As τὸ increases from 0 to 1:1997 ..., sin?a increases from Ὁ to 1 and p de- 
zexp (1 — 2’) 
1+ ΝΕ -- 2) 

inside and on the boundary of an oval curve containing the origin. This curve 


creases from 1 to* 0°6627434.... It is then clear that | 


Fig. 24. Tbe domain in which | J, (nz)| certainly does not exceed unity. 


is shewn in Fig. 24; it will prove to be of considerable importance in the 
theory of Kapteyn series (Chapter XVI!). 


When the order of the Bessel function is positive but not restricted to be an integer we 
take the contour of integration to be a circle of radius 6" terminated by two rays inclined 
Ἐπ —arc tan (coth μ tan a) to the real axis, If we take |¢|=e* on these rays, we get 


y,| Sine cosh (z+ ¥v) — cos 2a cosh (v — τ) 
| J, (yz |< < M’+ rife exp| - ἐν Pn Gaba argy τ τ γα 
car xs | “exp {—v(v-u)} ao} 
-" 
and so 


i Jy (vz) |< < {1 4{Ξ35- vir ἔ exp ν( -- 


1 -- 2}} 


᾿ 


* This value is given by Plummer, Dynamical Astronomy (Cambridge, 1918), p. 47. 


CHAPTER IX 
POLYNOMIALS ASSOCIATED WITH BESSEL FUNCTIONS 


91. The definition of Newmann’s polynomial Oy (t). 


The object of this chapter is the discussion of certain polynomials which 
occur in various types of investigations connected with Bessel functions. 


The first of these polynomials to appear in analysis occurs in Neumann's * 
investigation of the problem of expanding an arbitrary analytic function f(z) 
into a series of the form Σα, ὦ]. (2). The function O, (t), which is now usually 
called Neumann’s polynomial, is defined as the coefficient of e,J,(z) in the 
expansion of 1/(¢ — z) as a series of Bessel coefficientst, so that 


(1) 2 JSy(2) On(t) + ὃ, (2) Oy (t) + 2p (2) O,(t) + «.. 


t—z 


= © enJn(2) On(t). 
n=O 


From this definition we shall derive an explicit expression for the function, 
and it will then appear that the expansion (1) is valid whenever | zj< it]. 
In order to obtain this expression, asgume that |z|<|t| and, after expanding 


1/(t— z) in ascending powers of z, substitute Schlémilch’s series of Bessel 
coefficients (§ 2°7) for each power of z. 


This procedure gives 


1 1 δ gs 
ἜΣ ΣΤ 
1 Ὁ 2 2% ( 2 (s+2m).(s+m—1)! ] 
= v τς mae ABs SEM A ae 68 ἀν ΓΦ 
— t oe ἔφη. 2 (z) Ἔ ὑπ ΠΣ |= m! J 8+2m (2 ) Ϊ . 


Assuming for the moment that the repeated series is absolutely convergent‘, 


* Theorie der BesseVschen Functionen (Leipzig, 1867), pp. 8—15, 33; see also Journal fiir 
Math, uxvit. (1867), pp. 310—314. Neumann’s procedure, after assuming the expansion (1), is to 
derive the differential equation which will be given subsequently (ὃ 9-12) and to solve it in 
series, 

+ In anticipation of § 16-11, we observe that the expansion of an arbitrary function is obtained 
by substituting for 1/(¢ -- 2) in the formula 


sage, [ἡ ΈΞ. 


Dri t-<z 


+ Cf. Pincherle’s rather more general investigation, Rendiconti R, Ist. Lombardo, (2) xv. (1882), 
pp. 224—225. 
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we effect a rearrangement by replacing s by » — 2m, and the rearranged series 
is a series of Bessel coefficients; we thus get 


i J. (Zz) + Σ én (3: a | Jn (2). 
Accordingly the functions O, (t) are defined by the equations 
(2) On ὦ- ἢ ees) (n>1) 


4 on = 0 m! (stm ᾿ 
(8) Op (t) = 1. 
It 1s easy to see that 


t? t* 
(4) en On (Ὁ or = τὶ τ 2(2n — ὟΝ 2.4. (2η -- 3) (Qn -- ΓΝ i ; 
and the series terminates before there is any possibility of a denominator factor 


being zero or negative. 


We have now to consider the permissibility of rearranging the repeated series for 
1/(¢-—2). A sufficient condition is that the series 


ΠΣ ee oe) 


2s 
ga} (eer? m= 


should be convergent. To prove that this is actually the case, we observe that, by § 2°11 
(4), we have 


5 (8+2m).(s+m—1)! | Touam (8) |S 3 eee 1)! (1 |2 per exp (} 2} 


eae μι! m!\ (8+2m—1)! 
< 3b | 21) 3» {exp (2 | 2 [*)}/(2m)! 
< (4 | 2/) exp (4 | ἢ). 
᾿ς Hence : 
=~ 9. Ὁ (8+2m). Cre 1)! =. [Zi 
3 eer [2 Se Jam le) SE rei exp 411} 


_ |2 exp (4: 2/?) 
Jel(dej—lz]) © 


The absolute convergence of the repeated series is therefore established 
under the hypothesis that | z|<|t¢}. And so the expansion (1) is valid when 
|z|</t|, and the coefficients of the Bessel functions in the expansion are 
defined by (2) and (3). 


It is also easy to establish the uniformity of the convergence of the ex- 
pansion (1) throughout the regions |¢|>R,|z|<¢r, where R>r>0. 
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When these inequalities are satisfied, the sum of the moduli of the terms does not 
exceed 
5 in {5 team erm! Ge merp a) comp de) 
“30 R**! |neo m! (8+2m)! ~ R= 
Since the expression on the right is independent of 2 and ¢, the uniformity of the 
convergence follows from the test of Weierstrass. 


The function O, (¢) was called by Neumann a Bessel function of the second 
kind*; but this term is now used (cf. § 3:53, 3:54) to describe a certain solution 
of Bessel’s equation, and so it has become obsolete as a description of Neumann’s 
function. The function QO, (¢) is a polynomial of degree n+ 1 in 1/t, and it 15 
usually called Newmann’s polynomial of order n. 


If the order of the terms in Neumann's polynomial is reversed by writing 


4n—m or $(n—1)—m for m in (2), according as n is even or odd, it is at 
once found that 


1 ἐπ (gn + 1)! 
(5) 0, (ὃ = 4 = qe (n even) 
1 nt n(n — 2%) πϑ(η — 2?) (η — 4) 
πεεπεσ τ Ἐπ a= Ὁ θυ 
_ 1k n.(4n+m—}4)! 
(6) Ο, (t) = ri = (fn —m—}!Gt (n odd) 
δε. n(n? -- ys n(n? — 1*) (n?— 3") | 
t! Ἢ 
These results may be combined in the formula 
(7) ο,( -ἴ ὃ 2P (n+ ἐπι) cost} (mtn) a 


4ma0 '(4n—4m41).(4t)™" | 
The equations (5), (6) and (7) were given by Neumann. 
By the methods of § 2°11, it is easily proved that 


(8) | én On (t)i <2-(m!). (ἀ {1} exp (6, 
(9) enOn (t) =. (πὴ. (bt) "(1 + 8), (n >1) 
where | [0] <[exp(4|¢?) — 1)/(2n — 2). 


From these formulae it follows that the series Xap, Jn (2) O, (t) is convergent 
whenever the series Ya, (z/t)" is absolutely convergent ; and, when z is outside 
the circle of convergence of the latter series. a, Jn (z) On (t) does not tend to 
zero as n-» οὐ, and so the former series does not converge. Again, it is easy 
to prove that, as n -» 0, 


bed @0.0= ζεῖ -Ξ 0.9}, 


* By analogy with the Legendre function of the second kind, Q, (1), which is such that 


1 a 
ae aa (2n+1) P, (z) Qn (2). 
Cf. Modern Analysis, § 15-4. 
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and hence it may be shewn* that the points on the circle of convergence at 
which either series convergest are identical with the points on the circle at 
which the other series is convergent. It may also be proved that, if either 
series is uniformly convergent in any domains of values of z and t, so also is 
the other series. 


Since the series on the right of (1) is a uniformly convergent series of 
analytic functions when | z|<|t|, it follows by differentiation} that 
(10) (-ΚΥ.(» Ἐ4}} 3 ἀρ, (2) 4:0, (ἢ 


(¢—zprat ΤΟ" ἃ» αδ ’ 


1M 


where p, g are any positive integers (zero included). 


It may be convenient to place on record the following expressions: 


0, (t) = Lt, 0, (t) = 1/8, 
O, (ὃ = 1/t + 4/8, 0, (t) = 8.8. + 24/t4, 
O, (t) = 1/t + 16/# + 1926, Ο, (ἢ) = 5/# + 120/t* + 1920/¢. 


The coefficients in the polynomial Q, (¢), for n=0, 1, 2, ... 15, have been calculated by 
Otti, Bern Mittherlungen, 1898, pp. 4, 5. 


9°11. The recurrence formulae satisfied by O, (t). 


We shall now obtain the formulae 


(1) (m= 1) Onsa(t) τ +1) Ona(t)— 2 — 0,() = 2 E™, (n> 1) 


(2) On-1 (t) — Onss (Ὁ) = 20,. (4), (n>1) 
(3) — 0, (ἢ = On (ἢ 


The first of these was stated by Schlafli, Wath. Ann. 111. (1871), p. 137, and proved by 
Gegenbauer, Wiener Sitzungsberichte, LXV. (2), (1872), pp. 33—35, but the other two were 
proved some years earlier by Neumann, Theorie der Bessel schen Functionen (Leipzig, 1867), 
p. 21. 


Since early proofs consisted merely of a verification, we shall not repeat 
them, but give in their place an investigation by which the recurrence for- 
mulae are derived in a natural manner from the corresponding formulae for 
Bessel coefficients. 


Taking |z|<|t|, observe that, by § 91 (1) and § 2-22 (7), 
(t —z) Σ ἐκ (Zz) O,(t) =1l= Σ €, COS? ξηπ'. Jn (2), 
2=0 n=0 


* It is sufficient to use the theorems that, if 2b, is convergent, so also is Zb,/n, and that then 
xb, /n? is absolutely convergent. 

+ This was pointed out by Pincherle, Bologna Memorie, (4) 111. (1881—2), p. 160. 

t Cf. Modern Analysis, § 5°33. 
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and hence 


7s End n (2) Ο, (ὃ = Σ End n (4) {tOn (t) — cos? $nar} 
n=0 n=0 


Ι 


Σ εὐ, (9) {tOn (Ὁ) — cos? ξππὶ, 
n=1 


since ¢O0,(£)=1. If now we use the recurrence formula for J,(z) to modify 
the expression on the right, we get 


Σ end (2) On(t) = Σ (Tua (2) + Insa(2)} (On (t) — cos? fra} n. 


If we notice that J,,,, (2) {tOn (t) — cos? 4n7!/n tends to zero as n-» οο, it 
is clear on rearrangement that 


᾿ Sy (z) (0, (t) — 0; (£)} + J, (2) {20, (ὃ) — $40, (ὃ + 1) 


Now regard z as a variable, while ¢ remains constant; if the coefficients of 
all the Bessel functions on the left do not vanish, the first term which does 
not vanish can be made to exceed the sum of all the others in absolute value, by 
taking |z| sufficiently small. Hence all the coefficients vanish identically * 
and, from this result, formula (1) is obvious. 


To prove (2) and (3) observe that 
0.0\ 1 
(5+ 5s) a= = 


and so, |z| being less than [ἐ], we have 


Σ enJn (2) On’ (t) ἘΣ εὐ, (2) On (t) =0. 


n=(0 


By rearranging the series on the left we find that 
Σ ἐμ (z) 0, () Ξε ὦ, (z) Oy (t) ΤᾺ Σ᾿ κα (2) -- Inti (z)} 0, (ὃ) 
--υ() οι, -- & Jn (2) {Ons -- Ona (Oh 


that is to say, 
Jo(2) [οὐ (t) +O, (t)} + & In (z) {20n' (Ὁ + Onaa (t) — Ona (£)} = 0. 


On equating to zero the coefficient of J,(z) on the left, just as in the 
proof of (1), we obtain (2) and (3). 


* This is the argument used to prove that, if a convergent power series vanishes identically, 
then all its coefiicients vanish (cf. Modern Analysis, § 3-73). The argument is valid here because 
the various series of Bessel coefficients converge uniformly throughout a domain containing z=0. 
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By combining (1) and (2) we at once obtain the equivalent formulae 
(4) ntOn_s (t) — (n? — 1) On (t) = (n — 1) £0,’ (ὃ) + n sin? nz, 
(5) ntOn+, (t) —(n? — 1) On (ἢ = —(n +1) tO,’ (Ὁ) + n sin® ξηπ. 
If S be written for ¢ (d/dt), these formulae become 
(6) (τ -- 1) (Ὁ Ἐπ Ἐ1) 0, (δ) =n {[tO,_, (Ὁ) — sin? kn}, 
(7) (n+1)(3 —n+1) On (ἢ Ξ -- κα {tOn4, (Ὁ) — sin? nz}. 


The Neumann polynomial of negatzve integral order was defined by Schlafli* 
by the equation 


(8) Ο. , (ὃ) = (—)" On (ὃ. 
With this definition the formulae (1)—(7) are valid for all integral 
values of n. 
9°12. The differential equationt satisfied by Oy, (Ὁ). 


From the recurrence formulae § 9°11 (6) and (7), it is clear that 


(Y+n41)(9—n +1) On) = — (B+ nF 1) [— πέθ, μα (Ὁ + nein? dr} 


=— i (3 +2 +2) On, (ὃ) +n sin*4n7r 
= — t (tO, (ὦ) — cos? $n! + n sin? dnz, 
and consequently O,(t) satisfies the differential equation 
(9 +1)? 0, (ὃ) + (ὃ — n*) Ο, (δ = ὁ cos? $na +n sin? ξηπ. 


It follows that the general solution of the differential equation 


ὧν 3dy n?—1\ οοβ᾽ ἐηπ , nsin* $n 
4) deta “ἘΠΕ β )"- t | # 

is y = On(t) + 7° ὅ, (ὃ, 

and so the only solution of (1) which is expressible as a terminating series 

is O, (ὃ). 


It is sometimes convenient to write (1) in the form 


3 24] 
(2) eS (1S )y = gn) 
where 1 ( 
t, m even 
(3) gn(t) =} (n odd) 


* Math. Ann. m1. (1871), p. 138. 
t Neumann, Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 13; Journal Sir Math. 


uxvul. (1867), p. 314. 
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Another method of constructing the differential equation is to observe that 
μ are +a} Σ eda (2) On (ὃ τε Σ enn? Jy (2) On (ἢ), 
Oz? 0z n=0 n=0 


and so Σ e, 2? J, (2) On (t)= 2 canara 3 :6} τ 
n=0 


u22 a ἐ-- 
222 Ζ 22 
ἘΠ Ἐπ 


22 
= {0 ξεν sti el 1 3. 


ot 
Now l= Σ €anJon (2), 2 Σ €angs (20 +1) Janet (2) 
n=0 n=0 
and hence t+2=2 Σ ἐς 9. (t) Jn (2). 
n=0 
Therefore 


Σ fn σι) {0 δα ap + 3t : +1+4e- nl Ο, (ὃ -- 894 (t) |=0. 


On equating to zero the coefficient of J, (2) on the left-hand side of this identity, just 
as in ὃ 9-11, we obtain at once the differential equation satisfied by O,, (¢). 


9°13. Neumann's contour integrals associated with O, (2). 


It has been shewn by Neumann * that, if C be any closed contour, 


(1) | Om (2) On (2) dz = 0, (m=n and m¢n) 
“C 

(2) [ Jn (2) On (2) de = 0, (m* +n?) 

(3) [ _Jn(2) On (2) de = 2mik en 


where ἦς is the excess of the number of positive circuits of the contour round 
the origin over the number of negative circuits. 


The first result is obvious from Cauchy's theorem, because the only singu- 
larity of On (2) On (2) is at the origin, and the residue there 18 zero. 


The third result follows in a similar manner; the only pole of the inte- 
grand is a simple pole at the origin, and the residue at this point 3s 1/e,. 


To prove the second result, multiply the equations 
VindIm(z)=0, Van {z0n(2)} = 2Qn (2) 
by 20, (z) and J, (2) respectively, and subtract. If U (z) be written in place of 
FAs d ὅτε (2) 020 ) Ame) m (2) 
the result of subtracting assumes the form 


2U’ (2) + 2U (z) + (m? — n’) 2d im (2) On (2) = 2 Gn (2) Um (2), 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 19. 
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and hence 
[2U (z)lo+ (m?— n°) | Jm (2) On (2) de = | 2° qq (2) Im (2) de. 
Cc σ 


The integrated part vanishes because U (Ζ) is one-valued, and the integral 
on the right vanishes because the integrand is analytic for all values of z; and 
hence we deduce (2) when m? $n’. 


Two corollaries, due to Schlafli, Math, Ann. 111. (1871), p. 138, are that 


(4) Ὁ [νὰ ἐν) Om φ) dy Turn (2)+( =" Tum (2) 
(5) Ὁ [7 Om +9) Tuy) dy = Finn (2) +(— ὅρων» (2) 


The first is obtained by applying (2) and (3) to the formula § 2-4 (1), namely 


J, (# +y)= Σ ate (5) 9.» 


and the second follows by making an obvious change of variable. 


9°14. Neumann's integral for O, (2). 
It was stated by Neumann* that 


(1) On (= [EME EP eed, 


We shall now prove by induction the equivalent formula 
© exp ta 
(2) On(a)=h[ [lee VL +e) + ένα + eo αι, 
0 


where ἃ is any angle such that | a+ arg z|< ἐπ; on writing ¢=u/z, the truth 
of (1) will then be manifest. 


A modification of equation (2) is 
(3) One Ϊ i an (0) 5659) e-#8inh? cosh θάθ. 
To prove (2) we observe that 
O, (2) = | ' one edt, O,(z)= | ὸ ee te-** dt ; 


and so, by using the recurrence formula § 9°11 (2), it follows that we may write 


On (2) = | ᾿ © ha ([) edt, 


where 

(4) Pn+i (t) — 2έφ, (t) — Gn (t) = 9, 
and 

(5) di(t)=1, φ, ()-- ἐ 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), p. 16; Journal fiir Math. txvu. (1867), 
p. 312. 
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The solution of the difference equation (4) is 
φ, (ἐ) Ξ- Α {t+ ν(ῦ --Ξὄ 1})}"- Blt—- Κα +e}, 


where A and B are independent of n, though they might be functions of ¢. 
The conditions (5) shew, however, that A= B=4; and the formula (2) is 
established. 


This proof was given in a symbolic form by Sonine*, who wrote φ, (D).(1/z) where we 
have written J Sem dy (t) e~* dt, D standing for (d/dz). 
0 


A completely different investigation of this result is due to Kapteynt, 
whose analysis is based on the expansion of ὃ 91 (1), which we now write in 
the form 


l 2D 
Ζ- 4 - Σ ἐν Jn (ϑ On 2): : 
When | ζ] «[Ζ], we have 
| 01 [5 {ζω ' 
"5 /, exp} — οὖ du 


an | =. p'In (he “du, 


Ζ 


if p be so chosen that 


It follows that 
1 οΌ 
2 -- ᾿- [. 


We shall now shew that the interchange of summation and integration is justifiable; it 
will be sufficient to shew that, for any given values of ¢ and z (such that | ¢|<|z|), 


M 
aan 
n=N+1 


can be made arbitrarily 3:.all by taking Δ᾽ sufficiently larget ; now 


ght 1 


[ ξ fu + J(u? + 27)}" dn (| ar ΝΣ 


= - οὐ 


{ut V(r 2) γγ. 
2" 


e~“* du 


jut J(ur+z2?)|<2(ut|z)), 


meer emt duc 2G) [an (u4|2))¥e-* du 


| |" 


and so | Jn lf 


| Jn (| gmp sta ialiay 
| 2 |" Iz | 


<|(¢/2)" lexp {{2|Ὲ1} {5} 


* Math. Ann. xvt. (1880), p. 7. For a similar symbolic investigation see ὃ 6°14 supra. 
+ Ann. Sci. de VEcole norm. sup. (3) x. (1893), p. 108. 
t Cf. Bromwich, Theory of Infinite Series, § 176. 
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Therefore, since | ¢}<jz|, we have 
M 24. γῇ N+1 2 
Σ (oes wit) (| ena Lemp eit ECE 
n=N+1 [eV ,{{4|--|6}} 
and the expression on the left can be made arbitrarily small by taking V ees large 
when z and ¢ are fixed, 


Hence, when | €!</|zj, we have 


AG) Meera 


2 -- ζ ΞΈΝΗΝ ἰώ grt 


= Σ endin(£) On (2) 


n=O 


where O,(z) is defined by the equation 
ΝΣ ΣΕ ve + 


—t ὡ 
Ὁ") gntl e“du ᾽ 


and it 1s easy to see that (), (2), so defined, is a polynomial in 1/z of degree 
n+l. 


When the integrand is expanded* in powers of z and integrated term by 
term, it 18 easy to reconcile this definition of 0, (2) with the formula § 91 (4). 


9°15. Sonine’s investigation of Neumann's integral. 


An extremely interesting and suggestive investigation of a general type 
of expansion of 1/(a—z) is due to Sonineft; from this general expansion, 
Neumann’s formula (§ 9:1) with the integral of § 914 can be derived without 
difficulty. Sonine’s general theorem is as follows: 


Let Ψ (10) be an arbitrary function of τὸ; and, if W(w)=a, let w = p(x), 
so that sp ἐδ the function inverse to p. 


Let Z,, and A,, be defined by the equationst 
Ζ 1 [" κάνω enon | 
a [enn aye [ πσμῶρ 


: = Σ Ζ,4... 


A—-2 ,»--ὦ 


Then 


tt being assumed that the serves on the right ts convergent. 


Suppose that for any given positive value of a, | w|>|-/(x)| on a closed 
curve C surrounding the origin and the point z, and | w|<|-A(z)| on a closed 


* Cf. Hobson, Plane Trigonometry (1918), § 264. 

+ Mathematical Collection (Moscow), v (1870), pp. 323-~-382. Sonine’s notation has been 
modified slightly, but the symbols y and # are his. 

t This is connected with Laplace’s transformation. See Burkhardt, Encyclopddie der Math. 
Wiss, 11. (Analysis) (1916), pp. 781—784. 
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curve ¢ aUEFOUDOMIE the a but not enclosing the point z. Then 


Σ Ly, An= oa | eevee ᾿- LB)” ode 


i= sete = 2 
W(w)—axr __ 
+h Sf : a Hi ( χει ded 


=e “| [. -{ daar es 


= 1" (ae ez (w)—ax —dwds 
2712 J 9 w— p(x) 
- 66 -αα dx = 1/(a -- 2), 
provided that R(z)< R(a); and the result is established if it is assumed 
that the various transformations are pernpissible. 


In order to obtain Neumann’s expansion, take 


ψ() Ξε -- 1), “4 ()Ξ ὦ Ἐ ve Ὁ 1), 


ΩΣ σά, 


A—-Z n=-@ 


Σ bendn(e) [An Ὁ} 4.0} 


and then 


: A= 
Since 


A,+(-)"A-n= i ᾿ e-** [fw + ν᾽ + 1)" + (—)" fo t να - 1)" de, 
we at once obtain Neumann's integral. 


Sonine notes (p. 328) that 
9], (2) ~ ($2)"/2!, en On (a)~n! ($a)~*, 
so that the expansion of 1/(a—z) converges when 2] «αἱ; and in the later part of his 
memoir he giyes further applications of his general expansion. 


9°16. The genrenng function of Oy (2). 


The series Σ (—)"e,t" 0, (2), which is a generating function associated with Ὁ, (2), 


does not converge for any value of ¢ except zero. Kapteyn*, however, has ‘‘summed” the 
series after the method of Borel, in the following manner : 
eee, 1 ᾿ n.(n+m—1)! 0 
Σ Ae ) εκΐ O@= z+ 3 2 (n—m)! (hz)em*) 
ace. He (n+%).(n+m)! 5 11 
rn=0 m=0 (n—- m)! ($2)?™ +? 
1 1+ ε a om, (n-+m— 1)! ἐπ 
2 1—t2 mnt nem (n—m)! (2) ΡΈΕΙ 
ἐς Σ᾿ +h). +m io 
m=-0rn=m (nm — —m)! (ἐγ): 
1.9 (Qm)! πᾳ ὦ 1 
2 mao (Gz) *1 (1 — ¢2)2m41 ia 2 Ἤν 
_— lt ὁ (-ρ νην! m 
~ 2(1—#) m=0 {32 (1 — ) π΄ 
* Nieuw Archief voor Wiskunde (2), νι. (1905), pp. 49—55. 
W. B. F. 10 


(Qm+1)! +1 (142) 
o G24? (1 — ati εξ 


M 8 
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e~"du 


The Borel-sum associated with this series is (1+ ¢) a ἿΞ (1 #) 2+ Stu Pag 


is convergent so long as (1 — 43) z/t is not negative. 


, and this integral 


There is no great difficulty in verifying that the series 3 (—)"«,t"0, (2) is an asym- 
n=0 : 


ptotic expansion of the integral for small positive values of ¢ when | arg z| <7, and so the 
integral may be regarded as the generating function of 0, (z). Kapteyn has built up much 
of the theory of Neumann’s function from this result. 


9°17. The inequality of Kapteyn’s type for O,, (nz). 

It is possible to deduce from Neumann’s integral an inequality satisfied 
by O, (nz) which closely resembles the inequality satisfied by J, (nz) obtained 
in 881. 

We have 

On (n2) = 5 al [ὦ + /(w? + 2°)" + [ὦ — /(w? + 2*)}"] e-™” dw, 
0 


the path of aie being a contour in the w-plane, and so 


[Oy (na) |<) rs [Πα νων + 20} -m] dn} 


where that value of the radical is taken which gives the integrand with the 
greater modulus. 


Now the stationary point of 
fw + a/(w? + 27)} e-¥ 
is /(1 — 2), and so 


1+/(1 — 2) 


() 10, (1)}ς ale eat plot veut +2} |. [deo], 


where the path of integration is one for which the integrand is greatest at the 
stationary point. 


If a surface of the type indicated in ὃ 8°3 is constructed over the w-plane, 
the stationary point is the only pass on the surface; and both w=0 and 
w=-+ οὐ are at a lower level than the pass if 


2 exp /(1 — 2’) 
ι1-π νά - 2) 
Hence, since a contour joining the origin to infinity can be drawn when (2) is 
satisfied, and since the integral involved in (1) is convergent with this contour, 
it follows that, throughout the domain in which (2) is satisfied, the inequality 
2?) ml 

‘Izexp να — 2?) 

is satisfied for some constant value of A ; and this is an inequality of the same 
character as the inequality of § 8°7. 


«1. 


(2) 


(9) On (nz) « 


; zi? 
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9.2. Gegenbauer’s generalisution®* of Neumann’s polynomial. 


If we expand z”/(t— z) in ascending powers of z and replace each power of 
z by the expansion as a series of Bessel functions given in ὃ 5:2, we find on 
rearrangement that 


2” so gvts 
pees a “, tt 
_ ot ΡΤ - (v+s+2m).Tvtstm) 7 (z) 
p20 20 τῶ ὁ m! ia 
- (<br Qven—am (ytn). Vivtn—m 
mS a en Oh 
n= lisse t Mm. 


the rearrangement has been effected by replacing s by n — 2m, and it presents 
no greater theoretical difficulties than the corresponding rearrangement in ὃ 9:1. 


We are thus led to consider Gegenbauer’s polynomial A,,,(¢), defined by 
the equation | 
2¥+™ (ν +n) “5 DP (v+n—m) 
ον Ane (ert my Οὐ 
this definition is valid whenever ν is not zero or a negative integer ; and when 
[21 «||, we have 


(2) a= Σ An,v (ἢ) Dvn (2). 


t—2 n=0 


The reader should have no difficulty in proving the following recurrence 
formulae : 


(3) (VM =1) Anse ΘΕ +N+ 1) Anse ὦ -- ETP νῷ 
_ W(y+n) ((v +n¥—1} Γν 4+4n—$) 
= tT (an + 8) 

2Qv+n—1 n+1 | 

OO Fenn t 4 O- yay 

(5) (v+7)tAn_,,(t)-—(n+1)(v+n—1) Any (Ὁ) 

ὃν (ν -- πὴ) (ν Ἐπ -- 1) Γ(ν τ ἔπ -- ἀ) 
Pr (gn +4) 

(6) (v+n)tAny,(t)—(v+n+1)(2v+n—1) An, (Ὁ 

ὃν (ν- )(ν ἘΠ ἘΤ) Γκν Ἡ ἀν Ὁ ἐ) 
Γ(πΌ 3) 

(7) Ay, (t) = 2° (vy + 1)/t. 


sin? ἔηπ, 


A n+l (é) - 2A’ ns (t), 
=(v+n—1)tA'n,(t) + sin? $ nz, 
=—(vy+n+1)tA',,(t)+ 


sin? £77, 


* Wiener Sitzungsberichte, txx1v. (2), (1877), pp. 124—120. 
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The differential equation of which A,,,(t) is a solution is 


dy 38—-2Qvdi fr (n+ 1)(204+n—1 
8) ee 90:56: 9 y= tao 
where 
 Ὡν(ν Ἐ )ΠΓ(ν sn), 
(9) In, v(t) = Γᾷηεηὲ. “6085 ἐπ 
2"(vt+n)Cv+ ἐπ 4), 
Pinthe “sin? $n. 


The general solution of (8) is An,,(t) +’ @ign (Ὁ. 


Of these results, (3), (4), (8) and (9) are due to Gegenbauer; and he also 
proved that 
1 sen | 
(10) ὅτι An, (ἢ οἷ᾽ dt Ξε 2» τὴ "Γ (ν). (ν +2) Cy” (2), 
where Οὗ," (z) is the coefficient of a” in the expansion of (] --- 2az+a*)~”; this 
formula is easily proved by calculating the residue of (2zt)™ A,,, (¢) at the origin. 


The corresponding formula for Neumann’s polynomial is 


1 Lf” 0, (Ὁ e#t dt =i" , 
(11) =| n(t)e = 2" cos {n arc cos 2}. 
The following formulae may also be mentioned : 
(12) | Am,v(2) An,» (2) dz =0, ἀπε ἀπ we 
σ 
(18) i 2 Jj4m(2Z) An, (2) dz=0, (m? # n*) 
Cc 
(14) [ στ’ Sean (2) An,» (2) de = 2k 
ἐσ 
where C is any closed contour, n = 0, 1, 2, ..., and & is the excess of the number 


of positive circuits over the number of negative crrcuits of Οὐ round the origin. 
The first and third of these last results are proved by the method of § 9°13; 
the second is derived from the equations 
Vim vim(Z)=90, Vien (2 " An, ν (z)} = 2" Iny (z), 
whence we find that 


(πηι -- Ὁ) (ῶν - m+n) har J vam (2) An, (2) dz ={e Gn,v (2) J vim (2) dz = 0. 


9.3. Schlafl’s polynomial δ. (t). 


A. polynomial closely connected with Neumann’s polynomial O, (¢) was 
investigated by Schlafli. In view of the greater simplicity of some of its 
properties, it is frequently convenient to use it rather than Neumann’s poly- 
nomial. 
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Schlafli’s definition* of the polynomial is 


<4n — δ -- 
(1) Sy (t) = SOM tyme, (n>1) 
(2) S, (t) = ΒΝ 
On comparing (1) with § 91 (2), we see at once that 
(3) $n 8. (Ὁ) = tO, (t) — cos® $n. 


If we substitute for the functions O, (¢) in the recurrence formulae § 9°11 (1) 
and (2), we find from the former that 


(4) Sng (t) + Sp_, (t) — 2nt S,, (Ὁ) = 4t7 cos? ἔξ nz, 
and from the latter, 

4 (nm -- 1) 5,..ὄἕ (1) —$ (n +1) Sry (6) = nS,’ (Ὁ) — nt Sy (Ὁ) — 2t- cos*® dnt. 

If we multiply this by 2 and add the result to (4), we get 
(5) Sn—i (t) — Srna (t) = 25,. (ὁ). 

The formulae (4) and (5) may, of course, be proved by elementary algebra 
by using the definition of S,(¢), without appealing to the properties of 
Neumann’s polynomial. 

The definition of Schlifii’s polynomial of negative order is 

(6) S_n (t) = (—)"" Sn (Ὁ), 
and, with this definition, (4) and (5) are true for all integral values of n. 
The interesting formula, pointed out by Schlafii, 
(7) Sai () + Snir (ὁ) = 40, (ὁ), 
is easily derived from (3) and (4). 


Other forms of the recurrence formulae which may be derived from (4) 
and (5) are 


(8) tS,—, ({) — nS, (ὁ) — tS,’ (t) = 2 cos* ἐππ, 

(9) tSn4, (ὦ) — nS, (Ὁ) + tS,’ (Ὁ) = 2 cos? En. 
If we write 3 for t(d/dt), these formulae become 

(10) (ὃ +n) 8S, (Ὁ Ξε ἐδ... (t) — 2 cos*4nz, 

(11) (9 —n) S, (Ὁ = — ἐδ (ὁ) + 2 cos? nz. 


It follows that 
(3? — n?) S, (Ὁ ξ (ὃ +1 -- η) S,_, (6) + 2n cos* $nr 
=— 2S, (Ὁ) + 2t sin? dna + 2n cos*4nz, 


and so S,(¢) 1s a solution of the differential equation 


(12) t* ἌΡ +t, dy rag ([3 — n?) y = 2t sin? 4nm + 2n cos* hn. 


* Math, Ann, ται. (1871), p. 138. 
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It may be convenient to place on record the following expressions : 


S, (€) = 2/t, S, (t) = 4, 
S; (Ὁ = 2/6 + 16/8, 5. (Ὁ = 8Π + 96/#, 
S; (t) = 2/t + 48/8 + 768/¢, S, (t) = 12/# + 884 + 7680/¢: 
The general descending series, given explicitly by Otti, are 
x (gnt+m—1)! 
1 δ = 
( 3) Sn (t) -Σ (ξ ἢ -- πη)! m)! (44) (n even) 
_2n 2η(η -- 2?) 2η (η -- 33) (γ — 45) 
ge τ ὩΣ aes 
4(n—1) ! 
(14) S, (ὃ = = Least a (2 odd) 


» Gn-m—4)! Gem 
-Ξ ἂν 2 ὥς 1) 1) 4 2h 2 (n? — {ἘΞ (n? -- 3°) 3) 4 


The coefficients in the polynomial S, (¢), for 7=1, 2, ... 12, have been calculated by Otti, 
Bern Mittheilungen, 1898, pp. 13—14; Otti’s formulae are reproduced (with some obvious © 
errors) by Graf and Gubler, Binleitung in die Theorie der Bessel’schen Funktionen, τι. (Bern, 


1900), p. 24. 


9°31. Formulae connecting the polynomials of Neumann and Schlafir. 


We have already encountered two formulae connecting the polynomials of 
Neumann and Schlafli, namely 
$n Sy (t) = t0, (t) — cos? $ nz, 
5,.« (Ὁ + Saas (ὃ = 40, (2), 
of which the former is an immediate consequence of the definitions of the 
functions, and the latter follows from the recurrence formulae. A number of 
other formulae connecting the two functions are due to Crelier*; they are 
easily derivable from the formulae already obtained, and we shall now discuss 
the more important of them. 
When we eliminate cos? 4n7 froin ὃ 9°3 (3) and either ὃ 958 (8) or (9), we 
find that 


(1) Sas (t) — Sn’ (t) = 20, (4), 
(2) Sno (Ὁ + Sw (ἡ) = 20, (ἡ). 
Next, on summing εὐ τ, of the type 8958 (5), we find that 
(3) S,(t)=-2  S δ, μα (ἢ +8in® ner. S(t), 
and hence a se 
(4) Sa (t) + Sua ()=—2 Σ Sn ms (l) +5 (0) 


* Comptes Rendus, cxxv. (1897), pp. 421—423, 860—863; Bern Mittheilungen, 1897, pp. 61—96. 
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Again from ὃ 9:3 (7) and (5) we have 
4 {Ons (t) + Ona (t)} = Sn (t) + 28n (t) + Suse (ἢ) 
= {8,2 (t) — Sn (t)} — {Sn (t) — Sago (£)} 450 (2) 
= 2S'n_1 (t) — 28’ ngs (t) + 48, (t) 


= 48," (Ὁ) + 4S, (t), 
so that 


(5) Sn” (t) + Sp (t) = Ona (t) + Ons (2). 
This is the most interesting of the formulae obtained by Crelier. 
Again, on summing formulae of the type of § 9:11 (2), we find that 


<4(m-1) 
(6) On@)=—2 Σ On-em-.(t) + sin’ $n7 . ΟἹ (t) + cos? 4 nz . Oy (t), 
m=0 


and hence : 


(1) On) + Ons (== 2 "SE On ma (t) + O1(0) + ον. 


9°32. Graf’s expression of S,(z) as a sum. 


The peculiar summatory formula 
(1) 5, ()- πὶ Σ (In(z) ¥n(2)—Im(2) Ya (2)} 


was stated by Graf* in 1893, the proof being supplied later in Graf and 
Gubler’s treatise+. This formula is most readily proved by induction; it is 
obviously true when n= 0, and also, by ὃ 5:68 (12), when »=1. If now the 
sum on the right be denoted temporarily by ¢, (2), it is clear that 

ba4i (2) + Pn—1 (2) = (2n/z) dn (2) 


n+1 n+1 
= Jn) ΣΟ Υὴκ()- πΥωμ) 2 Sm (2) 
m=-n- m=-n-l1 
n—-1 n~1 
+aJni(z) = Vmn(2)—7Yai(z) Σ μι) 
m=—-n+l1 m=-—ntl1 


—(2n7/2)Jn(2) ΣΟ Vm(2)+(2nm/2)¥n(2) Σ Im(z). 


Now modify the summations on the right by suppressing or inserting terms 
at the beginning and end so that all the summations run from —7n to n; and 
we then see that the complete coefficients of the sums >J,,(z) and Σ Yn (2) 
vanish. It follows that 
φημ (2) + Gn (2) — (2n/z) hn (2) 

= TI asi (2) {Ὑ (2) + Yn (2)} — π Ving (2) (Ina (2) + Jn (2)| 

— wd) ny (2) { ¥n (2) + Vin (2)} + π ¥an-1 (2) {Jn (2) + dn (2)} 

-- --π {1+(—1)"} [υἱ,,.. (2) Yn (2) —JSn(z) Vai (2)} 

= 427! cos? $ nz, 
by §3°63 (12); and so ¢, (2) satisfies the recurrence formula which is satisfied 
by 5, (5), and the induction that ¢, (z) = S, (z) 1s evident. 


* Math. Ann. xt. (1893), p. 138. . 
+ Einleitung in die Theorie der Bessel’schen Funkttonen, 11, (Bern, 1900), pp. 34-41. 
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9°33. Crelier’s integral for S,, (2). | 
If we take the formula ὃ 9°14 (2), namely 


@ €xX 
0 


Pia 
0. )-ὰ fo Cie να +e) + ἐπα +e) eat 
and integrate by parts, we find that 
1 — Τ᾽ γι) "oc ΧΡ ἴα 
δΠπτ(- 1 


᾿ d 

On(z) = ; σ᾽, 6.5: ΩΣ [{é+ ΝΑ --ὄ Ρ})}"» + [ἐ--- Νά --Ἥ 8}}"} αἱ 
_costtnmr κ [ἡ πρία ξ  ἍᾺ Ὁ δ}}" -- ἐ-- το 
Ἐπ ee τὴ: ΜΝ, τ ΣΝ" 


Hence it follows that 


coexpia ff 4 V(1+#)}"2 —{é-—Jf(1 + ¢?) n 
1 S, (2) = [ ; et dt. 
(1) n (2) i V(1 + #2) 
This equation, which was given by Schlafli, Math. Ann. ut. (1871), p. 146, in the form 
2 +10 
(2) Sn (z) -| : {659 =) ( ἜΝ )»" e~ πθὴ e— zsinh 6 dé, 
0 


is fundamental in Crelier’s researches*, of which we shall now give an outline. 


We write temporarily 


Tr = {t+ ΝΑ  8)}» -- [ἰἐ-- να - 6)}», 


and then 
Tra — 2tT, — Tp = 0, 
so that Ms 
1 

n+1 as she τς 

γι + PP 
and therefore 

Ti yg τ 1 


ΤΑ Qt+2t+ ... 1 2t’ 
the continued fraction having n elements. It follows that 7,,,/7;, is the 
quotient of two simple continuantst so that 


Tay ΚΑΙ, 2t, ..., 2t)n 


--...ο...-.ς-ς---ςς-.-.-..ς͵.ς͵͵-- 


Τ,  K(2t,2t,..., ἢ, α’ 


the suffixes n, n — 1 denoting the number of elements in the continuants. 


It follows that} 7.1 (2t),_, is independent of n; and since 


T,=2V7(1+8), K (2t)=1, 
we have 


Τ,- 3 ᾳ -- @). K (2ε),..., 


* Comptes Rendus, cxxv. (1897), pp. 421---428, 8600---868; Bern Mittheilungen, 1897, pp. 61—96. 

+ Chrystal, Algebra, 11. (1900), pp. 494—502. 

t Since all the elements of the continuant are the same, the continuant may be expressed by 
this abbreviated notation. 
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and hence 


(3) Sa(z)=2 | Πρ K (2t)n_a em dt 
0 


From this result it is possible to obtain all the recurrence formulae for 
S, (2) by using properties of continuants. 


9°34. Schiiifl’s expansion of S,(t + 2) as a series of Bessel coefficients. 


We shall now obtain the result due to Schlafli* that, when |Ζ| « [ἐ|, 
S,, (ὁ + 2) can be expanded in the form 


(1) Sa(t+2)= Σ Sum (t) Sm (2) 


The simplest method of establishing this formula for positive values of n 
is by induction+. It is evidently true when ἢ =0, for then both sides vanish : 
when ἢ = 1, the expression on the right 1s equal to 


5, (δ Jo(2) + = {S,-m (t) Jin (2) + Sings (t) Fm (2)} 
= 20, (t) J,(— 2) ΕΣ {Sina (t) + Sng (t)} Inn (~ 2) 
=2 Σ én Om (δ Jn (—2) 
= 2/(¢+2)=8, (t+ 2), 


by § 91 (4) and 93 (1). 


Now, if we assume the truth of (1) for Schlafli’s polynomials of orders 
0, 1, 2,... », we have 


Spa (ὁ + 2) = Sp, (t + 2) — 2S, (t + 2) 
Σ Sami (t) Sm (2)— 2 Σ 8'n-m(t) Im (2) 


Σ { hs Eee (t) — 25 ‘asm (t)} Jn (2) 


ἬϊΞΞ - οὦ 


2 


= 2 Snii—m (ὁ) Im (z), 


and the induction is established; to obtain the second line in the analysis, 
we have used the obvious result that 


Sy (t+ 2)=2 8, (6 Ὁ 2). 


* Math. Ann. τὰν, (1871), pp. 189—141; the examination of the convergence of the series is 
left to the reader (cf. § 9-1). 


+ The extension to negative values of x follows on the proof for positive values, by § 9°3 (6). 
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The expansion was obtained by Schlafli by expanding every term on the right of (1) in 
ascending powers of z and descending powers of ¢. The investigation given here is due to 
Sonine, Math. Ann. xvi. (1880), p. 7; Sonine’s investigation was concerned with a more 
general class of functions than Schlafli’s polynomial, known as hemi-cylindrical functions 


(δ 10°8). 
When we make use of equation § 98 (7), it is clear that, when | z|<|t/, 


(2) On(t+2)= Σ Ο,. κ() ὐκ(). 


This was proved directly by Gegenbauer, Wiener Sitzungsberichte, Lxvi. (2), (1872), 
pp. 220—223, who expanded O, (¢+2) in ascending powers of z by Taylor’s theorem, used 
the obvious formula [cf. § 9°11 (2)] 


dP O,, (t » 
(3) 2 eee) Ξ =. (—)" Cm» On—p4om (ἢ, 


and rearranged the resulting double series, 
It is easy to deduce Graf’s* results (valid when | z! < ||), 


Sn(t—2)= Σ Snym(t) Im (2), 


Se 


(4) 


©) On(t—2)= Onan (t) Sm (2). 


9.4. The definition of Newmann’s polynomial Ὡς (0). 


The problem of expanding an arbitrary even analytic function into a 
series of squares of Bessel coefficients was suggested to Neumannf by the 
formulae of § 2°72, which express any even power of z as a series of this type. 


The preliminary expansion, corresponding to the expansion of 1/(¢ — z) 
given in ὃ 9:1, is the expansion of 1/(#— 2232); and the function ,(¢) will 
be defined as the coefficient of €, J,,?(z) in the expansion of 1/(# — 23), so that 


(1) a = J, (2) Ω,(Ὁ + Ξϑβ() ἢ, (Ὁ + 2d? (2) Oy (Ὁ «... 


ἘΣ e,Jn?(2) On (Ct). 
n=0 
To obtain an explicit expression for 2, (¢), take | z|<|¢|, and, after ex- 
panding 1/(@ — 22) in ascending powers of z, substitute for each power of z the 


* Math. Ann. xii. (1893), pp. 141—142; see also Epstein, Die vier Rechnungsoperationen 
mit Bessel’schen Functionen (Bern, 1894). (Jahrbuch δεν die Fortschritte der Math. 1893— 1894, 


pp. 845—846.] 
+ Leipziger Berichte, xxt. (1869), pp. 221—256. (Math. Ann. 111. (1871), pp. 581—610.] 
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series of squares of Bessel coefficients given by Neumann (§ 2°72). As in 
§ 91, we have 


1 co 5,398 
p—z oi {55} 
1 2% (s! = 2s + 2m).(28+m-—1)! ,, 
=5 2, emJ nt (2) + Σ Ἐπὶ ΟΣ Gate): aie DV) pp +m (2)| 
1S ete)t 3 3 Soe (meg, (2), 


Te, ~ (asi (na)! 
when we rearrange the series by writing n—s for m; this rearrangement 
presents no greater theoretical difficulties than the corresponding rearrange- 
ment in ὃ 91. 

Accordingly the function 1, (t) is defined by the equations 
1$ n.(n+s—1)!(s!)? 


(2) | On (t) = 4,2 Σ (im — s)1(2s)i(g tye? (n 21) 
(3) Op (t) = 1/?. 

On reversing the order of the terms in (2) we find that 
(4) 0, (=; $ n.(2n—m—1)!{(n— m)!P (n> 1) 


4m=o0 m!(2n -- 2᾽.}} (ὁ ἐγ) πε Ὁ 
while, if (2) be written out in full, it assumes the form 
14n? 1.2 4n?(4n?- 2) 4 1.2.3 4η3(4᾽-- 23)(4n8— 4") | 


(6) WO=a+5 tea τς TEE 
Also 
2" (n!)? | 0,7 @,t¢ 
(8) «(0 = Fae πεγεστ tie σα Ἰγαπτ ἢ 
“ @,,,t" ) 
+ T 2... (an— ἡ @n—2).. nj’ 
ἘΠΕῚ ( 2n -- (2n — 1) (2n—-3) 
| 8,=-5— : @.= τοῦ Ξε Ὁ 
| @, — (2%—1)(2n— 3) (2n—5) 
(7) ' ᾿ Qn(2n—2)(Qn—4) ᾿ 
ὅν (2 --- 1) (2η ΘῈ 
ι΄ 2η(2η--3).. ; 
Since 0 < Θ,, < 1, it is easy to shew by she aude of § 211 that 
(8) [ en On (t) | ς 2" |t|—2"-? (nl)? exp (5), 
and, when n > 0, | 
(9) én Qn (t) = 21-2 (n!)* (1 + 8), 


where [0] < {exp ||? — 1}/(2n — 1). 
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By reasoning similar to that given at the end of ὃ 91, it is easy to shew 
that the domains of convergence of the series Za, J,?(z) 0, (ὁ) and Za, (z/t)™ 
are the same. 


The reader should have no difficulty in verifying the curious formula, due 
to Kapteyn”*, 


(10) On ()=-25, ἫΝ Oon ( 55) 49. 


9°41. The recurrence formulae for On (t). 
The formulae corresponding to ὃ 9:11 (2) and (8) are 


a) τον (a HO Se ED, (3) 
(2) (2/t) Ω, (ὃ = 4, (ἢ — 3.0, (ὦ, 
(3) (2/t) Oy’ (t) = — 20, (t) + 20, (t). 


There seems to be no simple analogue of ὃ 911 (1). The method by which 
Neumann f obtained these formulae is that described in § 9°11. 


Take the fundamental expansion ὃ 9.4 (1), and observe that 


dJ,?(z) 
dz 


and that, by Hansen’s expansion of ὃ 2°5, 


-ᾧ te (2) = J¥n4 (2)}, 


Jy (2) Jy (2) = — 2 Σ (Pana (2)— Pasa (2)h/ 
We find by differentiations with regard to ¢, and with regard to z, that 
— 24/(2 — 24) = = énJin? (2) On’ (ἢ, 
δε (ῦ' — Ὁ} = 2Iy(2) σύ () Dy (8) +2 Σ 95...0)-- νι (2)} On (γα 
= 2 E [Sa (2) Snes (2)} [Ω,.(Ὁ-- 95 (0)} 
On comparing these results, it is clear that 
ΠΣ ε,.7," (4) Qn!’ ΘῈΣ = Ld? (2) — ϑόνα (2)}. {On (Ὁ) -- Oo (Ὁ}ηι = 0. 


On selecting ‘the coefficient 7 J,7(z) on the left and equating it to zero 
(cf. § 91), we at once obtain the three stated formulae. 


* Ann. Sci, de l’ Ecole norm, sup. (3) x. (1893), p. 111. 
t Leipziger Berichte, xx1. (1869), p. 251. [Math. Ann. τι. (1871), p. 606.] 


9°41, 9.8] ASSOCIATED POLYNOMIALS | 293 


9:5. Gegenbauer’s generalisation of Newmann’s polynomial Ὡ, (t). 

If we expand 2*+”/(t— z) in ascending powers of 2 and replace each power 
of z by its expansion as a series of products of Bessel functions given in ὃ 5'5, 
we find on rearrangement (by replacing 8 by n — 2m) that 
“μὲν co κεν 8 


fa Pe ἐπ τὶ 
_ 3 ΤΡῚΣ Γ(Ἐ ΣΕ) Ot pet) (utvtst 2m) Ρ(ω Ἐν ἘΦ Ἐπ) 
= aa (8:11 | > P(utv+stl) nat 


Χ μα γεν νι (2) νι χει πὶ ()| 
20 <n Qutvt+n—am 
{3 re 
ety ἘΠ) T (et ἐπ -- ν +t 1) Po τ ἐπ - m+ Γ(μΈ νη -- ἢ) 
αὶ D(utyvt+n—2m+1) 


X μεμα (2) να χη (| 


it is supposed that | z|<|¢|, and then the rearrangement presents no greater 
theoretical difficulties than the corresponding rearrangement of ὃ 911. 

We consequently are led to consider the polynomial B,,,,,(¢), defined by 
the equation 


Qutvtn(uty+tn 

(1) Bane) =~ —— pa 
. Ὁ Pe tdnmm tT Ὁ nome Dw tytn πο (pam 
m=0 m'ID(wtytn— 2m +1) : | 


This polynomial was investigated by Gegenbauer*; it satisfies various 
recurrence formulae, none of which are of a simple character. 
It may be noted that 
(2) Ben; 0,0 (t) = εἰὐ Qn ((). 
The following generalisations of Gegenbauer's formulae are worth placing 
on record. They are obtained by expanding the Bessel functions in ascending 
series and calculating the residues. 


, 1 s@+ ; 
(3) 5 | t-» J, (2tsin φ) Bon+i. u(t) dt=0. 


1 


(0+) 
(4) =| ἐπ᾽ J, (2t sin φ) Bon, μιν (t) αὐ 


_ te (utyt Qn) P(t 1)\T(@tv+n)sin’ d 
niD(utyt 1) 
xP, (—nwtlptutn; tut ἐν Ἐλ, ἐμ τ ἐν ἘΠ; sin’ Φ). 
In the special case in which μ Ξε ν, this reduces to 
(0+) 
(5) τς ἐτ ",(ϑεβίη Φ) Ben,v,»(t)dt= 2» (v+n)T(v)sin’ pC,” (cos2¢). 
This formula may be still further specialised by taking ¢ equal to ἐπ᾿ or ἐπ. 
* Wiener Sitzungsberichte, uxxv. (2), (1877), pp. 218—222. 
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9.6. The genesis of Lommel’s* polynomial Rm, , (2). 
The recurrence formula 
S141 (2) = (2v/2) J, (2) — J (2) 

may obviously be used to express J,;m(z) linearly in terms of J, (z) and 
J,-.(z); and the coefficients in this linear relation are polynomials in 1/z 
which are known as Lommel’s polynomials. We proceed to shew how to 
obtain explicit expressions for them. . 

The result of eliminating J,4:(2), Ji42(2), «.. Ivam—i (2) from the system of 
equations 


ὥνερῃ (2) — [2 (ν + p)/2} Jap (2) + Ivap— (2) = 0, (p=0,1,...m—1) 
is easily seen to be 


| Sym (2), -2ε (νην -- 1), | ς τὐροῥῷ 0 =0. 
| 0, 1, —2z-!(v+m—-2), 2.0... 0 
0, 0, | ee ser 0 
0, 0, Oo gees 1 
J, (2), 0, Ope ταρὸΝ - 22-1 (y+1) 
J, —1 (2) -- (2v/z) J, (2), 0, πα... 1 


By expanding in cofactors of the first column, we see that the cofactor of 
J,+m(z) is unity; and the cofactor of (—)"™— J, (2) is 


—2271(y+m-—1), 1 ΙΕ 0, 0 


1, — 22-1 (v+m—2), | es 0, oO | 
0, 1, - 22-1!(v+m-—3), eoeces 0, 0 

0, 0, | re —2z2-!(y +1), ] 

0, 0, 0, δι σον 1, -,γῖϊν 


The cofactor of (--)ῦ. υ,, (2) is this determinant modified by the suppression 
of the last row and column. 


The cofactor of (—)"— J, (2) is denoted by the symbol (—)™ Run, (4); and 
Rin,v (2), thus defined, is called Lommel’s polynomial. It is of degree m in 1/z 
and it is also of degree m in ν. 


The effect of suppressing the last row and column of the determinant by 
which Ry,, (2) is defined is equivalent to increasing ν and diminishing m by 
unity ; and so the cofactor of (—)"—! J,_, (2) is (—)™7 Bra vis (2). 


Hence it follows that 
J v4m (2) — ὦν (2) Rinv (2) + Sy (2) Rint, κα (2) = 0, 


* Math. Ann. τν. (1871), pp. 108--116. 
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that is to say 
(1) J, v+m (z) Ξε ὦ, (2) Rav (z) ne Jy (2) Rn-, v+1 (2). 


It is easy to see that* R,,,,(z) is the numerator of the last convergent of 

the continued fraction 
1 1 1 
οὶ Ἐπ τυ, τ ΠΡ ΜῈ ΘΝ peor 
σ᾽ νἘπ͵-- 1) ποτ πὶ - 8)-- dwt πε -- ὃ)--... Ie 

The function R,,,(z) was defined by Lommel by means of equation (1). 
He then derived an explicit expression for the coefficients in the polynomial 
by a somewhat elaborate induction; it is, however, simpler to determine the 
coefficients by using the series for the product of two Bessel functions in the 
way which will be explained in § 9°61. 


It had been observed by Bessel, Berliner Abh., 1824, p. 32, that, in consequence of the 
recurrence formulae, polynomials 4. - (2), B,-1 (2) exist such that 


2.4... (Qn—- 2) 


J, (2z)= - gn—i 


{A,_1 (2) "(2) -- By-1 (2) Ji (2)}» 
where [cf. ὃ 9°62 (8)] 
— genni 


An—i (2) By (2)— An (2) Bu-1 (@)= εχ. an 2) On 


It should be noticed that Graft and Crelier{ use a notation which differs from 
Lommel’s notation ; they write equation (1) in the form 


νι () PRE" (@) I, (2) — Pig (#) Tay (#) 


9°61. The series for Lommel’s polynomial. 


It is easy to see that (—)"J_,-m (2), qua function of the integer m, satisfies 
the same recurrence formulae as J,,m(z); and hence the analysis of ὃ 9°6 also 
shews that 


(1) (—)™ J. —v—m (z )= J. -ν (2) Rin,» (z ) + J v4.1 (2) Ruy, v-+1 (2). 


Multiply this equation by J,_-, (z) and § 96 (1) by J_,4: (2), and add the results. 
It follows that 


(2) J y4m (2) J v41 (Z) + (-)" J _y~m (2) J,-1 (2) 
| - Rua,» (z) {Jy (2) J v4 (z) + J_y (2) .7,.. (z)} 


2 sin vir 
πΖ 


Rm,» (2), 


* Of. Chrystal, Algebra, 11. (1900), p. 502. 

+ Ann. di Mat. (2) χχτιι. (1895), pp. 45—65; Einleitung in die Theorie der Bessel’schen Funk- 
tionen, τι. (Bern, 1900), pp. 98—109. 

$ Ann. di Mat. (2) xxiv. (1896), pp. 131—163. 
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by § 3:2(7). But, by ὃ i we have 
_ F __ (P(t p+ Doerr 
Youn (2) Jon = & SG ems pty M(t 24p)° 
᾿ ‘ce (—)” (- ηὶ + 1) (42) 
πο, εν ον το ὃ’ cho Se eee 
J—v—m (2) Soya (2) = nao nt! (—vy—m+nt+1)Cv4+n) 
em (=) (— m+ 1) (Gz) 
anon! D(—vy—m+n4+1)Pv+n) 
ΕΞ Σ (- Ήρτι (p + Τα (ἐ gener 
p-o(m+p+ 1)! P(-v+2+p)lwt+mt+p+l)’ 
when we replace n in the last summation by m+p+1. Now it is clear 
that 
(p+ 1)m+p4i _ (m+2p+1)! _(m+pt2)py 
(m4-p+1)! p!(m+p+1)! p! 
and so, when we combine the series for the products of the Bessel functions, we 


find that 


2 sin var Gye μ {δε (= m+ 2) Geyer 
Tz Sed je ae C(—v—m4+n4+1)C(v+n) 
_ sin vm «{" (—)"(m — π)} P(v +m — ἢ) (52). 
oT neo ni (m — 2n)! Γ (ν + 2) , 


the terms for which »>4m vanish on account of the presence of the factor 
(— m+n), in the numerator. 
When ν 15 not an integer, we infer that 
Si ™(m—n)! U(v+m—n)(b2z)-"™ 
(3) Ry.» (2) = or (— ) )! | )(ἐ ) 
cea ni (m— 2n)! Tv +n) 
So [(v+m—n) 
=- + (-γΡΠΡ. |. es Sa oe ae —m+on 
as ) MAY ἢ Γ(ν -- ἢ) ($2) 

But the original definition of R,,,(z), by means of a determinant, shews 
that Riny (2) 1s a continuous function of ν for all values of v, integral or ποῦ; 
and so, by an obvious limiting process, we infer that (3) is a valid expression 
for R,,,(2) even when ν is an integer. When » is a negative integer it may 
be necessary to replace the quotient 


Pe+m—n) , a o(-v-n+l1) 
ΓΈ ἢ) ye oy D(—-v—m+n+1) 


in part of the series. 

The series (3) was given by Lommel, Math. Ann. tv. (1871), pp. 108—111; an equi- 
valent result, in a different notation, had, however, been published by him ten years earlier, 
Archw der Math. und Phys. xxxvit. (1861), pp. 354—355. 

An interesting result, depending on the equivalence of the quotients just 
mentioned, was first noticed by Graf *, namely that 

(4) Rin, v (2) = (—)™ Bin, ~—-m4s (2). 


* Ann. di Mat. (2) xxut. (1895), p. 56. 
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In the notation of Pochhammer (cf. § 4.4, 4°42), we have 
(5) Bin (2) =()n (ξ 2), 5... — $m, τ ἔπι; v, -m, l-—v—m; — 2’). 
Since #,,,,(2)/2 is a linear combination of products of cylinder functions of 
orders ν + mand v—1, it follows from ὃ 5-4 that it is annihilated by the operator 
[9 — 2 1Ἰ(ν + m)? + ( — 1}} 85 τ [( + mP -- (v -- 1}5}5] + 422(9? + 35 Ὁ 2); 
where ὃ = z(d/dz); and so R,,,(z) is a solution of the differential equation 
(6) [(3+m)(9 + 2v+ m -- 2) (ὃ — 2v —m)(3 —m—2)] y 
+ 423 (3 +1) y= 0. 
An equation equivalent to this was stated by Hurwitz, Math. Ann. xxx11. (1889), 
p. 251; and a lengthy proof of it was given by Nielsen, Ann. di Mat. (3) vi. (1901), 


pp. 382—334; a simple proof, differing from the proof just given, may be obtained from 
forniula (5). 


9°62. Various properties of Lommel’s polynomial. 
We proceed to enumerate some theorems concerning Ry, ν (2), which were 
published by Lommel in his memoir of 1871. | 
In the first place, § 96 (1) holds if the Bessel functions are replaced by any 
other functions satisfying the same recurrence formulae; and, in particular, 
(1) Yiam(z)= Y, (2) Rin (2) — Ya (2) κὰκ (2), 
whence it follows that 
(2) Vic (2) ΒΞ (2) = ἐν τὴν (7) | ee (7) 
= Bin, ν(2) Ὑν(2) Iva (2) -- Jy (2) Κν..(2}}Ξ — 28m,» (2)/(72). 
Next, in § 9°61 (2), take m to be an even integer; replace m by 2m, and 
vy by v—m. The equation then becomes 
(3) Srim(z I ngi—v(Z) + Tym (2) J _-m—i4u(Z) = 2 (—)” 510 νπ. Rom, v—m(2)/(12), 
and, in the special case ν τ }, we get 
(4) een (2) + J? m—} (2) =2 (—)* Rom, —m (2) (π2), 


that is to say 
3 (26) 5" (2m —n)! (2m —2n)! 
2 a a A, Ae 
(5) J m+ (z) + J? —m—} (z)= ai TZ we = (am - n)! Ϊ ee n! ; 
This is the special case of the asymptotic expansion of ὃ 7.51 when the 
order is half of an odd integer. 


In particular, we have 


( 2 
J* (2) + P24 (2) = =, 


2 


1 
| J%y (2) + J*4(2) == = ( + ᾿ : 

(6) 
σπ)εσ ὦ - 2 (14545), 
6 45 225 


Fr I ς- 2 (145 tat Se). 
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Formula (5) was published in 1870 by Lommel*, who derived it at that time by a 
direct multiplication of the expansions (ὃ 8.4) 


᾽ 


Sopa — (2 \ eames gis ™ (mart Var (iP 
Jin) (2) + (—)” th ,ν-ὰ (2) = (=) (amr! e* δ} δέου τ 3 


followed by a somewhat lengthy induction to determine the coefficients in the product. 


As special cases of ὃ 906 (1) and ὃ 9°61 (1), we have 


λῶν, 2 \ 
J inst (2) = (=) sin 2. Rn (2) — (=) cos Z. Rin_y,3 (2), 


(—)" Jim} (2) = (= cos Zz. Rin 3 (2) + (=) sin 2. Rin—1,3 (2). 


TZ 


(7) 


By squaring and adding we deduce from (4) thatt 
(8) Rn (2) + BR n-i3 (z)=(-)" Ram, }~m (2). 
Finally, if, in § 9°61 (2), we replace m by the odd integer 2m + 1 and then 


replace ν by »—™m, we get 


(9) Svsmar (2) μα (2) το Jy (2) υνονν (2) 
= 2(—)" sin vr Remi, ym (2) (π2). 
_ An interesting result, pointed out by Nielsen, Ann. di Mat. (3) v. (1901), p. 23, is that 
if we have any identity of the type $ Sin (2) Jv 4m (2) = 9, where the functions /,,(z) are 
m=0 


algebraic in z, we can at once infer the two identities 


Σ Sn (2) a ὺ (2) =0, 2 fa (2) ἐ,ι- 1,v+1 (2) =0, 


by writing the postulated identity in the form 
n 
meot™ (2) (J, (2) Bm, ν (2) -- Sy —1 (6) Rn ταὶ v 41 @)} =O, 


and observing that, by ὃ 4:74 combined with 8 8:2 (3), the quotient ὧν... (z)/J, (2) is not an 
algebraic function. Nielsen points out in this memoir, and its sequel, abid. (3) vi. (1991), 
pp. 331—340, that this result leads to many interesting expansions in series of Lommels 
polynomials; some of these formulae will be found in his Handbuch der Theorie der 
Cylinderfunktionen (Leipzig, 1904), but they do not seem to be of sufficient practical 
importance to justify their insertion here. 


9°63. Recurrence formulae for Lommel’s polynomal. 


In the fundamental formula 
᾿ ΛΈΓΕ (2) ΞΞ J, (7) Foy (z) -- εἴ, (2) Rin—1, 041 (2), 


replace m and ν by m+1 and y—1; on comparing the two expressions for 
J 14m (2), we see that 


Jy (2) { Rinvav4r (2) + Ration (z)} = (J, 2) +r (z)} Rin,» (2). 


* Math. Ann. τι. (1870), pp. 627—632. 
+. This result was obtained by Lommel, Math. Ann. tv. (1871), pp. 115—116. 
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Divide by J,_,(z), which is not identically zero, and it is apparent that 
2 (ν --Ἰ 
(1) p near (z) + Raw. (z)= = aie Ru. ν (2). 


To obtain another recurrence formula, we <u m in ὃ 9°62 (2) by m+1 
and m—1, and use the recurrence formula connecting Bessel functions of 
orders v-+m—1, v+m and v+m+1; it is then seen that 


(2) Burs (2) + Riss (2) = 2+” By, (2) 
and hence, by combining (1) and (2), 
2(m+1) 
(3) Rin-, ν (2) Ἕ Riatiy (2) ΗΝ κα μὰ (2) "δὰ Ras, ν--ὶ (2) ΞΞ ara aaa Ruy (2). 


Again, write § 9°62 (2) in the form 
2 Ἢ 
= πε Rmy (2) = [2 Δ (2)} {25 πὶ Pa (2)} -- {2-7 Prem (2)} [277 Sa 


and differentiate it. We deduce that 
m+2 


(4) R'm, ν (2) = a ee ep Rim, ν (2) ἘΝ Riss, v—) (2) -- Rina, v (2), 
and so, by (3), (1) and ὩΣ 
(5) Κ᾽ νιν (9) ΞΞῈ Φ μὰ Ran, ν (2) + jen ν (7) = Psy v+l (2), 
(6) es (7) Ξ mr — Rn, ν (z)— ΓΝ νει (2) -- Πα, ν (2), 
(7) R'm, (2)=— ΓΕ Rn ν()}Ὸ Ερμα (2) + Βαανα) 


The majority of these formulae were given by Lommel, Math. Ann. Iv. (1871), pp. 113— 
116, but (6) is due to Nielsen, Ann. di Mat. (3) vi. (1901), p. 332; formula (2) has been used 
by Porter, Annals of Math. (2) 1. (1901), p. 66, in discussing the zeros of Ry, ν (2). 

It is evident that (2) may be used to define R.,,,(z), when the parameter 
m is zero or a negative integer; thus, if (2) is to hold for all integral values 
of m, we find in succession from the formulae 


ΓΞ λῶν, a ἣ τὴ ". 
Ζ Ζ 
that 
(8) Ἀν (2) = I, R_,,, (2) =9, R_2, (2) Ξ -- 
and hence generally, by induction, 
(9) Bim, v (z) = (—)"" Rin-s, 2-ν (2). 


This formula was given by Graf, Ann. di Mat. (2) xxl. (1895), p. 59. 
If we compare (9) with Graf’s other formula, § 9°61 (4), we find that 
(10) Rin» (2) - -"- a ytd (2) Ξ- τ TU gos. v+m+1 (2) ΞΞ (-—)™ Rn, —y—m+1 (2). 


When the functions of negative parameter are defined by equation (9), all the 
formulae (1)—(7) are true for negative as well as positive values of m. 
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9.64, Three-term relations connecting Lommel polynomials. 

It is possible to deduce from the recurrence formulae a class of relations 
which has been discussed by Crelier*. The relations were obtained by Crelier 
from the theory of continued fractions. 

First observe that § 9°63 (2) shews that J14n(2) and R£,,,, (2), qua functions 
of m, satisfy precisely the same recurrence formula connecting three contiguous 
functions; and so a repetition of the arguments of § 9°6 (modified by replacing 
the Bessel functions by the appropriate Lommel polynomials) shews that 

(1) Rtn,» (z) 7 Rin, νίΖ ) Ry, v-+m (2) = Rin, y (2) Raa, vt+m+l (2). 

Next in §9°63(2) replace m by m-—1 and ν by v+1, and eliminate 
2(m+v)/z from the two equations; it is then seen that 
Rin, ν (2) Ran, v+1 (2) = Pegi ν (2) Rin-1, v+l (2) 

= Eines: ν (2) ᾿  νὶὶ (2) = Rin,v (2) ya v+1 (2), 
and so the value of the function on the left is unaffected by changing m into 
m—1. It is consequently independent of m; and, since its value when.m=0 
is unity, we have Crelier’s formula 


(2) Riny (2) Rm, vi (2) — αν (2) Rint, v4 (z) = 1, 
a result essentially due to Bessel (cf. 8 9.6) in the special case v = 0. 
More generally, if in ὃ 9°63 (2) we had replaced m by m—n and ν by ν +7, 
we should have similarly found that 
Run, ν (z) Raa, vin (2) — Eintiy (2) Riun—n, vin (2) 
= Ra, y (2) Rin, vin (z ) Ἐπ Runny (2) Rm—n—, v+n (z ) 
and so the value of the function on the left is unaffected by changing m into 
m-—1. It is consequently independent of m; and since its value when m=n 
is Ry_y,, (2), we find from ὃ 9°63 (10) that 
(3) Rin, ν (2) Runt, νη (2) = Rusti, ν (2) Το τῆ μὴ (2) = Rae, ν (2), 
a result given in a different form by Lommel t. 
Replace m and n by m—1 and n + 1 in this equation, and it is found that 
(4) Ri, ν () Rin—n-1, ν-ἘΉ (2) = Ru, ν (2) Rin—n-s, vint+l (2) = πων (2). 
If we rewrite this equation with p in place of n and eliminate Ry,,(2) be- 
tween the two equations, we see that 
Rav (2) Rin—p-1,r4p41 (2) — Ry, (2) Rinna, v+n-41 (z) 
= Rin, y (z ) { m—p—s, v+p+1 (2) Rin-n-, vtn+l (2) -- Τάτ v+n+1 (2) Rup, vt+p+l (z)] 
Ξ- Kim,» (z) Rap, v+pt+l (2), 
by (8). If we transform the second factor of each term by means of ὃ 9°63 (10), 
we obtain Crelier’s result (loc. cit. p. 149), 
(5) Ra, (2) Ro-—m-1, v4-m+1 (9) -- Ry, ν (2) Ra—m-1, vm (z) 
= Rin» (2) Rp-n-1,v4na (2). 


* Ann. di Mat. (2) xxiv. (1896), p. 136 et seq. ¢ Math. Ann. tv. (1871), p. 110, 
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This is the most general linear relation of the types considered by Crelier; it 
connects any three polynomials Ry, (2), Rn,, (2), Ry,» (2) which have the same 
parameter ν and the same argument z. The formula may be written more 
symmetrically 

(6) Ray (z) Ro—m-1, νει (2) + R ,» (2) Rin—n-i, v4nei (2) 


. ἘΔ Rm, v (2) Ry—p-, V+P+1 (2) = 0, 
that 18 to say 


(7) Σ Rav (2) Ry-me,rimes (2) = 0. 


m,n,p 
A similar result may be obtained which connects any three Bessel 
functions whose orders differ by integers. If we eliminate J,,m-,(2) between 
the equations* | 
ν vin (z) = J, v-+mn (z) πρὸς νἀ νὴ (2) τ᾿ J, v-m—1 (2) Ru—m-1, v+m+1 (z), 
Jp (2) = νη (2) Ry—m, vem (2) ~ J v4m—1 (2) Rp—mai, vem (2); 
we find that 
J v+n (2) Ry—m—1,vemt (z) -ὦὋ v+p (2 ) Ri—~m-1, νην τὶ (2 ) 
= JS y4m (2) [Ra—m, vim (2) Rpm, v+me (2) — Ryemv+m (2) Ra—mai,v4me (£)] 
= J y4m (2) Ry-n-1, venga (2); 
the last expression is obtained from a special case of (5) derived by replacing 
m,n, p, v by 0, n—m, p—m, v + m respectively. 
It follows that 


(8) x J, vn (2) Ry-m-1, v-m+i (2) = 0, 
m,n, p 

and obviously we can prove the more general equation 

(9) Σ Grin 4) Rymm-rames (4) =0, 


where @ denotes any cylinder function. 


The last two formulae seem never to have been previously stated explicitly, though 
Graf and Gubler hint at the existence of such equations, Hinleitung in die Theorie der 
Bessel’schen Funktionen, 11. (Bern, 1900), pp. 108, 109. 


[Norse. If we eliminate J,_, (5) from the equations 
aes (2)=Sy (2) Bm, ν (2) —Ay—1 (2) Rn ταὶ νεὶ (2)s 
Sy 4m—1 (2) =a, (2) Ry 1, ν (2) —So—1 (2) Rina, v4 (2)s 
and use (2) to simplify the resulting equation, we find that 
J, (z)= —ISyim (2) Rm-s, v+1 (2) +I, 4 mat (3) R -1,¥+1 (2), 
and 80, replacing ν by »—m, we have 
Jy—m (z)= -ὖν (2) Rin~2, v—-mM+1 (2) +Jy.1 (2) Ryn 1, veem+1 (2). 
By using § 9°63 (10), we deduce that 
Jy—m (z)=J, (2) ΟΣ v (2) -, ~1 (2) Re m-1, vel (2), 


that is to say that the equation § 96 (1), which has hitherto been oensidered only for 
positive values of the parameter m, is still true for negative values. ] 


* It is supposed temporarily that m is the smallest of the integers πὶ, ἢ, p; but since the final 
result is symmetrical, this restriction may be removed. See also the note at the end of the section. 


802 THEORY OF BESSEL FUNCTIONS [cHAP. IX 


9°65. Hurunit2’ limit of a Lommel polynomial. 


We shall now prove that 


. ( 2)" 5 Rin v4 (2) 
(1) im Posmay 72"). 


This result was applied by Hurwitz, Math. Ann. ΧΧχτιι. (1889), pp. 250-—252, to discuss 
the reality of the zeros of J,(z) when ν has an assigned real value (§ 15°27). It has also 


been examined by Graf, Ann. di Mat. (2) xxl. (1895), pp. 49—52, and by Crelier, Bern 
Mittherlungen, 1897, pp. 92—96. i 


From § 9°61 (3) we have 
(ἀ 2) 1 Riri (Z)_ Se" (-- } (2) }5π (m —n) IT (vt+m—n+1) 


Viv+m+1) n-on!C(v+ntl) (m—2Qn)!Pwtm4t) - 


Now write 
(m—n)!IT (vt+-m—n+1)_ 
“(a= Inlet m +i) το (1) 
so that | 
6 (m, n) =m — ™)(m —n—1)...(m— 3η 1) 


(v+m)(vt+m—1)...v+m—n+]l) \ 


If now N be the greatest integer contained in |»|, then each factor in the 
numerator of θ (πηι, n) is numerically less than the corresponding factor in the 
denominator, provided that n > N. 


Hence, when n> JN, and m > 2N, 
| A (m, n)| <1, 
while, when n has any fixed value, 
lim 6(m, n) =1. 


3 (Gey 


oe τ v+n+41) 


is absolutely convergent, it follows from Tannery’s theorem* that, 


= | (-) ( h 2)» 55 9 τ n) : Σ (~)* ( 4 gto 


εἰν naomi DT (v+n41)’ 


m-» 2 n=0 miDw+nt+ 1) 


and the theorem of Hurwitz is established. 


igain; cinco the convergeucecf 6 

oo ἕ n=0on! TI (v+n+1) 

of values of z (by the test due to Weierstrass), it follows that the convergence of 
($2)”*™ Bm, 41 (2)/T (vt m+ 1) 


to its limit is also uniform in any bounded domain of values of z. 


is uniform in any bounded domain t 


* Cf. Bromwich, Theory of Infinite Series, § 49. 
t+ An arbitrarily small region of which the origin is an internal point must obviously be 
excluded from this domain when R (v) <0. 
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From the theorem of Hurwitz it is easy to derive an infinite continued 
fraction for J,_,(z)/J,(z). For, when J,(z)#0, we have 
Jy (Zz) : Fm y A 
= lim ||.“ 
J, (2) MN -» © Ru v+1 (2) 


Ὡς ἢ τῶ τος m, vt) (z) 
~ Ean | 22 1/ Rn- ote 


by ὃ 908 (1). On carrying out the process of reduction and noticing that 


Re y4m-1 17) 364i = 1) pa thee 1 


Ry 1+m (2) 22 (y+m)’ 
we find that 
Rtay (2) = Qyzg7) — 1 | 1 1 ᾿ 
Ru. να (2) 2(ν-Ε 1) Ζ-2(ν τ 2) --. .. πὸ 3 (ν Ἡ πὶ) στ᾿ 
and hence 
€ Jy (z) ae 23 1 1 
τ Joe) ~~ 8 $1) - 84 2) 


This procedure avoids the necessity of proving directly that, when m-»o, the last 
element of the continued fraction 
Jy ἢ (2) -1_ 1 ᾿ 1 Sy εἰ (2) 
J, (2) 2 (v+1)z-!~...-2(v4+m)2-!-— Jim (2) 
may be neglected; the method is due to Graf, Ann. di Mat. (2) χχτιῖ. (1895), p. 52. 


9°7. The modified notation for Lommel polynomials. 

In order to discuss properties of the zeros of Lommel polynomials, it is 
convenient to follow Hurwitz by making a change in the notation, for the 
reason that Lommel polynomials contain only alternate powers of the variable. 

Accordingly we define the modified Lommel polynomial g,,,(z) by the 
equation * 


<i" "TD (vt —n+1)2" 
(1) Im,v (2) = os πος eh 
so that 
Banvss (2) = (42) Gn (42) 


By making the requisite changes in notation in § 9°63, 9:64, the reader 
will easily obtain the following formulae: 


(3) Imre (2) =(v+m +1) 9mv(2Z) — 29m,» (2), [8 9°63 (2)] 
(4) Im+i,r—1 (2) Ξ Y9m,v (2) -- 29m—-i, v+1 (2), [8 968 (1)] 
(5) = 5 {2° 9m,» (2)} = 29m1,¥(2)+9mtj1(2), — [§ 9°63 (7)] 
(6) nts £ ja Im,» (z)} = Jm+i,»—1 (2) — Jmti,y (z), [8 9°63 (4)] 
(7) νιν (2) Im+s,v41 (2) -- Jm+2,v (2) θηι-α να (2) = 2” σον (2) σιν, ται (2). 

[A special case οἵ ὃ 9:64 (5).] 


* This notation differs in unimportant details from the notation used by Hurwitz. 
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These results will be required in the sequel; it will not be necessary to write 
down the analogues of all the other formulae of § 9'6—9-64. 


The result of eliminating alternate functions from the system (8) is of 
some importance. The eliminant is 
(ν + M) Jm+s,v (Ζ) = Cm (2) Im,» (2) — (ν +m + 2) 279m», » (2), 
where Cm (4) = (v +m 41) [(ν +m) (ν +m + 3) — 22). 


We thus obtain the set of equations: 


( (v +2) 94, (2) = C2 (2) ga, (2) — (v + 4) 2790,» (2), 
(ν + 4) 96. (2) = (2) guy (2) — (v + 6) 25 9.,ν (2), 
Ἐῶ acu aaa age 


| (v + 2am — 2) Jum,» (2) = Com—a (2) Jam—a,v (4) — (ν + 2m) 2°Jam—4 ν (2). 


9°71. The reality of the zeros of Jom,» (2) when v exceeds — 2. 


We shall now give Hurwitz’ proof of his theorem* that when v > — 2, the 
zeros Of Jem,» (2) are all real; and also that they are all positive, except when 
—1>v>-— 2, in which case one of them 1s negatwe. 

After observing that gom,,(z) is a polynomial in z of degree m, we shall 
shew that the set of functions gam ν (Ζ), Joma,» (2), ..- Js, (2), Jo,» (2) form a set 
of Sturm’s functions. Sufficient conditions for this to be the case are (1) the 
existence of the set of relations ὃ 9°7 (8), combined with (11) the theorem that 
the real zeros of gums» (2) alternate with those of gm, , (2). 

To prove that the zeros alternate, it is sufficient to prove that the quotient 
Jzm,v (2)/G2m—2,» (2) is a monotonic function of the real variable z, except at the 
zeros of the denominator, where the quotient is discontinuous. 


We have J’om-2, v (2) £ {Ξε τς = — Geman 
where GA» = Gr,v (2) σ΄.,ν (2) — Gov (2) rv (2); 
and from ὃ 9°7 (3) it follows that 
CCA om, 2m~e = J am~2,v (z) + (vy + 2m) CCB om—s, 2m—2; 
Clon —i.sm—2 = 23 Wdom—s,am—s + (v + 2m — 2) Pomn—s,r (2), 
so that ; 
CA om, am—2 = J'om—s,y (2) + (v + 2m)"s (v + 2r) 2-7-4 οἷα ν (2), 


and therefore, if m > 1, ΘΗ κι, γεν. is expressible as a sum of positive terms 
* Math. Ann. χχχισι. (1889), pp. 254—-256. 
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The monotonic property is therefore established, and it is obvious from a 
graph that the real zeros of gums, (2) separate those of σφ, (2). 


It follows from Sturm’s theorem that the number of zeros of gim,(z) on 
any interval of the real axis is the excess of the number of alternations of sign 
in the set of expressions Jom,» (2), Jam—a,v(Z), ---» Go» (2) at the right-hand end of 
the interval over the number of alternations at the left-hand end. 


The reason why the number of zeros is the excess and not the deficiency is that the 
quotient Yan, ν (2)/Jom-—s, ν (2) is a decreasing function, and not an increasing function of z, 
88 in the usual version of Sturm’s theorem. See Burnside and Panton, Theory of Equations, 
I. (1918), § 96. 


The arrangements of signs for the set of functions when z has the values 
— 0, Q, οὐ are as follows: 


+ 


(yet | (=n 


The upper or lower signs are to be taken according as ν- 1 is positive or 
negative ; and the truth of Hurwitz’ theorem is obvious from an inspection 
of this Table. 


9°72. Negative zeros of Jum,(2) when v « — 2. 


Let v be less than — 2, and let the positive integer s be defined by the 
inequalities 


—2s>yv>—2s— 2, 


It will now be shewn that*, when v lies between — 28 and — 38 —1, gom,,(z) 
has no negative zero; but that, when v les between — 2s — 1 and — 28 — 2, gum, (2) 
has one negative zero. Provided that, in each case, m 18 taken to be so large 
that ν + 2m 15 positive. 


It will first be shewn that the negative zeros (if any) of gom,,(z) alternate 
with those of gem—s, »(2). 


* This proof differs from the proof given by Hurwitz; see Proc. London Math. Soc. (2) x1x. 
(1921), pp. 266—272. 
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By means of the formulae quoted in ὃ 9-7, it is clear that 


gym +2 J'em-2, (2) £ pai θ 
= Jom—a, ν(2) {2Qem—1, νίΖ) + Jom, y—1(2)} — Jom, (2) {Jem—1, v~1 (2) — Jom-1, v(z)} 
-- (ν + 2m) gem—i,v(Z) + Jamz, (2) Jomss,v—1(Z)~ Jam—1, »—1(2) Jom, v(Z) 
= (ν + 2m) Gom—s, (2) — 27-90, »(Z) 91, v+2m—-1(2) 
= (ν + 2m) [93 2ιι--ν, ν(2) -- 255.) 
»0, 
provided that ν + 2m is positive and z is negative. Therefore, in the circum- 
stances postulated, the quotient 


(— 2)" Gem, »(Z)/Jom—2, ν( 4) 
is a decreasing function, and the alternation of the zeros is evident. 
The existence of the system of equations ὃ 9°7 (8) now shews that the set 
of functions 
Jom, v(2), Jom—2, v(Z), +++ 5 Goats, (2); Jes, v(Z); 
— Jos—s,v(2Z), + Jos—,v(2), ..., (—)* Go,r(2) 
form a set of Sturm’s functions. 
The signs of these functions when z 1s — 0 are 
ty ty veer te Ἐν τον te ees (-} 


and there are s alternations of sign. When z is zero, the signs of the 
functions are 
| totes ty ee (-9}} 

the upper signs being taken when — 2s >» > —2s—1, and the lower signs 
being taken when — 2s~1>v>-—2s—2; there are 8 and s+1 alternations 
of sign in the respective cases. Hence, when — 2s >» >—2s—1, Gom,,(2) has 
no negative zero; but when — 2s —1 >v >— 28 -- 2, gam,,(z) has one negative 
zero. The theorem stated is therefore proved. 


9°73. Positive and complex zeros of Jom,»(Z) when v < — 2. 
As in ὃ 9°72, define the positive integer s by the inequalities 
—2s >v>— 2s —2. 
It will now be shewn* that when v lies between — 2s and — 25 ~—1, gam;.(2) 


has m —2s positive zeros; but that, when v lves between — 2s—1 and — 26 -- 2, 
Jem, (2) has m— 2s—1 positive zeros. Provided that, in each case, m is so large 


that m+ v is posrtrve. 


* This proof is of a more elementary character than the proof given by Hurwitz; see the 
paper cited in § 9°72. 


9°73] | ASSOCIATED POLYNOMIALS 307 


In the first place, it follows from Descartes’ rule of signs that, in each case, 
Jem, (2) cannot have more than the specified number of positive zeros. For, 
when ν lies between — 2s and — 2s — 1, the signs of the coefficients of 


1, 2, 2, ..., 2%, eet, gett, μὴ. 2 In gem ν( 2) 

are By es a ἘΣ aes Ne, ee) sar 
and since there are m — 2s alternations of sign, there cannot be more than 
m —2s positive zeros. When ν lies between -- 28 -- 1 and — 2s —2 the corre- 
sponding set of signs is 

5 ap ety αἰ ey aces (—)"; 
and since there are m— 28 -- 1 alternations of sign there cannot be more 
than m — 2s — 1 positive zeros. 


Next, we shall prove by induction from the system of equations ὃ 9 (8) 
that there are as many as the specified number of positive zeros. 


When ν lies between — 2s and — 2s — 1, the coefficients in g,,(z) have no 
alternations of sign (being all +) and so this function has no positive zeros. 
On the other hand 

Jss+2,v(0) > 0, σω..», »(+ 2 ) =, 

and 80 9ss+2,-(2) has one positive zero, a,,, say ; and, by reasoning already given, 
it has no other positive zeros. Next, take σωμ,ν(Ζ); from § 9°7 (8) it follows 
that its signs at 0, a,,,-+ 0 are +,—,+; hence it has two positive zeros, and by 
the reasoning already given it has no others. The process of induction (whereby 
we prove that the zeros of each function separate those of the succeeding 
function) is now evident, and we infer that gm,,(z) has m— 2s positive zeros, 
and no more. 


Again, when v lies between — 2s—1 and — 2s — 2, the coefficients in 
Jus+2,-(Z) have no alternations in sign (being all —), and so this function has 
no positive zeros. On the other hand 


9ω..,.(0) < 0, Justa,v(+ οο ) ΞΞ Ἔ οὉ ᾽ 
and 80 9u+4,(Z) has one positive zero, and by the reasoning already given it 
has no other positive zero. 


By appropriate modifications of the preceding reasoning we prove in suc- 
cession that 91s+6,(Z); Jure,»(Z),--» have 2, 3,... positive zeros, and in general 
that gon,.(z) has m — 28 —1 positive zeros. 


By combining these results with the result of § 9°72, we obtain Hurwitz’ 
theorem, that, when ν < — 2, and m 1s so large that m+ v ts positive, Jem, v(2) 
has 2s complex zeros, where s is the integer such that 


—2s>v>—22s— 2. 


CHAPTER X 
FUNCTIONS ASSOCIATED WITH BESSEL FUNCTIONS 


101. The functions J,(z) and ἘΣ, (2) investigated by Anger and H. F. 
Weber. 


In this chapter we shall examine the properties of various functions whose 
definitions are suggested by certain representations of Bessel functions. We 
shall first investigate functions defined by integrals resembling Bessel’s inte- 
gral and Poisson’s integral, and, after discussing the properties of several 
functions connected with Y,(z) we shall study a class of functions, first defined 
by Lommel, of which Bessel functions are a particular case. 


The first function to be examined, J, (2), is suggested by Bessel’s integral. 
It is defined by the equation 
(1) 7.05 - i " cos (v8 — zsin 6) dé. 
0 


This function obviously reduces to J,(z) when v has the integral value n. 
Tt follows from ὃ 6-2 (4) that, when ν is not an integer, the two functions are 
distinct. A function of the same type as J,(z) was studied by Anger*, but 
he took the upper limit of the integral to be 27; and the function J,(z) is 
conveniently described as Anger’s function of argument z and order ν. 


A similar function was discussed later by H. F. Webert, and he also 
investigated the function E,(z) defined by the equation 


pO ie oie 
(2) E, (2) = 2 | sin (v9 — zsin 6) ἀθ. 
| 0 
In connexion with this function reference should also be made to researches by Lommel, 
Math, Ann. xvi. (1880), pp. 183— 208. 


2a 
It may be noted that the function = cos (v8 ~2 sin 8) αἀθ which was actually dis- 
0 


cussed by Anger is easily expressible in terms of J, (2) and ἘΣ, (z); for, if we replace @ by 
2a —@ in the right-hand half of the range of integration, we get 


2 r 
ΕΞ “ (νθ —zsin 6) αθ -- ΕΑ ἢ cos (νθ -- 2 sin θ) do+ cos (ὥῶνπ — v6 +2 sin 8) dé 
=cos? yz. J, (z)+8in yw cos vr. B, (2). 
* Neueste Schriften der Naturf. Ges. in Danzig, v. (1855), pp. 1—29. It was shewn by Poisson that 
τ 
Vy i cos (νθ — z sin θ) d@ =(z -- v) sin yz, 


Additions ἃ la Conn. des Temps, 1836, p. 15 (cf. § 10°12), but as he did no more it seems reasonable 
to give Anger’s name to the function. 

+ Zitrich Vierteljahraschrift, xx1v. (1879), pp. 33—-76. Weber omits the factor 1/x in his defi- 
nition of By (z). 
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To expand J,(z) and ἘΞ, (2) in ascending powers of z, write 4a + ¢ for 0 
in the integrals and proceed thus: 


ὄπ ἐπ 
sin™ θβιὴ νθαὰθ- | ; cos™ Φ sin (ἐνπ + vp) ἀφ 
0 - ἀπ 


ἀπ 
= 2510 ἐνπ | cos™ ᾧ cos vpdd 
0 


mT. m'!sin dvr 
~ 3" Gm — ἄντ ὉΤ (πε + grt ly’ 
by a formula due to Cauchy*. 
In like manner, 


a .m!cos ἀνπ' 


[ιν 0.008 v040 = ser ps Ty Pm FFT) 


But, — 


$ (- —)™ gem ΓΗ Ss (- yg τὶ ᾿ : . 
3,(2)=4 -Σ “ς΄ πὴ [ sin?” θ cos νθ dé zee Ἐς ie iy! gin?™+! 9 sin νθαθ, 
so that . 
(3) Ψ, (ὦ) = cos how | Σ (=) (32) 


of (m—4v4+1) i (m+ 4041) 
(- —)™ (42) 


+ sin gym Σ oD (m— $v + 8) P(m 4 ἐν τ 8)’ 
and similarly 
(—)™ 2) 
(4) B,(2)=sindom Σ =o l (m= $v 41) P(m+4v4l) 
ΜΠ = Σ (—)™ (2)55ὴ 


- [(m— ἐν +8) Γ(η - ἐν τὶ δ) 


These results may be written in the alternative forms 


81} y7r 23 zt 2 
(5) J ν(Ζ )= a | pt (21) (4 2) Somat | 
sinvr[ Ζ 23 2° 
ΕΒΘΘ ΜΜΟΝΝΝ ἀήνθῳ | 
1 —cos var [ 22 Ζ' 
(6) E,(z)= ery: 1 = _ yp + (Boy) (4: -νὴ Ἢ 
1 + cos νπ Ζ 28 ἣν 
a τ ν᾽ ("- νὴ δ --νῇ FP ν) (88-- ν)(δ' --ν | 


Results equivalent to these were given by Anger and Weber. 


The formula corresponding to (5) was given by Anger (before the publication of his 
memoir) in a letter to Cauchy which was communicated to the French Academy on July 
17, 1854; see Comptes Rendus, xxx1x. (1854), pp. 128—135. 


* Mém. sur les intégrales définies (Paris, 1825), p.40. Cf. Modern Analysis, p. 268. 
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For a reason which will be apparent subsequently (§ 10°7), it is convenient 


to write 
Ζ 2 2 


) ἀν Ο)Ὲ Ba” EAE * P= AEE »). 
2 23 
(8) sre) δε FP) AB) (4! -ν) 
and, with this notation, we have 
(9) Oe sin vir RGh ν SiN v1 δι οἰῶν; 
(10) E, (2) -Ξ -- ἘΠῚ 80,.ν (2) -- γι ee 8...ν (2). 
It is easy to deduce the following formulae from these results: 
(11) [’ cos νθ΄. cos (z sin 6) dd = — vysin v7. 8_, , (2), 
0 


(12) [᾿ sin νθ΄. cos (Ζ sin θ) αθ = — ν (1 — cos v7). 8....ν (2), 
0 
(13) | " sin vO. sin (z sin 6) ἀθ =sin v7. 80,ν (2), 
0 
(14) | ” 00s 0. sin (2 sin 6) d0 =(1 + cos vm). &, (2), 
0 
ἐπ ; 
(15) i cos νῷ . cos (z 008 Φ) dp = — vsin $v7 . s_, , (2), 
0 


(16) | "eos vp . sin (z cos φ) dd = cos ἐνπ'. 8, (2). 


Integrals somewhat resembling the integrals discussed in this section, namely 
| e sin εὖ (nb cos 6) dd, 


have been examined by Unferdinger, ee Sitzungsberichte, ντι. (2), (1868), pp. 611—620. 
Also, Hardy, Messenger, xxxv. (1906), pp. 158—166, has investigated the mtegral 


[ sin (νθ —zsin θ) τ 

0 

and has proved that, when ν is real, it is equal ο ἐπ Σ ἡ, υἷρ (2), where ἡ, is 1, 0 or -1 
ἈΞ τ ὦ 


according as ν τοῦ is positive, zero, or negative. 


10°11. Weber's formulae connecting his functions with Anger's functions. 
It is evident from the formulae § 101 (9), (10), (15) and (16) that 


(1) J,(z)+ J_,(z)= 008 ἐντὶ cos yd cos (z cos φ) dd, 
(2) J,(z) -- J_,(z)= me [ "cos νῷ sin (z cos φ) dd, 
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(3) E, (z)+ E_, ()) Ξ -- Aces fv [cos vd sin (z cos φ) ἀφ, 
(4) E, (2) - B_,(z)= Le “cos vo cos (z cos p) ἀφ. 


It follows on addition that 
J, (2) = 4 cot ἐνπ (ΕΞ, (z) — B_, (z)} — } tan ἐνπ (ΕΞ, (2) + B_,(z)}, 
so that 


(5) sin vr. J, (2) =cos vr . Ἐξ, (2) -- ΕΞ. (2), 
and similarly 
(6) sin v7. ἘΠ, (z)=J_, (2) —cosv7r . J, (2). 


The formulae (5) and (6) are due to Weber. 


10°12. Recurrence formulae for J,(z) and E, (2). 


The recurrence formulae which are satisfied by the functions of Anger and 
Weber have been determined by Weber. 


It is evident from the definite integrals that 


5,-s(2)+ Irn ()— 25, (== | (cos @—*) cos (νθ — z sin 0) dé 
27d... 
=- = [" Jp {sin (o0 -- οἷα 0)} 49 
___ 2sinvr 


=——_ i 
3 


πΖ 
and 


E,_, (2) + ἘΞ, μι (2)— 3 E, (2) -Ξ- - [ (cos θ — 3 sin (νθ -- Ζ sin θ) dé 


“ΠΙῸ Ζ 
-2 "Ss (cos (v8 — z sin 6)} dé 
Ζ "9 


_ 2(.--οοβνπ) 
SS τοὶ 
It is also very easy to prove that 
gg (2) — ὅν (2) -- 2 5, (2) =9, 
E,-, (2) ae E,.1 (2) = 9 ἘΣ,’ (2) ΞΞ 0. 


From these results we deduce the eight formulae 


2 2 sin v 
(1) J,_.(2)+ Tyas (2) = = J, (ὁ) -- oe ae 
(2) J,_, (2) -- ὥν (7) = 22, (2), 
(3) (ὃ +v)J5,(z)=29,_, (2) + (sin v7r)/7, 


(4) (3 —v) J, (z) = — 25,4; (7) — (sin v7r)/7, 
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(5) BE, _, (2) + By (2) = 2B, (2) — Ξε 7) 
(6) E,_, (2) — Εἰ, (2) = 28, (2), 

(7) (ὃ + v) E, (z)=235,_, (2) + (1 — cos v2r)/zr, 
(8) (ὃ — v) B, (2) = — 2B,,, (2) — (1 — cos νπ)ήπ, 


where 9, as usual, stands for 2 (d/dz). 


Next we construct the differential equations; it is evident that 
(9? -- v*) J, (2) =(9 — v) {25,_, (5) + (sin v2r)/77} 
Ξε Ζ(5. Ἐ1 -- ν) 2,... (2) -- (ἰν βῖη νπ)ὴπ 
= -- ζῇ Ζ, (2) (ὦ βῖη νπ)ήπ -- (ysin νπ)ίπ, 
sci (2 -- ν) 810 vr 
(9) V,d, (2) - ΞΡ ayn 
We also have 
(83 — v*) BE, (5) ΞΞ (ὃ — v) {2B,_, (2) + (1 — cos νπ)} πὶ 
=z2($+1-—-v)B,_, (2) -- ν( —cos νπ),π 
= — 2° B, (7) -- Ζ(1 + cos νπὴ)ήπ' — » (1 — cos νπ)ήπ, 
so that 


(10) V,E, (2)=— 2% Ev) eos ym 


7 


Formulae equivalent to (9) and (10) were obtained by Anger, Neueste Schriften der 
Naturf. Ges. in Danzig, v. (1855), p. 17 and by Weber, Ziirich Vierteljahrsschrift, xxiv. 
(1879), p. 47, respectively ; formula (9) had been discovered earlier by Poisson (cf. ὃ 10°1). 


10°13. Integrals expressible in terms of the functions of Anger and 
Η. F. Weber. 


It is evident from the definitions that 
(1) J, (2) #68, (2) =— | “exp {+ τύ —zsin 6)} do. 
0 


By means of this result, combined with formulae obtained in §§ 6°2—6-22, it 
is possible to express numerous definite integrals in terms of the functions of 
Bessel, Anger and Weber. Thus, from § 62 (4) we have 


Tw 


(2) i ᾿ e—vt—zsinht qj -- - {J,(z) —J,(z)}, 


SIN ΡΤ 


when |argz|<4; the result is valid when |argz|=$7, provided that 
R(v)>0. 
Again, we have 
7 


| (3) [ evt~zsinht dt τε — {J_, (2) —J_, (z)}, 


0 51 v7 
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so that, when we combine (2) and (3), 


(4) [ e-zsinht gosh vt dt = 4 tan ἐνπ (2, (2) -- J. (2)} -- ὁ π {B, (2) + Υ͂, (2)}, 
0 
(5) ie e-zsinht sinh yt dt = ὁ π᾿ cot ἔνπ {J,(z) — 5, (z)} — ὁ π (ΕΞ, (2) + Y_(2)I- 
0 
The integral | * g-zeosht cosh yt dt has already been evaluated (δ 6.3); but 
0 


e—zeosht sinh vt dt 
Jo 


does not appear to be expressible ina simple form; its expansion in ascending 
powers of z can be obtained from the formula of § 6°22 (4), 


1, (2) +L, (2) == [" e729 cos vod + 2S Y™ [“ g-zoosht sinh vedt, 
Ws Tv 0 


but, since 
oe _(-)™ sin νπ (- να. vtm, _ 
[ cos θ cos νθ ἀθ = on my 1) Mm, —s— 3 1 5’ 1). 


the integral under consideration cannot be evaluated in any simple form τ᾿ 
The formulae (2)—(5) are nugatory when ν is an integer, but from §§ 6°21, 

9:33 we have 

(ὃ [ “ent-esinnt dt = 3 {Sy (2) ~ Bn ()-- π ,})}, 


0 
(1) [erm menone dtm (P41 (Sy (e) + Ba 2) + Fa (2)} 
0 
The associated integrals 


= cos, . 2 cos 
| 6. ἘΠ΄ (vsinh ὃ dt, 7 6. ἘΠ΄ (« cosh ὃ) dt 
0 sin 0 sin 


have been noticed by Coates, Quarterly Journal, xx. (1885), p. 260. 


Various integrals of these types occur in researches on diffraction by a prism ; see, e.g. 
Whipple, Proc. London Math. Soc. (2) XVI. (1917), p. 106. 


10°14. Asymptotic expansions of Anger- Weber functions of large argument. 


It follows from § 10°13 (2) that, in order to obtain the asymptotic expansion 
of Jz,(z) when |z| is large and | argz|<47, it is sufficient to obtain the 
asymptotic expansion of the integrals 


[ 6 νι -- Ζϑιπῃ ἐ qf, 
0 
To carry out this investigation we shall first expand cosh vt/cosh¢ and 


sinh vt/cosh ¢ in a series of ascending powers of sinh ἔ. 


* See Anding, Sechsstellige Tafeln der Besselschen Funktionen imagindren Arguments (Leipzig, 
1911) [Jahrbuch δον die Fortschritte der Math, 1911, pp. 493— 494], ard Takeuchi, Téhoku Math. 
Journal, xvit1. (1920), pp. 295—296. 


W. B. Κ΄. i 
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If e* =u, we have, after the manner of § 7.4, 


1 siet, e+) ( at 1/u* 
ἄν yy mde ἀντὶ τ 
nara imi | ζ ἘΞ * Fat a 


so that | 

cosh vt 7 ες 1/u+,1+) civ-4 (ζ -- 1) αξ Ν 

cosht 272 (ξ-- 1}} -- 4ζ sinht 
1 (w+, Let, 1+) δὲν - ἧΣ -Ο, 92m cm sinh?” t 
2art a (ζ - πηι 


2°? ΕῬ sinh? ¢ 
N + (FT {(¢ — 1)? — 4¢ sinh? Ἵ τι 
ΟΥ̓ 


1 ἴω ξινεκπὴ ας Γ(ξντπι- 1) 
Qari 


So τς --οὉ--[ἐἔ-ὸὌἜῷΞςῖς ὁ  .........ς.-.-..--...... 


(€—1y™"*1 Τ (ἀν -- τι Ὁ 4). (2 πη)! 


_ (—)™ cos gum P(m+4+43v)P(m4+}- - ἐν) 
T (2m)! 


and, if we take p so large that R(p+4+4v) >0, and then take the contour 
to be that shewn in Fig. 15 of § 7°4, we find that 


1 fut, Wut, 1+) pth de 
ani) (= τι [(ζ::- 1 — ἀξ sinh 7] 


_ (—)? cos all gp-v—h(] — 7)Pt+—-t dy 
= o l1+4a(1—2)sinh?t ° 


If v and ¢ are real, the last expression may be written in the form 


9 (= ΞΘ ΞΡ At ae Bub LAIR Des oe ἐν) 
(2p)! 
where 0 «θὲ <1, since 1 + 4x(1 — 2) sinh?¢ 21. 


It follows that, when R(p+4+4v)>0, we have 


cosh νέ cos4um [ ? ς ( wT ant+4+4v) 0 (m+4— hy) ,, . "ῷ 
“cosh é ~ ἐπ sinh 
ει PEP PEE sinh oe 


For complex values of v and ¢ this equation has to be modified by replacing 
the condition 0 <6, <1 by a less stringent condition, in a way with which the 
reader will be familiar in view of the similar analysis occurring in various 
sections of Chapter vII. 


Similarly we have 


1 rut, aut) 1 1) 
δν a, mh BD, σεῖς τὲ τ 
7 : ὥπι le u ἔ- 17} co 
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so that 
sinh vt 1 asia gh ἀξ 
sinh δέ πὶ (ζ --- ΤῊ -- 4fsinh?t 
= A, (ut, Wut, 1+) εν [Ξ 2em Em sinh*™™t 2 CP sinh? ¢ dt 
ai ey Emly Gy (ξ - 1} sing] | Ὁ 


whence it follows that, if we take p so large that  (» -ΕἸ. τ ἐν)» 0, then 


sinh vt sin$vm [Po (—)*P(m+14+4v)T (m+1— ἔν) ο.- Rowe 
cosht π᾿ ΠΣ (2ηι -- 1)! Gombe.” 
(-)? P(p+1+4v) Γ(Ρ 1 -- ἐν) ο.: ᾿ 

esr oo oS aon). 


On integrating these results, it follows that 


cos ἐνπ Σ (--}» Γ (m+44+4v) Γ (πηι Ὁ ἐ -- ἐν) 


27 = m=0 (42) 
er ΒΕ ΟΣ τ Sin ἐνπ 2 (~)"T(m+1+4r)P(m4+1— ἐν) 
| : sinh vt. e dt εἰ πὰς = ae 


If » is real and z is positive, these asymptotic expansions possess the 
property that the remainder after p terms is of the same sign as, and is numeri- 
cally less than, the (p+ 1)th term when p is so large that R(p+1 + 4)20. 


It follows from §§ 10°13 (2) and (3) combined with § 10°11 (6) that 
Sin vir 1 Be ν᾿ (1? = eS —v*) ned 


TZ 23 


| cosh vt. e~2sinht ἀξ w 
0 


(1) J, (z)~d, (2) + 


sin var Ε ν (23 -- ν' ν(23 -- v*) (44 —v’) | 
--«- ----ρ---.... ᾿Ξ ΞΕ ΞΞΞΞΞΞΞ : ϑϑ5π 55 ΣΤ ΣΞΞΞΞΞΕΒΞΙΞΞ ῦξθ  -Ξ - eee 9 
πΖ Ζ Ζ 2ὃ 


(2) B.(2)~—¥,(s)— πΖ 2 | en 
1 --οοϑνπῖν v(22?—v*) ν (2? —v*) (4 —v*) 


These results were stated without proof by Weber, Zirich Vierteljahraschrift, XXIV. 
(1879), p. 48 and by Lommel, Math. Ann. xv. (1880), pp. 186—188. They were proved as 
special cases of much more general formulae by Nielsen, Handbuch der Theorie der 
Cylinderfunktionen (Leipzig, 1904), p. 228. The proof of this section does not seem to have 
been given previously. 


Lt conv fy ov ayer) 


Since the only singularities of cosh vt/coshé and sinh vt/cosht, qua functions 
of sinh t, are at sinh ¢t = +7, it is possible to change the contours of integration 
into curves in the ¢-plane on which arg (sinh ¢) is a positive or negative acute 
angle; and then we deduce in the usual manner (cf. § 6:1) that the formulae 
(1) and (2) are valid over the sector | arg Ζ] « 7. 
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10°15. Asymptotic expansions of Anger- Weber functions of large order and 
argument. 


We shall now obtain asymptotic expansions, of a type similar to the 
expansions investigated in Chapter vill, which represent J,(z) and E, (z) 
when [ν] and | z| are both large. 


In view of the results obtained in § 10°13, it will be adequate to obtain 
asymptotic expansions of the two integrals 


TJ0 


1 @ 
ἔς | etv—zsinht dt. 
As in Chapter VIII, we write | 


ν =z cosh (a + 18) = z coshy, 
where 0 <8 <7 and γ 1s not nearly equal* to a. 


(I) We first consider the integral 


1/° —vt—zsinh 1 /* τὰ i 
= e—vt—zsinh t Jt — — 6 2. (tcosh y+ sinh ¢) dt, 
TJo 1.0 

in which it is supposed temporarily that v/z is positive. When cosh γ is positive, 
t cosh y + sinh ¢ steadily increases from Ὁ to οὐ as ¢ increases from 0 to 0; we 
shall take this function of ¢ as a new variable τ. 


It is easy to shew that ¢ is ἃ monogenic function of τ, except possibly when 
t= (2n+1) πὶ cosh y +sinh y+ γ cosh y, 
where 7 is an integer; and, when coshy is positive, none of these values of τ is a real 
positive number; for, when y is real, (2n + 1) wi cosh y does not vanish, and, when γ is a pure 
imaginary (=78), the singularities are on the imaginary axis and the origin is not one of 
them since y is not equal to πὸ 


The expansion of dt/dr in ascending powers of τ 18 


at = > a7", 
dr m=0 
(0+) 1 = 1 (0+) dt 
where an = Sart so | amt. * a Dart 7am+i? 


and so a, is the coefficient of 1/¢ in the expansion of r~*”— in ascending 
powers οὔ. In particular we have 


1l+coshy’ “  2(1+ cosh y)’ "a τ. 
225 — 54, cosh y + cosh* Ὑ 
720 (1 + cosh y)” 
From the general theorem of ὃ 8.3, we are now in a position to write down 
the expansion 


1.1 ὁ | 1 (2m)! am Qin 
τς —vti~zsinht Jt οὦ.-. 5 , 
(1) ar |e dt T m=0  gem+i 


a = 


a, = - 


* Expansions valid near y= πὶ are obtained at the end of this section. 
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This expansion is valid when v/z is positive; it has, so far, been established 
on the hypothesis that | arg z|< ἐπ, but, by a process of swinging round the 
contour in the r-plane, the range of validity may be extended to cover the 
domain in which | arg z| < 7. | | 

Next, we consider the modifications caused by abandoning the hypothesis 
that coshy is real. If we write t=u+dv, the curve on which τ is real has 
for its equation 


uw sinh asin 8 + v cosh acos 8 + cosh usin v= 0. | 

The shape of this curve has to be examined by methods resembling those 
of 861. For brevity we write | | | 
usinh asin 8 + cosh a cos 8 + cosh usin v= Φ (yu, v). | 

Since ® (u, v) is unaffected by a change of sign of both u and a, we first 


study the curve in which a>0. It is evident that the curve has the origin as 
its centre. 


Since d® (u, v)/du = sinhasin 6 + sinh wsin »v, 


it follows that, when v has any assigned value, 0/du vanishes for only one 
value of u, and so the equation in u 


@ (u, v) =0 
has, at most, two real roots; and one of these is infinite whenever v is a 
multiple of 7. 
When 0 > v >— 7, we have 
OP(— wo, v)=—0, O(4+0,v)=—-w; 
and, when v = 8 — 7, the maximum value of ®(u, v), qua function of wu, 1s at 
u =a, the value of ® (u, v) then being 
— cosh asin β {1 —atanha+(m — 8) cot f}. 

If this is negative, the equation ® (u, 8 — 7)=0 has no real root, and so the 


contour does not meet the line v= 8 — π᾿ or (by symmetry) the line 
υ Ξε π -- β. ᾿ 


Hence provided that the point (a, 8) lies in one of the domains num- 
bered 1, 2, 3 in Fig. 21 of § 8°61, the contour ® (u, v)=0 lies as in Fig. 25, 
the continuous curve indicating the shape of the contour when a 18 positive 


Pe ee 
΄ 


0 


= 
> σ΄ 
Fig. 25. 


and the broken curve the shape when a is negative; the direction in which τ 
increases is marked by an arrow. 
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It follows that the expansion (1) is valid when (a, 8) lies in any of the 
domains I, 2, 3. 

Next, we have to consider the asymptotic expansion when (a, 8) does not 
lie in any of these domains, To effect our purpose we have to determine the 
destinations of the branch of the curve ® (u, v)=0 which passes through the 
origin. 

Consider first the case in which a 18 positive and 8 is acute. The function - 
® (a, v) has maxima at v= (2n+ 1) π -- ξβὶ and minima at v=(2n - 1) 7+ 8, 
each minimum being greater than the preceding; and since ¢ (a, 8 — π) is now 
positive, it follows that $ (a, v) 15 positive when v is greater than — 7. 


Hence the curve cannot cross the line u=a above the point at which 
υ =—7r, and similarly it cannot cross the line u = — a below the point at which 
v=. The branch which goes downwards at the origin is therefore confined 
to the strip —a<u<a until it gets below the line v= — 2K + π — B, where 
K is the smallest integer for which 


1 —atanh a+ {((2K +1) π -- £} cot B> 0. 


The curve cannot cross the line v=— (2Κ- 1) π 6, and so it crosses the 
line «=a and goes off to infinity in the direction of the line υ = — 2K7. 


Hence, if a is positive and @ 1s acute, we get 
1 (ὦ --οκπί ee (2m)! am 
(2) =| vt—zsinht Jt οὦ ὩΣ, an: 


while, if a is negative and β is acute, we get 


1 ἜΝ e—vt—zsinht Jt «ὦ — 1 S (2m)! &m 


7 ee — gamti 


(3) 


By combining these results with those obtained in ὃ 8°61, we obtain the 
asymptotic expansions for the domains 6a and 7a. 


If, however, 8 is obtuse and a is positive, the branch which goes below the 
axis of u at the origin cannot cross the line τ = a below (a, 3 — 8) and 1t does not 
cross the u-axis again, so it must go to — οὐ along the line v = -- (2 +1)7, 
where L is the smallest integer for which 


1 —atanha-— {((2L4+ 1) π᾿ + 8} cot B>0. 
Hence, if a is positive and β 1s obtuse, we i 


(4) 1 [ pay eat e-vt—zsinht Jt w 1 3 (2m)! an 


while, if a is negative and 8 is obtuse, we get 


> 
77 eter, a ae 


> 


Tw mad 


ὦ 1(91.- 1) wi = 2m)! ἃ 
( 5) =| e—vt—zsinht dt. — 1 ( ne dg 


T 
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By combining these results with those obtained in § 8°61, we obtain the 
asymptotic expansions for the domains 4, 5, 66 and 70. 


Since formula (1) is the only one which 18 of practical importance, we shall 
not give the other expansions in greater detail. 


An approximate formula for @,, when m is large and γ is zero, namely 


—)" P (3) 


on™ sisters mi? 


was obtained by Cauchy, Comptes Rendus, xXxVIltlI. (1854), p. 1106. 


(I) Next consider the integral 
1 i δ᾿ ae ee 1 [ ἘΣ τ}: . 
ἘΞ evt—zainht J¢ -- — e72 (~tcosh y+sinht ft 
WSO WJ0 


The only difference between this and the previous integral is the change in 
the sign of cosh y; and so, when ¥ lies in any of the regions numbered 1, 4, 
5 in Fig. 21 of ὃ 8°61, we have 


is ᾿ vt~zsinht Peas (2m)! Qn 
(6) = = | e dt ὌΣ 


T m=0 “gat? 
where a,, is derived from a,, by changing the sign of cosh y, so that 


ro Ὸ ως Ὁ _ Cosh ey 
(I—coshyy’ ™* ~ 24(1—cosh y)”’ 


@e@e@eetoeoeseeoaenseesaeoeotreoegeseeceooeseteoaogseeseeoe 6 9 9 90 ΦΟΦΙΟΟοΟσΟΘΟοΟ 9 9999 8 9 96 δοϑθοθφθθυ 90 δύο 6 


This expansion fails to be significant when Ὑ is small, just as the previous ex- 
pansion (1) failed when y was nearly equal to 7. 


To deal with this case we write 
y=z(l—e), 7t=t¢—sinh?, 


after the method of ὃ 8:42. It is thus found that 
1 [ evt—zainht dt= — =| 62: 6 -αἱ Ht dr 
7 dt 


on ΤῸ am 
— er Σ grime B (ez). (—. Wd 


and hence 


(7) 1 [“ evt-zainhe ἀξ wv —7 (PGm+4 Bales) 


πιο (fzpeinty 


A result equivalent to this has been given by Airey, Proc. Royal Soc. xctv. A, (1918), 
p. 313. 
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10°2. Hardy’s generalisations of Arry’s integral. 


The integral considered by Airy and Stokes (δ 6:3) has been generalised 
by Hardy* in the following manner: 
If s=sinh ¢, then 
2 cosh 2φ = 4s? + 2 
| 2 sinh 3¢ = 885 + 68 
2 cosh 4h = 16s* + 16s? + 2 


( 2 sinh ὄφ = 8285 + 4053 + 10s, 
and generally 


g CO8h 24 -- (28). F, (- ἀπ, }— $n; 1—n; —1/s%), 


2 sinh 
the cosh or sinh being taken according as n is even or odd. 


Now write 
T,, (t, a) = t"..F,(—4n, 4—4n;1—n; — 4a/#), 
so that 
Τ᾽, (t, a) = + 2a 
T,(t, a) = 8 + 8at 
T,(t, a) = t+ 4αἴ + 20? 
T,(t, a) =U + δαί + δα 


Seempeecseeeesseoeeeeoeeoenenest eee? 


Then the following three integrals are cnareteationat of Airy’s integral : 


(1) Cin(a)= [" cos 7’, (t, a) dt, 
(2) Si, (a)= | ᾿ sin Τ', (t, a) dt, 
(3) Ein (a) = Ἰ: exp {-- T(t, «)} dt. 


It may be shewn} that the first two integrals are convergent when a is 
real (whether positive or negative) if n= 2, 3,4,.... But the third integral 
converges when a is complex; and it is indeed fairly obvious that Ei, (a) is 
an integral function of a. 


When n is an even integer, the three functions are expressible in terms 
of Bessel functions; but when x is odd, the first only is so expressible, the 
other two involving the function of H. F. Weber. 


Before evaluating the integrals, we observe that integral functions exist 
which reduce to Ct, (a) and Si, (a) when a is real; for take the combination 


Οἱ, (a) + Sin (a) = | i exp {iT'n (t, a)} dt. 


* Quarterly Journal, x11. (1910), pp. 226—240. 

+ The sine-integral in the case n=3 was examined by Stokes, Camb. Phil. Trans. 1x. (1856), 
pp. 168—182. (Muth. and Phys. Papers, τι. (1883), pp. 332—349.] 

t Hardy, loc. cit., p. 228. 
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By Jordan’s lemma, the integral, when taken round an are of a circle of 
radius R with centre at the origin (the arc being terminated by the points 
with complex coordinates R, Re!*"), tends to zero as R+>o. 


And therefore 
οὐ Θχρ (ἐπέ) 


Οἱ, (a) + ἐδ, (a) = | exp {iT (t, a)} dt 


9 
= οἰ πα exp {— 7, (7, ae-™*™)} dir, 
0 


where += te; and the last integral is an integral function of a. The 
combination Ci, (a)—%Si,(a) may be treated in a similar manner, and the 
result is then evident. 


10°21. The evaluation of Airy-Hardy integrals of even order. 


To evaluate the three integrals Ct, (a), Si, (a), Hin (a) when n is even, we 
suppose temporarily that a is positive, and then, making the substitution 
t = 2at sinh (u/n) 
in the integrals, we find that, by ὃ 6-21 (10), 


4 fm 
Cry, (a) + tSty (a) = = | exp (2a#” 2 cosh wu) cosh (u/2) du 
0 


= iat n— etn Η, Ὁ) (2a%), 
that 1s to say 


: : παὲ : 
. (αἢ-. ἴα ,ρἐπέϊη jn) ρ--ἀπέϊκ ἐν» 
If we equate real and imaginary parts, we have 
“ταὶ 
‘ ἜΝ Ga See ee, in) $n\) 
; παὲ 
ν ἀπο ον ρους μου δε οξοωυως ἐπ ἀν 
(2) St, (a) on cosh Tn) { J. ~1)n (20 ) + Sin (2a )}. 


In a similar manner, 
4 ῥὼ 
ἔτ, (a) = τὰ | exp (— 2a!" cosh u) cosh (u/n) du, 
0 
so that, by § 6°22 (5), 
(3) Ei, (a) = (2a8/n) Και, (200). 

These results have been obtained on the hypothesis that a is positive; and 
the expressions on the right are the integral functions of a which reduce to 
Ci, (a), δὲ, (α) and Ei, (a) when a is real, whether positive or negative. Hence, 
when a is negative the equations (1), (2), (3) are still valid, so that, for example, 
we have 

. " “τ Ὥ (—)™ qn _ oo (-)” qmn 
Cin (a) = 2n sin (477/n) | 2, miD(m+1—1]n) Ὁ = m! D(m+1+1/n)} ° 
whether ἃ be positive or negative. 
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Hence, replacing a by — 8, we see that, when 8 is positive and n is even, | 
then 


(4) Cin (8) gE am (2B) + Sin (28™)) 
+8} 

(5) Si, ται (28) — συ, (28!")), 

(6) fit, (—B) = —— ταῖς Grn) {Zan (28) + Lin (28*")}. 


It follows from ὃ 4°31 (9) that, when n is even, the functions Ci, (a) and 
St, (a) are annihilated by the operator 


a + n? a ππ 


da 3 
and that τ, (α) is annihilated by the operator 


In the case of the first two functions it is difficult to obtain this result* 
directly from the definitions, because the integrals obtained by differentiating 
twice under the integral sign are not convergent. 


10°22. The evaluation of Atry-Hardy integrals of odd order. 
To evaluate Ci, (a) when n 18 odd, we suppose temporarily that a is 
positive, and then, by ὃ 6-22 (13), 
ἡ fm 
Cr, (a) = Ξε | cos (2¢" sinh 1) cosh (u/n) du 
0 
4 
- Pal cos (hr In) κα (θα). 


That 18 to say, 
(1) Οἱ, (a) = se ll Kn (208) 
qrat 7 
= -:- πα» -π-πἢἪς-----ὄὄἕὄ mn —_ n 2 
Qn sin (42/n) {Ian (2a ) Din (2a )} 
Using the device explained in § 10°21, we see that, when β is positive, 
= τς a _ wBt ᾽ ΤΩ 
(2) οὶ, ( β) “ On sin (ἐ π ἢ) {Jan (28%) + Jin (28 )}- 
It follows that the equation ὃ 10.321 (4) is true whether n be even or odd; 
and, whether n be even or odd, Cz, (a) is annihilated by the operator 
d? 
da? 


4 (-)* n? αἷ, 
for all real values of a. 


* It has been proved by Hardy, loc. cit., p. 229, with the aid of the theory of “" re: 
integrals,” 
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Next we evaluate Ei, (a) when a is positive; making the usual substitution, 
we find that, by § 10°13 (4), 


+ fm 
Εἰ, (a) = ae | exp (— 2at sinh u) cosh (u/n) du 
0 
+ 
- τ 7 (ἀ πίη) Syn (2ak") — Ἐν (2ad)} 
pcr eet eee $n ἐπ 
+ “ain a {Jam (2at”) — San (2a8”)}. 
Hence the series which represents Hi, (a) when n is odd and « may have 
any value is 
matt) Ὁ (—)"™ a™ 
Ὁ) δὼ (ὦ = 5 cos arn) neo (m+ §—4]m) 0 (a+ § + γη) 
Tr οΌ ( -ῈὍ qm " rs) (— )»» αἴ" ᾿ 
a sint(7/n) 1 2a Com +1—1/n) a2 TD (m+14+1/n))’ 
and hence it follows that 


(4) ἘΞ + ma Ei, (a)= = nat (m3) , 


Next consider Ci, (a)+1%Sit, (a), where a is temporarily assumed to be 
positive. From § 10°13 (4) we deduce that 


Con (a) +1 St, (a) = 2a [ ἢ exp (2αἷ" ὁ sinh u) cosh (u/n) du 
0 
᾿ ma {tan (42r/n) Jijn (— 2at*2) — By, (— 2at"7)} 
arate Ρ' πὸ 
Ἐπεί (rpay ἐν (Γ Bat) — Sain (τ 2a 
mom, = ann Sree 
~ nc0s(47/n) mao Γ (m + ὃ —4/n) Γ (m+ ἢ τ 4/n) 


+ ; 
Ge febrin Ts, (at) — ete" I, (Qak*)}, 


and therefore 


3 Tratinty) = am 
(6) na) "τ δος (427/n) ee DP (m+ $—4/n) UT (m+ $+ ἐὺ) 
arat 
+ on cos (ἡ π|η) {Tan (2at") + Lyn (2a”)}, 
whence it follows that, when 8 > 0, 
δ) Stags es (—)" β"" 


moos 4 π|0) mao V (m+ ἢ -- ἐπ) Γ σι τ ἢ + 4/n) 


πβὲ n n 
+ ὅπηι cos (4 /n) {Jan (28% ) Ἐπ ΝΑ (28% )» 


324 THEORY OF BESSEL FUNCTIONS [CHAP. X 


and hence, for all real values of a, 


(7) | —n? ant Stn (a) = — πα ™), 


This equation was given by Stokes in the case n= 3. 
It should be noticed that 


(8) St, (a) + (—)8™+) Ba, (a) = {sin (42r/n) + (— 1)3+)} 


x {I ayn (2a) + Lin (2at)} 
"" on n) {sin (4 1r/m) + (— ΤΣ ΡῈ] 


x {Tn (28) — Tym (28%), 


n sin Ge 


where 8 = — a, and a and B are real. 


The formulae of the preceding three sections are due to Hardy, though 
his methods of obtaining them were different and he gave some of them only 
in the special case n = 3. 


10°3. Cauchy's numbers. 


In connexion with a generalisation of Bessel’s integral which was defined 
by Bourget, and subsequently studied by Giuliani (see § 10°31), it is convenient 
to investigate a class of functions known as Cauchy’s numbers. 


The typical number, NV_»,%,m, 18 defined by Cauchy* as the coefficient of 
the term independent of ¢ in the expansion of 


/ k ™m 
rn (t+7) (t-7) 


in ascending powers of ¢. It is supposed that ἡ, k, and m are integers of which 
the last two are not negative. 


It follows from Cauchy's theorem that 


(1) Nn, i,m = 5 ὰ ἐπ ( + ἢ ( - 7)" ὦ 
ei [ δ cos* θ sin™ 6d0 
So [ (6π "9 Ὁ (—)™ en} οοβὲ θ sin™ 6d8 
oe: 


[" cos (4 mr — n6) cos* θ sin™ Od. 
It is evident from the definition that Δ. ἢ κ, πὶ is zero if ~n+k-+m is odd or 
if it is a negative integer. 


* Comptes Rendua, xx. (1840), pp. 478---475, 510—511; x11. (1841), pp. 92—93; xu11. (1841), 
pp. 682—687, 850—854. 
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From (1) it is seen that 
(2) ΝΞ (—)™ Naeem = (—)* Nn, αι: 
These results, together with recurrence formulae from which successive 
numbers may be calculated, were given by Bourget*. 
The recurrence formulae are 
(3) N —n,k,m = Ν —n+1,k—1,m + Ν —n—1,k—1,m> 
(4) Ν κι = N—nist,m—1 — N—n-,k,m-1; 
and they are immediate consequences of the identities 
ἐπα (t— 1/t)™ = τη + 1/3 (E — 1/t)™ + (E+ 1/8) ( - 1/t)™, 
ἐπί Ὁ 8 (ε -- 1/t)™ =e (t+ 1/tt (ὁ — 1/t)™ > — £8 (6 10} ({ — 1 /ty. 
By means of these formulae any Cauchy’s number is ultimately expressible in 


terms of numbers of the types Ν΄-» 0» N—no,m- 
A different class of recurrence formulae, also due to Bourget, owes its 


existence to the equation 
1a +} ae | 
It follows that 


alee 1 k-i d L\ mt 
N—n, km = “mip! © ει: “1 δι 


ΝῊ Ν a a) Sa 


by a partial integration. On performing the differentiation we see that 


(5) (m+1) Ν παι = Nn ka, me — (ὦ -- 1) Nabe mes 
and similarly 
(6) (+1) Nn km = ὩΝ. kti,m—1 — (m — 1) Nn, k-+2,m=2- 
Developments due to Chessin, Annals of Math. x. (1895—6), pp. 1—2, are 
(7) Nn ky m= 3 0; N _n4e~2r, Κα τϑ, ms 
(8) Win m= Σ (=) Ce Ὁ κεντ αν, τι 


These may be deduced by induction from (3) and (4). 
Another formula due to Chessin is 
Pp 
(9) N_n, k, mo 2 (—  ιῦ =romlr; 
where p=} (k+m-—n). This is proved by selecting the coefficient of ¢* in the product 
(-Ε1 Ὁ x (t— 1/2). | 
* Journal de Math. (2) νι. (1861), pp. 33—54. 
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10°31. The functions of Bourget and Giuliani. 
The function J, ,(z) is detined by the generalisation of Bessel’s integral 


(1) Jn.~ (2) = _ [ pos (¢ + "ἢ exp 42 ( - ΄; dt, 


where n is an integer, and & is a positive integer. 
It follows that 


Jn α (2) = ΕΞ i exp {—12 (ιθ — zsin 0)} .(2 cos 6} dé, 
and therefore Ν᾿ 


(2) Sng (2) = 2 Ke cos 9 cos (ηθ — z sin @) dé. 


The function J,,,(z) has been studied by Bourget, Journal de Math. (2) vi. (1861), 
pp. 42-55, for the sake of various astronomical applications; while Giuliani, Giornale di Mat. 
XXVI. (1888), pp. 151—171, has constructed a linear differential equation of the fourth 
order satisfied by the function. 

(Nore. An earlier paper by Giuliani, Giornale di Mat. xxv. (1887), pp. 198—202, 
contains properties of another generalisation of Bessel’s integral, namely 


| ” cos (n6 — 2? sin? 8) dé, 
w Jo 
but parts of the analysis in this paper seem to be incorrect. ] 


If we expand the integrand of (1) in powers of z, we deduce from ὃ 103 that 


(3) Inula) = Σ GP Wa a 
and it is evident from (1) that | 

(4) Jno(2) = I (2) 

Again from ὃ 10°3 (2) and (8) it is evident that 

(5) Jn, b (2) =(—)"* Tn, (2), 

(6) Jn k (2) ΞΞ nrc (2) + Inte (2); 
and, if we take k = 1 in this formula, 

(7) Tn (2) = Ju (2) 


These results were obtained by Bourget; and the reader should have no 
difficulty in proving that 
(8) 2S nk (2) = Fn (2) — και, (2). | | 
Other recurrence formulae (due to Bourget and Giuliani respectively) are 


(9) Sansa (2) = Tynan (e)— 2 FEY ta) Sane Oh 


(10) 4] nem (7) τὰς Jak (z) = 4J nk (2). 
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The differential equation is most simply constructed by the method used 
by Giuliani; thus 


Vadne(Z) = = [ ἼΑ {-- (τ + Ζ cos θ) sin (nO -- z sin 6)} (2 cos θ}} dO 
=—* [ὦ 2.008 θ) sin (nd — 2sin 8) (2 cos 6) sin 048 
- 0 
2k [π (ἃ : oe 
= — QheJ'n κα (4) + — [ ἜΣ cos (ηθ -- 2 sin 6) (2 cos 0)*— sin θαθ 
: T /0 dé 


Ξε -- 2hzJ'n 4 (2) -- 2 [" cos (ηθ — 2 sin 8) = {(2 cos 6)}F-' sin 6} dé, 


us 
9 de 

and so 
Vanda (2) = — 2kzd ne (2) — Ing (4) + 4k (ἢ —1) Sng (Z). 


Operating on this equation by Ἢ + 1, and using (10), it follows that 


(Σ εἰ) (Vn Tne (2) + heT'nu(e) + PT (2)} = bb 1) Ine) 
.and hence we have Giuliani’s equation 
(1) 2d, ¢ (2) + (2h +5) σῦκα (2) + (227 + ([ + 2)? — ἢ Tne (2) 
+ (2k +5) 2d’ ng (z) + (2 +442 —n?) Jn: (2) =0. 
It was also observed by Giuliani that 
(12) ein? (2 cos OF = Σ €ond on, (2) Cos 2n8 
n=0 
ἘΣ Censitensse (2) sin (2n +1) 0; 
n=0 
this is verified by applying Fourier’s rule (cf. 8. 2.2) to the function on the 
right. 
A somewhat similar function J(z; ν, £) has been studied by Bruns, Astr. Nach. ΟἿΥ. 
(1883), col. 1—8. This function is defined by the series 


. an (—jm (42)» + e+ 2m πτοιες τως δῶν ein Re nes 
(18) «ᾳ; » Am 2 Gab m) + aE—2) 2h) PPE IM+D) 


The most important property of this function is that 

‘ , ἫΝ 2y J, + 2k (7) 
(14) J (z; Vy, k)-—J (2; ν. +1)=CT9R—2) (y+ 81:08)" 
whence it follows that 


: ἊΝ με Ὧν Jy am (2) 
(15) ΤΟΣ ¥k)= % Cy om-2) (vt 2m49)° 
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10°4. The definition of Struve’s function H, (2). 


Now that we have completely examined the functions defined by integrals 
resembling Bessel’s integral, it 1s natural to investigate a function defined by 
an integral resembling Poisson’s integral. This function is called Struve’s 
function, although Struve investigated* only the special functions of this 
type of orders zero and unity. The properties of the general function have 
been examined at some length by Siemon+ and by J. Walker. 


Struve’s function H, (2), of order ν, is defined by the equations 


(1) H,(2)= τ ein 5 [ ᾳ —#)-tsin σέ. dt 


2(32)” ie 
~ Dw+hl@ Io 


provided that R(v) > —}. 


sin (z cos 0) sin” θαθ, 


By analysis similar to that of § 3°3, we have 
54) Ξ (75: 

ΤΌΤ ΓῸ neo @m ΕἸ) 
= (42) a0 (—)™ gmt! m! 


~ TG) nao (2m + 1)!P (ν +m Ὁ 8)’ 


H, (z) = [ ἔπνει (1 — ρ)ν»-ἢ αἱ 


so that 


ξ (—)" ( λ gta 
(2) 2 (@)- 2 Pant Hrormes) 


The function H, (2) is defined by this equation for all values of ν, whether 
fh (v) exceeds — 4 or not. It is evident that H,(z) is an integral function οἷν 
and, if the factor ($z)” be suppressed, the resulting expression is also an in- 
tegral function of z. 


It 1s easy to see [cf. § 211 (5), 8121 (1)] that 


" (Ae) 
where 
(4) || <gexp{ 212F a}, 


and | y+ ὃ [15 the smallest of the numbers |v + 3|,|v+|,|v+4l, .... 


* Mém. de V Acad. Imp. des Sci. de St Pétersbourg, (7) xxx. (1882), no. 8; Ann. der Physik, 
(3) xvir. (1882), pp. 1008—1016. See also Lommel, Archiv der Math. und Phys. xxxv1. (1861), 
p. 399. 

t Programm, Luisenschule, Berlin, 1890. [Jahrbuch iiber die Fortschritte der Math. 1890, 
pp. 340—342.] 

+ The Analytical Theory of Light (Cambridge, 1904), pp. 392-895. The results contained in 
this section, with the exception of (3), (4), (10) and (11), are there given. 
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We can obtain recurrence formulae thus: 


d (—)" (ὃν + 2m Ὁ 1) atm 
Gt” HA = = parma Gt Pw +m τ ἢ) 
= 2H ν-- (2), 
and similarly 
d,_, ake (—)™ (2m +1) 2™ 
ἃς OO = > oT τ PTO TMs ἢ) 
7 = (-- )γπ:: gom+e 
Sma 2D (m + δ) Γ (ν + m+ ) 
1 τιν 
“3Torpr@ ἡ © 
On comparing these résults, we that 
(5) H,_. (2) + Hii (2) = — ΗΠ, (z)+ 7 re reba: 
(6) ει, (2) — Ha (2) = 3:4, (2) — pe ty 
(7) (3+) H, (5) =2H,_, (2), 
(8) (9 —v) H, (2) = A atta (2) 
΄ (ν τ 8) PG) a 


In particular we have 
d 
(9) τ; (2B, (2)] = 2H, (2), 


Again, from (7) and (8), we have 
(9-H, (2) = @ -- ν) HL 2)} 
=z(3-—v+1)H,_, (2) 


4, (2): -- 2? H, (z), 


us 


dz 


(EH, (2)} = 2 - (2). 


~To+pr@) 
so that H, (z) satisfies the differential equation 
4 ( key 
10) | V,H, (2) = = oa: 
oes O=Te+DT@ 


The function Li, (z) which bears the same relation to Struve’s function as J, (2) bears 
to J, (z) has been studied (in the case »=0) by* Nicholson, Quarterly Journal, xult. (1911), 
p. 218. This function is defined acs the equation 
( ἐσ 7)» ΞΡ. Ὶ 


(11) Ly ()= 2 Fmt) POtmey) 


Saree rary sinh (z cos 8) sin” 6 dé, 


the integral formula being valid only when & (v) > —4. 
The reader should have no difficulty in obtaining the fundamental properties of this 
function. 
* See also Gubler, Ziirich Vierteljahrsschrift, xLv11. (1902), p. 424. 
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10°41. The loop-integral for H, (z). 


It was noticed in § 10-4 that the integral definition of H,(z) fails when 
R(v) <—4, because the integral does not converge at the upper limit. We 
can avoid this disability by considering a loop-integral in place of the definite 
integral. 

Let us take 


(i+) ; 
(¢? -- 1)» ὁ sin Ζέ. dt, 
(0 


where the phase of #?—1 vanishes at the point on the right of ¢=1 at which 
the contour crosses the real axis, and the contour does not enclose the point 
t=—1. 

If we suppose that R(v) >~—4, we may deform the contour into the seg- 
ment (0, 1) of the real axis, taken twice, and we find that 


(1+) 1 
{ (@ — 1)» sin zt . dt = 21 cos yr | (1 — δ)» sin zt. dt, 
0 0 


where the phase of 1 — ¢* is zero. 


Hence, when R(v) > — 4, we have 


_TQ—yv). (ey [Ὁ ρα. oe 
(1) H, (z) = miT Gd) I, (ὦ — 1)» sin χέ. dé. 

Both sides of this equation are analytic functions of v for all* values of v; 
and so, by the general theory of analytic continuation, equation (1) holds for 
all values of ν. 


From this result, combined with ὃ 6:1 (6), we deduce that 


Γ( --ν). Gz)” [Ὁ με (μι. yp 
(2) J, (2) + 1H, (2) = mre). 1}. et (2 — 1)ν-} dt. 

To transform this result, let w be any acute angle (positive or negative), 
and let the phase of z lie between -- ἐπ τω and 47+. We then deform 
the contour into that shewn in Fig. 26, in which the four parallel lines 
make an angle -- ὦ with the imaginary axis. lt is evident that, as the lines 
parallel to the real axis move off to infinity, the integrals along them tend to 
zero. The integral along the path which starts from and returns to 1 + 0 te~ 
is equal to H,® (2); and on the lines through the origin we write t=1tu, so 
that on them 

(ὃ -- 1)» = eF OD)  ( + wy}. 

It follows that 


Ay (42)” co exp (— tw) 


J, (2) + 0H, (2)= HO @) +57 Ι: e™(1+ ιὖ)» ἄυ, 


ν- δ) Γ() 


* The isolated values 4, 3, §, ... are excepted, because the expression on the right is then an 
undetermined form. 
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where the phase of 1 + u? has its principal value; and hence 

y) (42) © exp(— tw) 
P(y+$) PQ) Jo | 
This result, which is true for unrestricted values of ν, and for any value of 


z for which — πὶ < arg z <7, will be applied immediately to obtain the asym- 
ptotic expansion of H,(z) when |z| is large. 


(3) H,(Z)=Y,(2)+ e- (1 + ut du. 


Fig. 26. 


A result equivalent to (2) was obtained by J. Walker*, who assumed 
that R(v)>—4, R(z)>0, so that ὦ might be taken to be zero. In the case 
y=0, the result had previously been obtained by Rayleight with the aid οὗ 
the method of Lipschitz (δ 7°21). 


If, as in 8612, we replace w by arg z—A, it is evident that (3) may be 
written in the form 


(4) H, (2) ΞΞ Υ, (2) + roe ata ἤν" ῃμ + "ἃ du, 


where — ἐπ < 8 < ἐπ and -- ἐπ᾿ - βαὶ « ἃγρ 2 «ἐπ τ β. 


This equation gives a representation of H,(z) when ἰἂγρ 2] « π. To obtain 
a representation valid near the negative half of the real axis, we define H, (z) 
for unrestricted values of arg z by the equation 


(5) H, (ze™**) Ξε gm(vt1)m H, (2), 
and use (4) with Ζ replaced by ze¥*. 


* The Analytical Theory of Light (Cambridge, 1904), pp. 394—395. 
t Proc, London Math. Soc. x1x. (1889), pp. 504—507. [Scientific Papers, 111. (1902), pp. 44—46.] 
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If we write z=7x in (3), where ~ is positive, we see ae when R(v) <3, 


nies acai 2 ($x)” fe 
=e ἐνπὶ aS Sa tzu 2\v—4 
tla, (xv) =e Ko) Ὁ CTH EG) | o (1+u*)"—2 du, 
and, by considering imaginary parts, we deduce that 
(6) Ly, (4)=L_, (5) -- Ὅτ sin (#u). (1+u?)"-t du, 


ry +4) PQ) 


a result given by Nicholson, Quarterly pee XLII. (1911), p. 219, in the special case in 
which ν =0. 


10°42. The asymptotic expansion of H, (z) when | z| ts large. 


We shall now obtain an asymptotic expansion which may be used for tabu- 
lating Struve’s function when the argument Ζ is large, the order ν being fixed. 
Since the corresponding asymptotic expansion of Y,(z) has been completely 
investigated in Chapter vil, it follows from ὃ 10°41 (4) that it is sufficient to 
determine the asymptotic expansion of 


aa 2 
| e*(1 ie αἰ du. 
0 
As in § 7:2, we have 


ur" Pal (_)™. (4 —v)m ur 
(4 *Z ae 
oe pe | (1 --ὃ»-ι (1 a ee dt 


We take p so large that R (ν — p — 4) <0, and take ὃ to be any positive angle 
for which 


|B|<tr—6, [τρ 4 -- β᾽ ς ἐπ --ὃ, 
so that Ζ is confined to the sector of the plane for which 


- π΄ 2ὃ <argz<m— 26. 


arg (1 + τ ad) <7, 


ue Pe etal I)\ (gin δ ΒΩ -ϑρ- 
a+" | <e (sin 6) =A,, 
| 


We then have 
ᾳ + Ἢ) > sin ὃ, 


so that 


say, where A, is ἜΣ οήτης of Ζ. 
It follows on integration that 
[rrr es (14 7 dum "S (<Y" (4 λα. (2m) a 


wh = 
0 23 m=0 mi gm 


2 exp 73 
| e~% uP du 


1/0 


| A, [(ἀ -- ») 
where ΟΕ, -ς pl ee 


= Ο (σ᾽). 
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We deduce that, when j arg z| < 7 and | z ; 1s large, 


ν--} -Ι m —v)m 
(1) H,(z)=Y,(2)+ τοῦ στῷ EB CPG vm On) (2m)! + O(z ~)), 


provided that R(p—v+4)2>0; but, as in ὃ 7-2, this last restriction may be 
removed. 


This asymptotic ee may also be written in the form 
ve} CT (m + 4) 
7 See aT ente v-—-2p—1 
(2) H, (z)=Y, ΤῊΝ = Pots mGggren  ( sp 

It may be proved without difficulty that, if v 1s real and z is positive, the 
remainder after p terms in the asymptotic expansion is of the same sign 
as, and numerically less than the first term neglected, provided that 
R(p+4—v)20. This may be established by the method used in ὃ 7°32. 


The asymptotic expansion* was given by Rayleigh, Proc. London Math. Soc. xrx. (1888), 
p. 504 in the case v=0, by Struve, Mém. de ἢ Acad. Imp. des Sei. de St Pétersbourg, (7) 
Xxx. (1882), no. 8, p. 101, and Ann. der Phys. und Chemie, (3) XVil. (1882), p. 1012 in the 
case v=1; the result for general values of » was given by J. Walker, The Analytical 
Theory of Light (Cambridge, 1904), pp. 394—395. 


If ν has any of the values 4, ὃ, ..., then (1 + u?/2*)”"# is expressible as a 
terminating series and Y,(z) is also expressible in a finite form. It follows 
that, when ν is half of an odd positive integer, H,(z) is expressible in terms 
of elementary functions. In particular 


[© = (= =)’ (1 —cos 2), 
H; (z) = (6) € 4 =) τὸ (=) (sin Zt = 2. 


1048. The asymptotic expansion of Struve’s functions of large order. 
We shall now obtain asymptotic expansions, of a type similar to the 


expansions investigated in Chapter vill, which represent Struve’s function 
H, (z) when | y| and | z| are both large. 


As usual, we shall write 


(3) 


ν =z cosh (a+ 18} =z cosh γ 
and, for simplicity, we shall confine the investigation to the special case in 
which cosh Ὑ is real and positive. The more general case in which cosh y is 
complex may be investigated by the methods used in ὃ δ᾽ and ὃ 10°15, but it is 
of no great practical importance and it involves some rather intricate analysis. 


* For an asymptotic expansion of the associated integral 


wD o—-e& IN ee 
pa 1+ a Si: 
1 ue 22 


see Rayleigh, Phil. Mag. (6) viz. (1904), pp. 481—487. [Scientific Papers, v. (1912), pp. 206—211.] 
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The method of steepest descents has to be applied to an integral of Poisson’s 
type, and not, as in the previous investigations, to one of Bessel’s type. 


In view of the formula of § 10°41 (3), we consider the integral 


dw 
— WZ 2\y 
Joma tury ora 
which we write in the form 
[ _» dw 
6 ee, 
να τω 


where τ = w — cosh γ. log (1 + w*). 


It is evident that τ, gua function of w, has stationary points where w = e+”, 
so that, since y is equal either to ἃ or to 18, two cases have to be considered, 
which give rise to the stationary points 


(I) et*, (II) et. 
Accordingly we consider separately the cases (I) in which 2/v is less than 1, and 
(II) in which z/y is greater than 1. | 


(Ὁ When γ is a real positive number a, τ is real when w is real, and, as τὸ 
increases from 0 to οὐ, τ first increases from 0 to e~*—cosh a. log (1 +e~**), 
then decreases to e* — cosh a. log (1 + 65) and finally increases to + 0. 


In order to obtain a contour along which 7 continually increases, we suppose 
that w first moves along the real axis from the origin to the point e~, and 
then starts moving along a certain curve, which leaves the real axis at right 
angles, on which 7 is positive and increasing. 

To find the ultimate destination of this curve, it is convenient to make a 
change of variables by writing 

w=sinh(, €C=&+in, e*=sinh &, 
where &, ἡ and &, are real. 
The curve in the ¢-plane, on which 7 is real, has for its equation 
cosh £ sin ἡ = 2 cosh a arc tan (tanh ἕ tan 7), 
and it has a double point* at &,. 


We now write 
2 are tan (tanh & tan ἡ) 


ἘΚ} Ay cosh ἔ sin ἢ 
and examine the values of F'(£, 7) as € traces out the rectangle whose corners 
O, A, B, C have complex coordinates 


Ὁ, aresinhl, arcsinh1 +42, ἐπί. 


As £ goes from O to A, F(£, 7) is equal to 2 sinh £/cosh’ ἕξ, and this steadily 
increases from 0 to 1. 


* Except when a=0, in which case it has a triple point. 
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When ζ is on AB, F'€&, 7) is equal to 
tan 7 
/2.are tan (=) . cosec ἢ, 


and this steadily increases from 1 to a/,/2 as ἢ increases from 0 to 47. 


᾿ Nore. To establish this result, write tan n=¢,/2 and observe that 


ἃ (J +22) ] ἐ- 918 
dt ἈΝ ον: ἢ = azar {Tea ~ arctan d} BO, 
t+23 Ὧ ΦΌΡΟΙ ae 222 (2 + (5) 
because τοῖς 7 are tan ὃ which vanishes with ¢, has the positive derivate “G4+eF - 


When ζ is on BC, Κ(ξ, 7) 1s equal to a sech &, and this increases steadily 
from πίν 2 to m as € goes from B to Οὐ; and finally when € is on CO, ἢ (ξ, 7) 


18 Zero. 


Hence the curve, ‘on which F'(£, 7) is equal to sech a, cannot emerge from 
the rectangle OABC, except at the double point on the side OA; and so the 
part of the curve inside the rectangle must pass from this double point to the 
singular point C. 

The contours in the w-plane for which a has the values 0, 4 are shewn in Fig. 27 by 
broken and continuous curves respectively. 


Fig. 27. 


Consequently a contour in the w-plane, on which τ is real, consists of the 

part of the real axis joining the origin to e~ and a curve from this point to 
the singular point 7; and, as w traces out this contour, 7 increases from 
0 to +o. 


It follows that, if the expansion of d&/dr in powers of 7 is 
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then 


2 m! bm 
ais gmt 3 
and hence, by 10°4 (1), we have 
; 2 (42)” m!b 

1 H, (2) ~—td, ——— > ———. 
_ (τ 4 6) ἘΤ Ὁ Τ aco τπνι 

It is easy to prove that 
b=1, b,=2coshy, b,=6cosh*y—4, 6;=20cosh* y — 4 cosh y, 


(II) When γ is a pure imaginary (= 78), τ is real and increases steadily 
from 0 to οὐ as w travels along the real axis from 0 to oo; and so 


τ Ὁ 1 dw 
-Ζ210 103 ν--ἢ dw — χὰ dr 
Ϊ; a ) [, πι + w) | ; 


Hence, from § 10°41 (38) it follows that 


᾿ 2.4.2) 5. πιιὸς 
(2) H, (z) ~ Y,(z) + ΓΦ t+4)l (4) meo 2’ 


provided that jarg z|< ἐπ. This result can be extended to a somewhat wider 
domain of values of arg z, after the manner of § 8°42. 

From the corresponding results in the theory of Bessel functions, it is to be 
expected that these results are valid for suitable domains of complex values 
of the arguments. 


In particular, we can prove that, in the case of functions of purely imaginary argument, 
(3) Li, (vx) ~ L, (να) 
when |» | is large, | arg v |< ἐπ, x is fixed, and the error is of the order of magnitude of 
1 fl+J/+2? v 
Te awe exp {1 -- «ἃ +22) | 
times the expression on the right. 


(Nore. If in (I) we had taken the contour from w=0 to w=e~* and thence to w= — 72, 
we should have obtained the formula containing ὧν (z) in place of -- ὗν (2). This indicates 
that we get a case of Stokes’ phenomenon as y crosses the line 8=0.] 


10°44. The relation between H,, (z) and EB, (2). 

When the order » is a positive integer (or zero), we can deduce from 
§ 101 (4) that Ἐξ, (2) differs from -- H, (z) by a polynomial in z; and when n 
is a neghtive integer, the two functions differ by a polynomial in 1/z. 
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For, when n is a positive integer or zero, we have 
a0 οἷ Οἱ-- —m) πὶ ( zy" 


PHOEBE LCP ant DE Gms ei) 
- = e -ἀννιπὲ (Σ 2)}}5 
ποςηΐ (ξπι- 1) Γ( ἐπι Ἐπ Ἐ 1) 
and | | 
Jn (2) a eee emi (42)"*™ 


mao ($m +1) 0 (4m4+n41)’ 
and therefore, since J, = J, (2), we have 
et (m—1) πί (ἢ 2)»: 
Be) P= da) Pn 1—Fm) ΛΟ» 
that is to say 
«ἐξ - 6} (m + ξ). (1 2) ὅπη Πι 
(1) ἘΞ, (2) = — = ἘΣ, ( ἐν ΟΣ ΜὉος H,, (2) 
In like manner, when — n is ἃ it integer, 
ΠῚ es) das yo <t(n-H) LP (n eae --- 3) ᾿ (f2)-ntam+ | 
(2) E_,(z)= = , | cian Ce ee — H_, (2): 


10°45. The sign of Struve’s function. 


We shall now prove the interesting result that H,(«x) is positive when = is 
positive and v has any positive value greater than or equal to 4. This result, 
which was pointed out by Struve* in the case v=1, is derivable from a 
definite integral (which will be established in § 13°47) which is of con- 
siderable importance in the Theory of Diffraction. 


To obtain the result by an elementary method, we integrate § 10°4(1) by 
parts and then we see that, for values of ν exceeding 3, 


_ (4a) ἐπ d cos (x cos 8) 
H@-TeepT@|, a 

= (42)""? 2) + 

=TO+bl@ {| 20s (x cos 8) sin 9] 


")π 
-- ὧν -- 1Ὁ | cos (ὦ; cos 8) sin?”-?6 cos 949) 
/0 


sin?’ 8d@ 


digs ($a) ς af ᾿ν-τϑ 
=FO+DF@) ι - (2v —1) [ cos (x cos 9) sin””~*@ cos 949) 


. (3#)""" ὧν -- 1) 
C(v+4)0Q) 
2 0, 


since the integrand is positive. 


 sint*6 cos 8 {1 — cos (x cos θ)}} d@ 


* Mém. de VAcad. Imp. des Sct. de St Pétersboury, (7) xxx. (1882), no. 8, pp. 100—101. The 
proof given here is the natural extension of Struve’- proof. 
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When » is less than j, the partial integration cannot be performed ; and, when v=}, we 
have 


Hi, (x) = -(=)} (1—cos x) >0, 


and the theorem is completely established. 


A comparison of the asymptotic expansion which was proved in § 10°42 with that of 
Y, (x) given in § 7:21 shews that, when x 1s sufficiently large and positive, H, (x) is positive 
if »>4 and that H(z) is not one-signed when ν <4; for the dominant term of the 
asymptotic expansion of Hi, (2) is 


(ἀ:)" " 2 EF 
Po+thTGO) or sin (Ὁ — dvr — fr) 
according as vy >4 or v<4, The theorem of this section proves the more extended result 


that Struve’s function is positive for ald positive values of ᾧ when y >} and not merely 
for sufficiently large values. 


The theorem indicates an essential difference between Struve’s function and Bessel 
functions ; for the asymptotic expansions of Chapter vir shew that, for sufficiently large 
values of 7, J, (x) and Y, (7) are not of constant sign. 


10°46. Theisinger’s integral. 
If we take the equation 
3 λπ 
τσ) τω} =F [_erxemeae 


π 20 
a1 [" ΩΣ te, de 


1 phe 
-τα[᾿ ἀρ {τῷ (+s) posites 


and choose the contour to be the imaginary axis, indented at the origin*, and then write 
zm +ztan $¢, we find that 


4 © {ly (5) — Lao ()} =|" pos (ὙΦ Ὁ} tog tenae re 3?) me 
and so 
qa) Iy(#)— En (2) = [ ™ 008 (w tam 4) logeot (4b) 52, 


a formula given by Theisinger, Monatshefte fiir Math. und Phys. xxiv. (1913), p. 341. 


If we replace x by asin 6, multiply by sin 6, and integrate, we find, on changing the 
order of the integrations in the a convergent integral on the right, 


i EB, (τ tan ¢) log cot (ag) - aaa e =5 ze {Iq (a sin 6) — Tay (x sin 6)} sin θαθ 


so that 
(2) Ir E, (x tan 9) log cot (4p) 5% = Ξ- : -ε- ᾽ 


on expanding the integrand on the right in powers of x. This curious result is also due to. 
Theisinger. 


* The presence of the logarithmic factor ensures the convergence of the integral round the 
indentation. 
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10:6. Whittaker’s entegral. 
The integral 
εἰ [. et Ρ. «(ὃ dt, 
which is a solution of Bessel’s equation only when 2p is an odd integer, has 
been studied by Whittaker™*. 
It follows from ὃ 6°17 that, for all values οἷν, 


(1) Vv, fa | ἡ ρα Ρ.-χ(ῦ at} sca ne [σὲ οἶδ (1 — #7) P’,_4(0)] 


2 . 
= — cos v7. ete, 
π 


If we expand the integrand (multiplied by e”) in ascending powers of z and 
integrate term-by-termt it is found that 


@) af Pode mes 3 rary R EE 
The formula of § 3°32 suggests that we write 
τὲτν A 
ν(2π) 


and then it is easy to verify the following recurrence formulae, either by using 
the series (2), or by using recurrence formulae for Legendre functions: 


2p Qit-» zte-iz 
ὃ), Wii @) + Wry @) = τς |W »(z) — Gm) OnTGcoTED) | 
Qit-” ἐο 

V(2r) PG - wy " (ξ τιν) 

Qit-v ze tz 
V(27r). Γ (ἢ --ν) Γ(ἐ τ ν)᾿ 

2ιὲ νέο 

ν(π). Γ(ἐ --"ὉἍ (ἢ Ἐν) 
An asymptotic expansion of W, (z) for large values of |z| may be obtained by 
deforming the path of integration after the manner of Lipschitz (§ 7°21). 


1 
et P,_,(t)dt=W.(2), 
-1 


(4) Wo (z) = Wis (z) = 2W,’(z) ras 
(5) (3 + v) W, (z) = ΩΨ... (9) + 


() (—») WL) =— 2Wrir() + 


* Proc. London Math. Soc. xxxv. (1903), pp. 198—206. 
+ By a use of Legendre’s equation the recurrence formula 


: ; 2m2 1 as 
[ (1 -τὸ Ρ (ἢ t= eae [ἡ (1 +t) LP (t) dt 


lL, : 
may be verified; and we can prove that J ; P,_, (t)dt= by expanding 


2 
Tr (5 τν) Γ(ξ -ν) 
F (4-», λιν; 1; 4—4t) in ascending powers of 1 -- ἡ, and integrating term-by-term. 
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The function is thus seen to be equal to 


yi ot f-l+@ -τν ot 
ny ΠΕΡ, y(t) dt — ὅτ 4, "ett P,_ y(t) dt 
st—¥ ste tz Γ1-οἱ ᾿ἀ--ν pt piz (1+at 
=~ Tey J, Pa (Bat TER [ere OP, (0 at 
| 1 


Now it is known that*, near ¢= 1, 
P,_4 (=F, (4 —v, 4+; 1; 4-4, 
(eos vr\? 5 T(m—v+4)0 (m4 v +4) (1 -- νι 
P,4(-1)=—( π ) = (m!)* (τ 

x flog (*F =)- (m+) +4 (m—v+ H+ vlms v4 Dh, 
and since 


: eiz a-t) (=*V'ae= quoi Cu +1) 
2 


1 Qe gut : 
toe Uf the a* TP (e+ 1) 
[ πὰ πὰ 
we obtain the asymptotic expansion 
(7) W.(2) ~ 4, (2) 
et @+ten+t=) eos yr (v, m) 
π᾿ (2012) Eo (Qiz)™ iy ee a”) 
+Y¥(m+$+rv)—y (m+ 1) -- log 22 — πῇ} : 


Some functions which satisfy equations of the same general type as (1) have been 
noticed by Nagaoka, Journal cf the Coll. of Sci. Imp. Univ. Japan, tv. (1891), p. 310. 


10°6. The functions composing Y,,(z). 


The reader will remember that the Bessel function of the second kind, of 
integral order, may be written in the form (§ 3°52) 


wl», (2) =— ἋΣ Gana (42) "tem 


m! 


s (-yn(beye™ 
ἘΣ m!(n+m)! 


{2 log (42) -- (m4 1)—y(n+m-+))}. 


The series on the right may be expressed as the sum of four functions, each of 
which has fairly simple recurrence properties, thus 


(1) wY,(z) = 2 {log (42) -- (1)} Jn (2) — Sn (2) + Tn (2) — 20 (2), 
* Cf. Barnes, Quarterly Journal, xxx1x. (1908), p. 111. 


10:6] "4 ASSOCIATED FUNCTIONS 341 
- where 


a, ey ee ee 
(2) T,(z)=— & ἘΞ ΗΞ 2 (4 z)-7 tem 
mpyn ™. 


as Σ (=) Gey p(n emt 1) —¥ (mn +1)), 


m=-o0 mi(n+my)! 


_and (cf. ὃ 8.582) 
(3) U,(2)= Σ g cinder ψα m+1)—# (1) 


The functions Τ', (2) and U,,(z) have been studied by Schlafli, Math. Ann. 111, (1871), 
pp. 142—147, though he used the slightly different notation indicated by the equations 


Sr (z) = — 2G, (2), "Δ (2)-Ξ 2H, (2) U,(@)=- E, (2); 


more recent investigations are due to Otti* and to Graf and Gublert. 


The function 7,,(z) is most simply represented by the definite integral 
(4) T,(2) == [ " (hor — θ) sin (z sin 6 — n6) dé. 
0 


To establish this result, observe that 


_ PME Ge! 4. 5) 
T,(2) = | Sep Shes V(m+l+e)l(n+m+l =)... 


_ 1 | ὃ οΌ (---" (4 (4z)rt2m (0+) (1 al Lye di 

~ Dart θὲ m>_gn—e (1. 2m)! oe iz 

ΑΝ Ae. Σ (=) (ger —)jm (4 zy (0+) ( ( τῶ" log t dt 
27rt m>--}n-t ~(n+2m)! +2m)! Joy gnert 


w ao ΜΥ͂ΘΟΝ nom 
. 2 se (— iz sin 0)". (0 — $77) 49, 
πὶ} 0 m>-}n-} (n+2m)! 


where ¢ has been replaced by e="'. 


It follows that 


= 2 π ὡς 20 (— iz sin 9)+2™ 
Το) 5 τ [[@-an)¢ Σ᾿ (n+ 2m)! 


Now 
2 (-2zsin dtm _ δὰ (-- 2 sin 8) (72 even) 
m>—jn-y (Nn +2m)!  ἰΒιηἢ (— zz sin 8) (n odd) 
ee 4 [6 500 4+ (-—)* gira). 
and so 


ἜΣ (2) ΞΞ ={"@ ΜΞ ἐπ) [ene asin’ + enti (O— m)+iz sin 6} dé. 


* Bern Mittheilungen, 1898, pp. 1—56. 
+ Einleitung in die Theorie der Bessel’schen Funktionen, 11. (Bern, 1900), pp. 42—69. Lommel’s 
treatise, pp. 77—-87, should also be consulted. 
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If @ is replaced by a — @ in the integral obtained by considering only the 
second of the two exponentials, the formula (4), which is due to Schlafii, is 
obtained at once. 


The corresponding integral for U,,(z) is obtained by observing that 


ὃ 2 (hey ΤᾺ +6) 
=— Σ πη, τῷ τιν ee 
Un (2) Ε nao MEL (N+ MEL +E) Seno 


-- [21d P04) Inne) | 
and so, from ὃ 6:2 (4), we deduce that 
(5) Un(z) = {log (42) — Ψ (1)} Jn (2) 
+ Ξ [ 6 sin (πηθ — z sin 6) dé + (—)* | ᾿ e—mt—zsinht (ζῇ, 


10°61. Recurrence formulae for Τ' (2) and Ὁ), (2). 
From ὃ 10°6 (4) we see that 
Τ,- (2) + Pia (2) — (2n/z) Dn (2) 
= Ξ [4τ — Θ) 51η (zsin 6 -- n@). [2 cos θ — 2n/z} dé 


δ εὐ fee. — 0) τ {cos (2 sin θ — n6)} dé 


TZIS0 


= — cos? ξἐηπ — 3 ὦ, (2), 
on integrating by parts and using Bessel’s integral. 
Thus 
(1) Ty (7) + Taya (2) = (2n/z) Tr (2) + 4 {cos? Sn — Jy, (2)}/2. 


Again Τ᾽, (2) = 2 { Qn — 9) sin 6 cos (z sin 6 — n8) dé, 


and 50 
(2) Τ, (2) — Tass (2) = 27,. (2). 
From these formulae it follows that 
(3) (3 +n) Tp (2) = ΖΊ,.... (2) — 2 cos? § nar + Wn (2), 
(4) (3 —n) Tn (2) = — 2 Pays (2) + 2 cos? ἐππ — 2S n (2), 


and hence (cf. § 10°12) we find that — 
(5) Vn Tn (2) =2 {zsin® nm +n cos? ξ ηπὶ — 4n Jy (2). 
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With the aid of these formulae combined with the corresponding formulae 
for Jn(z), ¥,(z) and S,, (7), we deduce from ὃ 10°6 (1) that 


(6) Un (2) + Unar (2) = (20/2) Un (2) — (2/2) Jn (2); 

(7) ὕ,... (2) — Uns (2) = 20 pn’ (2) — (2 7) Sn (2), 

(8) (3 +n) Un (2) = 2Uy_, (2) + 2dn (2), 

(9) (3 —n) U, (Z) = — 2U na, (2), (cf. § 8.58 (1), 3°58 (2)] © 
(10) Van Un (2) = — 22zJF nai (2). 


The reader may verify these directly from the definition, ὃ 10°6 (8). 


It 18 convenient to define the function T_,(z), of negative order, by the 
equivalent of §10°6 (4). If we replace 6 by 7 -- in the integral we find that 


T_,(e)== | “Ga _ 9) sin (ὦ sin 6 + ηθ) dé 


Ξ-. 2 | "ἀπ -- 0) sin (z sin 9 — nO + nr) dO, 
0 
and so 
(11) Τ᾽, (2) =(—)"" 7. (2). 


We now define ὕ).. (2) by supposing 8 10°6 (1) to hold for all values of ἢ: 
it is then found that 


(12) U_, (2) = (—)" {On (2) — Ta (2) + δὰ (z)}. 


10°62. Series for T(z) and U,(2). 
We shall now shew how to derive the expansion 
2 ] 
(1) 1 (2) = > Ἶ (J n+om (2) τ Jn-2n (z)} 
from § 10°6(4). The method which we shall use is to substitute 


ἐπ--θ 


in the integral for 7, (2), and then integrate term-by-term. This procedure 
needs justification, since the Fourier series does not converge uniformly near 
6=0 and 6=7, and, in fact, the equation just quoted is untrue for these two 
values of 0. 
To justify the process*, let ὃ and ε be arbitrarily small positive numbers. Since the 
series converges uniformly when ὃ < 6 {π -- δ. we can find an integer my such that 
Μ 
ΕΞ sin 5 Ἐς 
25) 


* The analysis immediately following is due to D. Jackson, Palermo Rendiconti, xxx11. (1911) 
pp. 257—-262. The value of the constant d is 1°8519.. 
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throughout the range ὃ « 6 « π -- δ, for all values of M exceeding m). Again, for ald values 
of 6 between Ὁ and 7, we have 


M gj } 
ἀζπ-0- Σ eee ᾧ " {1 42 cos 2t+2 cos 4¢+...+2cos 9.2) αἱ 
m=1 
firsin(2M+1)t ¢ 
=, t “sing 


M+ 
- [= (2M+1)¢ 5, i [΄ δ)π sin x 4, 
t J QM+)e 5 
for sone value of ¢ between 6 and ἀπ, by the second mean-value theorem, since ¢/sin ¢ is 
& monotonic (increasing) function. 


By drawing the graph of 2~!sin x it is easy to see that the last expression cannot 


exceed ἀπ | ᾿ —— dz in absolute value; if this be called 427A, we have 
0 


τε 
| T ()-Ὡ Σ vain 2m ἰὴ 6 280) a | 
m 


Tm=tsJo - 
= =| ᾿ {a -- 0) -- = | sin (zsin 8 — 76) 46 
Μ 
«ξ{{{Ὁ [r+ +f" ἐ [ω-- - θ) -- 2. | sin (z sin 6-76) | 40 
<= {wAd+(w—28) 6) B 


where 8 is the upper bound of | sin (2 sin 6 -- 2) |. 


Since 2(Aé + ε) Bis arbitrarily small, it follows from the definition of an 
infinite series that* 
™ sin ames 


Tn (2) = = = = ; —_—— sin (z sin θ — n6) dé 
Se. 2} 
= Σ a {J ntem (2) — Jn—2m (2), 


and the result is established. 


It will be remembered that U,,(z) has already been defined (§ 3°581) as a 
series of Bessel coefficients by the equation 


UG) med. 4 ES” Susan (2), 


and ἐμαῦ, in § 3: 582, this definition was identified with the definition of U,, (z) 
as a power series given in ὃ 10°6 (3). 


10°63. Graf’s expansion of Τ᾿, (2+) as a series of Bessel coefficients. 
It is easy to obtain the expansion 


(1) Tr(e+t)= Σ Tam (t) Im (2), 


* This expansion was discovered by Schlafli, Math. Ann. 111. (1871), p. 146. 
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for, from ὃ 10°6 (4), it is evident that 


T,(2+t)= 2 [dr —8)sin(tsin @—n8 + 2sin 6) ἀθ 


= 1 (“a - 6) Σ Jin (z) (ero eons 780) — e~ *(ésin 6—nb+m6)} dé 
Tt 0 m= το a 


= = [an - θ)- Σ Jin (2) sin {¢sin θ —(n—m) θ) dé, 


by using §2°1; since the series under the integral sign is uniformly con- 

vergent, the order of summation and integration may be changed, and the 

result is evident. 7 : 
The proof of the formula given by Graf, Math. Ann. χτατι. (1893), p. 141, is more com- | 

plicated ; it depends on the use of the series of § 10°62 combined with § 2°4. 
There seems to be no equally simple expression for U, (2+). 


10°7. The genesis of Lommel’s functions S,,,(z) and 8μ,ν (2). 


A function, which includes as special cases the polynomials 20, (2) and 
S,(z) of Neumann and Schlafli, was derived by Lommel, Math. Ann. 1x. (1876), 
pp. 425—444, as a particular integral of the equation 

(1) Voy = kam, 


where & and μ are constants. It is easy to shew that a particular integral of 
this equation, proceeding in ascending powers of z beginning with z#*", is 


5 τ! εξ το “af 
( ) ¥ kl os ( +1) — v* (CFs) oa 
Speers (-)" Gey? 


m=0 (ἐμ - ἐν + 5) nti . (ἐμ + ἐν τ 4) nti 
— pes § OMG HP Gut PE Gut bet 
mao (ἐμ -- ἐν Ἐπὶ 8) Γ(ἐμτ ἐν Ἐπ πὶ) 
For brevity the expressions on the right are written in the form 
ksy,y (2). 


The function s,,(z) is evidently undefined when either of the numbers 


μὲν is an odd negative integer*. Apart from this restriction the general 
solution of (1) is evidently 


(3) y = 6, (2) + ks, (2). 
In like manner the general solution of 
2_(lg—1)? 
(4) oy + Ὡ + {1 — GIR yet Hes) 
18 
(5) yar TO) @, (2) + ks, » (2)}- 


* The solution of the equation for such values of » and ν is discussed in § 10°71. 
W. B. F. 12 
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Next let us consider the solution of (1) by the method of “variation of 
parameters.” We assume as a solution* 


y= A(2)J,(z) + Βα). (ὦ, 
where A (z) and B(z) are functions of z determined by the equations 
J,(z) A’ (2) + ὕ- (2) B’ (z) = 0 
J’, (7) A’ (2) + J’_, (2) Bi (2) = kee. 
On using ὃ 3:12 (2), we see that 


᾿ ᾿ 
Α (2) Ξ sa! 2” J_, (2) dz, B(e)=- 5 [ot J (2) de 


Hence a solution of (1) is 


kor Ζ . Ζ | 
(6) γ “Sa | (2) [4 (2).de - Jy (2) [2 Jol) del, 
where the lower limits of the integrals are arbitrary. 


Similarly a solution of (1) which is valid for all values of v, whether 
integers or not, is 


(7) y= tkr ke (z) i “ot Jy (2) dz ~ J, (2) | “nY, (z) de . 


It is easy to see that, if both of the numbers » +» Ἔ1 have positive real 
parts, the lower limits in (6) and (7) may be taken to be zero. If we expand 
the integrands in ascending powers of z, we see that the expression on the 
right in (6) is expressible as a power series containing no powers of 2 other 
than z+, z+3, z#+5, |... Hence, from (3), it follows that, since neither of the 
numbers 4 + v ts an odd negative integer, we must have 


8) %&.@= 52 J. (2) | ot J (2) de — J-4(2) { ow J, (2) 4: | 


In obtaining this result it was supposed that v is not an integer; but if 
we introduce functions of the second kind, we find that 


ϑ) & (e)=4r | ¥. (2) [5 J,(s)de—J, (2) [ 2 Y,(z) 4 
! 0 ᾿ 0 
and in this formula we may proceed to the limit in making ν an integer. 


It should be observed that, in Pochhammer’s notation (8 4.4), 
get 
hed al PEST BY ETN y+1) 
Χ(; ἐμ --ἰἀν τε ὃ, ἐμ + ἐν +E; — 129. 


(10) 


* Cf. Forsyth, Treatise on Differential Equations (1914), $66; it is supposed temporarily that 
y is not an integer. 

¢ The generalisation of this result, obtained by coining zét] in (1) by an arbitrary function 
of z, was given by Chessin, Comptes Rendus, cxxxv. (1902), pp. 678—679; and it was applied by 
him, Comptes Rendus, cxxxv1. (1903), pp. 1124—1126, to solve a sequence of equations resembling 
Bessel’s equation. 
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The associated function S, , (2) is derived from a consideration of a solution 
of (1) in the form of a descending series. We now proceed to construct this 
solution and investigate 108 properties. 


10°71. The construction of the function S,,, (2). 
A particular integral of the equation § 10-7 (1), proceeding in descending 
powers of z, beginning with 27}, is 


(1) ya kon [1 Goa, en eK... 


23 
This series, however, does not converge unless it terminates ; but if it terminates, 
it is a solution of ὃ 10°7 (1), and it will be called KS, , (2). 


_ The series terminates if μ — ν is an odd positive integer, or if w+ ν 18 an 
odd positive integer, and in no other case. 


In the former case we write μτεν + 2p + 1, and then we have 
g (—)*" UV Gu—3vt+h) Pu τ ἐν τ ἐ) 
αν) τ 2 aT Gu— dot Fm Gut bv td —m) 
ἐπ ων 1 
Γ (ΝΣ - 1} Γ(ν τ η -τ 1) 
= (9 Tub t DP Gut 474 Dol) + bn) 
cos ὁ (4+) 7 


= (—)? gel 


-- 2D ἀμ - ἀν ET Gut beth) HEAT YT, (2) + 8,0) 
When μ --ν = 2p + 1, the function 
MID Gy dot dE Gut dys Ae" ye) 


SIN ΡΊΤ 


vanishes, and so, when μ — ν is an odd positive integer, we have 


(By Bushee (og ae 9 Ge ee 2) 


810 v7 
x [cos ἐ (μ — v) π΄. J_,(z) — cos ἐ (u + ν) π΄. ὦν (2). 


Since both sides of this equation are even functions of ν, the equation is 
true also when 44+ v is an odd positive integer, so that it holds in all cases in 
which S, ,(z) has, as yet, been defined. We adopt it as the general definition 
of S,,,(z), except that, when v is an integer, we have to use the equivalent form 


(8) Suv (2) = 84,0 (2) + 25 Γ (ἐμ --ἰὀἈν + 4) du τὶ ἐν τ ἢ) 
x [sin ᾧ (μ -- ν) π΄. ὦ), (2) — cos ὁ (μ -- v) π. Y, (2)}. 
It will be shewn in ὃ 10°73 that S,,(z) has a limit when w+v or μ--ν 
is an odd negative integer, 1.6. when s,,, (2) is undefined ; and so, of Lommel’s 
two functions s,,(z) and S,,(z), it is frequently more convenient to use the 
latter. 
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It will appear in § 10°75 that the series (1), by means of which S,,(z) is 
defined when either of the numbers u + v is an odd positive integer, is still 
of significance when the numbers μ + v are not odd positive integers. It 


yields, in fact, an asymptotic expansion of S,,(z) valid for large values of 
the variable z. 


10°72. Recurrence formulae satisfied by Lommel’s functions. 
It is evident from § 10°7 (2) that 
ze*1 — 5... ν (2) 

(μ. 1} -π- ν᾿ 


Suv (2) Ξ 
that is to say 
(1) Suso,v (5) = ΖΡ Τὶ — [(μ +1)? — v7} 8, (2). 
Again, it is easy to verify that 


d 
52" Sue (4}} = (Ht -- 1) 2 Bp oa (2) 


so that 

(2) S'u,v (2) + (v/2) 84,» (2) = (μ Ἐν -- 1) 8μ.-ὶ ναὶ (2), 
and similarly 

(3) Siu» (2) — (ν[ 2) 84,0 (2) Ξε(μ ---ν —1) 8μ-α, να (2). 


On subtracting and adding these results we obtain the formulae 
(4) (2/2) Sy» (2) = (m+ ν — 1) 8μ..,ν.« (2) — (μ — ν — 1) 8μ-α να (2), 
(5) ΘΝ (7) “τ (μ ἘΣ ὑπὸ 1) 8μ..1, ν-ὶὶ (2) ἘΣ (μ ΓΞ 1) δμ-αἱ 741 (z). 
The reader will find it easy to deduce from ὃ 10°71 (2) that the functions of 


the type 8μ,ν(2) may be replaced throughout these formulae by functions of 
the type S,,,(z); so that 


(6) Spano (2) = 20" — ( 1} - ἢ Sy (2), 
(7) Su (z) + (v/z) δρῶν (z)= (μ SU 1) Sy (2), 
(8) Ske (z) a (v/z) Suv (z) Ξ- (uu ΕΣ 1) Sprott (2), 


(9) (ὥν 2) Su» (2) -ΞΞ (μ Ἐν -- 1) Spa (2) -- (4 --ν -- 1) Suni, κα (2), 
(10) 2,5΄,,ν (2) = (μ Ἐν -- 1) Spin (2) + (μ --ν — 1) ὅς, κα (2). 
These formulae may be transformed in various ways by using (1) and (6). They are 


due to Lommel, Math. Ann. 1x. (1876), pp. 429-432, but his methods of proving them were 
not-in all cases completely satisfactory. 


10°73. Lommel’s functions S,,,(z) when w + v is an odd negative integer. 
The formula ὃ 10°71 (2) assumes an undetermined form when μ — v or μν 
is an odd negative integer*. We can easily define S,_.»—,,(z) in terms of 
Sys,» (7) by a repeated use of § 10°72 (6) which gives 
»-1 (—)™ 2p tem (—)? Sy_3,» (2) 


ἘΣ peg -ππτ- Ἐς 
α) Semper (2) = 2209 (—Dni @— Pian ἡ ΞΡΡΙ( —v)p 


* Since Sy, ν (2) is an even function of », it is sufficient to consider the case in which μ -- ν is an 
odd negative integer. 
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We next define S,_,,,(z) by the limiting form of § 10°72 (6), namely 


a at βμμν() 
(2) Bete) 2 fetes 


The numerator (which is an analytic function of ~ near ~=yv—1) vanishes 
when » =y-—1, and so, by L’Hospital’s theorem * 


" OSy42,v (Ζ) 
S,—1, (2) = ς- ΡΠ log 2 -- ae) 


Now it is easy to verify that 


O8u40 > (2) σι (-)™ (42)? 
| ΕἾ Ξ "ὦ Σ ~o(m+1)!~+m+2) 


irr rane v(m + 2)—W(v+m-+ 2)}. 


μξν- 


Also 
Lede b+ OT Gut det ood ὦ 1»). 
= 2°T'(y+1)sin vr {log 2+ ἐψ (1) +3 (v+1) +32 cot yz}, 


and 

E {24 Γ( ἐμ — ἀν - δ) (du + ἐν + §) 608 ἐ (μ -- ν) π]} = 2 Py Ἐ1) 
μτν- 

and hence it follows that 


(3) Si. (2) 5." P(r) Epes 


x (ΖΊΙοΡ ἐς -- Ψ (ν Ἐπὶ Ὁ 1) --ἶτῶψ (σα Ὁ 1}} -- 2» 2 a Fv) ¥,(2), 
and this formula, which appears to be nugatory whenever ν is a negative 
integer, is, in effect, nugatory only when ν =0; for when »y=—n (where n is 
ἃ positive integer) we define the function by the formula 


S_n-1, _n(Z) = S_n-i,n (z), 
in which the function on the right is defined by equation ὃ 10°73 (1). 
To discuss the case in which »=0, we take the formula 


#+i_ § Ζ 
Sx, 0 ()Ξ: Sh τῷ aoe) 


° Φ 1 03 
which gives tstmalgae Sse) 


. + Σ y™ ($2 eit 
Since Susn.0(s)=a**1(r (du tH}? Σ Σ τς Gat mt DF 


+2417 (bu 4-§)}? (008 dum . Yo (2)—sin dum . Jo (2)} 
it follows, on reduction, that 


4) Syo@)ag 3 KEE oa {flog (46) — Ψ (m+ 1)}2— by! (m+1) +44] 


* Cf. Bromwich, Theory of Infinite Series, § 152. 
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10°74. Functions expressible in terms of Lommel’s functions. 


From the descending series given in § 10°71 (1) it is evident that Neumann’s 
polynomial O,,(z) is expressible in terms of Lommel’s functions by the equations 


(1) Onn (2) = (1/2) Som (2), Oomar (2) = {(2m + 1)/2} So, amar (2); 
and Schlafli’s polynomial S, (2) is similarly expressible by the equations 
(2) Son (2) ΞΞ- 4ηι δ... 2πὶ (2), Sonat (2) ΞΞ 2So, 2m-+1 (2). 


It is also possible to express the important integrals 
f z* J, (2) dz, [fe Y, (2) dz 
in terms of Lommel’s functions; thus we have 


£ [φν J, (2). 2'-” Spa v1 (2) } = Ζυν... (2) Sua, (2) + (μ --ν -- 1) 2, (72) Sy,» (2); 


τ (21-’ 7... (2). 2-” Sv (z)} =— 2d (2) Spv (2) τ (Ἐν -- 1) 2d yr (2) Spajva (2). 


On eliminating S,_,,-,(z) from the right of these equations, and using 
§ 10°72 (6), we find by integrating that 
(3) | * ot Jy (2) dz = (w+ v—1) 2d (2) Sp-a.v-a(#) — 23 v1 (2) Spo (2), 
and proofs of the same nature shew that 
(ὦ) [2 ¥,@)de=(u+y—1)2¥, (2) 8μ..,... (0) -- 2¥ (6) Sue 2) 
and, agra generally, 
(5) | ; a G, (z)dz=(u + v -- 1) σῷ, (2) Surya (2) — 2G (2) Sy,» (2). 
Special cases of these formulae are obtained by choosing » and ν so that 


the functions on the right reduce to Neumann’s or Schlafli’s polynomials, thus 


2m 


(6) ᾿ 2 ὥς (2) dz = Ζ' | Im —1 Gan (2) Oom— (2) - Gon—1 (2) Oom (| ) 


2m 


αὐ | Panga (2) de = 42 ιν (6) Sam (#) ~ Cam (2) Sans (2)} 


Of these results, (1), (3), (4) and (6) are contained in Lommel’s paper, Math, Ann. Ix. 
(1876), pp. 425—444; (6) and (7) were given by Nielsen, Handbuch der Theorie der 
Cylinderfunktionen (Leipzig, 1904), p. 100, but his formulae contain some misprints. 


It should be noticed that Lommel’s function, in those cases when it 1s 
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expressible in finite terms, is equivalent to Gegenbauer’s polynomial of § 9-2. 
The formulae connecting the functions are* 
ὧν Γίν - 1) v+ 2m 


Aon, v (2) = m! ᾿ gi-v Si», v+2m (2), 
(8) | 
V4 Tv+m+l) v+2m4+1 
Αναν (2) = ze) . ay Sy, v+2am-+i (2). 


It follows that the most general case in which the integral (5) is expressib]e 
in terms of elementary functions and cylinder functions is given by the formula 


(9) | PG jaca Ὁ Ὁ. [fo ee 


2°» Γ (v+m) y+2m—1 
= ΖΦ, των (2) Aoamy (2) 
ν τ 2ηι ; 
The function defined by the series 
00 -- δῆι gut 2a ἐ = 
Su a te BP) (0) 


ao (v+2m+1) T(v—1) 
has been studied in great detail by W. H. Youngt; this function possesses many properties 
analogous to those of Bessel functions, but the increase of simplicity over Lommel’s more 
general function seems insufficient to justify an account of them here. 

: ° J, (ὃ 
The integral ν [ n=) | 
Messenger, xxxttt. (1904), p. 58; and he stated that, when ν Ξε, its value is O, (7). This is 
incorrect (as was pointed out by Kapteyn); and the value for general values of v ist 


{81,0 (—2)— So,» (~-2)}/2 
when 2 (vy) >0 and | arg ( -- 2)]} <7. 


dt has been studied (when ν is an integer) by H. A. Webb, 


Φ' 


10°75. The asymptotic expansion of Sy, (2). 
We shall now shew by Barnes’ method§ that, when μ +» are not odd 
positive integers, then S,,,(z) admits of the asymptotic expansion 


(1) Syy(z)~ ae E ae eee ia] 


when |z| 18 large and | arg z| « π. 
Let us take the integral 
_ am perth Pb —dut by—s) PG -ἶμ -ἂν- 5) πᾷ 2)» 4. 
27rt J —wi-p+} Γ4ᾳ-ἐμτ εν Γ(ξ --ἐμ- δν © sinsr - 

The contour is to be drawn by taking p to be an integer so large that the 
only poles of the integrand on the left of the contour are poles of cosec 8π, the 
poles of the Gamma functions being on the right of the contour. 

* Gegenbauer, Wiener Sitzungsberichte, Lxxiv. (2), (1877), p. 126. 
+ Quarterly Journal, xuim. (1911), pp. 161—177. 


¢ Cf. Gubler, Ziirich Vierteljahrsschrift, xuvu1. (1902), pp. 422—428. 
§ Proc. London Math. Soc. (2) v. (1907), pp. 59—118; cf. 88 6°5, 7°5, 7°51. 
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The integral is convergent when | arg z|< 77, and it may be seen without 
difficulty that it 1s O (24-*?). 


It may be shewn from the asymptotic expansion of the Gamma function 
that the same integrand, when integrated round a semicircle, of radius R with 
centre at — p — 4, on the right of the contour, tends to zero as R -- 0 , provided 
that R tends to infinity in such a manner that the semicircle never passes 
through any of the poles of the integrand. 


It follows that the expression given above is equal to the sum of the 
residues of 


Γ(4-Φμεφν- )Γ(4.--3μ-- ἂν -- 8) πᾷ)» 
ΓᾺ -μφε) Γ( -άμ- ἐν) ᾿βἰπϑπ 


ΖΜ) 
at the points 
0,—1,-2,...,-(p-—1), 
| ie as eee 
ἐ--ἐμ--ἦν, ἐ--ὸδμ --ἶν, ὃ--ἐμ-- ἦν, ..., 
1--ἀμτ ῖν, 3-tu+ hr, §-—dutdy,.... 
When we calculate these residues we find that 


μα ἘΞ Οὐ Τα - det bo + m) PG dn ἐν tm) 
mio Ga" TE 4a +) E-te- ἢν) 


gon = CMTE +t de τ ἔν) Γ( τ ἐμῈ oy) Gey 
mar V($+dp— dv+m)T(k+hut+hv4+m)_ 


_ at dutdy) 3 (mbar 
ΓΑ --ῖμ- ξν) βίη 7 oom! "ὶ (1 —v+m) 


2m G+ bed) ς (Gare 
Γ( -- ἔμ -- ἐν) 81 v7 mom! Γ(ν +m +1) 


=O (2), 


so that 
Pr Go Wi Naot Yd Lec (ΕΞ Ya EAL) Og 
ΚΣ, Gam TG gut boy Tbe) Su,» (2) 


_ mag +du— by) Pb τ ἐμ τ ἐν) 


sin v7 | 
x [cos 4(u—v)7. J_,(z) — cos 4 (w+) 7.d,(z)] = O (ze), 
and so, by § 10°71 (2), we have the formula 


Σ᾿ (-)Γ (ὁ - ἀμ τ dy tm) PG - ὁμ - ὁν Ὁ πι) 
as (4 2} Γκ( -- ἐμ Ὁ ἐν) ΓΚ --᾿ὀἰα -- ἐν) 


and this is equivalent to the asymptotic expansion stated in (1). 


Sy,» (2) = ge" + O(a"), 
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10°8. Hemi-cylindrical functions. 


Functions 8, (2) which satisfy the single recurrence formula 


(1) S,-1(2) — Snr (2) = 25,. (2) 
combined with 
(2) 8, (z) =— 8 (2) 


have been studied in great detail by Sonine*. They will be called hemi- 
cylindrical functions. 
It is evident that 8, (z) is expressible in the form 
‘ 8, (2) =f, (D).8, (2), 
where D = d/dzand f,(D) is a polynomial in D of degree n; dnd the polynomial 
Fn (€) satisfies the recurrence formula 


ει (E) — Fans (ξ) = 28 fn (8) 


Al(Z)=1, fil—Gl=—F 
It follows by induction (cf. ὃ 9°14) that 
ful) =4[[-F + VE +1) + (- F-V(P Ἐ1)}}} 


and therefore 
(3) S, (σ) -- 2[{--δ τ ν(Ὁ5 - 1» + {[-D—-vV(P + 1)}5}.. 8, (2). 
If it is supposed that (1) holds for negative values of ἢ, it is easy to see that 
(4) 8_,,(z) = (--}" Sn (2). 


To obtain an alternative expression to (3), put €=sinh¢, and thent 


combined with 


_ {cosh nt (n ev 
Iu (€)= ἃ sinh nt (n sa) 
᾿ ἐδ δ Ὁ oO ee. (x even) 

= 4 2 
| ἘΠ a pe (n odd) 
Hence 
Ι5 () +5 8" (z)+ er S$" (z)4+. (n even) 
(5) 8, (z) = n (γι — 1?) 

es 2) - a7 8, (2) —.... (2 odd) 


It is to be noticed that O, (2), T, (2) and EB,,(z) are hemi-cylindrical functions, 
but S,(z), U,(z) and H,,(z)are not hemi-cylindrical functions. 


It should be remarked that the single recurrence formula 
Dua (2) ἘΣν (2 j= 3 ΖΞ “Σ, (2) 
gives rise to functions of no greater intrinsic uncial than Lommel’s polynomials. 


* Math. Ann. xvi. (1880), pp. 1—9, 71—80. 
+ See e.g. Hobson, Plane Trigonometry (1918), § 264. 
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10°81. The addition theorem for hemi-cylindrical functions. 
We shall now establish Sonine’s important expansion * 
(1) B,(2+t)= Σ Jn(t)Snn (2); 


the expansion is valid when z +¢ lies inside the largest circle, whose centre is 
at the point z, which does not contain any ing arity of the hemi-cylindrical 
function under consideration. 


Take as contour a circle C with centre z such that 8, ( g) has no singularity 
inside or on the circle. Then | 


= Bn (Ode 
tio G—-z-t 


παρ, Bn (Ὁ = enOn (6-2) In Of ἀξ 


The series converges ra on the contour, and so we have 


8, (+t) = 5 ~ 3 oF ΘΙ. B,,(£) 0,(ξ-- δ) dt 
=5— Σ endn(t) fn (- 5) [59 ἀξ 


Bn (2 Ὁ ὃ) τε 5 


= 


= ἐμ, (Ὁ fn (- 8,, (7) dz 


= enJn(t) fr (- £) μί 5) 8, (2) dz. 
But it 15 easy to verify a 
2fn (— &) fm (E) = Sm—n (E) + (—)" fren (ξ), 


so that | 
Sin (5 + ὁ) = Jy (£) Sn (z) + Σ Jn (Ὁ {3m—n (2) + (- }}8....,.06}} 


whence Sonine’s formula is obvious. 


It should be noticed that, if 8,(z) denotes a function of a more general 
type than a hemi-cylindrical function, namely one which merely satisfies the 
equation 

Sn_1 (Z) — Bat: (2) = 28n' (2), 


without satisfying the equation $,(z)=— 8, (2), we still have 
In (- 2)8 m (2) = 8',.- (2) Ὁ (-ὸὦ Bmin (2), 


and so the formula (1) is still valid. We thus have an alternative proof of 
the formulae of §§ 5:3, 91, 9°34 and 10°63. 


* Math. Ann. xv1. (1880), pp. 4—8. See also Kénig, Math. Ann. v. (1872), pp. 310—340; ibid. 
xvir, (1880), pp. 85-86. 
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10°82. Nielsen’s functional equations. 


The pair of simultaneous equations 
(1) Fs (2) — ἔνα (2) — 2FY (2) = ἵν (20/2 
»" F,_, (2) + ἔμ (2) -- (2v/2) F, (2) = 29. (2)/2, 
where f,(z) and g,(z) are given arbitrary functions of the variables ν and 2, 
form an obvious generalisation of the pair of functional equations whereby 


cylinder functions are defined. It has been shewn by Nielsen* that the 
functions f,(z) and σν (2) must satisfy the relation 


fra (2) + fear (2) — (20/2) fr (6) = va (2) — Gos (2) — 2gv (2); 
and it has been proved+ that, if this relation is satisfied, the system can be 
reduced to a pair of soluble difference equations of the first order. 


For brevity write 


f(z) + 9r(z) =a (5), SoZ) — gv (2) = By (2); 
and the given system of equations is equivalent to 
(3) (ὃ + v) F, (72) = 2F, (2) — αν (2), 
a (9 — v) F, (2) = -- σύν αι (2) — By (2). 
It is now evident that 
(9? — #) F, (2) Ξ Ὁ — ») [2h (2) -- αν (2)] 
= — 2°F, (2) — Ζβ,.« (2) — (ὃ — v) αν (2), 
so that V,F, (2) = — zB, (2) — (3 — ν) w (2). 
Again 
(33 — νὉ Fy () τ Ὁ +») [—2 Fi (2) -- BL (2)} 
Ξε -- ΖΚ", (2) + 20,4, (2) —(3 + v) B, (2). 
We are thus led to the equation 


(5) VF, (4) = 2a, (2), 
where | 
(6) σαν, (2) = — “β,.. (2) — (ὃ — ») αν (2), 
((7) Ζα, (2) = + 20,4,(2)- (3+) B, (2). 


On comparing these values οὗ τν(2), we are at once led to Nielsen’s 
condition 


(8) μι + foes (2) — (20/2) fi, (2) = 9... (2) — Yo4r (2) — 2σν (2). 
It now has to be shewn that Nielsen’s condition is sufficient for the exist- 


ence of a solution of the given system. To prove this, we assume (8) to be 


* Ann. di Mat. (3) νι. (1901), pp. 51—59. 
+ Watson, Messenger, xuvit1. (1919), pp. 49—53. 
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given, and, after defining ὧν, (2) by (6) and (7), we solve (5) by the method 


of variation of parameters. The solution is 
(9) P(e) =Jo(2) ἧ, = { "Y, (t) @, (t) ar} 
+ Yi (2) μ, + ἐπ | J, (ὁ) aw, (ὃ at} : 


where a and 6 are arbitrary constants; and ον and d, may be taken to be 
independent of z, though they will, in general, depend on ». 


It remains to be shewn that c, and d, can be chosen so that the value of 
F,(z) given by (9) satisfies (1) and (2), or (what comes to the same thing) 
that it satisfies (3) and (4). If (3) is satisfied, then 


2d y—; (2) \¢ - ἐπ [ Y,(t) w, (Ὁ) at} ~— ἐπ, (2) Υ͂, (2) a,(z) 
+2Y,_,(2) {a, +47 | ᾿ J, (t) a, (Ὁ at} + ἐπ Y,(z) J, (7) a, (2) 
ae ee, ἜΞΞ | : δῶ Τὸ at} 


eer) \@- εΨπ | : J,» (t) y(t) at} ΠΣ Εν 
that is to say, 


2J,-, (2) E — Cy. -- ἐπ i : {Y,() a, (ὃ -- Yi, (Ὁ 4 (0)} at| 


+ 2Y,_,(z) [4, -ἂ,.χτ }π " {J,(t) τ, (ἢ) -- J_, (ἢ a4 (2)} at| + αν (2) ΞΞ 0. 
But it is easy to verify that 
Σ {6.1 (2) Bes (2) ~ Ge (2) a4 (2)} = 0, (2) Ce (2) ~ wy (2) Bra (2), 


since (6) and (7) are satisfied; and so (8) is satisfied if 
2J,~, (2) {c, —Cy,.. τ ἐπ | Y,_, (2) By-1 (2) — Y,(z) a, @ 1} 


+ 2Y,_,(z) |, —d,, +40 lJ (2) ,.. (2) — J, (2) a, @|"| + a,(z)=0, 
and this condition, by ὃ 3°63-(12), reduces to 
zd,_1 (2) (ον --- ον-αχ +42 [Y,_, (a) β,... (α) -- Y,(a) αν (α)]} 
+ 2Y,, (z) {d, ἘΞ d,_, τὸ ἐπ [υ,. ἡ (ὃ) β,.. (δ) πα J, (6) a, (5) ]} or 0. 


Consequently, so far as (3) is concerned, it is sufficient to choose c, and d, 
to satisfy the difference equations 


ee Cy — Cy) = — ἐπ Εν, (a) By (a) -- Υ͂, (a)a, (a)}, 
(11) d,—d,,=47 {Frnt (ὃ) β,.. (ὃ) — J, (δ) a, (6)} ; 
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and the reader will have no difficulty in verifying that, if these same two 
difference equations (with v replaced by » +1 throughout) are satisfied, then 
the value of F,(z) given by (9) is a solution of (4). 


These difference equations are of a type whose solutions may be regarded 
as known*; and so the condition (8) is a sufficient, as well as a necessary, 
condition for the existence of a solution of the given pair of functional equa- 
tions (1) and (2). 

If, as z—> 2, 

f(z) Ξ- (2-9), gy (2) = 0 (24), 
where δ.» 0, then we may make a-» 0, b>, and we have 
Cy = Cy~—1; d, = dy; ) 
so that the general solution may be written 


(12) F,(z)=d,(2) [π᾿ (v) τ ἐπ [ Y,(t) a, (ὁ) at} 


+ Y,(2) ἦτ: (ν) -- ἐπ [ J, (t) @, (t) ar} : 


where πὶ (v) and 7,(v) are arbitrary periodic functions of ν with period unity. 


Nore. Some interesting properties of functions which satisfy equation (2) only are to 
be found in Nielsen’s earlier paper, Ann. di Mat. (3) v. (1901), pp. 17-31. Thus, from ἃ 
set of formulae of the type 
P,_1 (2)-+ Fy (2) -- (20/2) F(2)= 29, (2)/2, 
it is easy to deduce that 
(13) Fyan(Q=F, (2) Κι, ν (z) —Fy,_, (2) Ry -1, v+l (2) 


n—-1 
+ (2/2) ὦ. 5 55 (2) ἐπα m1, v4em41 (2); 


the first two terms on the right are the complementary function of the difference equation, 
and the series is the particular integral. 


* An account of various memoirs dealing with such equations is given by Barnes, Proc. London 
Math. Soc. (2) τι. (1904), pp. 438—469. 


CHAPTER ΧΙ 
ADDITION THEOREMS 


11-1. The general nature of addition theorems. 


It has been proved (§ 4°73) that Bessel functions are not algebraic functions, 
and it 18 fairly obvious from the asymptotic expansions obtained in Chapter vil 
that they are not simply periodic functions, and, a fortiori, that they are not 
doubly periodic functions. Consequently, in accordance with a theorem due 
to Weierstrass*, it is not possible to express J, (Z + 2) as an algebraic function 
of J,(Z) and J,(z). That is to say, that Bessel functions do not possess 
addition theorems in the strict sense of the term. 


There are, however, two classes of formulae which are commonly described 
as addition theorems. In the case of functions of order zero the two classes 
coincide; and the formula for functions of the first kind is 


J ἱν(ζ3 + δ — 2Zz cos φ)) = Σ mdm (Z) Jin (2) cos md, 


which has already been indicated in ὃ 4°82. 


The simplest rigorous proof of this formula, which is due to Neumann f, 
depends on a transformation of Parseval’s integral; another proof is due to 
Heine +, who obtained the formula as a confluent form of the addition theorem 
for Legendre functions. 


11:2. Newmann’s addition theorem, 
We shall now establish the result 


(1) Fie) = X emdin (Z) Jm (2) cos me, 


where, for brevity, we write 
a = /(Z7+ 2° -- 222 cos φ), 
and all the variables are supposed to have general complex values. 


* The theorem was stated in §§ 1—3 of Schwarz’ edition of Weierstrass’ lectures (Berlin, 
1893) ; see Phragmén, Acta Math. vu. (1885), pp. 33—42, and Forsyth, Theory of Functions (1918), 
Ch. x111 for proofs of the theorem. 

+ Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 59—70. 

+ Handbuch der Kugelfunctionen, 1. (Berlin, 1878), pp. 340—343; cf. 8 5°71 and Modern 
Haatyets § 157. 

§ In addition ἐδ Neumann’s treatise cited in 8 111, see Beltrami, Atti della R. Accad. di Torino, 
xvi. (1880—1881), pp. 201-202. 
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We take the formula (Parseval’s integral) 
J. (a) 232: i iz οἷ COs θὰθ ..} [ ew οοβίθ--α) JQ 
ὶ ὥπ. -. 27 J τῷ : 


which is valid for all (complex) values of τ and a, the integrand being a periodic 
analytic function of 6 with period 27. We next suppose that a is defined by 
the equations 

asina=Z—zcosd, wcosa=zsin φ, 


and it is then apparent that 


Joe) = [ exp {i (Z — zcos Φ) sin 6 +iz sin cos 6} dO 


= Ἵ. [ | Σ Jon (Z) ema οἷς sin (¢-9) JQ 


2rr . εξ ἢ 

ῬΕΙ͂ i Σ J. (Z) [ emtd+izsin (p -- θ) dé | 
20r M=—- Ὃ ὰ <9 

= 1 Σ Δ ὦ) emi (0+) —izsin® 10 
2a 113: -- Ὁ -π 


= Σ υμ(δ)",κ() em, 
the interchange of the order of summation and integration following from 
the uniformity of convergence of the series, and the next step following from 
_ the periodicity of the integrand. 


If we group the terms for which the values of m differ only in sign, we 
immediately obtain Neumann’s formula. 


The corresponding formulae for Bessel functions of order +4 were obtained by Clebsch, 
Journal fiir Math. LXxt. (1863), pp. 224—227, four years before the publication of Neumann’s 
formula; see § 11°4. 


11:3. Graf's generalisation of Newmann’s formula. 


Neumann’s addition theorem has been extended to functions of arbitrary 
order v in two different ways. The extension which seems to be of more 
immediate importance in physical applications is due to Graf*, whose 
formula 15 

Z — ze-*) = 
τξξ τος 5 - id 
al) F(a). {et = Seam (Z) Tm (2) om 
and this formula is valid provided that both of the numbers | ze*'*| are less 
than | Z|. 
* Math. Ann. xiit1. (1893), pp. 142—144 and Verhandlungen der Schweiz. Naturf. Ges. 1896, 


pp. 59—61. A special case of the result has also been obtained by Nielsen, Math. Ann. ται. (1899), 
p. 241. 
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Graf’s proof is based on the theory of contour integration, but, two years after it was 
published, an independent proof was given by G. T. Walker, Messenger, xxv. (1896), pp. /6— 
80; this proof is applicable to functions of integral order only, and it may be obtained 
from Graf’s proof by replacing the contour integrals by definite integrals. 


To prove the general formula, observe that the series on the right in (1) 
is convergent in the circumstances postulated, and so, if arg Z7= a, we have 


Σ γι (Z) Tm (2) em 
ἨϊΞ. ““ οὦ : 
ee oe ae Ζ(ε-- 1)} prem omit dt 
a [Πρ ωδαΡ (ι-ἢ}} m (2) 
1 oH 1 t e\) dt 
apg Me as {42 τ) ΞΡ Ἐ)}} ἐπ: 


there 1s no special difficulty in interchanging the order of summation and 
integration *. 


Now write 
(Z—ze-*)t=au, (Z—ze*)/t =a/u, 


where, as usual, a = γ(Ζ3 + 2? — 2Z2 cos g), 


and it 15 supposed now that that value of the square root is taken which makes 
a —~+Z when z +0. 


For all admissible values of z, the phase of w/Z is now an acute angle, 
positive or negative. This determination of τ renders it possible to take the 
u-contour to start from and end at — οὐ exp(— 78), where B=arg a. 


We then have 7 
i . 1 /Z— ze-*\» (+) . ΤᾺ) du 
= Team (Z) Tn (2) eb = 5, (“EE | a {le (- Ἴ 


ΩΝ ἴον “J πὸ exp (-- ἐβ) uj) urn 


Ζ — ze~*o\ 
= (7S ) J, (a), 


by § 6:2 (2); and this is Graf’s result. 
If we define the angle y by the equations 
Z-zcosd=acosy, zsingdg=asiny, 


where Ψ' -»- Ὁ as z-> 0 (so that, for real values of the variables, we obtain the 
relation indicated by Fig. 28), then Graf’s formula may be written 


(2) ev F(a) = ΣΟ Term (Z) Im (2) em 
and, on changing the signs of ¢@ and yf, we have 
(8) στην T(x) = Σ Ingm(Z) Sin (2) στη ¢ 


* Cf. Bromwich, Theory of Infinite Series, § 176. 
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whence it follows that 


(4) J, (a) τ p= Σ Seam (Z) Im (2) we Me. 


Z 


εῚ 


φ 


Fig. 28. 


If, in this formula, we change the signs of ν and m, we readily deduce from 
§ 3:54 that 


(5) (a) 8 y= Σ Fram (Ζ) κι (2) “ν᾿ πιφ, 
and so 
(6) ὥ,(α) ρῦνψ τς Σ Sorm(Z) Suu (2) διὸ mo. 


The formula (5) was given by Neumann in his treatise in the special case »y=0; see 
also Sommerfeld, Math. Ann. xLv. (1894), p. 276; tbid. xLvit. (1896), p. 356. Some physical 
applications of the formulae are due to Schwarzschild, Math. Ann. Lv. (1902), pp. 177—247. 

If we replace Z, z and τ in these equations by 1Z, 1z and ta respectively, 
it 1s apparent that 
OS 
ΜΝ 


(7) 1) πὶ (—" Loam (Z) Lm (2) cin πιφ, 


(8) K, (a) = Σ Keam (Z) Lm (2) gon πιῷ. 


Of these results, (7) was stated by Beltrami, Atti della R. Accad. di Torino, xvi. (1880— 
1881), pp. 201—202. 


The following special results, obtained by taking 6=4$7,, should be noticed : 


(9) C, (mr) cos rp = Σ (—)"Criom(Z)Ton(2), 
(10) E(w) sin vy = Σ (-)" μη (Z) Temes (2) 
where Z=acosy, z=asiny and |z|<| Z|. 


For the physical interpretation of these formulae the reader is referred to 
the papers by G. T. Walker and Schwarzschild ; it should be observed that, in 
the special case in which ν is an integer and the only functions involved are 
of the first kind, the inequalities | ze*|< | Z| need not be in force. 
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11°4. Gegenbauer’s addition theorem. 


The second type of generalisation of Neumann’s addition theorem was 
obtained by Gegenbauer* nearly twenty years before the publication of 
Graf’s paper. 


If Neumann’s formula of ὃ 11:1 is differentiated n times with respect to 
cos ¢, we find that 


(1) In(@) ξ΄,  Smin(Z) Jman(2) a” cos (m+) φ͵ 
ἘΝ ὡς OP zn d (cos φ)" 
This formula was extended by Gegenbauer to functions of non-integral order 
by means of the theory of partial differential equations (see ὃ 11°42); but 
Soninet gave a proof by a direct transformation of seriés, and this proof we 


shall now reproduce; it is to be noted that, in (1), z is not restricted (as in 
§ 11:3) with reference to Z. 


We take Lommel’s expansion of ὃ 5°22, namely 


Juiv(S+h)} _ § (— $h)? Svan (WE) 
(E+ hy pao φ' ἔξιντρ, 


and replace ¢ and h by Z?+ 2? and — 2Zz cos ¢ respectively; if we wnte 0 
in place of J, (a)/a” for brevity, it is found that 


Ω- Σ (Zz cos φ)} Jia [V(Z? + 2*)} 


p=0 Ρ' (2) τ 23.) 
= Σ Σ (—)% 2+ cos? φ Dying (FZ) 
p=0 q=0 = 2%. pl g! 2 " 


by a further application of Lommel’s expansion with ¢ and h replaced by 2? 
and 23. 


But, is § 5121, 
igs yao ἀ! (q—k)! 29 Tiv+p+qt+k+l1) J oto 
and so 
a= = FF ONO+ pt A/T ot pt [Ὁ 29% cos? b Svsvat (6) 


p-0q=0k=0 Wplki(q—k)!Cw+p+gt+k+1) Ad ‘ 


the triple series on the right being absolutely convergent, by comparison 
with 


ss $l Γ(ν Ἐ- Δ) te Zoterk 
pwd quo kno | 224 yI kh! (ᾳ -- )[Γν Ἐρ τ 2ke)Cv+pt+qtk+)| 


* Wiener Sitzungsberichte, uxx. (2), (1875), pp. 6—16. 
t Math. Ann. xvi. (1880), pp. 22—23. 
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But, for an absolutely convergent series, 


Σ Σ Uk,g = Σ Σ Uk, ken» 


a q=0k=0 k=0 n=0 
and so 
Ga 2 ES ΟΥ̓ ΟἹ +A Ὁ ἘΡῈ k) a0 cos? Φ Inprse (Z) 
p=0k=0n=0 2+ yl kiniD (y+ p+ 2k+n+1) Ζ’ 
= £3 CPR + pt Bey Pvt pt bcos? p Sept 2) Irepes (2) 
pedkeu p! k! VA 2” 
ΟΣ = (—)* Qv+m—2k (ν + m) r (ν +m-—- k) cos™—* ¢ 5 nee κι (Z) μὴ J vim (2) 
b= 0 m= 2k (m—2k)tkt ns 
eg Ome eek Oem (2 eee) 
gee (m — 2k)! k!} gee ge 
«ἐν (--} 259} T (y+ m—k)cos™*h ᾿ς, 
ΝΣ, m= BEYER) On (08 #), 


where, as in ὃ 3°32, Οἵ," (cos @) denotes the coefficient of a” in the expansion 
of (1 — 2acos ¢ + a?)~” in ascending powers of a. We have therefore obtained 
the expansion 


@y 5 


which is valid for all sires of Z, 2, and Ἵ and for all values of ν with the 
exception of 0, — 1, — 2, 


ee τ J, 


=a) Σ πον a ας rin (2) Cin” (Cos $), 


In the special case in which ν = }, we have 


(3) sale τ Σ (m+4) fo) _ Ἵκη (2) Ὁ (cos φ). 
- Ve 

This formula is due to Clebsch, Journal fiir Math, uxt. (1863), p. 227; it is also 
given by Heine, Journal fiir Math. uxtx. (1868), p. 133, and Neumann, Leipziger Berichte, 
1886, pp. 75—82. The formula in which ὃν is a positive integer has been obtained by 
Hobson, Proc. London Math. Soc. xxv. (1894), pp. 60—61, from a consideration of solutions 
of Laplace’s equation for space of ὃν +2 dimensions. 

An extension of the expansion (2) has been given by Wendt, Monatshefte fiir Math, und 
Phys. x1. (1900), pp. 125—131; the effect of her generalisation is to express _ 

a’? sin” dJ,, (wv) 

as a series of Bessel functions in which the coefficients are somewhat complicated 
determinants. 


11°41. The modified form of Gegenbauer’s addition theorem. 
_ The formula 


ΑΕ τ J, 


(1) J-» poe () =2°T (vy) Σ ἊΣ y" (vy + m) oo (2) C,” (cos ) 


may be sotabliched | in the same manner as the ΠΝ Ὶ ΦΟΕΝΙ formula of 
§ 11:4. This formula does not seem to have been given previously explicitly, 
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though it is used implicitly in obtaining some of the results given subsequently 
in this section. 


Unlike the formulae of ὃ 11:4, the formula is true only when [2] is so 
small that both the inequalities | ze+**|<| Z| are satisfied; but, in proving the 
formula, it is convenient first to suppose that the further inequalities 


|2Zzcos | <i Z?+ 221, |z|<j\Z| 
are sutisfied. 


We then use Lommel’s expansion cf ὃ 5°22 (2) in the form 


(FEAT. E+ Wy) = 5 SEP grein F_,_ 90), 
which is valid when [ἢ <| €|. 


It is then found by making slight alterations in the analysis of ὃ 11-4 that 
(5) Σ (-- Zz cos φ)" 


met Z2 + 22)-8OtY) J_y_ Ζ92. 
oY ne = p! ( 2") p (v( 2°) 
SS (:}5 ΖΡ" cet ᾧ gma Ζ 
Ξ = = dpi! —v-p-q (4) 
ΕΠ τ ee μοῦ τι ον» (2) 
Π p=0.q=0 k=0 24 piki(q- Κ)} ( —-v—p—k) ZY 
2 3 ΣΟ @ tpt 2b) T (9 --ρ τ 2k -- n) PPO cosr frp ot (4) 
ΠΣ ὅδε - ἄν τῇ Qk+ olkinil(—v—p—k) Z 
$F rare +p + 2k) Tv + pt [) cos? Φ «7. ν- »- αἱ (2) Jrepee (2) 
p= 2 0 p! k!} Zz 2” 
_ & elm Fart οὶ (ν +m) Γ (ν +m — kb) οο8 "Ὁ Φ οι, «ι(Ζ) Tot (2) 
mee ae 0 “(ιν — 2k) k! τ ἦν 2” 


= QT (v) Σ hog (v+m) ἘΞ rem) vem () Cin” (cos Φ), 


so the sara result is ον ἜΣ the conditions 
[2 Ζε οο5 φὶ «[2Ζ5 Ὁ 21], [2[«|Ζ]. 
Now the last expression is an analytic function of z when z lies inside the 
circle of convergence of the series* 
5 (v +m) Ζ- "πὶ 2™ Cn” (cos φ) 
n=o D(L-v—m) ΓᾺΔ Ἐν Ἐπὶ) ’ 
and this circle is the circle of convergence of the series 
a Ζ ™ 
> (2) Cm” (cos φ). 
m= 
Hence the given series converges and represents an analytic function of z 
provided only that | ze*#|<| Z|; and, when this pair of inequalities is satisfied, 
J_,(@)/@” is also an analytic function of Ζ. 


* Of. § 5-22. 
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Hence, by the theory of analytic continuation, (1) is valid through the 
whole of the domain of values of z for which 


| zet? |< |Z]. 
If in (1) we replace » by — v we find that 


J, ©) _ 


(2) —-—=-2-T(- ») Σ eee (v—m) Z° JS, -m(Z) 2" J_y4m(Z) Cm” (cos φ). 


Again, if we combine (1) with ὃ 11-4 (2), we see that, for the domain of 
values of z now under consideration, 


(3) Ὁ τω = 2°T 0): Σ iv +m) —7-— NL (4) nem (6) (2) Cn” (cos >), 
and so, generally, 
(4) % So) Ξ = 2° T (v) Σ A +m) —— Grom 16) foe (5) (2) Cin” (cos ). 


If in (8) we make ν ~ 0 and use the formulae 


Οἱ (cos φ) = 1, lim {Γ (v) (v + m) Cy” (cos Φ)} = 2cosmd, (m#0) 
we find that 


(5) Y,(a)= = ἐμ ἵν (Z) Im (2) cos m@. 


The formulae (1) and (2) have not been given previously; but (3) is due to Gegenbauer, 
and (5) was given by Neumann in his treatise (save that the functions Y,, were replaced 
by the functions Y(™). The formula (3) with ν equal to an integer has also been examined 
by Heine, Handbuch der Kugelfunctionen, 1. (Berlin, 1878), pp. 463—464. Some develop- 


ments of (4) are due to Ignatowsky, Archiv der Math. und Phys. (3) xvttt. (1911), pp. 322— 
327. 


If we replace Z, z and a by 1%, iz and ia in the formulae of ὃ 11-4 and 
this section we find that 


(6) Ὥω, = 2” Γ() = (—)" (ν + m2) cern (7) τ, Cn” (cos φ), 


ἃ) Deere) Σ ptm EO tm 0,» (ous 4), 


(8) ΩΝ == Qh OD: Σ ες + m) Heem (4) vem (Z) ἘΞ ἔν αι (2) Cm” (cos φ). 


Of these formulae, (8) is due to Macdonald, Proc. London Math. Soc. xxx11. (1900), 
pp. 156—157; while (6) and (7) were given by Neumann in the special case v=}. 
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The formulae of ὃ 11:4 and of this section are of special physical importance 


in the case v= 4. If we change the notation by writing ka, kr and @ for Z 
z and @ we see that the formulae become 


(9) sin k /(r? + a? — 2ar cos 8) 
/(r? + a? — 2ar cos 8) 
= > 


Ae + 4) vou Co) ea) δι OF) ) P.», (cos 9), 


10) cos k 4/(r? + a? — 2ar cos 8) 
( /(r? + a? — 2ar cos θ) 


Ξ π Σ ()" (m + py Seen ὅπη τ) ΣΝ .(cos 8), 
(11) exp {— ki/(7? + @— 2ar cos 8)} 


ν(γ3 + a? — 2ar cos @) 


Kina (ha) Lm4y (hr) 
= Σ (2m m+ ΤΩ ὩΣ ΣΝ Pm (cos @). 


These formulae are of importance in problems in which pulsations emanate from a 
point on the axis of harmonics at distance a from the origin, in presence of a sphere whose 
centre is at the origin. Cf. C 


Cf. Carslaw, Math. Ann. LXxv. (1914), p. 141 et seg 
The following special cases of (4) were pointed out by Gegenbauer, and 
are worth recording : 
If @ = 7, we have 
G 


; on eat [ (ὃν +m) 
(Z+2y = 2 ry) 2 ee ™(v+m)—>Z πο Pd 


Ζ * om! E(2p) © 
If d= am, we have 
ν ἱν(23- 2°)| Sow!) Jovem (2) Tw+m) 
ὁ, ἱν(2-τἫ δὴ) - ν ™ 
(13) “yap =? ΣῈ )" (ν Ὁ eg --τ τ. τ Ὁ 
If Z=z, φ-Ξ: 0, and @, is taken to be ὦν, 
» 27 @mPwtt) g I (ῶν +m) τ᾿ 
α re EO EOCENE em es 


ν- ἘΝ (2), 

a formula already obtained (§.5°5) by a different method; in this connexion 
the reader should consult Gegenbauer, Wiener Sitzungsberichte, LXXV. (2) 
(1877), p. 221. 


More generally, taking Z=2, #0, G,=J,, we have 
dy (22 sin ἐφ) Ἂ ᾿ ; {= v+m sen OY ν 
(15) τς εἴπ 14)» ἀπ 14) -- ὃν Γ (υ) Σ Εἰ +m) Cn” (cos φ) 


Gegenbauer, loc. cit. gives also pres cases of this formula, obtained by taking 
b=4n, φ-π. 
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Again, it can be shewn that*, i R(v) >— ἢ, 


. -0 (m # p) 
| sin” φ C',” (cos φ) C,” (cos φ) ἀφ Ἢ .ς πρίν: ὃ (m =p) 
iP ~ 104 m).m! {Po}? are 


and so, provided that R (ν) > — ὁ, 


) | Giv(4?+2°—2Zzcosg)} ...,.,..., 0, EAZ) υ,(2) 
{0 I, (27+ 2*—2Z2 cosh) sei as pee ΕΟ). ZY a” 


and, more generally, 


τῷ, {ν(25- 22—2Zz cos p)} , , σὰς 
(17) ᾿ -τ25..2:-- δἥσοος }» “" (cos >) sIn φ ἐφ 


_ wP(2v+m) Cram(Z) Team (2) 
24 mil(v) Ζ» 2 * 


A simple proof of this formulat, in the special case in which m=O and the cylinder 
functions are functions of the first kind, was given by Sonine, Math. Ann. xvi. (1880), 
p. 37. Another direct proof for functions of the first kind is due to Kluyver, Proc. Section 
of Sei., K. Acad. van Wet. te Amsterdam, x1. (1909), pp. 749—755. An indirect proof, 
depending on ὃ 12°13(1), is due to Gegenbauer, Wiener Stuzungsberichte, LXXXv. (2), (1882), 
pp. 491—50z2. 


ΓΝΟΤΕ. An interesting consequence of (4), which was noticed by Gegenbauer, Wiener 


Sutzungsberichte, LXx1v. (2), (1877), p. 127, is that, if | ze+ |<|2Z| throughout the contour 
of integration, then (cf. § 9-2) 


(18) - [OO bn @) dem ore(v). (vm) SD og,» (cos ¢). 


Special cases of this formula, resembling the results of § 9:2, are obtainable by taking ¢ 
equal to 0 or π.] 


11°42. Gegenbuuer’s investigation of the addition theorem. 


The method used by Gegenbauer, Weener Sitzungsberichie, Lxx. (2), ( 1875), pp. 6—16, 
to obtain the addition theorem of § 11:4 is not quite so easy to justify as Sonine’s 
transformation. It consists in proving that © is a solution of the partial differential 
equation . 

OQ  Ww+1d2 120 ὃν οοὐ φ δὼ 


ΣΤ & 2? Og? a ag t?=% 
and assuming that © can be expanded in the form 


O= EF By. Cn” (008 φ), 
m=0 


where B,, is independent of φ, and C,,” (cos Φ) is a polynomial of degree m in cos; it 
follows that : 
2 


[ get 2v cot ᾧ sa} Cm’ (cos d) 


* Gegenbauer, Wiener Sitzungsberichte, uxx. (2), (1875), pp. 433—443, and Bateman, Proc. 
London Math. Soc. (2) tv. (1906), p. 472; ef. also Barnes, Quarterly Juurnal, xxx1x. (1908), p. 189; 
Modern Analysis, § 15°51 and Proc. London. Math. Soc. (2) xvir. (1919), pp. 241—246, 

t Formula (16) has been given in the special case y=0 by Heaviside, Electromag 


netic Theory, m1. 
(London, 1912), p. 267, in a somewhat disguised form. 
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is a constant multiple of C,,” (cos p), and so C,,” (cos @) may be taken to be the coefficient 
of a™ in the expansion of (1—2acos ¢+a*)~”. And then B,,, gua function of z, satisfies the 
differential equation 
2B, . 2v+1 0By m (2v-+m) 
Oz? . aw {i ar } By, =0, 
so that B,, is a multiple of z—”J,4m (2), the other solution of this differential equation not 
being analytic near the origin. 


From considerations of symmetry Gegenbauer inferred that Bp, gua function of Z, is 
a multiple of Z~”’Jy 4.9 (Z), 80 that 


Ω-- Σ bin ΝΕ Soke) eet eG in” (COS d), 


m=0 
where bm is a function of ν and m only ; and b,, is determined by comparing coefficients of 
z™ Z™ cos™ ᾧ in Ὡ and in the expression on the right. 


A similar process was used by Gegenbauer to establish ὃ 11:41 (3), but the analysis 
seems less convincing than in the case of functions of the first kind. 


11°56. The degenerate form of the addition theorem. 


The formula 
| + 2 
(1) φίεθουφ we (2) Σ (Qn -- 1) ὑ κῃ (z) Pp (cos φ) 
n=0 


was discovered by Bauer* as early as 1859; it was generalised by Gegenbauer ft, 
who obtained the expansion 


(2) eizcosd — 2¥ Γ' (y) Σ (ν + m)v™ ea Cm” (cos Φ); 
m=0 


Bauer's result is obviously the special case of this expansion in which ν = ἐ. 
In the limit when ν ~0, the expansion becomes the fundamental expansion 
of § 21. 

Gegenbauer’s expansion is deducible from the expansion of § 11°41 (4) by 
multiplying by Z’+# and making Z-»+ 0; it is then apparent from §11-41 (9) 
and (10) that the physical interpretation of the expansion is that it gives 
the effect due to a train of plane waves coming from infinity on the axis of 
harmonics in a form suitable for the discussion of the disturbance produced 
by the introduction of a sphere with centre at the origin. 

A simple analytical proof of the expansion consists in expanding 2” e7°s¢# 
in powers of z and substituting for each power the series of Bessel functions 
supplied by the formula of ὃ 5-2; we thus find that 


2" etzcosd — 15 cos” ᾧ gym 
n=o 867! 
2 ἡπροθτᾧ 9. 9+™(v+n+ 2k). (v+ntk) 
= Σ᾿ ἘΣ a Emo Ὁ Σ ΠΟ ee vxnsae (2). 


* Journal fiir Math, uvt. (1859), pp. 104, 106. 
+ Wiener Sitzungsberichte, txv1i1. (2), (1874), pp. 855—367; uxxiv. (2), (1877), p. 128; and 
Lxxv. (2), (1877), pp. 904—905. 
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If we rearrange the repeated series by writing n = m— 2k, we deduce that 


ν pt @ — RS ea a - τς 
fn Ae. Ea 50 


=2T(v) Σ (vt m)i™ Sram (2) On’ (cos φ), 
m=0 


Quim=k (y +m) T (ν +m —k) Aram (2) 


and this is Gegenbauer's result. 


Modified forms of this μὰ also due to Gegenbauer, are 


(3) gromd = Γ᾿) Σ ὁ +m) 22 (6) σι,» (008 $), 
(4) e~2cos -- ὃν Γ' (y) x (—)™.(v +m) Taal Cn’ (cos φ), 


(5)  cos(zcos d) = 2” F(x) Σ (—)™.(v + 2m) fran 6} Cm (cos $), 


(6) sin (z cos d) = 2°) (v) ΣΟ m™ (v+2m+ 1) Foran (z) ΑΝ πὶ (cos $), 
(7) 1=2 Σ (y+ 2m)“ eel ἘῸΝ ἢ 
(8) | on Cn’ (cos d) sin’ ἀφ = rresyryrarsn, m vem (6) (2) 


The last is a generalisation of Poisson’s integral, which was obtained by a 
different method in ὃ 3:32. It is valid only when R(v)>—#. 


These formulae are to be found on pp. 363—365 of the first of Gegenbauer’s memoirs 
to which reference has just been made. 


Equation (1) was obtained by Hobson, Proc. London Math. Soc. xxv. (189-4), p. 59, by a 
consideration of solutions of Laplace’s equation in space of 2»+2 dimensions, 2v +2 being 
an integer. 


A more general set of formulae may be derived from (2) by replacing 
cos Φ by cos ᾧ cos ¢’ + sin ¢ sin ¢’ cos y, multiplying by sin”-* y, and inte- 
grating with respect to y. The integral* 

[ ᾿ Cm” (cos φ cos ¢’ + sin φ sin φ' cos yy) sin” dy 
J0 
29-1 mi {LP (v)}? 
Γ(ν +m) 
which is valid when A (v) > 0, shews that 


| exp [iz (cos φ cos ¢’ + sin d sin ¢’ cos w)] sin’ dy 


.- 0),38ν-- 3 Σ ἔχω um™.m! (ν +m) J vim (z) ν ν ’ 
a ἃ... m-o0 I (2v+m) 27 Cae (SOB) Ομ (GOES), 


* Cf. Gegenbauer, Wiener Sitzungsberichte, Luxx. (2), (1874), p. 433; crt. (2a), (1893), p. 942. 


Ci (cos φ) σὴ (cos ¢’), 
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and so 


(9) ere exp [2 cos ¢ cos ΦΊ | 


ΡΠ)» g mm! Ἑ πο) Srim(2) εν Secs 
=n ener ae Cn" (cos Φ) Cin” (cos $’). 


The integral used in the proof converges only when R (v) > 0, but the final 
result is true for all values of ν, by analytic continuation. 


This result was given by Bauer, Miinchener Sttzungsberichte, v. (1875), p. 263 in the 
case vy=4; the general formula is due to Gegenbauer, Monatshefte fiir Math. und Phys. x. 
(1899), pp. 189-192; see also Bateman, Messenger, XXXIII. (1904), p. 182 anda letter from 
Gegenbauer to Kapteyn, Proc. Section of Sci., Κι. Acad. van Wet. te Amsterdam, tv. (1902) 
pp. 584—588. 


Interesting special cases of the formula are obtained by taking ¢' equal to ¢ or to ἐπ; 
and, if we put φ' equal to 4x, multiply by e278? sin” @ and integrate, we find that 
(ὁ) 5 | . J, (2 Sin φ) οἰ Ζοουφ sin® $ ἀφ 
Ζ 


ΝΕ 00 a mil (vutm).(v+22m) Jy 49m (2) J, 42m (Z) 
8 σε) 2 (- cee τσ΄ 


so that the expression on the left is a symmetric function of z and Z; this formula also 
was given by Bauer in the case ν -- ὁ. 


11°6. Bateman’s expansion. 


We shall now establish the general expansion 


(1) 42d, (ὦ 608 gcos ®) J,(zsin ¢ sin P) 
= cos" ᾧ cos# D sin” ¢ sin’ ® Σ (—)" (pe Ἐν t+ 2n +1) ὑμένα (2) 
n=Q 


D(wetvtent+1)Pvtn4+l) 


“alPQ@antl Posh Che te tat vt]; sind) 


xX of (—n, wtv+n+1;r+1; sin*® ®), 


which is valid for all values of «4 and ν with the exception of negative integral 
values. | 


Some of the results of §11°5 are special cases of this expansion, which was 
discovered by Bateman* from a consideration of the two types of normal 
solutions of the generalised equation of wave motions examined in § 4°84. 
We proceed to give a proof of the expansion by a direct transformation. 


* Messenger, xxx11. (1904), pp. 182-188; Proc. London Math. Soc. (2) 111. (1905), pp. 111-—123. 
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It is easy to deduce from the expansion (ὃ 5°21) of a Bessel function as a 
series of Bessel functions that 


$2 J,(zcos φ cos ®) J, (2 βίῃ φ sin P) 
5. (= (h2yt*™ (cos $ cos b+ 


sk nit μ τ πεν ἢ J,(zsin ¢ sin Φ) 
> ᾿ ͵ (—)™ cos?” ᾧ cos*™ ᾧ 
cos" ᾧ cos“ ® sin” ¢ sin ΦΣ eee 
2 C(wtv+2r+n4+1 
x τ { Ἐν + 2m + 2n +1) a ee vtamtenti (2) 


x of (— 1, wt y+ 2m+n+1iv+1; sintpsint &) | 
e cos" ᾧ cost D sin’ > sin’ D | Σ [tet Bn +1) μένη (2) 


x > 


m=0 


(Cyrene sense  Γῴ to tntm ει) 
mi(n—m)!Pw4+1)P(utm+l) 


x Fi (m—n, p+evtment+l; vt); sint psint ©) | 


= cos“ ᾧ cos“ ® sin” d sin” ® Σ Σ et EGE εἶμεν ι(Ζ) 


xX Fii(—n, ptvtnstel; pti, vt; cos? φ cos? ®, sin’ sin’ ©) : 


where 4f, denotes the fourth type of Appell’s* hypergeometric functions of 
two variables, defined by the equation 
(a)rie(B)rzs 
Fo Bi nV EM Σ Στ το οὗ, ἢ τ 

We now have to ὑγδηβίοστα 7 Appell’s function into a product of hyper- 
geometric functions in order to obtain equation (1); in effecting the trans- 
formation we assume that Κὶ (μ) » 0, though obviously this restriction may 
ultimately be removed by using the theory of analytic continuation. 


The transformation is a consequence of the following analysis, in which 
series are rearranged, and a free use is made of Vandermonde’s theorem: 


cos* ®. {4 ὕ τ πὶ wtv+n+t1; w+1, v+1; cos*¢d cos? ®, sin’ φ sin? P) 


” N=? (—N)yig(tvtnt l)yrss = ἘΠΕ 
τ᾿ τ τρῆμα VV. (Ley. Φ sin” orb 
ae δ᾽ γῇ (μ. -Ἔ 1) (v+1), cos™ ᾧ Cos sin” ᾧ sin 
WSF meet eens Dew αὶ Cosiortg ς (asin Φ 
r=0 #=0 ri(vt 1), t=O t!(s—t)! τὰ ul (μ- ΠΝ 


* Comptes Rendus, xc. (1880), pp. 296, 731. 

{ This transformation has not been previously noticed to exist except in the special case in 
which @=4, see Appell, Journal de Math. (3) x. (1884), pp. 407—428 ; some associated researches 
are due to Tisserand, Annales (Mémoires) de l Observatoire (Paris), xvii. (1835), mém. C. 
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= ως "Ss cy .ο (- 1) pig (μ +yt+nt+ 1), (-.)}15 gin? φ 913} ὦ 
rad 800 tur unr?! (V+1),(t—7)! (σ -Ἑ 8 --- ἐδ "(ω -- )} (et pace 
- Σ Σ Σ na" (-η)ηομίμ Ἐντὲ π Ἔ 1). (--}δτ" sin” ᾧ sin™ ᾧ 
t=0 w=) r= gett! (y+ 1), ( -- η)} (r Ἔ8:-- t)! (u oat r)! (μ + 1) r4s—u 
ie Σ Σ Σ (—nr)(wtvtntl)wvtt+ut ln. (—)"*sin® > sin™ ὦ 
t=0 u=0 r=0 ο δ1(ν 1), (ὁ -- Ὁ) (ὦ -- τ) (μ Ὁ 1)n—u 
-ν- (—n):(utv+nt+l1), . οἱ (v+ut1),(—)u—n : 
te GED Oe ee 
— (__\nr (y + 1), 
: ‘ ) (μ. 1}, 


δι (τη, μα Ἐν ἘΝΈΙ; v+1; sin? ¢) 


xX of (—p—n, v+n+1; v+1; 513 ᾧ) 
= (cost ® oF, ( n, p+vtn+1; v+1; βιη 4) 
X oF, (—n, we vtn+1; v+1; sin?®). 
Hence we at once obtain the result 
32 J, (z cos ᾧ cos Φ) J, (z sin d sin Φ) 


fi (τη, ptvt+n+1; v+1; sin? ¢) 


= cos" ᾧ cos" ᾧ sin” φ sin” 
(v+]), 

x (—)” τ 

( ) (. - 1}9 
XP (—n, wt+v+n+1; v+1; sin’ Φ), 


from which Bateman’s form of the expansion is evident. — 


CHAPTER XII 
DEFINITE INTEGRALS 


12:1. Various types of definite integrals. 


In this chapter we shall investigate various definite integrals which contain 
either Bessel functions or functions of a similar character under the integral 
sign, and which have finite limits. The methods by which the integrals are 
evaluated are, for the most part, of an obvious character; the only novel feature 
is the fairly systernatic use of a method by which a double integral is regarded 
as a surface integral over a portion of a sphere referred to one or other of 
two systems of polar coordinates. The most interesting integrals are those 
discussed in & 12°2—12°21, which are due to Kapteyn and Bateman. These 
integrals, for no very obvious reason, seem to be of a much more recondite 
character than the other integrals discussed in this chapter; their real sig- 
nificance has become apparent from the recent work by Hardy described in 
§ 12:22. The numerous and important types of integrals, in which the upper 
limit of integration is infinite, are deferred to Chapter X11. 


The reader may here be reminded of the very important integral, due to 
Sonine and Gegenbauer, which has already been established in § 11:41, namely 


"G, {/(Z? + 25 -- 2 Zzcos o)} ν΄, - 
I ~ (B+ 22—2Z2 cos) Cin” (cos $) sin® odd 


art (2ν + m) @v+m(Z) (Z) ΡΝ (2) 


~ Jel γι! ΘΓ) Ze 2 
12°11. Sonine’s first finite integral. 
The formula 
gyti 
(1) y rere (z)= = 2 T+). [ J, n(Z sin 0) sin“t! @ cost! θαθ, 


which is valid when both Τ᾿ (μ) and R(v) exceed -- 1, expresses any Bessel 
function in terms of an integral involving a Bessel function of lower order. 


The formula was stated in a slightly different form by Sonine*, Rutgerst 
and Schafheitlin{, and it may be proved quite simply by expanding the inte- 


* Math, Ann. xv1. (1880), p. 36; see also Gegenbauer, )Viener Sitzungsberichte, Lxxxvutl. (2), 
(1884), p. 979. 

Ἷ Nieuw Archief voor Wiskunde, (2) νι. (1905), p. 370. 

+ Die Theorie der Bessel'schen Funktionen (Leipzig, 1908), p. 31. Schafheitlin seems to have 
been unaware of previous researches on what he describes as a new integral, 
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grand in powers of z and integrating term-by-term, thus 
grt 


ἐπ . : 4 
eT Or) | ‘ J, (zsin 8) sin*+ θ cos” 6dé 


_ Ss Sy) ena ale 2μ-Ἐ 3) -Ἐ1 ἂν 
peg 2μ νΈθηι } Γ(μ- mt 1) Γ(ν -  1)}0 sin’ 6 cos”’t! θὰθ 
Σ (—)™ (4 eyes 
m=0 MD (ptv+tm-+2)’ 
and the truth of the formula is obvious. 


It will be observed that the effect of the factor sin“+' @ in the integrand 
is to eliminate the factors («+ m+ 1) in the denominators. If we had taken 
51η1 @ as the factor, we should have removed the factors m!. Hence, when 
R(v) >—1 and μ is unrestricted, we have | 

ἀπ ᾿ ς δρὰν pues (2) 

9 1— 2v+1 i I Bad tes al ; 

(2) ᾿ 7, (2 sin @) 515} θ cost? θὰθ B= oH Tu) 
In particular, by taking v= — ὁ, we have 


ὁ fir 
(3) (=) | J, (sin 6) sin!" 0d6 = H,_; (2). 
wi Jo 
A formula* which is easily obtained from (1) is 


(4) [s. (2 sin 0) I, (2 cos 8) tan “+1 θαθ = προ νν J, (2); 


when R(v)>R(ux)>—1. This may be proved by expanding 7ν (2 608 θ) and 
integrating term-by-term, and finally making use of Lommel’s expansion 
given in § 5:21. 


The functional equation, obtained from (1) by substituting functions to be determined, 
F, and Fy, +41, in place of the Bessel functions, has been examined by Sonine, Math. Ann. 
LIX. (1904), pp. 529—552. 


Some special cases of the formulae of this section have been given by Beltrami, 
Istituto Lombardo Rendiconti, (2) xt11. (1880), p. 331, and Rayleigh, Phil. Mag. (5) x11. (1881), 
p. 92. [Scientific Papers, 1. (1899), p. 528.] 


It will be obvious to the reader that Poisson’s integral is the special case of (1) obtained 
by taking p= --ἀ. | 


For some developments of the formulae of this section, the reader should consult two 


papers by Rutgers, Vieww Archief voor Wiskunde, (2) νι. (1 905), pp. 368—373 ; (2) vir. (1907), 
pp. 88—90. 


12°12. The geometrical proof of Sonine’s first integral. 
An instructive proof of the formula of the preceding section depends on 


the device (explained in ὃ 3°33) of integrating over a portion of the surface of 
a unit sphere with various axes of polar coordinates. 


If (1, m,n) are the direction cosines of the line joining the centre of the 


* Due to Rutgers, Nieuw Archief voor Wiskunde, (2) vir. (1907), p. 175. 
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sphere to an element of surface dw whose longitude and co-latitude are ᾧΦ and 
0, it is evident from an application of Poisson’s integral that 


tr 
T(u +4) PQ) G2" | "Ja (esin 8) sint 8 cos** θᾷθ 
ἐπ ἐπ 
= (4 gyteti | e'2 sin 9 cos $ gi n+]  eog*t! 9 sin φαφαθ 
0/0 
eis (4 syrrtt i | ett m2 n+! dw 
m>0,n3>0 
=(4zyetrn | | gizn [2 mw day 
ἴοι» ᾿ 
πΙὲτ 
ὡς ( goto Ι [ et Cos 0 gin’ +2¥+2 θ cos*# φ 51η32νὉ} ddd d@ 
0 
«Ε(μτ ) lt) πε πο Γ 


ἴΖο08θ gi 7, 2n+2¥+2 
oP (utr ἢ) .ὅ sin 6d0 
=$0 (wth) Pv t1) Γ() Jap), 
and the truth of Sonine’s formula is obvious. é 
An integral involving two Bessel functions which can be evaluated by the 
same device* is 
Γ J, (2 8105) J, (z 60530) 51π3»}10 οοϑν 1θαθ, 
in which, to secure convergence, 2 (v) >—}. 
If we write 
τ = sin‘6 + cos‘ — 2 sin?0 cos*@ cos ¢ = 1 — sin? 26 cos? ὁ φ, 
and use § 11°41 (16), we see that the integral is equal to 
v tr 
(32) I = (ee) sin’*?@ cos”+! 6 sin” ddd dd 


Civ+$)T — 7 
ἐπ J, (5 ΝΑΙ —sin? cos*d)} . ey eee 
= arti res iy. Tr ee το ἢ ἽἼ Νὰ sin @ sin 2φάφαθ 


_ Gey 2} J, {z/(1 —P)} ὃν a 2 

- A 24 T(v+4)P4) “ἢ I’ (4) aT moo =(1— Ey meee 
J, {zV/(1—n’)} μῶν. ἂν 

7 se Csaer δες 


(3 2)" y+l 2 ν 2 ν 
“ΕΗΤΟΣΡΤΤΙ. ἽΝ᾿ J, (zsin 0) sin’t? @ cos” ᾧ cos odode 


z)” a 
ποτ | i ἂ sin 8) sin’*) 6 cos” θθ, 


so that finally, by § 12°11 (1), 


ἐπ 
| "Jo (2sin*8) J, (5 €08°6) sin” 8 cos 60 = oar a en) +3 ae 


* This integral has been evaluated by a different method by Rutgers, Nieuw Archief voor Wis- 
kunde, (2) vir. (1907), p. 400; cf. also § 12-22. 
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Some integrals which resemble this, but which are much more difficult to evaluate, 
have been the subject of researches by Bateman, Kapteyn and Rutgers; see ὃ 12°2. 


Asa simple example of an integral which may be evaluated by the same device, the 
reader may prove that, when R(v) > -- ὁ, 
(2) [: (x? -- εδ)ὲν cost. 1, {Μψ{(43 -- 0?)} dt= 
0 
by writing the integral on the left in the form 


τῆν τὶ τ [ἶ ἰχ οο8θ-: 1 5[η 9008 Φ οἰ 2¥+1 6 gin’ φαθὰαὰ 
Pes ΤΑ ς δ sin sin?” . 
2’*1  (ν τ ἐ) Γ ($) I, I, as 


This formula was given (with ν Ξε 0) by Bécher, Annals of Math. νττι. (1894), p. 136. 


Γ (4) giv tt 
Qvt1T (y +3)? 


12°13. Sonine’s second finite integral. 

The formula 

YD μενοι ἱν( 2" + 2") 
(2: + 2} (μ-Ἐν ἘΠ) ? 

which is valid when both R(u) and R(v) exceed — 1, is also due to Sonine® ; 


and, in fact, he obtained the formula of § 12°11 from it by dividing both sides 
of the equation by Z” and then making Z +0. 


βὲπ 
(1) | J, (zsin 0) J,(Z cos 8) sin*t? 6 cos’? 6dé = 


A simple method of proving the formula is to expand the integral in powers of z and Z 
and to. verify that the terms of degree p+v+2m on the left combine to form 


(---}β 552» (Z27427)™ 
m!T(pty+m+2) © 
The proof by this method is left to the reader. 


We proceed to establish Sonine’s formula by integrating over portions of 
the surface of a unit sphere. Under the hypothesis that R(u) and R(v) 
exceed — }, we see that, with the notation of § 12:12, we have 


τρις δ τὰν τὸ) [ J, (zsin 6) J, (Z cos θ) 5 ημ:11:θ οοβ" 11 θαθ 


+ κ 
= | 7 ‘| eizsin 6cos¢+iZc08 9 cos y sin2%+1 θ σον τι θ sin" φ gin2” Ψ ἀφ ἀψ dé 
0 
as | | Ϊ eizlt+izn COSY 972% n2v+1 sin?” da dw 
; mP, n2?0 
ἘΣ [ ἡ i | etzm+iZlcosy 7% [2¥+1 gn dw dap 
n>0,t>0 
tr 
-[ ia οἱ isin θίζΖοοβφ- Ζϑβίη φοοβψ) cos* θ sin’ ti sin?’t?@ sin?” fr ἀφ dé ἀψ 
ὁπ 
ΓΝ τ 
“| {I | eisind (zn +Z1) m cos θ sin” Odwdd 
0 m2 


ὲ 
n>0 


tr (2 
᾿ τ ὃ "δὶ sin sin ¢ (z cos ψΨ-Ζ sin) cos?” φ sin φ cos?" θ gin2’+2 Ody ἀφ dé. 
0 


0 


Φ 


* Math. Ann. xvi. (1880), pp. 35—36. 
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Now the exponential function involved here is a periodic analytic function of 
Ψ with period 27, and so, by Cauchy’s theorem, the limits of integration with 
respect to y may be taken to be a and 2r-+a, where a is defined by the 


equations 
@acosa=z, wsina=Z, 


and τ =/(Z?+2"). If we adopt these limits of integration, and then write 
aw +a for y, the triple integral becomes 


ἐπ ft7 (27 : ᾿ : 
| i i etm sindsind cosy cog” ᾧ sin ᾧ cos* 6 sin” **Odyddd, 
ο Jo Jo 


and this integral may also be obtained from its preceding form by replacing 
z by w and Z by zero. On retracing the steps of the analysis with these 
substitutions we reduce the triple integral to 


tr parte . ᾿ ; 
| | | ge’ sin cos $ gin™+! 9 cos” Ἐ1 θ sin™ ᾧ sin” Ψ ἀφαὰψ αθ, 
0 JoJo 


= MC = δ) Γ() ᾿ jolt tl 
aa ΠΣ 1) oer ero! m™* nt! dw 


Gs ΣΟ ton JM y,2v+1 
TG τ i 124 m2¥+1 daw 


εις P(v+4) TQ) is ει τσ 0080 oy yj 2Kh+2v+2 2 net 
πὶ ah 6 sin θ cos* φΦ sin®”’t! φαφαθ 
 Γωμεὼ Γι. τὺ (4) ν ta 0050 οὐτημ 3 ν-Ὲ 
ΜΞ Putt) +48) Ι e sin*+2+2 9 416 

μεν (@) 


ΞἐπΓ (uth) Pts) ΠΩΣ 


and we obtain Sonine’s formula by a comparison of the initial and final 
expressions. 

Sonine’s own proof of this formula was based on the use of infinite dis- 
continuous integrals, and the process of making it rigorous would be long and 
tedious. 

The formula may be extended to the domains in which -- 9 Καὶ (μ)» --Α, 
and —4>R(v)>-—1, by analytic continuation. 

In Sonine’s formula, replace Z by νί(ζ"  ζ᾽ -- 2Ζξοοβ φ), multiply by 
sin” $/(Z2 + ζ5 -- 2Ζξ οο8 >), and integrate. It follows from § 11:41 (16) that 


+7 : 
(2) | J, (zsin 0) J, (Z cos 6) J, (Ecos θ) sin**6 cos dd 
0 
= ze ZY ov [ μεν {ν(23 + 2? + ζ -- 2Ζξ cos φ)) sin” dd 
YT v+h) Glo +24 G—2ZE cos per 
provided that 
R(vw)>-1,  )» Ff. 

This result is also due to Sonine, ibid. p. 45. In connexion with the formulae of this 
section the reader should consult Macdonald’s memoir, Proc. London Math. Soc. xXxxv 
(1903), pp. 442, 443. 

W. B. F. 13 
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12°14. Gegenbauer’s finite integral. 


An integral which somewhat resembles the first of Sonine’s integrals, 
namely 


ee es (2 cos θ cos yr) J,_3 (2 sin θ sin yr) C,” (cos 8) sin’+#0d6, 


has been evaluated by Gegenbauer*; we shall adopt our normal procedure of 
using the method of integration over a unit sphere. 


It is thus seen that 
[ὦ οοϑθοοδά J. (zsin θ51η Ψ)) C,” (cos θ) sin’tt θαθ 
0 


᾿ ν--ὸ frufr ᾿ : 
ἘΞ Fore [ Ϊ οἷξ (cos θ cos y+sin 6 sin Ψ 6084) CC,” (cos θ) sin?’ θ sin?”—? odd dé 


aie (42 sin ψ) [ οἴξύι οο5 Ψ +lsin Ww) C,” (n) mewn) dw 


PO) PG) Js mp0 

= Tore Il. ef (eos y+msin¥) C1» (2) n™— deo 

ΕἾ 4 

ΟΓΟΩΓΦ 
_(esin py 
~ TO)ra) 

since the penultimate integrand is a 1 periodic analytic function of Φ with 


᾿ period 27r. 


ἐπ 
[ eiz sin@cos($—¥) C1» (sin θ cos φ) οο5"»-θ sin θαφαθ 


070 


ἐπ f2r 
᾿ [ ez sin @cosd (1¥ {gin 8 cos (pb + Ψ)}} cos” θ sin 0 ddd, 


If we retrace the steps of the analysis, using the last integral instead of its 
immediate predecessor, we find that the original integral is equal to 


($2 sin yy iz v ee 1 #1 day 
STAY [|| ὦ (᾽ν ([605 yr -- msin Ψ) "3" d 


 (ἀΖϑιη ψ) izn (Ἵν ( ὡς Η ν-- day 
- Τωτῷ If... eC” (ncos  —lsin Ψ) m*"d 


= oo ty |, ἢ e003 9 (᾽ν (cosy 6059 — sin sin θοο8 φ) sin” Osin” φαφαθ. 


Now, by the addition theorem+ for Gegenbauer’s function, 
C,” (cos Ψ' cos θ — sin y sin θ cos Φ) 


_T(Qv—1) g 2”.(r—p)' (PO +p)}* 
~ {ΠΩ ρὲ. Γ(νΈρ:Ὲ 7) 


(2v + 2p -- 1) sin? 6 sin? Ψ 

ytyp vtp ν-πὶ 
Χ ἐνῶ (cos θ) Cs (008 Ψ) Οὐ, * (cus ¢). 
* Wiener Sitzungsberichte, Lxxv: (2), (1877), p. 221 and ixxxv. (2), (1882), pp. 491—502. 


+ This was proved by Gegembauer, Wiener Sitzungsberichte, Lxx. (2), (1874), p. 433; οἵε. (2a), 
(1893), p. 942. 
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When this is multiplied by sin” ¢ and integrated, all the terms of the integral 
of the sum vanish except the first which 1s 


“tT (2p 
ones @ ΠΣ ΤΣ ὸ C,” (cos θ) C,” pos Wr) ik sin” ddd. 


We thus find that 


| eizcoscosw ἢ 2 (zsin θ 5810 +) C,” (cos 8) sin’*t 6d0 
Pa 
_ iP (2). (42 sin ψ) 


iz cos 0 ὃν 
T'(v+4)P(Qv+r) C,” (cos ) IP e C,” (cos θ) sin” θαθ, 
and hence, by § 3°32, 


(1) | " gizcoseoos¥ J, 4(zsin θ sin Ψ) ΟἹ" (cos 0) sin’tt O40 
0 


ὲ 
Ξ (=) i sin’ ye ΟἹ» (cos ) Tear (2). 
If we equate real and imaginary parts, we obtain Gegenbauer’s formulae 


(2) i cos (z cos 8 cos y) J,_4 (2 sin θ sin Ψ) Οὐ," (cos 8) sin’*t 6d0 
0 


a (=) sin’ ὁ y C,” (cos fr) J,4,(z), (Ὁ even) 


0 
and 


(r odd) 
(3) | sin (z cos 6 cos yr) J,_4 (2 sin @ sin yr) C,” (cos θ) sin’+t 6d0 


0, (7 even) 
-{. jiermn) (=) 81η" πὸ Ψ C,” (cos Ψ) d,4,(z). (vr odd) 


12:2. Integrals deduced from Bateman’s expansion 


In Bateman’s expansion of 8116, write ® = ¢; and then, noting Jacobi’s 
formula * 


2 | { πὶ w+v+nt+1; +1; sin? φ)}" cos*t ¢ sin” ddd 
0 
= ni D(wtnt 1) (+1)? _ 
~ (wtvt2n41)Cwtventl) Pwtntl)’ 
we deduce that, when A(x) and R(v) both exceed —1 


(1) 2 [rs (z cos? φ) J, (2 sin’ d) sin ¢ cos fd 


a (—)" usvtonts (2), 


* Journal fur Math. tv1. (1859), pp: 149—175 [Werke, νι. (1891), pp. 184-202] 
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that is to say 

(2) [OTe tdt=2 Σ (-PTeposmer) 
An important deduction from this result is that, when R(x) > 0 and R(v) >—1, 


ou [:υ. (t) J, (2~t) 7 = [tds (ὃ + Susi (t)} Jy (2—t) dt = Wyss (2), 
so that 


υ dt Surv (2) 
(3) [OL @-5 F=e. 
This formula is due to Bateman*; some special cases had been obtained 
independently by Kapteyn+, who considered integral values of u and ν only. 


It will be observed that we can deduce from (2), combined with § 2°22 (2), 
that 


(4) [ J. (t) J_, (¢ -t) dt=sin gz, [», (ὁ) J,_,(z—t) αὐ Ξε J, (7) — cos 2, 


when —1< R(u) <1, and when —1< ἢ" (μ) « 2 respectively. 


By interchanging » with ν and ¢ with z—¢ in (3), we see that, if R(x) 
and καὶ (v) are both positive, then 
(5) [OCA ae = (+1) ee), 
o ἔ z—t μ»ν»σ5 Ζ 
It seems unnecessary to give the somewhat complicated inductions by 
which Kapteyn deduced (8) from the special case in which μτεν Ξε 1, or to 
describe the disquisition by Rutgerst on the subject of the formulae generally. 


12°21. Kapteyn’s trigonometrical integrals δ. 


A simpler formula than those just considered 1s 
(1) F cos (z—t) J, (ὃ dt = 23, (2). 
0 


‘To prove this, we put the left-hand side equal to u, and then it is easily 


verified that 
ἄξω 
az + i=— J; (2), 
and therefore 
u=zJ,(2)+ Acosz+ Bsin z, 


where A and B are constants of integration. 


* Proc. London Math. Soc. (2) 111. (1905), p. 120. Some similar integrals occurring in the theory 
of integral equations are examined by the same writer, ἰδία. (2) rv. (1906), p. 484. 

+ Proc. Section of Sci., K. Akad. van Wet. te Amsterdam, vit. (1905), p. 499; Nieuw Archief 
voor Wiskunde, (2) vir. (1907), pp. 20—25; Mém. dela Soc. R. des δεῖ. de Liége, (3) vr. (1906), no. 5. 

1 Nieuw Archief voor Wiskunde, (2) vu. (1907), pp. 3885—405. 

§ Mém. de la Soc. R. des Sci. de Liége, (3) νι. (1906), no. 5. 
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Now, when Ζ is small, 
u=z+0(2), 


and so A = B=0, and the result is established. 
It follows from (1) by differentiation that 


(2) [sin (2 -- ἐ). J, (ἢ dt =2J,(z), 
0 
and, by a partial integration, 
(3) | “sin (z—t). J, (ὃ dt = sin z — 2J,(z), 
0 


The formula | 
| Ἣ J,(t),, 22 
(4) [isin @e-1) BO dt == Σ (Seamer), 


which is valid when R() > 0, is of a more elaborate character, and the result 
of the preceding section is required to prove it. 


We write ‘ies [x (2 —t) Jn (t) df, 
and then we have 


qate= [i J! (2—t) + So(2—8)} Ju (t) dt + Jy’ (2) 


= pas ᾿ ποτ Ὁ Jn(t) dt + J,/ (2) 


os _)o AO dead! (2) 


= pd, (2)/2, 
by § 12:2. 
By the method of variation of parameters (cf. § 7°33), we deduce that 


v= A cosz+ Beins +p sin(z -t) a) dt, 
0 
and, since v= sie + O (2+) 
; ~ #1 (pe +2) ; 
when z is small, it follows that, when αὶ (xz) >0, 
A=B=0. 


Hence we obtain the required result. 


By differentiating (4) with respect to z we find that 


Ξ ὕ,.( | eee 
(5) [ cos (2 — t) vat dt = ᾿ 20) €n μμη (2). 
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12:22. Hardy method of evaluating finite integrals. 


As a typical example of a very powerful method of evaluating finite integrals *, we shall 
now give a proof of the formula (cf. § 12°12) 


ia ; wth) Poth) Insved (2) 
2 2 Su τ ὦν +1 ἜΩ “μενεὰϊκξ; 
(1) ib J, (2 sin? 6) J, (2 cos? 6) sin* ΕἸ 8 cos θάθε- FT (ute ΕΠ) 22) 
which is valid when & (μ)» —4 and ἢ (»)» --ἰ. 
The method is more elaborate than any other method described in this chapter, because 
it involves the use of infinite integrals combined with an application of Lerch’s theorem t 
on null-functions. 
Let | . J,, (zr? sin? 6) J, (zr? cos* 0) r+ 3ν +3 gin™ +1 9 cos*”+! 6dd= ἢ (r), 
. Fut+s)r (+9) 
20 (ptvt+1)/(22z) 
By changing from polar coordinates (r, 6) to Cartesian coordinates (x, y) and using 
§ 132 (5) we see that, whenever ¢> 7 (z) |, then 
[ exp(—7t). fi(r)dr= Ι: exp (— 232) J, (2x%) 2 εἰ da I, exp -- γ᾽) Ju (zy?) y+! dy 
0 
_ (22**T (pt+$)T(v+$) 
i An (24-22)u+vtl 
= |, exp(-r90). falrdar 


and hence, by an obvious modification of Lerch’s theorem, ἡ (7) is identically equal to 
Jo(r); and this establishes the truth of the formula. 


Suv ες (ar?) re tv +2 =f; (r). 


12:3. Chessin’s integral for Y, (2). 
A curious integral for Y, (z) has been obtained by Chessin, American Journal, xvi. 
(1894), pp. 186-—187, from the formula 
11 1 1] —ytm 
1 ΤΟ ota : ee dt ; 
if we substitute this result in the coefficients of the ascending series for Y, (2), we obtain 
the formula in question, namely 
gy ($2)—**+2™ (n—m-—1)! 
m=0 τὰ ! 


(1) Ὑ, (2) =2 (y+ log $2) J, (2) -- 


12 (2) ἀπὸ ἀν Ju VE), 
-| 1-¢ 


* J must express my thanks to Professor Hardy for communicating the method to me before 
the publication of his own developments of it. The method was used by Ramanujan to evaluate 
many curious integrals; and the reader may use it to evaluate the integrals examined earlier in 


this chapter. 
+ Acta Mathematica, xxv11. (1903), pp. 339—352. The form of the theorem required here is 


that, if f(r) is a continuous function of r when r > 0, such that 
| exp(—r2t). f(r) dr=0 
0 


for all sufficiently large positive values of t, then f(r) is identically zero. 


CHAPTER XII 
INFINITE INTEGRALS 


13°1. Various types of infinite integrals. 

The subject of this chapter is the investigation of various classes of infinite 
integrals which contain either Bessel functions or functions of a similar character 
under the integral sign. The methods of evaluating such integrals are not 
very numerous; they consist, for the most part, of the following devices : 


(I) Expanding the Bessel function in powers of its argument and inte- 
grating term-by-term. 

(II) Replacing the Bessel function by Poisson’s integral, changing the order 
of the integrations, and then carrying out the integrations. 


(III) Replacing the Bessel function by one of the generalisations of Bessel’s 
integral, changing the order of the integrations, and then carrying out the 
integrations ; this procedure has been carried out systematically by Sonine* 
in his weighty memoir. 

(IV) When two Bessel functions of the same order occur as a product 
under the integral sign, they may be replaced by the integral of a single 
Bessel function by Gegenbauer’s formula (cf. § 12:1), and the order of the in- 
tegrations is then changed. 


(V) When two functions of different orders but of the same argument 
occur as a product under the integral sign, the product may be replaced by 
the integral of a single Bessel function by Neumann’s formula (§ 5°43), and 
the order of the integrations is then changed. 


(VI) The Bessel function under the integral sign may be replaced by the 
contour integral of Barnes’ type (δ 6°5) involving Gamma functions, and the 
order of the integrations is then changed ; this very powerful method has not 
previously been investigated in a systematic manner. 


Infinite integrals involving Bessel functions under the integral sign are 
not only of great interest to the Pure Mathematician, but they are of extreme 
importance in many branches of Mathematical Physics. And the various types 
are so numerous that it 1s not possible to give more than a selection of the 
most important integrals, whose values will be worked out by the most suitable 
methods; care has been taken to evaluate several examples by each method. 
In spite of the incompleteness of this chapter, its length must be contrasted 
unfavourably with the length of the chapter on finite integrals. 

* Math. Ann. χνι. (1880), pp. 383—60. 


+ This procedure has been carried out by Gegenbauer in a number of papers published in the 
Wiener Sitzungsberichte. 
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13:2. The integral of Lipschitz, with Hankel’s generalisations. 


It was shewn by Lipschitz* that 
. 1 
] ΞΕ dt = -------- 
( ) [re o (bt) t /(a? + b?)’ 
where R (a) > 0, and, in order to secure convergence at the upper limit of in- 
tegration, both the numbers RF (a + 1) are positive. That value of the square 
root is taken which makes | a + /(a? + 6) | >| 6|. 

The simplest method of establishing this result is to replace the Bessel 
coefficient by Parseval’s integral (ὃ 2.2) and then change the order of the in- 
tegrations—a procedure which may be justified without difficulty. It is thus 
found that 


[Pe J, (Ot) dt = = [erat ["eieoe aadt 
0 Ws0 0 


οὐ gene 
~ arto a—tb cos θ 
= 1//(a? + 6°), 


and the formula is proved. 


Now consider the more general integral 


| ὅσοι J, (bt) te? dt. 
0 
This integral was first investigated in all its generality by Hankelt, in a 
memoir published posthumously at about the same time as the appearance of 
two papers by Gegenbauer}. These writers proved that, if R (z+ v)>0, to 
secure convergence at the origin, and the previous conditions concerning a 
and ὃ are satisfied, to secure convergence at infinity, then the integral is 
equal to 
(Zbjay Γίμ Ἐν) » (ety wevtt. ._o 
a* ίν +1) AF, ( 2° 2 en a3): 

To establish this result, first suppose that ὃ is further restricted so that 
|b|<!a|. If we expand the integrand in powers of ὃ and integrate term-by- 
term, we find that 


[ro J, (bt) tp) dt = Σ (-)" (by [ oertms eat dt 


0 nom! Γ(ν Ἐν 1) 
ς (OMB Dt» + 2m) 
mom! Γ(ν +m + 1) getetam . 


* Journal fiir Math. v1. (1859), pp. 191—192. 

+ Math, Ann. vut. (1875), pp. 467—468. 

+ Wiener Sitzungsberichte, uxx. (2), (1875), pp. 4833—443; ibid. Lxx11. (2), (1876), pp. 343344. 
In the former, the special case μ--ν Ἐ1 was investigated by the integral given in § 3°32; in the 
latter, Gegenbauer obtained the general result by substituting Poisson’s integral for J» (bt). 
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The final series converges absolutely, since |b|<|a|, and so the process of 
term-by-term integration is justified*. Hence 


(2) | erat J, (bt) ode 
0 
_ (4b/ay Γμ + v) ae μὲν} . δ᾽ 
= ΤῊ oF; a ae ;v+l1; ἊΝ 
The result has, as yet, been proved only when αὶ (α) >0 and [δ] «]α]; 
but, so long as merely 
R(a+tb)>0 and καὶ (α -- ἰδ) 0, 

| then both sides of (2) are analytic functions of 6; and so, by the principle of 
analytic continuation, (2) is true for this more extensive range of values of b. 


Again, by using transformations of the hypergeometric functions, (2) may 
be written in the following forms: 


(3) I "ana J, (bt) vm dt 


~ Belay Pe (1 + fal ad aoe δ 
aX Γ(ν- 1) ΑΝ ΠΡ ἘΠ ΘΙ, =a) 
αὐ)» Tint») μρμ(μὲν Ἰπμὲν, 1. δ' 
“aT GED ( ΠΝ ΝΣ οὐδε, ἜΤ) 
| The formula (2) has been used by Gegenbauert in expressing toroidal 
| functions as infinite integrals; special cases of (2) are required in various 
physical researches, of which those by Lambt may be regarded as typical. 


By combining two Bessel functions, it is easy to deduce that 


(4) | ᾿ ent Y, (δ 1 dt 


. 4b" Pty) (ἐξ 1 -μὲν 
ate BPO) Phd) 2g’ 2 3 tl; +h) 


Qb-"P(i-») μῴμτν ἱπμ-ν y ) δ 
(a+ byt”) τα --ν) ἢ a Oe 2°? > a+ b2)’ 
provided R (yz) >| R(v)| and R(a+ib) > 0; special cases of this formula are due to Hobson, 
Proc. London Math. Soc. xxv. (1892), p. 75, and Heaviside, £lectromagnetic Theory, 111. 
(London, 1912), p. 85. 

It is obvious that interesting special cases of the formulae so far discussed may be 


= cot yr 


— COSEC vr 


* Cf. Bromwich, Theory of Infinite Series, § 176. 

+ Wiener Sitzungsberichte, c. (2), (1891), pp. 745—766; Gegenbauer also expressed series, 
whose general terms involve toroidal functions and Bessel functions, as integrals with Bessel 
functions under the integral sign. 

t Proc. London Math. Soc. xxxtv. (1902), pp. 276—284; (2) vir. (1909), pp. 122—141. See 
also Macdonald, Proc. London Math. Soc. xxxv. (1903), pp. 428—443 and Basset, Proc. Camb. 
Phil. Soc. v. (1886), pp. 425—433. 
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obtained by choosing » and ν so that the hypergeometric functions reduce to elementary 
functions. Thus, by taking » equal to v+1 or » +2, we obtain the results 


on va ΟΡ (+4) 
(5) Ι. e~st J, (bt) t dt abt Je’ 
δῶ να, 96. (9δὴν T (ν +3) 
(6) J, evade (eye tT cir 


provided that R(v)> —4, R(v) > —1 respectively. 

These formulae were obtained by Gegenbauer, Wiener Sitzungsberichte, Lxx. (2), (1875), 
pp. 4833—443; they were also noticed by Sonine, Math. Ann. xv1. (1880), p. 45; and Hardy, 
Trans. Camb. Phil. Soc. χχι. (1912), p. 12; while Beltrami, Atti della R. Accad, delle Sev. 
di Torino, xvi. (1880—1881), p. 203, and Bologna Memorie, (4) τι. (1880), pp. 461—505, has 
obtained various special formulae by taking »=1 and ν to be any integer. 


Other special formulae are 


() | ᾿ e-4t J, oy Wet, 


[Nore. It was observed by Pincherle, Bologna Memorie, (4) vil. (1887), pp. 125—143, 
that these integrals are derivable from the generalised form of Bessel’s integrals (ὃ 6°2) by 
Laplace’s transformation (cf. § 9°15). This aspect of the subject has been studied by 
Macdonald, Proc. London Math. Soc. xxxv. (1903), pp. 428—443, and Cailler, Mém. de la 
Soc. de Physique de Genéve, xxxiv. (1902—1905), pp. 295—368. The differential equations 
satisfied by (5) and (6), qua functions of a, have been examined by Kapteyn, Archives 
Neéerlandazses, (2) vi. (1901), pp. 103—116.] 


The integral [2 ξεν a 


(1863), p. 46, as a a an a series of Legendre functions (cf. § 14°64). The integral does 
not seem to be capable of being evaluated in finite terms, though it is easy to obtain a 
series for it by using the expansion 


πὶ 70 (δι) ¢dé was obtained by Neumann, Journal fiir Math. LXxu. 


cosech rf=2 Σ 27 (20 +1) xt, 
n=0 


A series which converges more rapidly (when ὦ is large) will be obtained in § 13°51. 
Some integrals of the same general type are given by Weber, Journal fiir Math. xxv. 
(1873), pp. 92—102; and more recently the formula 


(9) “ὧν (bt) ἐ" αἱ _ (26)" Γ τὸ) § = 1 
o 6τ|-}1 Jr n= Σ Ge πϑι beth? 


which is valid when &(»)>0 and | 7(b)| <7, has been obtained by Kapteyn, Mém. de la 
Soc. R. des Scr. de Liége, (3) vi. (1906), no. 9. 


13°21. The Lipschitz-Hankel integrals expressed as Legendre functions. 


It was noticed by Hankel that the hypergeometric functions which occur 
in the integrals just discussed are of the special type associated with Legendre 
functions; subsequently Gegenbauer expressed the integrals in terms of toroidal 
functions (which are known to be expressible as Legendre functions), and a 
little later Hobson* gave the formulae in some detail. 


* Proc. London Math, Soc, xxv. (1893), pp. 49——75. 
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To obtain the fundamental formulae* of this type, we shall change the 
notation by writing 
a=cosha, 6=7sinh a, 
where a is a complex number such that 


-͵ἐπεῖΙ( «ἐπ; 
we thus obtain the formula 


(1) [ τ δ ἐοοῦθα J, (ἐ sinh a) ἐμ dt = Γ᾿ (μ Ἐν +1) P,-* (cosha), 
0 


provided that ἢ (w+ ν)» - 1. 


The spevial case of this formula in which »=0 had been given by Callandreau, Bull, des 
Sci. Math. (2) xv. (1891), pp. 121—124, two years before Hobson published the general 
formula. 


It follows at once from (1) that 
i τ cosha i ___sinpr a ν 
(2) [ e~tcoshe HK’ (¢ sinh α) ἐκ dt = sia Γί(μ —v +1) Ομ" (cosh a), 
provided that R(w+1)>|R()j. 


The modification of (1) which has to be used when the argument of the 
Legendre function} is positive and less than 1 is 


(3) | ertooee J, (¢sin 8) dt τ Γ(μ Ἐν 1), (cos 8), 


and hence we find that 


sinyr [(u—v+l1) 
sin (μ Ὁ ν) π΄ “τ 


(4) | “e-tee8 Υ᾽ (tgin 8) t# dt =— 
Ὁ 


x [Q,” (cos 8 + 02) et” + Q,” (cos 8 — Οὐ) e~ #7"). 


Some special cases of this formula have been given by Hobson, loc. ett. p. 75, and by 
Heaviside, Electromagnetic Theory, ut. (London, 1912), p. 85. 


An apparently different formula, namely 


¢t cosh a Σ | — a_i) 
() I, : i, vt ν(ἐ πὶ ᾿ 


has been studied by Steinthal+. This formula is connected with formulae of 
the previous type by Whipple’s§ transformation of Legendre functions, which 


* Since, by a change of variable, the integrals are expressible in terms of the ratio of b to a, no 
generality is lost. The various expressions for Legendre functions as hypergeometric series which 
are required in this analysis are given by Barnes, Quarterly Journal, ΧΧΧΙΧ. (1908), pp. 97—204. 

¢ The reader will remember that it is customary to give # different detinition for the Legendre 
function in such circumstances; cf. Hobson, Phil. Trans. of the Royal Soc. cuxxxvu. A, (1896), 
p. 471; and Modern Analysis, δὲ 15°5, 15°6. 

+ Quarterly Journal, xv11t. (1882), pp. 337340. 

ἃ Proc. London Math. Soc. (2) xvi. (1917), pp. 301—314. 
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expresses a function of cosha in terms of a function of cotha. The more 
general formula of the same type is 

COS νπ am (cosh a) 
sin (w+ v) π᾿ /(42r). sinh*-# α᾽ 
In these formulae, Καὶ (μ + v) > 0 and R (cosh a) > 1. 


(6) arto I, (é) te-idt= 


On replacing ν by — ν in (6), we find that 
| lls (cosh a) 


(7) [ ὁτόσον Κ᾿, (t) edt = y(der) Τῳ -- οὐ P (ut ν) at 
and this formula is valid when R (μ) >|. (v)| and R (cosh a) > — 1. 


If we take cosh a=0, we deduce that 


(8) [ ΚΑ, () et idimat-ar (Ἐς 5) (55), 
0 2 2 
a result given by Heaviside* in the case vy =0. 
When p=1, (7) becomes 
ΡῈ __ π᾿ sinhva 
(9) Ι. Siew ance sinyr sinha’ 


and hence, if »y=0, 


ἐν __ ΤῸ sinh v(@?-1) το βίῃ ν( --αἢ  arccosa 
J. eo te ea 95 ΘΌΘΣΣ. 
If we replace a by +76, we find that 
ὴ eF ®t K, (ὃ de 2” Fz arc sinh 6 


νι εὖ) ᾿ 
and so, when | J(b)|<1, 


oo ἐπ 

(10) I, cos (bt) . Ko (t) dt= να: δὴ ’ 
τας arc sinh ὃ 

(11) I, §10 (δ). Ho (Ὁ dtm Tay °° 


The former of these is due to Basset, Hydrodynamics, 11. (Cambridge, 1889), p. 32. 


[Nore. Various writers have studied the Lipschitz-Hankel integrals from the aspect of 
potential theory; to take the simplest case, if (p, φ, 2) are cylindrical coordinates, we have 


> 1 
I, 6 do (at) dt= Tae: 

It is suggested that, since et Jy (zt) is a potential function, the integral on the left isa 
potential function finite at all points of real space except the origin and that ont the plane 
2=0 it is equal to 1/p, and so it is inferred that it must be the potential of a unit charge at 
the origin. But such an argument does not seem to preclude the possibility of the integral 
being a potential function with a complicated essential singularity at the origin, and so 
this reasoning must be regarded as suggestive rather than convincing. 


* Electromagnetic Theory, 111. (London, 1912), p. 269. 
+ On the axis of z, the integral is equal to a constant divided by [2 |. 
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For various researches on potential theory with the aid of the integrals of this section, 
the reader may consult Hafen, Math. Ann. Lxrx. (1910), pp. 517—537. For some develop- 
ments based on the potential function 


ont [πίε - OP εν Ἤ 70 ae 
see Bateman, Messenger, xt. (1912), p. 94.] 


13:22. Applications of the addition formula to the Lipschitz-Hankel integrals. 


It is easy to deduce from the results of the preceding sections combined 
with § 11:41 (16) that, if all four of the numbers A(a + tb + 10) are positive 
and R(u+2v)>0, while τ is written in place of ./(b?+ οἷ -- 2δο cos d), then 


(1) | ᾿ 6. οἱ J, (bt) J, (ct) δ᾽} dt 


= ($bc)” eg at Jv (at) +¥—1] αὐγὴν 
=To+pr@ I. e sin pdddt 


_ (bc P(w+2v) [* μ-τῶν pt+2v4+1- . es), 
= Sear Og git hs —B) cine lp 


The hypergeometric function reduces to an elementary function if « =1 or 2; 
and so we have 


soe 1 a’? + δ᾽ -ἰ οὗ 
(2) [ve Fe (bt) Jy (ct) dt = Qa (“SE ). 


The case 4=2 may be derived from this by differentiation with respect to a. 


These formulae, or special cases of them, have been examined by the following writers: 
Beltrami, Bologna Memorie, (4) τι. (1880), pp. 461—505; Atti della R. Accad. delle Sci. di 
Torino, XVI. (1880—1881), pp. 201—205; Sommerfeld, Kénigsberg Dissertation, 1891; 
Gegenbauer, Monatshefte fiir Math. und Phys. v. (1894), p. 55; and Macdonald, Proc. 
London Math. Soc. xxvi. (1895), pp. 257 —260. 

By taking p= —1, y=1 in (1), we find that 

| et OO. T [ " {Ma2-+2—2 cos φ)-- αὐ ( Ἔοοϑ φ)αφ, 
0 t 2a 10 
so that the integral on the left, which was encountered by Rayleigh, Phil. Afag. (5) XLII. 
(1896), p. 195 [Scientific Papers, τν. (1904), p. 260], is expressible as an elliptic integral. 


An integral which may be associated with (1) is 
a0 tr dé 
(3) [ cos at 7, (bt) Κι, (ct) dt = [ (a? + (b +c)? — 4be 51η5θ) : 
This was discovered by Kirchhoft* as early as 1853; the reader should have 
no difticulty in deducing it from § 13:21(10) combined with § 11-41 (16); it 
is valid if all the numbers 
R(c+6+2a) 


are positive. 


* Journal fiir Math. xivun. (1854), p. 364. 
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A somewhat similar result, namely 
(4) [ 6. αἰγμπν J (δὲ) J, (ct) dt 
0 


ΟΣ (Be) F (24 +1) sin” φαφ 

r(v+4)P(s) ἊΣ Qiac cos ᾧ -- οἷ cos? φ- δ) τ᾽ 
which is valid when R& (a as ae and R(p)> -- ὁ, is due to Gegenbauer, Wiener 
Sitzungsberichte, LXXXVIII. (2), (1884), p. 995. It is most easily proved by substituting 
integrals of Poisson’s type for the Bessel functions. In the memoir cited Gegenbauer has 
_ also given a list of cases in which the integral on the right is expressible by elementary 
functions (cf. § 13°23). 


13°23. Gegenbauer’s deductions from the integrals of Inpschitz and Hankel. 


A formula due to Gegenbauer, Monatshefte fiir Math. und Phys. 1v. (1893), 
pp. 397—401, is obtained by combining the results of ὃ 18:2 with the integral 
formula of ὃ 5:43 for the product. of two Bessel functions; it is thus possible to 
express certain exponential integrals which involve two Bessel functions by 
means of integrals of trigonometrical functions*. The general result obtained 

by Gegenbauer is deduced by taking the formula 


J, (bt) J, (bt) = ΗΝ Ju+v (2δέὲ cos φ) cos (μ -- v) ddd, 


multiplying it by 6 5 #+» and integrating from 0 to 20; 1ὖ 15 thus found that,. 


if R(a)>|ZJ(b)| and R(w+v)>-—%, then 
οΌ οὐ fir 

| e~2at J, (bt) J, (bt) e+" dt = Ξ | | eat J, (2δέ cos) t#*”’cos (u — v) φ.αφ αἱ 
0 0/0 


= 2 [em Tass (2bt cos φ)ίβ τ" cos (u — v) φ. dtd 
=2/" (4b cos +” T (μ Ἐν +3) 


(4a? + 405 cos? pH τ" 4/ar cos (μ — v) φ.αφ. 


The inversion of the order of the integrations presents no great theoretical 
difficulties ; hence 


(1) i “τι J, (bt) J, (bt) w+” dt 
0 
ΡᾺμ Ἐν. 3) τ Γ" φ cos (yu -- ν) $ 4 
πὶ ο (α- δ᾽ cos? ptt ee 


This result, in the special case in which »=v=0, had been obtained previously by 
Beltrami, Atti della R. Accad. delle Sci. di Torino, xvi. (1880—1881), p. 204. 


As particular cases of (1) take »=1 and » equal to 0 and to —1. It is found that 


Ξ K-E 
—2a A fee ee eh 
ot ke Qa? + ἢ K— 2 (a?+62) ΚΕ 
τ |, TP em a “τ 


* See also an earlier note by Gegenbauer, ibid. pp. 379380. 
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where the modulus of the complete elliptic integrals K and £ is b/./(a?+0*). Beltrami’s 
corresponding formula is 


(4) | ᾿ 6- "αι J,2 (bt) dtm πῖτς τη᾿ 
Replacing ὃ by 7b, we deduce from (2) that 
α(δ᾽-- δι Κὸ 
ᾧ πὸ (α-- δ) ’ 
where Δ (α): 2} (δ)}, and the modulus &, of the elliptic integrals is δία. The formulae (3) 


and (4) may be modified in a similar manner. 


It was stated by Gegenbauer that the integrals in (2), (3) and (5) are expressible by 
means of elliptic integrals, but he did not give the results in detail; some formulae 
deducible from the results of this section were given by Meissel, Kiel Programm, 1890. 
[Jahrbuch δεν die Fortschritte der Math, 1890, pp. 521—522.] 


(5) | ᾿ e~ 2at J, (bt) Ly (bt) tdt = 


13°24. Weber's infinite integral, after Schafhertlin. 


The formula 


(1) ° J, (t)dt _ I (4) 
0 ty~eti ὃν--μτι r (vy a ἐμ + 1) > 


in which 0 « R(u) < R(v) +3, was obtained by Weber* for integral values of 
y. The result was extended to general values of ν by Soninet; and the com- 
pletely general result was also proved by Schafheitlin{. 


The formula is of a more recondite type than the exponential integral formulae given 
in § 18:2; it may be established as a limiting case of these formulae, for, since the conditions§ _ 
of convergence are satisfied, we have by ὃ 13:2 (3) 


[29 8. a [πῶς 
0 


ο HTL ἀκ ΡῈ 


_ Tt) _ p l—-pt+2v. : 
ores (§ 2 aia ae |, 


whence the formula is at once obtained. 


A direct method of evaluating the integral is to substitute Poisson’s integral for the 
Bessel function, and then change the order of the integrations ; this is the method used by 
Schafheitlin, but the analysis is intricate because the result is established first for a 
limited range of values of » and v and then extended by the use of recurrence formulae 
and partial integrations. 


Analytical difficulties are, to a large extent, avoided by using contour 
integrals instead of the definite integrals of Schafheitlin. If we suppose that 


* Journal fiir Math. Lxrx. (1868), p. 230. The special case in which y=0 was set by Stokes as 
a Smith’s Prize question, Jan. 29, 1867. [Math. and Phys. Papers, v. (1905), p. 347.] 

¢ Math. Ann. xvi. (1880), p. 39. 

+ Math. Ann. xxx. (1887), pp. 157—161. 

§ Cf. Bromwich, Theory of Infinite Series, § 172. 
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R(u)<0 and R(v) > —4, we then have (the integrals being absolutely con- 
vergent) 
O+) J, (—t) dt 1 (01) 
» (—ty* Pa Γι Ὁ PG) 40 
95 si ἐπ 
ὩΣ ότι, 
_— «- 2 βίη μπ. Γ (Fp) 
ὄνπμτι Π.ν -ἀμ: 1) 
ΒΥ the theory of analytic continuation, this result is valid when p and ν are 
subjected to the single restriction αὶ (μ) « R(v + 8). 
When &(,) > 0, we deform the contour into the positive half of the real 
axis taken twice, and we at once obtain the Weber-Schafheitlin formula. 


The integral * 


dr 
(— ty | . 008 (¢ cos θ) sin” 6d6 dt 


[ (01) HI, (-- ὃ) dt 
ἴω (tren 
may be treated in exactly the same manner; the only difference in the 
analysis is that cos(tcos@) has to be replaced by — sin (écos 8), and so, by 
Euler's formula (adapted for contour integrals), the factor cos $7r has to be 
replaced by — sin ἐμπ. 

It is thus found that 

OF, (—t)dt Qisinuw.V (ἐμ) ἴδῃ ἐμπ 

provided that R (μ) « R(v+ 8) and αὶ (μ) <0. 

When R(x) >—1, the contour may be deformed into the positive half of 
the real axis taken twice, so that 

(2) [ Ἡ,() 1 Γ(ἐμ)ύδη (ἐ μπ) 
υ | eH ~ Qv—etl το, wget .- 1) 

provided that -1< "ὶ (μ) <0 and  (ω) « R(v) +3. 

If we take » = 0, v=1, we see that 


(3) ΓΞ H, () dt ie 


0 
This result, combined with the asymptotic formula 


ee ee 2 5 (3+ 1 aa) ~ cos (2x + Ζπ) 


gz 12x85 Qard!3 gbi2 ? 
was used by Struve, Ann. der Physik sai Chemie, (3) XVII. (1882), p. 1014, to tabulate 
1 [: Hy, (ὃ dt | 
wie t? 


for both small and large values of 2. The last integral is of importance in the Theory of 
Diffraction. | 


* Generalisations obtained by replacing Bessel functions by Lommel’s functions (§ 10°7) in 
the integrals of this section and in many other integrals are discussed by Nielsen, K. Danske 
Videnskabernes Selskabs Skrifter, (7) v. (1910), pp. 1—37. 
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[Norz. By differentiating (1) under the integral sign we obtain Weber's result 


(4) i J, (Ὁ log tdt= —y—log2; 
this formula has also been investigated by Lerch, Monatshefte fiir Afath. und Phys. 1. 
(1890), pp. 105—112. 

The formula for functions of the second kind, corresponding to (1), is 


" Fa at _ _T (du) T (du — v) cos (ἐμ — ») = 


(5) 0 prety Qu-etl π 


provided that | (»)} « Καὶ (ᾳ -- ν) «ὃ. This result has been given by Heaviside, Electro- — 
magnetic Theory, 111. (London, 1912), p. 273, when v=0.] 


18:3. Weber's first exponential integral and its generalisations. 


The integral formula 


(1) iN J, (at) exp (— »" ὃ). tdt = 5 exp (- oa 


was deduced by Weber* from his double integral formula which will be 
discussed in § 142. This integral differs from those considered earlier in the 
chapter by containing the square of the variable in the exponential function. 
It is supposed that | arg p| < $7 to secure convergence, but a is an unrestricted 
complex number. 


It is equally easy to prove Hankel’st more general formula, 


(2) [ J, (at) exp (- p't?). td 


_ Γ(ἐν Ἐ ἐμ). (ζα}}" . ., α 
πο τ ἢ σι (ἀνε ξμν αὶ πρὸ) 


by a direct method. To secure convergence at the origin, it must now be 
supposed thatt 
R(w+v)>0. 


To obtain the result, we observe that, since (by ὃ 7°23) 
[°Zi(lalt). (exp (— pre) |.|e| de 


is convergent, 1t 1s permissible§ to evaluate the given integral by expanding 
J, (at) in powers of ¢ and integrating term-by-term. 


* Journal fiir Math, txtx. (1868), p. 227. Weber also evaluated (2) in the case p=»+2, ν being 
an integer. 
+ Math. Ann. vir. (1875), p. 469. See also Gegenbauer, Wiener Sitzungsberichte, τχχτι. (2), 
(1876), p. 346. 
+ This restriction may be disregarded if we replace the definite integral [ by the contour 
(0+) 
integral | 


8 Cf. Bromwich, Theory of Injinite Series, § 176. 
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It is thus found that 


[- ν (at) exp (- pret’). tdi = ae Σ Σ Pee [ ἐγ Ἐμ  3ηι--ὶ exp (— pt) dt 
- ς (—)"Gayt™ Τ ἀντ  μ Ἐπ) 


= ee 


nam! T(v+mtl1)’ Zprtetam 


and this is equivalent to the result stated. 
If we apply Kummer’s first transformation (§ 4°42) to the function on the 
right in (2), we find that 
(3) | ” J, (at) exp (— p°t?). ἐμπὶ dt 
0 


_TPvt+4te).Ga/p)” a? 
= Sp Pw +1) exp (5) oF , (ἐν-τ-ὰμ td; ytd), 


and so the integral is expressible in finite terms whenever μ --ν is an even 
positive integer. 
In particular, we have 
οῦ a” a? 
(4) [ J, (at) exp (— »" 32). ἐγ} αἕ = (Qpayrni O*P (- a3) ; 
provided that R(v)>—1. This integral is the basis of several investigations 


by Sonine, Math. Ann. xvi. (1880), pp. 35—-38; some of these applications are 
discussed in § 13°47. 


In order that the hypergeometric function on the right in (2) may be 
susceptible to Kummer’s second transformation (§ 4°42), we take ~=1; and, 
if we replace ν by 2», we then find that 

a? 
(ep) 


7 242 = va es 
(5) I J, (at) exp (— »" 3). αἱ = op exp ( on) ky 
a result given by Weber in the case v=}. 


If we replace ν by — ν, it 1s easy to see that 
(6) | Yy (at) exp (— p%*) αἱ 
/0 


=~ 37 exp (- 55) 11, (ep) tan or ες kK, (ξ2) see vr, 


when | R(v)|<4; and, if we make p ~ 0, (a being now pusitive), we find that 
tan vir 


(7) |” Yor(aty de = - 2", 
when | R(v)|< 4, by using 8 7.28; and, in particular, 


(8) | ᾿ Y,(t) dt =0. 
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Formulae (5) and (6) were given (when yv=0) by Heaviside, Electromagnetic Theory, 111. 
(London, 1912), p. 271. 


Another method of evaluating the integral on the left of (3) is suggested by Basset, 
Proc. Camb. Phil. Soc. νττι. (1895), pp. 122—-128; the integrals have also been evaluated 
with the help of Laplace’s transformation by Macdonald, Proc. London Math. Soc. xxxv. 
(1903), pp. 428-—443; see also Curzon, Proc. London Math. Soc. (2) x11. (1914), pp. 417— 
440; and Hardy, Trans. Camb. Phil. Soc. xxi. (1912), pp. 10, 27, for formulae obtained by 
making p? a pure imaginary. 


For some applications of the integrals of this section to the Theory of Conduction of 
Heat, see Rayleigh, Phil. Mag. (6) xx11. (1911), pp. 381—396 [Scientific ene νι. (1920), 
pp. 51—64]. 

13°31. Weber's second exponential integral. 


The result of applying the formula §11°41 (16) to the integral just dis- 
cussed is to modify it by replacing the Bessel function under the integral 
sign by a product of two Bessel functions of the same order. 


If a = /(a? + b?— 2ab cos φ) and if R(v) >—4, R(2v + w)> 0, | arg p|< 4x, 
we thus deduce that 


| ᾿ exp (— pt?) J, (at) J, (δὲ) &— dt 


(tab) ἔ Jefe J (ot) vi. 7 
“Totprole μον prt?) t sin” ddddt 


The hypergeometric function reduces to unity when μ = 2; so that 
εἰ ᾿ς (fab/p*y ὃ [rex 
-- pt? ἂν 
I. exp (— pt?) J, (at) J, (bt) tdt = ipl (+ dP) κρ(- =) sin” ddd, 


_ __(tabjp*y δ (-“7 [ αὖ οοΒ ΦᾺ .ς, 
= ST (vt HPQ) exp ip? ) “exp ( ap? ) sin” dd¢. 
If we expand the exponential under the aes sign, we find that 
: / a@+6 ab 
(1) 1: exp (— p*é?) J, (at) J, (bt) tdt = Spi OXP (- at) i, (se) : 
This formula is valid if R(v) > -- 1 and a p|< tr. 


Like the result of § 18:3, this equation is due to Weber, Journal fiir Math. Lx1x. (1868), 
p. 228; Weber gave a different proof of it, as also did Hankel, Math. Ann. vit. (1875), 
pp. 469—470. The proof given here is due to Gegenbauer, Wiener Sitzungsberichte, LXXII. 
(2), (1876), p. 347. Other investigations are due to Sonine, Math. Ann. xvi. (1880), p. 40; 
Sommerfeld, Konigsberg Dissertation, 1891; Macdonald, Proc. London Math. Soc. xxxv. 
(1903), p. 438; and Cailler, Mém. de la Soc. Phys. de Genéve, xxx1v. (1902—1905), p. 331. 
Some physical applications are due to Carslaw, Proc. London Math. Soc. (2), Ὁ VIII. oes 
pp. 365—374. 
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13°32. Generalisations of Weber's second exponential integral. 


When the Bessel functions in integrals of the type just considered are 
not of the same order, it is usually impossible to express the result in any 
simple form. The only method of dealing with the most general integral 


|”. (at) J (bt) exp (— pt) δὶ αἱ 
“ 0 


is to substitute the series of §11°6 for the product of Bessel functions and 
integrate term-by-term, but it seems unnecessary to give the result here. 


In the special case in which Ἃ = ν — 4, Macdonald* has shewn that the integral 
15 equal to 


a ἐπ : 2 2 sin? 8 
or ? >) cos#—2¥-! θ sin’ OT, ee 3 exp (- ee — 
—v)Jo ) 
by a transformation based on the results of §§ 12°11, 13:7. 


An exceptional case occurs when a = b; if R(X + «+ v) >0, we then have 
λτμεν 

0 

μὲν prtety Dw ἘΔ) 0 +1) 


᾿ “οὐ ae, Ports anes, ere sree -5) 


) dé, 


quty 


{ : J, (at) J, (at) exp (— pt?) 1 dt = 
0 


by using the expansion of ὃ 5°41. Some special cases of this formula have 
been investigated by Gegenbauert. 


13°33. Struve’s integral involving products of Bessel functions. 
It will now be shewn that, when R(u + v) > 0, then 


LODO,  Tmtyl@ 
() [: μὲν αὐ τα αν ΌΤΙ ἘΌΤῸ ἘΦ 


This result was obtained by Struve, Mém. de [ Acad. Imp. des Sci. de St Pétersbourg, (7) 
XXX. (1882), p. 91, in the special case p=v=1; the expression on the right is then equal 
to 4/(37). 


In evaluating the integral it ᾿ first convenient to suppose that R(w) and 
R(v) both exceed 4. It then follows from ὃ 8.8 (7) that 


Γαι ao 5 ee DOE D _ 
pete = Saree (a +b) vt ἢ) 


x | ΓΙ ΞΞΞΞΘΕΘΘ (t sin eh sin (t sin 1 φ) eos*—? 6 οοβῦν--2 φ sin @ sin odd dddt. 


* Proc. London Math. Soc. xxxv. (1903), p. 440. 
+ Wiener Sitzungsberichte, Lxxxvut. (1884), pp. 999—1000. 
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In view of the fact that ἐ 3 sin (¢ sin @) sin (ὁ sin d) does not exceed numeri- 
cally the smaller of 1.3 and sin @sin ¢, the repeated integral converges 
absolutely, and the order of the integrations may be changed. 


Since * 


[ sin (ἐ sin 6) sin (¢ sin Φ) dt = τὰ sin 0, (θ « φ) 
0 t? ἐπ sin φ, (θ3 φ) 
we find that the triple integral 1s equal to 


ἀπ 
ἐπ | | : cos™—? θ cos*~* ᾧ sin? θ sin φαθαφ 
ο Jo 


ἀπ [0 
+h | [ cos*~? θ οο55» 2 ¢ sin θ sin? ddd. 
ο Jo 
But, by a partial integration, we have 


(ῶν — 1) | . cos*-?¢ sin d i : cos*~? @ sin? ae} ἀφ 


o ᾿ ἀπ ἐπ 
= |- cos’ Φ [ cos*—? @ sin? 949) + | cos”—) @. cos*~* ᾧ sin? ddd 
0 0 
_Pm@tv—1 rd) 
20(utv+4) ὁ" 
The other integral is evaluated in the same manner, and so we have 
[72 O20 ae LG+r— DED (Cu + v0) 
we (atyt+d)0 wth l (+4) ’ 


whence the result stated is evident. The extension over the range of values 


of μ and ν for which merely R (μ + v) > 0 is obtained by the theory of analytic 
continuation. 


It may be shewn in a similar manner that, when 2 (n+) is positive, then also 


ὦ [ Ἡ, ΘΗΝ 0 Pt) ) 
. pete “μεν (uty +h) P(t) +9) 


This result was also obtained by Struve (δία, p. 104) in the case pa y=1. 
By using § 10°45 we find that, when 2 (μ) and & (ν) exceed $, 
[: Η, ΩΣ H, (Ὁ ἀ; 
0 
(2u—1) (ἂν —1) [: 1: [re {1—cos (¢ sin 6)} {1 — cos (¢ sin d)} 
~ φμέν-Σ ΤΡ (uth) T (v4) ὰ 


x ΟΟΒ 2 8 cos”? ᾧ sin 6 βίῃ φαθ ἀφ αἱ. 
Now, if a and β are positive, it appears from a consideration of 


(1-60) (1-8) 
foment. 


* This result is easily proved by contour integration. 


398 THEORY OF BESSEL FUNCTIONS [CHAP. XIII 


round a contour consisting of the real axis and a large semicircle above it, that 


[ 4 — cos oo ~ COS (Bt)} αι-- [55 6Ρ 25 ὅθι 
ἣ t 0 ἔ 


Hence the triple integral under consideration is equal to the triple integral evaluated in 
proving (1), and consequently (2) is established in the same way as (1). 


The reader will prove in like manner that, if 2 (μ) and ἢ (ν) both exceed 3, then 


“ ἨἾ, (ὃ J, (ἢ) w= ἂν --Ἰ 


(3) 9 eteT Orr Gey 1) PPE DT Fd) 


and this may be extended over the range of values of » and ν for which ἢ (ν)}» ἡ and 
R(pt+v)> 1. 


The integrals [: Hy, (¢) Η, (ἢ dt, [ ΕἾ, (ὃ ὦν (ἢ αἱ 
0 


0 getyt2 petytl 


may be evaluated in a similar manner, but the results are of no great interest ™. 


13°4. The discontinuous integral of Weber and Schafheitlin. 


The integral 
Ὁ], (at) J, (bt 
[ee at 


in which a and b are supposed to be positive to secure convergence at the 
upper limit, was investigated by Weber, Journal fiir Math. Lxxv. (1873), 
pp. 75—80, in several special cases, namely, 


(i) N=n=0, νΞὶ, (ii) N=—4, w#=0, v= +h. 


The integral was evaluated, for all values of A, » and ν for which it is convergent, by 
Soninet, Math. Ann. xvi. (1880), pp. 51—52; but he did not examine the integral in very 
great detail, nor did he lay any stress on the discontinuities which occur when a and ὃ 
become equal. Some years later the integral was investigated very thoroughly by Schaf- 
heitlint, but his preliminary analysis rests to a somewhat undue extent on the theory of 
linear differential equations. 


The special case in which A=0 was discussed in 1895 by Gubler§ who used a very 
elegant transformation of contour integrals; unfortunately, however, it seems impossible 
to adapt Gubler’s analysis to the more general case in which A # 0. The analysis in the 
special case will be given subsequently (§ 13°44). 


* Some related integrals have been evaluated by Siemon, Programm, Luisenschule, Berlin, 
1890 (Jahrbuch δον die Fortschritte der Math. 1890, p. 341). 

+ See also § 13°43 in connexion with the researches of Gegenbauer, Wiener Sitzungsberichte, 
LXXXVII1. (2), (1884), pp. 990—991. 

+ Math, Ann. xxx. (1887), pp. 161—178. The question of priority is discussed by Sonine, 
Math. Ann. xxx. (1887), pp. 582—583, and by Schafheitlin, Math. Ann. xxx1. (1888), p. 156. 

§ Math, Ann. χύνει. (1897), pp. 37—48. See also Graf and Gubler, Einleitung in die Theorie 
der Bessel’schen Funktionen, τι. (Bern, 1900), pp. 136-148. 
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The first investigation which we shall give is based on the results of § 18:2, 
The conditions for convergence are* 
ee (a # ὃ) 
R(wtv+1)>RK(aA)>0, (a = ὃ) 
it being supposed, as already stated, that a and 6 are positive. 

We shall first suppose that the former conditions are satisfied, and we 
shall also take b<a. The analysis is greatly shortened by choosing new 
constants a, 8, y defined by the equations 

2a =wt+yv—AH+l, N=y—a-—B, 
area! jpn a— 8 
-y=v4+l, ν»Ξ- γ--Ἱ. 
It will be supposed that these relations hold down to the end of § 13°41. 
It is known that 


Ϊ “7, (at) JO) oe hina 
t* 


0 c-> +0 


i eet J, (at) J, (bt) dt, 
0 ἐλ 

since the integral on the left 15 convergent; now, when c has any assigned 
positive value, the integral on the night is convergent for complex values of ὃ; 
we replace ὁ by z and the resulting integral is an analytic function of z when 
R(z) > 0 and |I(z)|< ο. : 
ves (at) S,_, (2t) 


Now i es wae dt 
" οὐ τὸ μὴ (-)™ (42)ytem—1 fet+B+2m—1 
Ἵ ὲ ‘Jana (at)| & Gay Ὁ } 
Σ (- ve ( 4 gy T= ὑπὸ co 
“2 etGaa ote 


provided thatt 
Σ CE | et i σι, (αὐ ecvtten td 
is absolutely εὐ δύ δε θα: and it is easy to shew that this is the case when 
jzl<e. 
srg when |2|<c, 
[ ὦ Ja-p (at) Jy—1 (2t) ἼΣΩΣ 2 $ (= y* (fz) vm) (ga)*-F T (2a + 2m) 
ao Ys F wee Ξ mi T(y+tm) ᾿(αὐ τ ct" Γία --β -Ἐ 1) 
αΞ 

x oF (a+ m, 4—B—m;a—B+1; =~), 

* It follows from the asymptotic expansions of the Bessel functions that the conditions 
R(wtvtl1l)>R(A)p>-1 


are sufficient to secure convergence when a=b, provided that μ -- ν is an odd integer. 
+ Cf. Bromwich, Theory of Infinite Series, § 176. 
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and the hypergeometric function on the right may be replaced by* 
ran reap" F(a+m, thm 1." mort 
τ 5 ππ τ Te +8) aan (Ἐπὶ κυ a ara) 

Now the moduli of the terms in the expansion of 

2F,(a+m,$—R—m; ἀν 2) 
do not exceed in absolute value the alternate terms in the expansion of 
(1—/”)-4-2™, where A is the greater of | 2a| and | 28 — 1 |; and, similarly, the 
moduli of the terms in the expansion of 
| oF, (a+ πι τ, 1 -- β -- πὶ; ἃ 2) 
do not exceed in absolute value the alternate terms in the expansion of 
(1 — ax)- 4-2" a, 


Hence the terms in the infinite series which has been obtained do not 
exceed in absolute value the terms of the series 


ς (=n (heyrttm-1 (dayr-# Γ(δα Ὁ 2m) 3 --: 
nao MU(y+m) (atom ΠΡ - B—m)P(a+m+})| 


+l v/s) 4~ Pee = | 
ΤΤΡΕ -β πη Γ @+m), 


where «= c*/(a*?+c*). But this last series is Pts convergent when 
|z|< (a? + c*) —c, and it represents an analytic function of z in this domain. 


+ 


Hence, by the general theory of κλύον continuation, 


we eo Ja—p (at) Jy_1 (at) dt 


‘ ἐγ-α-β 
Σ ΓΞ —)™(gzyrtem—2 (φα)5 86 ῴίῶα + 2m) 
ae m!iD(yt+m) (a? +c*)*"™T(a—8+1) 


«oF (atm, ἐπ ΞΡ sca) 


provided that z satisfies the three conditions 
R(z)>0, [1 (2)}«ο, [2|« ν(α"- 0) — 6. 
Now take Οἱ to be ἃ positive number so small that 
be V(a+C)—-C, 
and take 0<c<C, so that also 
ὃ « γ(αῦ -ἰ ο).--ο. 


* Of. Forsyth, Treatise on Differential Equations, (1914), § 127. 
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Then in the last integral formula we may take z = 6, and when this has been 
done, if we use fonctions majorantes just as before, we find that the resulting 
series has its terms less than the terms of an absolutely convergent series 


MS ee at am) Fea 
m=0 mT (γ + m) (a? + C2)a+m | Sass Annee ee 


iTQ-—B—-m)Tat+m+})| 


PALS Gs 3) | nine ued τ; 
[Γ (4—-B—m)P(a+m)| 
where X = C?/(q? + 0".Ψ 


Hence, by the test of Weierstrass, the original series converges uniformly 
with respect to c when 0 <c<(C, and therefore the limit of the series when 
ὃ 0 is the same as the value of the series when c=0. 

We have therefore proved that 
lim Alas Ja—p( (at) J J. τοῖν (bt) dt 
6-»0 ἐγ" ook 

2p —)™ (gb)rt?m—? (fa)e~F Γ(2α + 2m) oe 
ar m! D(y +m) q2et2m Τ' (α-- β +1) β-- 1) 2, (a+m, 4 B m, ἃ B+1; 1), 
and therefore 
οο α--β (at) J, - 1 (bt) 
| ose at 
_ Σ (—)™ byt2m-1 Γ' (2a + 2m) Γ (4) 
Πα MT (y +m) Qe-Btyt2m—1 gatB+im I1(] — B—m) Γ (α +m + 4)’ 


It has therefore been shewn that 


Jo-a(at) Sr (08) gy PTO) (9 
(1) [ τ -- dt = 5-3-8 ge Fy) FAB)? F(a, B33 =) 
that 1s to say 
σαι... 
= = “λα ΙΓ ΓΕ λτεερμπΕνἘ ἢ) 
| ar ae ὩΣ ea τ): 


provided that 0 « ὁ « α, and that the integral is convergent. This is the result 
obtained by Sonine and Schafheitlin. 


If we interchange a and 6, and also μ and », throughout the work, we find 
that, when 0 < α « ὃ and the integral is convergent, then 


J,.-p (at) ὦ]... (δὲ) as-8 Γ (α) 
ὦ) [OEE tay Ξ τι ΞΒ τ 


Χ F,(a,a—y+1;a-B+155,)- 
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Now it so happens that the expressions on the right in (1) and (3) are not 
the analytic continuations of the same function. There is consequently a 
discontinuity in the formula when a Ξε δ; and it will be necessary to examine 
this phenomenon in some detail. 


13°41. The critical case of the Weber-Schafheatlin integral. 


In the case of the integral now under consideration, when a=, we have, 
as before, 
| eee) ΓΙ ee ee J. (at) J, (at) dt, 
0 c-~>+0/0 ἐλ 
assuming that  (μ Ἐν Ἐ 1)» 1 (Λ)»Ό0, to secure convergence. 
Now consider 


sas ~z J a—p (at) σ΄. ---1 (at) 
where z is a complex variable with R (z) positive. 

When R (z)> 2a we may expand the integrand in ascending powers of a 
and integrate term-by-term, this procedure being justified by the fact that 
the resulting series is convergent. 

We thus get, by using ὃ 5°41, 

[oe Teale Sy 


9 ty --α--β 


m-oJo m! D(a-B+mt+ 1) Γ (γ Ἐ πὶ) Γ (α -- β΄ ἘΞ πὶ) 


ς Οὐ φαρένηκο (Ba + 2m) PCa -- 8 Ἐν + 2m) 
mug 22m! Πα -- ξβἘπι- 1) Γ( Ἐ τὺ) Γ(α -- β- Ἔ πι)᾿ 


" - [ ο τί (—)™ (fa) Prytems f2atom—1 C (a = B + y + 2m) 


Now the integral on the left is an analytic function of z when ἢ (z) >0, 
and so its value, when z has the small positive value c, is the analytic con- 
tinuation of the series on the right. 


But, by Barnes’ theory*, the series on the right and its analytic continua- 
tions may be represented by the integral 
L (vt (far Bt rt T (2a + 25) Γ(α -- B+ + 2s) 
τι}. ng 2At*T (a—B+st 1) Γ(γ 5) (α -- β ἘΥ95) 
and this integral represents a function of z which is analytic when | arg z| <7. 
It is supposed that the contour consists of the imaginary axis with loops to 
ensure that the poles of Γ (— 8) lie on the right of the contour, while the poles 
of I (2a+ 2s) and of Γ (α -- 8 ++ + 2s) lie on the left of the contour. | 


When | z|< 2a we may evaluate the integral by modifying the contour so 
as to enclose the poles on the left of the contour and evaluating the residues 


Γ(-8)ας; 


* Proc. London Math. Soc. (2) v. (1907), pp. 59—118. See also 88 6°5, 6°51 supra. 
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at them. The sum of these residues forms two convergent series proceeding 
in ascending powers of z; hence, when R(z)>0 and | z|< 2a, 


[ ent Ja—p (at) Jy-1 (at) dt 
0 


ἐγ -αΞβ 
1 ας (ὐκβωντοτβτατι να ya Bm) (at ὑπὸ) 
τ πο πᾳ --ὶ -- ἔν) "(γ -- α -- δι) Γ (γ -- βὶ -- sm) 


1 Σ (-}" (4a)—™ 1 27-98 + DP (at β --ὰ -- ἢ) Γ (δα τ ἐγ - ἐβ-π hm) © 
2 m=o m!  (ῤα--ἐβρ --ἐγ-- ἐπι 1) PES+ ἐγ-- ῥα -- ἔνι) Γ(ξα -- β Ὁ ἐγ -- dm) 

Now R(y—a—£) >0, and so, when we make z assume the positive value 
c and then make c-—> 0, we deduce that 


+ 


(1) [ Jas (at) Jy, (at) dt = (ga)r*#7 I c (γ-α- - α-- β) 1 (α) 
υ ae 20 (1-8) TP (y— a) ΤῸ -- β) 
provided that R(a)>0, Κ(γ--α-- βΒ)}»00. 


From the Gaussian formula for 9 Γ᾽, (α, 8; γ; 1), there is therefore no discontinuity 
in the value of the integral, though there is a discontinuity in the formula which 
expresses that value as ὃ increases through the value a. 


The result may be written in the alternative form 


[ ᾿ Ju (αἱ) Jy (at) dt 
ἐλ 


- 0 


(2) 
= (ξα)λ-1 P(A) Γ (Gut ἐν -- δὰ -- δ) 
“ὠΓαλτάν-πΆεμἘ })Γ (ἐλ + ἐμ τ ἐν τ δὴ PGA Ἐ ἐμ -- pth) 
provided that R(w+v+1)>R(aA)>0. 
If μ--ν is an odd integer the integral converges when 02> H(A) >—-1; 
this case next demands attention. 


We shall make a change in notation by writing «+p and a—p—1 in 
place of μ and ν in the preceding analysis ; if R(X)> 0, we then find that 


[en tn at) Soca (8 
« 0 


ἐλ 
“νος (ξα) Ἐπὶ Γ (2a 29) P (2a+ 28 -- Δ) a 
“sal. , eter Πα ἘΡ. 5: 1) Γ (α-- peal Oses) οἿ, ayes 
4105 (—)™(fZap-™ δ) T(A—m)T(a—grat dm) 6 
~ Qmag mT (p—m4+hrt1C(-—p- im + 4a) TP (a+ ἐλ —4m) 
| ie 1 Σ (—)™ (fa)-™ 24+" PD (— 2X — m) T (a + $m) 
“Ὁ 2 μα MID (p- ἐν Ἐ1)Γς-»-- $m) "Γ(α-- Lad 
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and hence 
(3) [ 7)...» (at) .}...»-«ἰ (at) ΓΝ αλο 1 P(A) TP (α-- 4a) 
i og ἐλ ~ ΑΓ (p+ ἐλ 1) Π(ατ ἀλὴΓ Ga—p)’ 


unless %=0. This should be compared with the more general formulae 
obtained from ὃ 13:4, namely that, when ὃ « a, 


(4) | eee dt 
0 

ἈΝ ee Cer ey ee 

“λα ΤΡ (a—p)T (pt grt)’ F (« ὅν —p- Ps απρὶ GB), 

and, when ὃ >a, | 
(5) Ι κι (at) sore! (dt) dt 

ΝΥ ὁ ἐλ) 
= KDI tp +l) PGaop) 


Since ἃ #0, the functions on the right in (4) and (5) do not tend to limits 
when a >}. 


—, p+1—P; at+ p41; δ). 
δ 


On the other hand, when Ἃ is zero, the contour integral becomes 
ἃ fe (Jaye {P (2a + 28)}*T (— 8) 
πὶ}. ὡς 28** Γ (atpt+st+1)C(a—pts) T @atey” 
and the residue at s = — a is (—)?/(2a). 


It follows that 
δ5-ρ-ι (a) _o 
. | aaT ap). pith (8 πρὶ a) 
(6) | Ξ Tarp (at) Japs (bt) dt = (—)?/(2a), 


Το, 
according as ὃ « a,b=a,b>a. Since 
oF, (α, --»; a—p; 1)=(—)? p! P'(a—p)/T (a), 
it is evident that the value of the integral when b=a 18 the mean of its limits 
when b=a—-0 and b=a+0. 
The result of taking A= 1 in (2) is 


2 sin § (ν —p) π 
(7) ΕΟ ΟΣ: 2 onder, 
which is also easily obtained by inserting limits in § 5:11 (13); this formula has been 
discussed in great detail by Kapteyn, Proc. Section of Sei, K. Akad. van Wet. te 
Amsterdam, tv. (1902), pp. 102—103; Archives Néerlandaises, (2) vi. (1901), pp. 103— 
116. 
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13°42. Special cases of the discontinuous integral. 


Numerous special cases of interest are obtained by giving special values 
to the constants ἃ, μ, v in the preceding analysis. To save repetition, when 
three values are given for an integral, the first is its value for b< a, the second 
for b==a, and the third for b> a; when two values only are given, the first is 
the value for b <a, the second for b>a; and the values are correct for all 
values of the constants which make the integrals convergent. 

The following are the most important special cases* : 

* Ty (at) Sy (Ot) ὁ (b/ay"/m 
l eS es - 3 -ςς 
ΟΣ πο ΩΡ’ ee 
—lag 1 ) 
© FT (at) sin bt μ΄ sin ίμ are sin (b/a)}, 
(2) Ι. ἐδ οτος ἀξ τι ἡ  atsindur _ [R(u) 5 --1] 
wb + f(b? -- αἢ)}"΄ 
-1 : 
ὦ Τ (αἱ be ~~ cos ἰμ arc sin (b/a)}, 
(3) | fn (at) cos ™ =| a cos ἐμπ' [R(u) > 0] 
He [D+ ν᾽ -- a?)}0 
sin {yw arc sin (b/a)} 

/ (a? ae b?) 3 

x or 0, | [f (wu) > — 2] 
a“ cos ἐμπ 


Ὁ" — a?) (b+ νι" — a2)" 


cos {z arc sin (b/a)} 
© ν(α" ob) ᾿ 
(5) [ J. (at) cos δέ. αἀ τε͵ {οὦ or 0, [ (μ)» -- 1] 
: a* sin ἐμπ 


(B= αὐ). 1Ὁ + V(b — a?) 


» 


(4) [4 δια btu = 


Special cases of preceding results are 
9 


(6, [᾽ σι(αὐ sin Ot. dt = 20 
: ine —a?). 
ἘΣ 1//(@ Ὁ 03), 
(7) | J, (at) cos bt. dt = 1%, 
. (0. 


These two formulae, which were given by Webert, Journal ftir Math, UXxv. (1873), 
p. 77, are known as Weber's discontinuous factors; they are associated with the problem of 
determining the potential of an electrified circular disc tf. 


* Numerous other special cases are given by Nielsen, Ann. di Mat. (3) x1v. (1908), pp. 82—90. 
The integrals in (4) and (5) diverge for certain values of « when a=b. 

+ The former was known to Stokes many years earlier, and was, in fact, set by him as a 
Smith’s prize examination question in Feb. 1853. [J/ath. and Phys. Papers, v. (1905), p. 319.] 

+ Cf. Gallop, Quarterly Journal, xx. (1886), pp. 230—231. 
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Another special formula 18 
kee /at, 
(8) [ Ju (at) Ty (bt) dt= 11/(28), [R (u) > 0] 
and if we put w~=1, we obtain Weber's result (cbid., p. 80), 
a 0, 
(9) [Jo (at) Ji (be) dt = 41/28), 
0 
1/b. 
The result of putting »=4 in (8) is known as Dirichlet’s discontinuous factor; see the 
article by Voss, Encyclopddie der Math. Wiss. τι. (1), (1916), p. 109. 


Some other special formulae have been found useful in the theory of Fourier series by 
W. Hz. Young, Leipziger Berichte, uxt11. (1911), pp. 369—387. 


Another method of evaluating (5) has been given by Hopf and Sommerfeld, Archiv der 
Math. und Phys. (3) xv. (1911), pp. 1—16. 


A consequence of formula @ must be noted, When »>0, we have, by § 5°51 (5), 
3 ey μα) ταν [σή τ 


«ἢν [ .7.3 ot 
Jo t 
=1, 
and so 
(10) [ν 4) «1, [Aa @)i<1/,/2, 


provided only that ν be positive; this is an interesting generalisation οὗ Hansen’s inequality 
(§ 3:5) which was discovered by Lommel, Miinchener Abh. xv. (1886), pp. 548-—549. 


The reader may find it interesting to age Bateman’s integral *, 
(11) [ J(at) {1 -- σν 00} 5 εἰ 


log (6/a), 
from the Weber-Schafheitlin theorem. 


13°43. Gegenbauer’s investigation of the Weber-Schafheitlin integral. 


In the special case in which the Bessel functions are of the same order, 
Gegenbauert found that by his method Weber's integral could be evaluated 
in a simple manner. 


If R(2v +1) > RA) > R(v +4) we have 
[ J, (at) J, (bt) a 
- 0 


(gab f® Γ J, \t /(a@ + b? -- 2ab cos $)} 
~Pw+4rQ) Ι. υ ἐλ" (αὐ + b? — 2αὖ cos φλὴν 
(aby Γ ν --ἐλ 4) . sin” ddd 
~ BL (y+) 04) LP GA+4) Jo (@ + δ᾽ — 2ab cos φ)» -ἐλτὶ 
* Messenger, xu1. (1912), p. 101; for a proof of the formula by another method, see Hardy, 
Messenger, xii. (1913), pp. 92—93. 


+ Wiener Sitzungsberichte, Lxxxvuit. (2), (1884), p. 991. 


sin” ddddt 
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by § 13°22. When ὁ « α, the i ee on the right is 


ὃν Γ (ν -- ἀὰ - 2) eae se 
FeAl o+HPGGD wo E (3) εν Ce (ΘΟ Φ) Seas. 


Now from the recurrence formulae 


αι = 2) Oye (2)} = (n+ Qu 1) -- 2-104, (2), 


7 {(1 — 2*)iete Ce (z)} = —(n +1) 1 — 2) t#-1C, (2), 
we see that 
(n+1) ja — 2*)r-t C+, (2) dz 
ave [« -- κ)ν-μτ- ἢ σία -- 22)intu Ομ (| dz 
see ee 9 “( - ὅν ἐσμ() de 


aoe -_ 1 
_ Ut2h—2v—-1 [ ( -- σφ)» 9πῈ} 7 1a — 22)-32 Co (2) dz 
-1 


ὥν-ἘΠ-Ἰ 
+2u4—-2v—1 +2u—1)/} 
= Pe Ge ΘΙ που)... 


so that 


| ᾿ Casi (cos h) sin” ddd 
. Οὐ + 2p — 2v—1)(n + 2μ -- 1) ᾿ αν... (cos Φ) sin” φάφ. 


(2v+n+1)(n+1) 
Hence it follows ἀεὶ 
is δ᾽ I (ν -- ἐλ τ 4) eat 
|, Fe QO) I. 00) κι = aaa oe HTar Gath |, in oes 


xa (ν τανε τε νει; ἢ}, 
and this agrees with the result of § 18,4. 

The method given here is substantially the same as Gegenbauer’s; but 
he used slightly more complicated analysis in order to avoid the necessity of 
appealing to the theory of analytic continuation to establish the result over 
the more extended range R (2v +1) > R(A) >—- 1. 

By expanding the finite integral in powers of cos ¢, we obtain the formula 

τ (ab) Γ (ν -- ἔλ -- 2) 
(1) [, J, (at) J, (bt) a 2 (a? + δ )ν-ἐλτ DP (vp +1) 
2v+1—-A ὅντε ὃ-π ᾿ς 4a?b? 
alt (AAS: y+; > (a+ So) 
which is valid whether a > b or a< ὃ. This result was given by a Sal 
and with this form of the result the discontinuity is masked. 

The reader will find it interesting to examine the critical case obtained 

by putting b =a in the finite integral. | 
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13°44. Gubler’s investigation of the Weber-Schafheitlin integral. 
The integral 
| ” J, (at) J, (bt) dt 
0 


will now be investigated by the method due to Gubler*. It is convenient 
first. to consider the more general integral 

[ ὦ, (ἐν ΤῸ at 

ΠῚ t 
even though this integral cannot be evaluated in a simple manner by Gubler’s 
methods. It is first supposed that R(v)>0, R(A) >43, R(u—A)>—1; and, 
as usual, a and ᾧ are positive, and a > b. 

From the generalisation of Bessel’s integral, given by § 62 (2), it 1s evident 
that the integral is equal to 
Jy ep) (0+) ee 3) 
mal exp {oe (2 ὩΣ dzdt. 


We take the contour as Paty in Fig. 29 to meet the circle | z| = 1 and the 


Fig. 29. 


line R(z)=0 only at z= +7; and then, for all the values of z and ¢ under 


consideration, 
R {hbt(z— 1/2); <9; 


and the repeated integral converges absolutely, since 
* alae fame 
[ἘΚ Jae. [peed 


is convergent. The order of the integrations may therefore be changed, and 
we have 


ro) (0+ 00 
| πε dt ταῖς [ ᾿ [. <_ exp Ἔ δὲ ( - =) z——! dtdz. 


0 


If we write 


b(z—1/z)=—a(— 1/8), 


* Math. Ann, xuvitt. (1897), pp. 37—48. 
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and suppose that that value of ζ is taken for which | {| 21, we have, by § 15:2, 


[PDT gy. οἱ ar pe Gaye T@—r>+1) 
Jo OO Dari (aE + 1 Ἐπ ΤῸ 1) 


x of, (Au -dA+h det λι μῈ 1; ἘΦ) dz 


C(u+1) δ C+ 1/087 


x Fi, (u- +1 wta; etl; 


oon 
== 


1 
71+ ize) & 
by Kummer’s transformation *. 

Next consider the path described by & when z describes its contour. Since 
the value of ζ with the greater modulus is chosen, the path is the curve on 
the right of the circle in Fig. 29; and the curve is irreducible because different 
branches of z, gua function of &, are taken on the different parts of it. The 
curve meets the unit circle only at e*", where ὦ is the acute angle for which 
b=asino. 

Now both the original integral and the final contour integral are analytic 
functions of AX when R(A) >—1, so long asa#b. Hence we may takeft ’=0, 
provided that ἢ (μ) » -- 1; and then we have 


(la) [55 mt δ 
a Jn(ot) J, (bt) at=FO | Te de 


Next write €= στ and then 


_ brt+a_ gt OTTO) 
~ τίατ- δ) ~ artb 


3 


and the r contour is that shewn in Fig. 30; it starts from — 6/a, encircles the 
origin clockwise, and returns to — b/a; where the contour crosses the positive 
half of the real axis, we have arg τ = 0. 


dz 1 adr 


ces z+) 2r(br+a)’ 


we find (on reversing the direction of the contour) that 


x | 0+ 
‘ J, (at) Jy (bt) dt =". [ “Ὁ ρέντμτι (br + a)-Hete (ar + δ) τμτυ ἀτ 
0 2πὶ —b/a 


ν (0+) 2 —} (v+mtl) 
= sal aut Ye) (τς ἜΣ w (1 + 40)" ὙἘμ--ὶ dw. 
-1 


* Journal far Math. xv. (1836), p. 78, formula (57). See also Barnes, Quarterly Journal, xxx1x. 
(1908), pp. 115—119. 

+ If A#0, the hypergeometric function does not in general reduce to an elementary function, 
and the analysis becomes intractable. 


W.B. F. 14 
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If we expand in ascending powers of b?/a? and substitute the values of the 
Kuler-Pochhammer integrals, then Gubler’s result 


|” J, (at) Je (Ot) a 
| ὃν (ἐμὰν ) p (ete? y—p+l. =) 


eT Ραμ - dv th)? i τα 
is manifest. 


Fig. 30. 


13°45. A modification of the Weber-Schafheitlin integral. 


The integral | : An (a) τί dt, 

0 
which converges if R (a) >| 1(b)| and R(v+1—A)>| R (yp) |, is expressible in 
terms of hypergeometric functions, like the Weber-Schafheitlin integral, but 
unlike that integral it has no discontinuity when a=b. 


To evaluate it, expand J, (bt) in powers of ὃ, assuming temporarily that 
\b|<|a} in order that the result of term-by-term integration may be a 
convergent series. By using § 13°21 (8) it 15 found that 

bg Κι, (at) J, (bt) = - (—)" (0)» 5 - v—A+2n 
Q) |e ate Σ roan, Oo Κκ(αὴ ἀν 
ΡΓφν-λενμεθΓᾷν- Ἀπ μἘ Ὁ 
7 QAtL qu-At P (ν + 1) 
y—-N+pu+1 v—-A-—p+ 1. b° 
x of aoe, Ἐπ “τὸ ν-Ἐ 1; - ἃ) 
and, in particular, 
Ἰὼ , (2.}" (2ῦΓ. (24 +v4+1) 
8) [{ Κκαλυ, (bt) ore dt = AO ert 
provided that καὶ (ν -- 1)» 1} (μ})}} and R(a) >!I(b)|. 
Formula (1) was given by Heaviside* when μετ v=0 and 2 is 0 and -- 1. 
* Electromagnetic Theory, 111. (London, 1912), pp. 249, 268, 275. 
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13°46. Generalisations of the Weber-Schafheitlin integral. 


To obtain the values of integrals containing three Bessel functions under 

the integral sign, take the integral 
i τ J (at) J, (bt) dt, 
0 ἐλ 

replace b by ν (5 Ὁ οἷ -- 280 cos Φ), where ὃ and ὁ are positive, multiply by 
sin” @/(b? + οἷ — 2bc cos @)*” and integrate. It is thus found that 
i J, (at) J, (bt) J, (ct) di = (4bc)” mal [ * J, (at) J, (at) 
"9 et Cv +4)T (4) το" th 
where τὸ =./(b?+¢? — 2becos Φ); and the integral on the right is absolutely 
convergent if 


sin” ¢ ddd, 


R(v)>—-43, R(wtvt+2)>RA+1)>0. 


Change the order of the integrations on the right; then the result of the 
integration with respect to ¢ is an elementary function of τ ifX¥+v+1=+ 4p, 
by the formulae 


[PAL ΟΝ ek caine (α « σ) 
0 oY port μιντταμ P (up?) aT (μ = v) : (a > w) 
It follows that 
(1) i ” J, (at) J, (bt) J, (ct) ὅτ dt 
0 
($6c)’ . 2_. f2 — 72 -—v=1 on 2 
eink Ta cai ας ΤΠ ΠῚ Puen ee τῷ ]} (a? -- b? — οἱ + 2bc cos Φ} sin*’dd®¢, 


in which the value of A is 
᾿ 52 + ο3 x a 
δ ᾿ 
according as a? is less than, between, or greater than the two numbers 
(b6—c), (ὁ - ΟΡ, 
provided that both R (μ) and Καὶ (ν) exceed -- 
In particular 


8) [Ions at) Te bt) Jn (ct) τ =a Oe | “sin” ode 


Multiply by a’+ and differentiate under the integral sign with respect to 
a; and we then obtain the oe result that, if R (v) > — 3, 
Qv-1 A271 
mi ~ (abe ΓΦ + TQ)’ 
when a, ὃ, ¢ are the sides of a triangle of area A; but if a, ὦ, ὁ are not sides 
of a triangle, the integral 15 zero. 


0, arc cos 7 


(3) [ Flat) Foy te et) 


This formula is due to Sonine, Math. Ann. xvi. (1880), p. 46; other aspects of it have 
been investigated by Dougall, Proc. Edinburgh Math. Soc, Xxxvu. (1919), pp. 38—47. 
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It has been observed by Macdonald* that the integral on the left in (1) is 
always expressible in terms of Legendre functions. The expression may be 
derived from the integral on the right in the following manner: 


When a, ὦ, c are the sides of a triangle, by the substitution 
sin$¢=sin $A sin 0 


we have 
[ i (a? — δὲ -- οἱ + 2bc cos φὺ" " sin” ddd 
= (2δο)" "πὶ [ (cos φ — cos 4} "1 sin” ddd 
= 2-2-1 (boy) sin™-1 δ , | “a —sin?4 A sin? 0} sin” 6 cos**~2"-1 6d0 


T(v+4)0(u—v) a . sin? 
Trg py eG Ἐν dvs wt 8; sin? 4),. 


and therefore, if αὶ (μ) and R (v) exceed —4, and a, ὃ, c are the sides of a 
triangle, we have 


| : J, (at) J, (bt) J, (ct) 8-# dt = 


== 4¢—1 (bc)#—""! sin®-1 3A 


(bc)*-} sin~! A p 
“ΣΝ 5Π}} a ΜΡ ΠΚ(008 A). 

If, however, a? > (b + ise and we write 

— b? — οὗ = 2δο cosh .%, 
we have 
i “(a — 6? — c? + 200 cos p)*-"—1 sin” ddd 
0 
= (2 δ)" "1 | : (cosh «(7 + cos φ)" "1 sin” ddd 
0 


= (2be cosh “)-’~1 oe 


x oF; (+1 ad ey v +1; sech*.t), 
so that, when a? > ᾳ( - 6), we have | 
(bc)“— £08 ν' vor. sinh"—4.¢¢ 
In like manner, we deduce from § 13°45 pie that 
a“ cos pr .(X? -- 1)τμπὶ ath ὦν 
Qn} ey! sin (atv) me ees (A) 
where 2bc X = a?+b?+c?; and in this formula a, ὃ, c may be complex, 
provided only that the four numbers 

R(a +b +1) 


are positive; this result is also due to Macdonald. 


(5) [ J, (at) S, (bt) J, (ct) ἔντα dt = Q) | (cosh «οὔ. 


(6) | ᾿ Κ', (at) J, (bt) J, (ct) tet) ἀξ = -- 


* Proc. London Math. Soc. (2) vit. (1909), pp. 142—149. 
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[Nore. The apparent discrepancy between these formulae and the formulae of Mac- 
donald’s paper is a consequence of the different definitions adopted for the function Q,” ; 
see § 5°71.] 

Other formulae involving three Bessel functions may be obtained by taking 
formula ὃ 11°6 (1), replacing z by x, multiplying by 

2J,, (a cos @)/x* 
and integrating. 
It is thus found that 


_ cos" ᾧ 605" Φ sin” ¢ sin’ ᾧ cos? θ 
2-1 Τ᾽ (ρ Ἐ1){Γ (ν Ἐ1)}} 


x Σ (at v4 2n +1) ra ei 


re ere ee eee 1) 
(Ag +4v—4p 4+ $rA4+2+1) 


(ΕΞ: 65 Leer eb 6- eed OSA p+1; cost 6) 


x Fy (—n, wt+tvtntl; v+1; sin’ ¢) 
4 
x Fi (—n, wtvtntl; v+1; ae) 3 


when R(wtv+p+2)>R(A)>-3 
and cos θ is not equal to + cos(®P + ¢). 


Some special cases of this result have been given by Gegenbauer in a letter to Kapteyn, 
Proc. Section of Sct., K. Acad. van Wet. te Amsterdam, Iv. (1902), pp. 584—588. 


Some extensions of formula (8) have been given recently by Nicholson*. 
If a), (8, ... ὅπᾳ are positive numbers arranged in descending order of magnitude 
it is easy to shew that, if 
™ 
a, > > Am, Riv) >I, 
n=2 
then 


(8) | [ἢ tt TG a = 0; 


the simplest method of ἀμαν μια this result is by induction, by substituting 
Gegenbauer’s formula of ὃ 11°41 [on the assumption that R(v)>-—4] for 
J, (dm—t) J, (amt), and then changing the order of the integrations. 

When a,, az, ... @m are such that they can be the lengths of the sides of 
a polygon, the integral is intractable unless m = 3 (the case already considered), 
or m = 4. 


* Quarterly Journal, xLvu11. (1920), pp. 321—329. Some associated integrals will be discussed 
in § 13-48. 
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When a,, ας, a@;, ας can form the sides of a quadrilateral, we write 
4 
16A?= IT (a, + ας ας + a, — 2a,), 
n=1 


so that A is the area of the cyclic quadrilateral with sides a,, ας, ds, ας. 


The integral can be evaluated in a simple form only* when v=0; but 
to deduce its value, it is simplest first to obtain an expression for the integral 
when R(v) > 4, and deduce the value for ν =0 by analytic continuation; the 
value of the integral assumes different forms according ast 

d+ ας Ξ a,+ as, 
1.6. according as A? = a, A, Az A. 
We write ow? =a,? + αἵ, -- 2a,a,;cos¢, and replace ὦ, (ας) J,(a;t) by 
i raiaa — so that 
(ζα; α:)" [fp J, (at) Sy (ast) J, (wt) 
[τ a Jy (ant) = & ΞΤ τ TD, mayor --- σ΄ -“ sin” φαφαΐί 
= (α,α,)" (a4) 
20 P (vy +3) Γ()}} 
where the lower limit is given by # =a, — a, and the upper limit by a=a,+ a, 
or a, + a,. whichever is the smaller. 


[1 τ ap — a4 fo (a, — αν) EE 


We write 
mw -- fa. — a4) _ (a + a4) a (αι — a), 
a” — (de ἫΝΣ Qs)? ᾿ (αι + α4}" — (ἃς -- Us)? 


so that the upper limit for ἃ is 1 or A/,/(u,a,a,a,): this expression will be 
called 1/k. 


We now carry out the process of analytic continuation (unless a,+a,=a_+ ay, 
when the integrals diverge at the upper limit if y= 0), and we get 


i i J (ant) tdt 
“πὸ | [i(a + a? — τῆ {πὸ -- (a, -- α}}} [τ — (ας -- a5)"} (Ae +s)? — wo} toda 


lor 1/k as 
~ Pa aI, V{(1 — 2?) ΑΙ — k2")} 


Hence 


( 1 Ὁ ων 
o 4 TA A 
(9) | TL Jy (ant) tdt = 
0 n=1 away ® (aoe ) 
107 / (Ay Ug 6564) / (A234) 
where K denotes the complete elliptic integral of the first kind, and that one 
whose modulus is less than unity 1s to be taken. 


* For other values of v it is expressible as a hypergeometric function of three variables. 
+ We still suppose that a, >a, >a,>4,. 
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Nicholson has also evaluated 


[νει 


when Καὶ (ν)» 0 anda>0. The simplest procedure is to regard the integral as 
a special case of the last, so that it 1s equal to 
a se 
20-1 P (ν +4) 0 (4)? J 0 


and hence* 


sin” ddd 


᾿ {2a?(1 - cos φ)}" {2a* (1 — cos φ) δ᾿ 


a? Τ' (2v) ΓΟ) 
(0) i {J, (at);4 3: τ (8) (PO +d) 


13°47. The discontinuous integrals of Sonine and Gegenbauer. 


Several discontinuous integrals, of a more general character than the Weber- 
Schafheitlin type, have been investigated by Soninet and Gegenbauer?; some 
modifications of these integrals are of importance in physical problems. 


The first τὶ which we shall take is due to Sonine, namely 


fa νί(δ +2 +1 
@) πα ἐν δος 
0, (a <b) 
Ιν [ΚΞ Δ Towa βρνία"-- 8}... (ἀν) 


To secure convergence, ὦ and ὦ are taken to be positive and R(v)>R(p) >—-1; 
if a = δ, then we take R(v)> R(j+1)>0. The number z is an unrestricted 
‘complex number, and the integral reduces to a case of the Weber-Schafheitlin 
integral when z 18 zero. 


The integrals involved being absolutely convergent||, we see from ὃ 6:2 (8) 
that, if c > 0, then 


[" J, (bt) “ere wh dt 


wee -ξῈ: 
“ρας — a ale (bt) ἐκτὶ u-"— exp φα( u )| dudt 
eek ὧν ΕΝ =| du. 


ae 
hmv . 

= Scar pease ae 2a Qu 

* An arithmetical error in Nicholson’s work has been corrected. The result for values of R (v) 
between 0 and } is obtained by analytic continuation. 

+ Math. Ann. xv. (1880), p. 38 et seq. 

+ Wiener Sitzungsberichte, Lxxxvitt. (1884), pp. 990—1003. 

8 This formula is also investigated by Cailler, A/ém. de la Soc. de phys. de Genéve, xxxIv. 
(1902—1905), pp. 348—349. 

| The convergence is absolute only when R(v)>R(u+1)>0; for values of » not covered by 
this condition, the formula is to be established by analytic continuation. 
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When a<b the contour involved in the last integral may be deformed into an 
indefinitely great semicircle on the right of the imaginary axis, and the 
integral along this is zero; but, when a>b, we have to apply § 6:2 (8), and 
then we obtain the formula stated *. 


_ A related integral 
. f® Καὶ, (αν( + 2°)} [ν(α᾽ + 6?) )y-# = 24 } 
(2) Ι J, (0) Et dt = aie : ᾿ Kyya (2y(at-+b%)} 
may be evaluated in a similar manner. 


We suppose that @ and ὃ are positivet, and that R(«u) >—1; in evaluating 
the integral it is convenient to suppose that | arg z|<42, though we may 
subsequently extend the range of values of z to |argz|<47 by analytic 
continuation. 


From ὃ 6°22 (8) it follows that the integral on the left of (2) is equal to 
Σ[" [ Jn (bt) te} y-—) exp [- λα (u Fi 22 ἘΞ =) dudt 


_ τὸ (a?+b*)u α5 
ΠΝ ώ ile oa ἊΣ 


Ub 


_ : ἜΘ Κ, μι {2 y(a? + 85), 


Ζ 
by ὃ 6:22 (8); and this is the result stated. 


Now make arg 2 -"- + ἐπ. If we put z=7y, where y> 0, we find that 


(8) [σου OE ge αι 


2\) »-- 
pre Tecan ty μία" 685} τ fF apes fy Mar 8) 
provided that R(v)< 1; and it is supposed that the path of integration avoids 
the singularity t=y by an indentation above the singular point, and that 
interpretation is given to /(#? — y*) which makes the expression positive when 
t>y. 

If we had put 2 =-— ty, we should have had the indentation below the real 
axis and the sign of ἡ would have been changed throughout (3). 


In particular 
= exp ({-- α ν( -- ν}},.,,. ΘΧΡ {¥ ty /(a?+b?)} 
ὦ fe) Et πΡῚΣ ἐν θοοι 
where the upper or lower sign is taken according as the indentation passes 
above or below the axis of y. 


* For physical applications of this integral, see Lamb, Proc. London Math. Soc. (2) vm. (1909), 
pp. 122—141. 
+ With certain limitations, a and ὃ may be complex. 
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The last formula (with the lower sign*) has been used in physical investigations by 
Sommerfeld, Ann. der Physik und Chemie, (4) XXVIII. (1909), pp. 682—683; see also 
Bateman, Electrical and Optical Wave-Motion (Cambridge, 1915), p. 72. 


If in (1) we divide by b and make b—0, we obtain Sonine’s formula 
(5) " ν ία ν( + 2°)! ΡΞ 2" Γῴμ - 1) 


(t? + 2?)\tv qetl gy-m—1 


provided that a>0 and R(4v—})>R(u)>-—1; this might have been 
established independently by the same method. 


J -u-1 (a2), 


Similarly, from (2) we have 
(6) (=s a ν(δ Ὁ δ). puts dt = mutt) x 


0 (é + 2?) etl gu-B-} ν--μ--ὶ (az), 
ifa>Oand αὶ (μ)» -- Ἰ. 
In (5) replace ν by 2», a by 2 sin θ and integrate from 6=0 to = ἐπ. It 
follows that 
(7) [ JIE Ἐ 2} μι ge ἢ ΩΣ +1) [ [ἐπ σως μοὶ (22 sin 6) dO 
0 (+2) eyed sin“*1 @ 
this is valid when R (ν — 4) > aaa >-1. 


The integral on the right is easily expansible in powers of z; but the only 
case of interest is when 2v = 2y +3, and we then have 


PIPE + 22) yo gy — EVD gy (ς 
(8) [ (2+ 2° t dt = Qgvti D2) Jar H, (22), 
so that 
3 Γ 
(9) [ “: Oye sy Adu= ς {τ 3) a, (22) ; 


and these are valid if R(v)>4. The last formula was established in a 
different manner (when v=1) by Struvet; and from it we deduce the important 
theorem thatt, when v >} and «>0, H,(a) is positive. Struve’s integral is 
of considerable value in the Theory of Diffraction. 
Some variations of Sonine’s discontinuous integral are obtainable by | 
multiplying by “+! and then integrating with respect to ὃ from 0 to ὁ. 
It is thus found that 


[Sue (64) FE dt 


1 | yet ee Jp (2 / (a? — w’)} du, 


= + 
ανὸμτὶ 0 


the upper limit in the last integral being b or a, whichever is the smaller. 


* My thanks are due to Professor Love for pointing out to me the desirability of emphasizing 
the ambiguity of sign. 

+ Ann. der Physik und Chemie, (8) xvit. (1882), pp. 1010—1011. 

+ Cf. § 10°45. 
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If « a, the integral on the right seems intractable, but, when b> a, we 
put u=asin @ and deduce that 


| Jy {a ν( + 2°)} 2» Γ (μ-Ἐ 1) J, (az 
(10) f° Fay Gy EVEN μας PEE AD δία 
provided that R(v+1)>R(u)>—1); this is one of Sonine’s integrals. 
If we replace a by u in (1) and then take a <b and integrate with respect 


to u from a to oo after dividing by εὐ" τ", we find that, when z is restricted to be 
positive, 


| ‘ J, (δὲ) Fra ta ν(δ + 2} tw dt 


(t? + 2?)ivtl 
ee 0 [ν( ΒΗ are : du 
eon | b Ζ Jvua {2 ν( -- δ) uv) 


a’—) 5H | oy 7. ... (vz) du 
0 (υ + b?) 


ee δχνσμ-τὶ 


2a" ὃ. 7515 
ΤΟ) δ I, I, ty) yr" Jy μι. (02) exp {[— # (v? + b)} dudt 
Qu-vt1 α" be 20 εὖ Has 23 
hams << aa idl Wik an 


by § 13°3 (4), and thence we see that 
ὥ J, {a ν( + 22)) α" 1 zh 
(11) | ἐμ. ae OM dt = ry Bu (be) 
provided that α «ὁ and R(v+2)>R(pn)>-—1; the restriction that Ζ is 
positive may now be removed. 
Formula (10), which may be written in the form 
” 7, (bt) LaMar gy = MOE 9, (az) 
ὦ δόσε, odie στ 


where (ν- 2)» Ε(μ):» 0 and b>a, has been generalised in two ways by 

Gegenbauer*, by the usual methods of substituting Neumann’s integral and 

Gegenbauer’s integral (cf. § 13:1) for the second Bessel function. 

The first method gives | 
ΚΝ fhe Jy {av(l+2)} Jy ja ν( - 2*)} ,... 
(13) [. σεῦ 5:15 νι δ τ Ἐν eet hy 1 dt 
21° [38 Jaz, {2a cosh. ν( +2*)} 

== lof, (64) Pe ee ἘΞ) te cos (X — ») φάφα! 
_ 2e-1 E(w) J, (az) JS (az) 
=o - 


provided that ὃ > 2a and R(v+2+ §)> R(y) > 90. 
* Wiener Sitzungsberichte, Lxxxvitt. (2), (1884), pp. 1002—1003. 
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If τὸ = ./(a? + οἷ — 2ac cos φ), the second method gives 


(14) [ Joy 22 Hes δὰ ν(δ Ὁ 2} wor ge 


ac)’ oOo fr 2 2 ᾿ 
ποθ ν Leeroy Μη πον φάφαι 
«92. Γίω J (az) Jo (cz) 
be δ". ἼΩΝ 
ifb>a+cand Καὶ (ἢν τ 8) » Η (,μ)} 0. 
By induction it follows that, if b > Σα, 


IT [ὦν fa ve + 2}}} : 
. a δ ani ap ἐκ} Τ (μ) ῃ [ (a2) 
(15) Ι J, (bt) era areas σε" I ΕΞ ᾿ 
where the product applies to n values of a, and 
R(nv + 4n+43)>Rh(p) > 0. 


If the induction of the second method is used after applying the first method once, we 
find still further generalisations. 


The special case of (15) when z->0 18 


this has been pointed out by Kluyver, Proc. Section of Sct., K. Akad. van Wet. te Amster- 
dam, χι. (1909), pp. 749-——755. 


13°48. The.problem of random fights. 


A problem which was propounded by Pearson * (in the case of two-dimen- 
sional displacements) is as follows: 


«A man starts from a point O and walks a distance a in a straight line ; 
he then turns through any angle whatever and walks a distance a in a second 
straight line. He repeats this process n times. 


“I require the probability that after these n stretches he 18 at a distance 
between r and r+ 6r from his starting point, 0.” 


The generalised form of the problem, in which the stretches may be taken 
to be unequal, say a, ας, .-.» @n, has been solved by Kluyvert with the help of 
the discontinuous integrals which were discussed in ὃ 13°42; and subsequently 
Rayleigh? gave the full details of the analysis of the problem (which had been 
examined somewhat briefly by Kluyver), and then obtained the solution of the 
corresponding problem for flights in three dimensions. 


If s,, is the resultant of a,, ds, ...,@m(m=1, 2,...,n— 1), and if 6, is the 


* Nature, Lxxt1. (1905), pp. 294, 342 (see also p. 318); Drapers’ Company Research Memoirs, 
Biometric Series, rx. (1906). 

+ Proc. Section of Sci., K. Akad. van Wet, te Amsterdam, vIn. (1906), pp. 341—350. 

+ Phil. Mag. (6) xxxvit. (1919), pp. 321—347. [Scientiyic Papers, vi. (1920), pp. 604—626.] 


420 THEORY OF BESSEL FUNCTIONS [CHAP. XIII 


angle between s,, and @m4,, then, in the two-dimensional problem, all values of 
the angle 6@,, between — πὶ and m are equally probable. 

Now let Py (rj; ai, ας, ...,@,) denote the probability that after n stretches 
the distance from the starting point shall be less than r, so that the probability 
that the distance lies between r and r+ δὴ is 

AP, (13 αἱ, ας, ..., Gn) Sr 


dr 
It is then evident that 


Py (τ; αι, ας, nt) = aes | [7 fT [dna dPna 46,06, 


where 6,, 0.,...,9n-2 assume all values between —7 and 7, while 6,_, is to 
assume only such values as make* 


for each set of values of θ,, 6,,..., On—o- 

Now (§ 13°42) 
(8, « 7) 
(Sy » 7) 
and so, tf this discontinuous factor is inserted in the (n —1)-tuple integral, the 
range of values of #,_, may be taken to be (— 7, 77). 


20 if 
rf Ji (rt) Jo (8nt) dt = ie 


We change the order of the integrations with respect to 0,_, and ¢, and, 
remembering that 


Sn = 83,.. Ὁ αὖ — 28,.-.. An COS On_,, 
we get 


| " [rs (rt) Jy (Sq t) dt dO, = Qaer | ᾿ J; (rt) Jo (6... «δος (Ant) dt 
by § 11:41 (16). We next make the substitution 
Sy = Sig + Ay) — 238,..ἅ An—1 COS Ono, 
and perform the integration with respect to @,-2. By repetitions of this pro- 
cess we deduce ultimately that 
Pot} Gi; Gy; 05 Gp) = rf od, (rt) Ul J, (Ant) dt, 
and this is Kluyver’s result. = 


We shall now consider the corresponding problem for space of p dimensions. 
In this problem it is no longer the case that all values of 6,, are equally likely. 
If generalised polar coordinates (in which 0,, is regarded as a co-latitude) are 
used, the element of generalised solid angle contains 6,, only by the factor 
sin’? 0,,d0,,, and 0, varies from 0 to 7. The symmetry with respect to the 
polar axis enables us to disregard the factor depending on the longitudes. 


* It is to be remembered that s,, is a function of the variables 6;, 02, ..., 9m—3- 
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If Par; Gh, Ge, ..-,An|p) denotes the probability that the final distance 1s 
less than-r, we deduce, as before, that — 
Py (τ: αι, ἄς» «++, On| p) 
- (4p) 15: mfr fr Ρη--} ᾿ 29 de 6 dé 
Vert hve ὑὸν 
where the integration with respect to θ,... extends over the values of 9n_, 
which make 8, « *. 
The discontinuous factor which we now introduce 15 
Ὁ .7,,.«ὄβ (6.1). 1, (Sn <1) 
i Vb on’! ἦέ Ξε 
rip | ip (rt) St at 10 πέδαι: 
and then, since by § 11-41 (16), 
* Jy -1 (Smt). - Jap—1(Sm—it) .».«ὄ (Amt) 
[Mate Soho άθρ = PAP ὦ ΤΟ) ie Pant 
we infer that 


. “ἘΞ n— : " Jy - (Am t) 

Py (tj yy yup) = Cp)" |” rte Tip (rt) ἢ {he ae 
When the displacements αι, Ge, ..., yn are all equal to a, and n is large, we may 
approximate to the value of the integral by Laplace’s* process. The important 


part of the integrand is the part for which ¢ is small, and, for such values of ἕ, 


(4 at)ie— a*t 
Gp) “= 


J; ἀ»-- (at) ~ 
so that (8 13°3) 


P,,(r; 4, 4,...,a|p)~ rap, (Art)i?— Jy, (rt) exp (- oe dt 


- ας coon aes ee 
~ Pap +1) (5.2) δι (423 tp+1;— se) : 
This process of approximation has been carried much further by Rayleigh in 


the cases p = 2, p= 8, while Pearson has published various arithmetical tables 
connected with the problem. 


13°49. The discontinuous integrals of Gallop and Hardy. 
The integral 


--....ο.-ς-.-.-.-.-.-᾽--ὠἅἘ-. 


(z+) (f+ ty 
is convergent if a and b are positive and R(w+v)>—1; when ἃ ΞΞ the last 
condition must be replaced by R(w + v) >0. 


': “είας τ) So ὁ (ζ εϑι gy 


The special case of the integral in which »=0, v=} has been investigated by Gallop, 
Quarterly Journal, xxI. (1886), pp. 232—234; and the case in which a=b has been 
investigated by Hardy, Proc. London Math. Soc. (2) vu. (1909), pp. 469. The integral is 
obviously to be associated with the discontinuous integrals of Weber and Schafheitlin. 


* La théorie analytique des Probabilités (Paris, 1812), chapter m1. The process may be 
recognised as a somewhat disguised form of the method of steepest descents. 
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To evaluate the integral in the general case, the method discovered by 
Hardy is effective; suppose that a>b, and at first let us take R(v)>— -ἰ, 
R(u)>4, so that Poisson’s integral may be substituted for the second 
Bessel function and all the integrals which will be used are absolutely con- 
vergent. Write ¢ in place of t+ ¢, and let 2 -- €= Z, so that the integral to be 
evaluated becomes 


ieee »ia(Z+t)} J, oD di 
- (4+) 
b Ὁ [7 d{a(Z 
ΒΓ [- i eee cos (bt cos φ) sin” ddd dt 
= rote. ᾿ ΝΝ oF τς cos {b(t — Z) cos Φ) sin” φα φαΐ 
=f PED ED ἐν Ρο πτρ Yr Gd) [| i J πο cos (δέ cos φ) cos (bZ cos $) sin” φαφ αἱ 
2.(4 by 2 2 2 μ- 2yv 
= FTE TOTP i (a? — δ cos* $)~4 cos (bZ cos φ) sin” ddd, 


by a special case of § 13:4 (2). 


This integral is expressible in a simple manner only when y=}, a case 
considered by Gallop, or when a=, the case considered by Hardy. 


We easily obtain Gallop’s two results 


ay [i EET? socoe) dt = ar Jel), (<a) 
Ὁ sina(z+f) = [ cos uz .du 
(2) [΄- z+t J, (bt) dt =2 V(b? — u?) — U3)’ (ὁ 2 a) 
and a formula 
(3) J,{a(z+t)} J ia (S+t)} ὦ _ wt, 
(Στ “(E+ ty D(u +3) (v + 4) 
2\# J uto—t | ἰα (2 — ζ)} 
(5) Ce 
The reader will find it interesting to obtain (1) by integrating 
eat(s + t) 
ser 0 (bt) αἱ 


round the contour formed by the real axis and an indefinitely great semicircle above it ; it 
has to be supposed that there is an indentation at —z when z is real. 


The integral 


in [Elsi aCe +9) 7, (by at 
-- ὦ Ζ2Ζ-τἰὐἈ 


has also been considered by Gallop. To evaluate it, we observe that 


t _ 2 


———— “ὦ 
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and so the integral may be written in the form 


i {_ sina (z+t)} σοί ἀν | sin a (z+) J, (bt) dt 


ΠΝ meet) 7, (1) dt— 22 | * male +9 7, (64) dt 


= 2 cos az | “sin at J, (bt) dt +2 ] ae cos u(z + t) J, (bt) dtdu 
“0 - 0% -@ 
— 22 |" [ cos u(z+t) J, (δὲ) dtdu 
.0..0 


= 2 cos az [ ᾿ sin at J, (bt) dt + 22 | | * gin uzsin ut J ο (bt) dt du. 
- 0 0.0 


Hence, when a >), 


Elsmere) 2 cos az a sin uz Γ 
(4) fo J, (bt) dt = FE +28 | Ey 


are cosh a/b 
_ 2cos i 4.22 r sin (2b cosh @) dé, 
0 


τ ae = 
but, when a « ὃ, 
Ξ » [ἐ[8ῖη “(Ζ -Ἐ ὁ) a 
(5) | “ΟΕ ΜΚ Ἐπ, (bt) dt τεῦ. 


18:6. Definite integrals evaluated by contour integration. 


A large number of definite integrals can be evaluated by considering 
integrals of the forms 


σις [Φ 0 Ho(as)de, 5 |b (6) Ga (02) Ho" (az) de, 


taken round suitable contours; it is supposed that φ (2) is an algebraic 
function, and that ὦ is positive. 


The appropriate contours are of two types. We take the first type when 
φ (2) has no singularities except poles in the upper half-plane; the contour is 
taken to be a large semicircle above the real axis with its centre at the origin, 
together with that part of the real axis (indented at the origin) which joins 
the ends of the semicircle. 


We take the second type when ¢ (z) has branch points in the upper half- 
plane; the contour is derived from the first type by inserting loops starting 
from and ending at the indentation, one loop passing round each branch point, 
so that the integrand has no singularity inside the contour. 


A more powerful method (cf. § 181) which is effective in evaluating 
integrals with Bessel functions under the integral sign is to substitute for the 
Bessel function one of the integrals discussed in ὃ 6:5, and change the order of 
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the integrations; since the integrand in ὃ 6°5 (7) is O (x’-°), qua function of ὦ, 
where 6 is an arbitrarily small positive number, the double integral usually 
converges absolutely when the original integral does so, and the interchange 
produces no theoretical difficulties. 


13°51. Hankel’s integrals involwing one Bessel function. 


Before Hankel investigated the more abstruse integrals which will be 
discussed in Chapter XIv, he evaluated a large class of definite integrals* by 
considering 


ΕῚ ae HH, (az) 

πὶ; (2—7)yen 

taken round the first type of contour described in § 13°5. In this integral, a 
is positive, m is a positive integer (zero included), r is a complex number with 
positive imaginary part, and 


|B (v)|< R(p) <2m+ 5. 


The first inequality secures the convergence of the integral when the radius 
of the indentation tends to zero; and (as a consequence of Jordan’s lemma) 
the second inequality ensures that the integral round the large semicircle 
tends to zero as the radius tends to infinity. 


The only singularity of the integrand inside the contour is the point r. It 
follows that 
1. f? a {H, (ax) — ορπὸ HO) (axe"*)} 3 ΕΞ ee) = ae ze Ht, (az) dz 
~ Qari 


ari! o (x? — 72)m41 ΤΣ (a= 72) 


(r? 4) Che - 1 FT (αν ας | d ΒῚ ‘: 
= ail “ (€arymn = gy ve HY” (ar)}. 


It follows from § 3°62 (5) that 


(1) [τὰ +0-) J, (az) Ὁ τα —e0-»*) Y, (aa) ge ae 


τί @ \" oe Ho (ar)}. 


~ 2" mi \rdr 
This result can be expressed in a neater form by writing r=7k, so that 
R(k)>0. It is thus found thatt 


(2) [° [cos ᾧ (p -- ν) π᾿. J, (ax) + sin }(p—v) π΄. ¥, (az)] τ ἔπ 


( —)mti d m : 
ae ead 2 
3 mi(Eap) ἐν Ke(ab)} 

* Uankel’s work was published posthumously, Math. Ann. vir. (1875), pp. 458—461. A partial 
investigation of the integral with ν =n, p=2n+2, m=2n was given by Neumann, Theorie der 
Bessel’schen Functionen (Leipzig, 1867), p. 58. 

+ The evaluation of integrals of this character which contain only one of the two Bessel 
functions is effected in § 13°6. 
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The reader should notice the following special cases of this formula: 


—Ydr a” Kym (ah) 
(3) in {cos yn. J, (ax) -- βίῃ! νπ΄. Y,(axr)} ——; ar ym τὶ = πῖπτε τιν 
(4) τἀ ει, (av) dx am ky-™ Ka (ak) 
i (a2 + kya tr ae 2” mm! 


The former is valid when -- 9ηι -- ὃ « R (v) <1, and the latter when —1< 2 (ν) « 2m4-3. 
For an extension of (4) to the case when m is net an integer, see αὶ 13°6 (2). 


The special formula 
(5) “Ate Ay (ak), 


_ has been pointed out by Mehler, Math. Ann, xvii. (1881), p. 194, and Basset, Hydro- 
dynamics, τι. (Cambridge, 1889), p. 19; while Nicholson, Quarterly Journal, Xi. (1911), 
p. 220, has obtained another special formula 
(6) i “ Yo(ar)dax _ _ Ky (ak) 
0 a+ ke 
by a complicated transformation of repeated integrals. 


| “ dq (av) Ax 
0 


Some integrals resembling those just given may be established here, 
though it is most convenient to prove them without using Cauchy’s theorem. 


Thus, Nicholson has observed that 
ἀπ 
“ 9). (αα) -2 [ cos (ax 608 @) 59 1. 


9 eh a+ h? 
1 
— E Hl ek cos 8 (10 
= of =~ {T, (ak) — Ly (ak)i, 
by ὃ 10°4 (11), provided that a and R (k) are both positive; so that 
°J,(ax)dx π 
(7) [ ae “ gp tte (ak) -- En (α}}. 
More generally, if R (v) > — 4, we have 
2 (tak an 


I, (ak) — Ly, (ak) = To+hTG) +DT@!, 


and since, by a special form of (2), 
Ὁ ν paix Ο085θ 
[.-Ξ Ξε - che 
provided that R(v) <2 and a is positive, it follows that 


ν ν ἀπ ν ἂν 12 008 θ 
LGbsmsGhs 2ki-” (4a) ora! [. x” sin® θ. r= cos dad6 


al +4)T@) a+ 
- ki [“ J (αα) tH, (ax) 1. 
IG 1]. a + Ke 


= Paton) J (ax) εἰᾳ er), (a2) 5p 
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and so we have the formula 


(8) [ [cos dvr. J, (ax) + sin v7. H, (ax)|] -----τ. im “ “= 5 male (ak)-L, (ak)}, 
where a>0, R(k)>0 and —}< R(v)<2. The change in the order of the 
integrations presents no great theoretical difficulties. 

A somewhat similar integral is 
” 2 K, (ax) dx 
0 +k? 
which converges if R(v) >—4 and R(a)>0. 
If we choose & so that R (k) > 0, we have, by § 616 (1), 
[ a” K,(ax)dx V(vt+ ree Γ᾿ I, (2a) cos zu. duda 
υ +k — Ta) (a? + k?) (u? + a2)t4 
aT (v +3) [> (2α)" 9.“ du 
~ 9b F (4) Ι. (u2 ο)ντὰ 


= ee ine {H_, (ak) as Vs; (ak)}, 


4. cos yi 
when we use ὃ 10°41 (3). Hence, when R(v) > — 34, 


* aK, (ax)da πῆρ 
(9) . +k ~~ 4cosvr (ΕΔ (alt) — V_,(ak)}, 
and therefore, when Ff (v) < 3, 
. ” K, (ax) da _ π᾿ ; 
(10) ἘΠ oO ae oe {H, (ak) — Y, (ak)}. 


These formulae (when ν = 0) are due to Nicholson, and the last has also 
been given by Heaviside. 
” J, (ax) dx 
0 @+k a” 
has been investigated by Gegenbauer*. To evaluate it, we suppose that 
R(v)>— 4 and that ὦ and ἢ (k) are both positive; we then have 


The integral 


“JS (anyde  ——-2Gayr ἐπ cos(axcos 8)... 
[ a+ kh? 2 ~Tv+4)rQ) Jo f “π᾿ sin” 0 d@dx 
(4a) or ἐπ 


e— αἰ cos 9 gin θ dé, 


~Twt+hl DES» 
and so 


(11) * I (aa) (I, (ak) —L, (ak). 


0 a? + ke αν spi 


* Wiener Sitzungsberichte, Lxx11. (2), (1876), p. 349. Gegenbauer’s result is incorrect because 
he omitted to insert the term -- %, (ak); and consequently the results which he deduced from his 
formula are also incorrect. A similar error was made by Basset, Proc. Camb. Phil. Soc. v1. (1889), 


p- 11. The correct result was given by Gubler, Ziirich Vierteljahrsschrift, xuvi1. (1902), 
pp. 422—424, . 
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The condition R(v)>—4 may now be replaced by the less stringent 
condition R (v) > —$, by analytic continuation. 


An integrai which may be evaluated in the form of a series by this method is 


| sinh ax J, (ba) αὐτὶ dex, 


9 sinh πὰ 
which is a generalisation of Neumann’s integral described in § 13°2; it is supposed that 


| R(a)|+|1(b)|<m and R(v)> —1. 


; 1 sinh az 
fee, ἣν 1 vy+1 
By taking Ini J nhc. AL (62) 2" "1 dz 


round the contour used in this section, we find that the definite integral is rz times the 
sum of the residues of 


sinh az 
(1) ἘΨΈΙ 
sinh wz Bes 
at the points 2, 27, 32, .... It follows that 
*~ sinh ax Ὁ Ὁ ᾿ 
(] eR ASS “ΜΈ ae _ \n—-l pvt . : 
(12) Ι, ἘΠ ἢ J, (bx) x” *1 dx = a (—)*7! x’ *? sin na Ky, (nb) 


The series converges rapidly if 6 is at all large. 


An integral expressible as a similar series was investigated by Riemann, Ann. der Physik 
und Chemie, (2) xcv. (1855), pp. 132—135. 


13°52. The generalisation of Hankel’s integral. 
Let us next consider the integral 
1 f2-7H,” (az) dz 
πὶ} (22+ k)jen " 


This differs from Hankel’s integral in containing the (complex) number μ 
in place of the integer m. The conditions for convergence (with the second 
type of contour specified in ὃ 18:5) are* 


a>0O, | R(v)|\< R(p)< 2h (pu) + 3. 


The contour is chosen with a loop to exclude the point 2k, as shewn in 
Fig. 31, and then there are no poles inside the contour; and the integral round 
the large semicircle tends to zero as the radius tends to infinity. Hence 


ΙΓ" ν ! x dx 
——- (1) —. ο(ρ--μ)πὶ (1) πὶ 
271 Ι. [Η, : (ax) ew A, (axe )] (a: +k?)et 
1 sek+) 2— H,® (az) dz 
τοῖς (+k) " 
Now: ΓΞ τ δ δε ee) 


(4p —2#) EP (H +1) 


* As in § 13°51, we take R(k)>0. 


ari], (ΦΈΡ 
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Hence, when we expand H," (az) in ascending powers of z, we find that 


[ [( Ὁ φ(ο-ντϑμ)τέν J, (αα) +4 (1 — eo-¥-)) V, (α4)} τ τε ἢ 
a ee ὐθα ey __UGp+hv+m). Gaby 
~ sinvr.T (w+ 1) Ha) ie > mTwvw+m+1)C (dp ἐν -- +m) 
ta\-v po-v—-mu-2 > __P (ep—gvt+m).(gakym 
— (5a) k 2, en ee ee | 
and therefore 
τ da 
(1) f. [00s (bp — ἐν τ μα) πουῦν (a2) + sin (4p — ἂν — μ) π᾿ Κ᾽, (0a)] oe pore 


qr ke - 26-2 
~ Qsinve. 0 (w+1) 
Gaky Tp +4)» (pty. p+ 
χα τ᾿ (ΩΣ ι ἔξ mw ots) 
. __ Gak)* Up - ἐν) F, (OS; 655 -α, 1-93 |. 


ΓᾺ -Υ ΓῺ - ἄν -- μ)" ἡ 2 


Φ 
Ὀ 
Fig. 31. 


It is natural to enquire whether the integral of this type which contains 
a single Bessel function cannot be evaluated; it seems that the only effective 
method of evaluating it is the method which will be explained in ὃ 13°6. 


13°53. Hankel’s integrals involving a product of Bessel functions. 

Integrals resembling those of § 13°51, except that they contain a product 
of Bessel functions instead of a single Bessel function, have been investigated 
by Hankel* by applying Cauchy’s theorem to the integral 

1 _ H,® (az) dz 
sal? Gu (02) Ca paymer P 

in which a>b>0, m is a positive integer, τ is a complex number with a 
positive imaginary part, @, denotes any cylinder function of order μ, and 


| R(v)|+|R(u)|< R(p)< 2m+ 4. 
* Math. Ann. vist. (1875), pp. 461—467. 
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[When @, is a Bessel function of the first kind, | 2 (u)i may be replaced by -- A (μ) in 
this inequality. ] 


When a= ὃ, the presence of a non-oscillatory term* in the asymptotic ex- 
pansion of the integrand shews that we must replace 2m + 4 by 2m +8 in the 


inequality in order to make the integral, when taken round a large semicircle 
above the real axis, tend to zero as the radius tends to infinity. 


The contour to be taken is that of §13°52; and if we proceed in the 
manner of that section, we find that 


(1) wIda 


( 23 os yt 


y [γ᾽ (6r) HL” (ar). 


1 |” (a (be) Hy" (a2) — 0 @, (ae) H, (aze") 
το οἷ: 
~ gmt im! (cae 


Numerous special cases of this result are given by Hankel. 


ὥπι 


It must be pointed out that, when. p=2m+3 and a=b, the integral round the large 
semicircle tends to a non-zero limit as the radius tends to infinity; and, if 


τῷ, (a2) =e, Ayl) (az) + ὁ Hui) (az), 


we then obtain the new formula 
2 1 ἃ G ) A, ( )+@, ( em) 27.) πὶ am τ dle 
mane (EG, (ax ax aon (axe™*)] oan 


ὁ (u-v) a 
1 (5) [rm +1@. (ar) H, (ar)] - cge8 ATV) πὶ 


~ 9m+l im! \rdr ra 


The particular case of (1) in which p = 2,m =0 and @, is a Bessel function 
of the first kind deserves special mention ; it is 


(3) |" Ja(bx) [cos $ (uv) J, (ase) + sin $(u—»)m. ¥, (azy] 2H, 


= ἡ πὶ δὲ vu) πὸ 7. (br) H,” (ar), 
provided that a>b>0 and δ᾽ (μ)» [ἢ () |-- 2. 


If we take »=v and &(v)>-— 1, we see that 


xdu mt J, (br) H,® (ar), 
(4) [ ϑ (αν) IO) a as = tin J, (ar) H, (br), 


according as a 2 b. 


The existence of the discontinuity in the expression for this integral was 
pointed out by Hankel. 


If we modify formula (3) we see that, if a>b>0 and R(k)>0, then 


(5) [ ΓΈ, (be) [008 Fu —») w.J, (ax) Ὁ in $ (μ -- »)π. Y, (aa) de 
= 7, (bk) K, (ak). © 


* Since H,,(2) (az) Hy! (az) ~ Ξ et (μ - ν)γπὶ when [2 is large. 
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More generally, taking equation (1) with m=0 and @, =J,, we have 


(6) © 9) J, (bx) 


e+ ke [cost (p+ μ-- ν) 7.J,(ax)+sin}(p+py—v)7.Y,(ax)| dx 


= — I, (bk) K, (ak) ke. 
In this result replace p by p + v, a by /(a* + c? — 2ac cos 6), where a—c> 6, 


multiply by sin” @/(a? + οἷ — 2ac cos 6)#”, and integrate with respect to θ᾽ from 
0 to 7; we find from Gegenbauer’s formula, ὃ 11°41 (16), 


(7) [ gS φρο J, (bx) J, (cx) (cz) 


ne ares aaa [cosi(p +p) mJ, (ax) +sind}(p+p)rY,(ax)] dx 


=— J, (bk) I, (ck) K, (ak) ke-*. 
This process may be repeated as often as we please; and we find that, if 
a>b+ Σο, then 
we I (ba) (ἃ 
(8) [ ΕΣ ΠΝ: τ Fey ope Τόν ἘΝ ταν md ab) 

+sind{p+u+(N—1)v} π. Y,(ax)] dx 

af 
= —I, (bk) TE I, (enk). Καὶ, (ak). ke. 

n=1 


Again, by considering 

Ξ PTE 
πὶ! 2+ he 
round the contour previously used, where both 6 and μ differ in the different 
factors of the product, we obtain the slightly more general result 


_ {I J, (bz)| H,™ (az) dz 


(9) [{ FIM F(a). [008 (p+ Su —v) w J, (a2) 
+sint(p+ 2u—v)7. Υν (α“)} ἀὦ -Ξ -- [11], (bk)] Καὶ, (ak) ke 
provided that a> =|R(b)| and R {p+ Σ (μ)}}} 1} ()}}}. 

If p+ = —v is an even integer, the integral on the left involves functions 
of the first kind only; a result involving the integrals of products of functions 
of the first kind of this type was given by Gegenbauer, who overlooked the 
necessity for this restriction (cf. § 13°51). 

An extension of Hankel’s results is obtained by considering 

Df pi Fu 1 ν(δ᾽ τ 5) HO (az) ας; 
Dart 2 (2? + + ζ32)}μ ( 22 -.-- δ 
round the contour, where a>b »Ό, m is a positive integer, and 
|Riv)!<R(p)< 2m+4+ Rh (yp). 


It follows that 
1 a Yai J. {b J (x? + ¢?)} 1 _. ορπὶ al ont 
Srily (mys Ca Be HL" (02) ΞΘ Hee (ane) de 


-εἰς i) [REY ἀροὴ 
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and, in particular, 
ἢ μὲν Sy {bv (2? + &)| 0} ὃ ν(ξ - Fh) oe (op 
(10) I. +k (+0) Jy (aa) dan =~ ae Kk, (ak), 
a result obtained in a much more elaborate manner by Sonine, Math. Ann. 
XVI. (1880), pp. 56—60. 


13°54. Generalisations of Nicholson’s integral. 


An interesting consequence of Mehler’s integral of ὃ 13°51 (5) is due to 
Nicholson*, namely that, when a and & are positive, 

(1) © J, (ax) cdx 

ο V(at + 4k) 

The method by which this result is obtained is as follows: 


Κι (ak) J, (ay = [ Peep) (ak) dp 
0 
“Πρ 21.712. : ) 
[᾿πξεσοία νφ᾽ + Ht — 2ph cos $)} ἀφάρ. 


= K, (ak) J, (ak) 


P+k 
1 οΌ 
Ξ τ 


This repeated integral may be regarded as an absolutely convergent double 
integral, since the integrand is Ο (ρ ἢ) when p 1s large. Now make a change 
of origin of the polar coordinates by writing 


peoosd=k+rcos@, psind=rsin§#, 
and we have 


1 [5 [(* J,(ar)rdédr [Ὁ J, (ar) rdr 
K, (ak) J, (ak) = =|. 0 ree 2h =| eee 
and this is the result to be.established. 
To generalise the result consider 
2e~1 FT") (az) dz 
(4+ 4k) 
taken round the contour shewn in Fig. 32. 


ὃ 


Fig. 32. 


It is supposed that a is positive, and, to ensure convergence, 
| R(v)|< R(p)< 4B (u) τῳ. 
* Quarterly Journal, xu. (1911), p. 224. 
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It is also supposed that | arg &| « $7, and the loops in the contour surround 
the points 
ett fe f/2, οἷτὶ hk /2. 
By analysis resembling that of § 13°52, the reader will find that 


(2) ἢ [cos (4p—4v— 2μἔ) r.J,(axv)+ sin (ἐρ-- ἐν -- 2μ)π.Υ͂, (02)) ape 


_ w(ky2p-#~* Ε (αν 3} Γ(ρ Ἐν τ ἐπ) | ptv—4u+2m 
~ 2sin var. (wt1) | mao mE (vt+m4+1)0(4¢p+4v—p+4m) 4, ὼ 
π IND ae 
neom!T(—v+m+1) 0 (4p—fv—w+4m) 4 ΤῊΣ 


If the series on the right are compared with those given in § 5.41, it is seen 
that the former is expressible as a product of Bessel functions if -- 2=v= +4 
or if p—4=v= y+, while the latter is so expressible if p—-2=—v=pw+4 
or ifp—4=—v=p+h. 


The corresponding integral which contains a single Bessel function will be 
considered in ὃ 13°6. 


13°55. Sonine’s integrals. 


A number of definite integrals, of which special forms were given by 
Sonine, Math. Ann. xvi. (1880), pp. 63—-66, can be evaluated by the method 
of contour integration. 


The most Ὡς contour ii to be taken is 


Si | Ga RRR He ads 


round a contour consisting of the parts of the circles 

jz|=8 ᾿Ἰσ΄ Ξ αὶ 
terminated by the lines arg (— 2) ΞΞ + π, and the lines which join the extremities 
of these circular arcs*. 


It is supposed that m is an integer and ὦ is not a negative real number. 
The integral round | zj|= ὃ tends to zero as 6-0, provided that R(p)>|R(»)|, 
and the integral round |z|= R tends to zero as R > οο, provided that 


R(p)<m + ὃ. 
By Cauchy’s theorem we have 


1 et (z+k) 
Qa i (z 4 k)yn+ 


(—)" ek q™ 


(— zp A,” (— 2) ἀξ τε ~~ πα 


(e-% ho Η ὦ (k)} 


* Cf. Modern Analysis, § 6°2; or § 7°4 supra. 
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and thus we have 


ᾳ ) (— =? σαί τ τὸς ip- , (1) (k)} 


1 οὐ et (atk ,“»-ὶ 
"2πὶ]}. φεαρατὶ 
1 2 ei a+k geal 
ga 


ορπὶ FT) (ger) — eer H, (xe—™)} dx 


[J, (x) {sin (p + v) 3 + 22% cos v7 cos pr} 
+2Y,(x)sin(p —v) a] dz. 
In particular, taking m = 0, we get 
res) ρῖ 4(2+k) gent 


(2) ke H,” (k) = " "τ ae [ἱ, (a) {sin (p + v) π᾿ + 21 cos νπ cos ρπὶ 
+ 72Y,(«) sin (p — v) aw] dz. 
If we consider the ripe 


e7tetk) 
= τ [Ξε τα (— 2H (— 2) de, 
we find that 
1 
i (2) ¢ = -.-- 
(8) BH (ky=— [" 


i(a k) op 
— [J (x) {sin (p + v) a — 21 cos vr cos ρπὶ 
0 

— 2Y,(a#)sin(p — v) π] dz. 


If we take p = 1, v = 0, we get 


(4) Iky= 5 { ἣ ἐσ θὰ (a) da, 
(5) γι =—= | ᾿ ete +) ore 


The last two results are due to Sonine*. 
More generally, taking p=v+1 and —4< R(v)< 4, we get 


tij2+k) pv -Ἐνπὶ 
8 = : [" ς΄ τρεῖς: εξ 


eek + 9; COS ΡνΊ 


a result also due to Sonine. 


cos(z+k) 1 
t+k “τ 


and using the formulae (6) and (7) of § 13:42, Sonine deduced from (5) that 


= Jo(2) | 
0 res ss 


and hence from § 3°56 (2), 9°11 (2), 


By writing ee t(x +k) dt, 
0 


(7) Y, ὦ)---Ξ 


"hr 
2+ Ὁ |” sin (k cos 6) dé, 
7.0 


i ee . 
(8) Y,z(k)=—- Ξ =p O,, (ὦ +k) J, (a) da + = sin (i: cos θ — $n) cos nddé. 
- 0 


* See also Lerch, Monatshefte fiir Math. und Phys, 1. (1890), pp. 105—112. 
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13°6. A new method* of evaluating definite integrals. 


We shall now evaluate various definite integrals by substituting for the 
Bessel function, under the integral sign, the definite integral of § 6°5, and 
reversing the order of the integrations. 


As a first example consider the integral of Hankel’s type 


J, (ax 
a (x? + ae sa 
in which it 1s at first supposed that 
Riv) >0, R(Qu+2)> R(pt+v)>0; 
and a is a real (positive) number, in order that the integral may converge. 


ris integral is equal tot 
sail [ re TCs) a Lo) τ τὸν Le I'(—s) 
Qari er 


Potstl) (2+ key OO" oT) oP @+s4+1) 
PD (dp+4vt+s)Cwt+1—-3 gp -- ἦν -- 8) 1. 
(w+ 1) 
When this 1s evaluated (by swinging round the contour so as to enclose the 
poles on the right of the contour) we find that 
© ψρπὶ J (ax) dx 
ὌΝ εν αν 


1 +23 1 — 
x (4a)” 28. 1 kety tis μ--ἢ 


_arkety με (ξρι ἐν) ίμ ΕἸ -- ἐρ.-- ἐν) AF, (Ἐ 2 Ὁ; pty sea or) 

2T μ ΓΚ 1) eee Ὁ, 4 
4 Cee (ἐν + ἐρ--μ--Ἱὸ ( =e 7 te, a) 
+ OT μ Ὁ 2+ ἐν -- gp) etd μεϑετο δ, με 3- “SF; FZ). 


The hypergeometric functions on the right are reducible to Bessel functions 
in certain circumstances; the former if p = » + 2 or p=v + 2μ + 2, the latter 
ifp=2+4+ >». 


By the principle of analytic continuation (1) 1s valid when 
—R(v)< R(p)< 2R(p) + §. 


In particular, taking p=y» +2, we find that 
(2) = Jy (an) ἀν at’ -# 

0 (a? + ΟΡ +1 2 T (w+ 1) Ky—p 
a formula obtained by another method by Sonine, Math. Ann. xvi. (1889), p. 50; it is 
valid when 


(ak), 


~L< R(v) <2R (p) +3. 


* This method is due to Lerch, Rozpravy, v. (1896), no. 23 [Jahrbuch iiber die Fortschritte der 
Math. (1896), p. 233]; he shewed that 


1 /(°* I(-s)2%*ds 
[vod τ΄ ἀπὶ J ., (e+) ᾿ 


but no other use has been made of the method. 
+ The change of the order of the integrations may be justified without difficulty. 
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A formula of some interest 15 obtained by making p=1, »=-— 4, the 
hypergeometric functions then reducing to squares or products of Bessel 
functions; and another such formula is found by making ρ- 1 --ν, μτεν -- 3. 
It is thus deduced that (οὗ ὃ 5-41) 

: 7, (α“) dx r 

(3) ip (e+ Ty, (Zak) Ky, (Zak), 
provided that R(v) >—1; and that 
a J, x" J, (ax) dx dx (Δα ἂν T (ν +1) 
Φ [τε - Το ει Pe (dak) K, ak), 
provided that ἢ (ν)» -- 3. 
Next consider 
© gpl ae (ux) dx 
νυ (τ 4 
in which α»Ὸ0Ὸ and |argk|< or. It is first to be supposed that 
Riv)>0, R(4u+4)>R(ptv)>0. 
The peers is equal to 

el " Γ(- 8) #"(gan)y** ΩΣ 

2πι ot T(v+s+1) (at + Κι 
sal. I (—s) Gp +4v+43s) Γ(μ ΕῚ --ξρ -- ἢν -- 38) 

~ Bart P(vtstl (ut) 

x (fa) (ὦ /2)ote tess ds 
ἐπ (k /2p ς (αμν2)}" Td p + ἐν + $m) 

~ sin (dp + $v — 2p) P(t 1) Lmeom! + mt1)C(gp+tv—p+4dm) 

x cos (fp +fv—pwt+4m)z 
S (=) (ak y2yutrotem Du +m +1) 
mom! Γ(μ -- ἔρ- ἐν - 2m +3) Γ(Μ -- ἐρ -- ἐν τ-  2ηι- 8)}᾿ 
This expansion is a representation of the integral when the conditions to be 
laid on yw, ν and p are 
4B (u) +4 > RB(p) >- RB»). 

Now take the cases in which the first series reduces to a product of Bessel 

functions, namely 
p-2=v=pt+h or p—4=v=pt+h. 
By § 5:41 we then obtain the formulae 


2 gt! J, (ax) dx (4a) a7 ; 
| (5) f (es ἀν = ΡΤ @ +4) J, (ak) K, (ak), 


Ὁ gts J, (ax) dx (4a) νπ 

(6) [ (a + ἀκ)» τὶ : πὸ (2k) (να ἢ να (ak) Κα (ak). 
The former of these is valid when R(v) >—}4, the latter when ἢ (ν) > 4, and, 
in both, a > 0 and | argk | <4. 


+ 
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Finally, as an example suggested by § 13°55, we shall consider 
ἃ φΡ SJ, (ax) da 
ΨΖὀζ (ἀπ᾿ 
in which a>0 and |argk|<7. It is first to be supposed that 
| R(v)>0, R(w+1)>R(pt+v)>0. 
The integral is equal to 
1 ie Γ(- 58). a" (gax)rt* 


πὶ]. ὠς Γῇ 541 (a@+h 


1 I'(-—s)C'(p Ἐν + 2s) (w+ 1 pH ν-- 28) 4 vase pptotar nt dg 


dsda 


27 J — ai D(v+st+1)PQ@+l1) 
_ arkp—# Σ (--Ὁ»"(ξ αζ)νύϑπι Γ (po +yv+2m) 
~ βη(ρΈῈν-- μ) π. P(e +1) | κἴξϑο πε! V(vt+ mt 1) Γ(ρΈ ν -- w+ 2m) 


= Σ | (Lakpr-etm Din t+mt+l1)snd(p+v—y—m)ar | 

m=0 m! l(4u+4v—tp+43m-+ 8) (gp —- $v—tp+4m + 8) 

The first series reduces to J, (ak) when μ =0, and the second series is then 
expressible by Lommel’s functions (cf. ne In particular we have 


(7) [ a” J,(an)da πῇ 


z+k ~ 9 cos vir 


[H1_, (ak) — ¥_, (ak)] 
provided that —4< R(v)<$. 


The reader will find that a large number of the integrals discussed in this 
chapter may be evaluated by this method. 


13°61. Integrals involving products of Bessel functions. 


If an integral involves the product of two Bessel functions of the same 
argument (but not necessarily of the same order), it is likely that the integral 
is capable of being evaluated either by replacing the product by Neumann’s 
integral (§ 5-43) and using the method just described, or else by replacing the 
product J, (x) J, (x) by 

1 at T(—s) Γ(μΈν  Ἑ 2s +1) (hat 
Qt} wi (Qu tst+1)CVvts¢+)Cutvtstl) 
in which the poles of Γ (-- 8) are on the right of the contour while those of 


Γίμ:ν- 25 -Ὁ 1) are on the left; this expression is easily derived from ὃ 5-41 
by using the method of obtaining ὃ 6°5. 


ds, 


The reader may find it interesting to evaluate 
xP TS, (ax) J, (ax) dx 
ik (02 Berth pha λοι, 
by these methods. The result is a combination of two functions of the type 3/,, and the 
final element in each function is a?#, 
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Another integral formula, obtainable by replacing J, (b/x) by an integral, is 
© p-1 
(1) i ae Jy (ax) J, (δὴ de 
0 


a’ PWT ἀμεὲρ-ὸ)}ὁ ὁ 6 oF (» τἰ νπμ-πρ.) ντμπρ ᾿, “6. 
~ Pt p41) P Gut hy —ap+1) 2 


at ETP T (dy — $y — 40) 
Q2e+etl (4 +1) (du+hv Ἐρ- 1) 
This is valid when a and 6 are positive and 
—h(p+3)<R(p) «δὲ ὁ +9). 


The general formula was given by Hanumanta Rao, Messenger, xLvIt. (1918), pp. 134— 
137; special cases had been given previously by Cailler, Mém. de la Soc. de Phys. de Geneve, 
XXXIV. (1902—1905), p. 352; Bateman, 7rans. Camb. Phil. Soc. xxi. (1912), pp. 185, 186; 
and Hardy, who discussed the case of functions of orders + }, (see § 6°23). 


τς poet 
- of (μι, 5 


+1, 


An interesting example of an integral* which contains a product is 


lim Ἵν exp (— p*a*) J, (x) Ji, (@) e 


ὃ-» «10 


510 vor 


+ Fed ow tt 2g —-¥ εἰ)τψ -ν}}}, 
which may be written in the form 


sin yr ) da 


[: exp (— p’2?) ἱ, (x) J» ()- ane x 


Sin vir 


+ Fp πο» @—-¥ Ὁ Ἐ1)-ν 2 —v) — 2 log 2p}. 
It is easily proved that 


ω _ 4asin vr) dx 
[Pexp-rey 7, @ te) - Be 
.-..1 [5 πων = Γ(- 9) P' (28 + 2). (42)*7 
= Sil [{| PP Posed DOr τὸ ΓΤ) UY 
1 =f Γι s) I (2s + 2) ds 
~ Sart ,-οἱ 8(84+ 1) Pv +s4+1) P(2—v +s) (2p) 
1.5 (2n + 1)! (29). 


~ hannin. (ntl)! lwentlrQ@—vtn)’ 
and this series is an integral function of 1/p. 


To obtain an asymptotic representation of the integral, valid when | p | is 
small and | arg p|< 47, we observe that the last integrand has double poles 
at 0 and — 1, and simple poles at — ὃ, —2, -- ὅ, —3,.... 


* This integral was brought to my notice by Mr C. G. Darwin, who encountered it in a 
᾿ problem of Diffusion of Salts in a circular cylinder of liquid. 
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Hence we find 
1 Ve CT (—s) 0 (28+ 2) ds 


Sart J yx: s(s +1) @w+s+1)0(2—v+4 58) (2p) 
τ {ap (2)— ve (ν + 1) -- Ψ (2 --ν) — 2 log 2p} {1 + ῶν ( --ν)»}} 
= qd —2v)snvr , & (—)" (2p) TP (hn) 


Qrv(1—v) P eee 2n(n— 2) Γ(ν + 1— }n) T (2—v—}n).(n—2)! 
and so 
(2) lim [exp (— pa?) J, (x) Jy_, (&) us 
δι Ἐ0 LS A 


sin yt 
+ Feet +28 ¥O+D-¥2-m)] 
2 ty (2)— (9 + 1-H το) — 2 log 30] -- δ SE Ρ' 


+ : “ reprrgy 
nas 2n(n—2)P(v+1—43n) P(2—v—gn).(n- 2)! 


sin vr 


In the special case ν = 0, we find that 
(3) tim [Ὑ5 ΒΕ (ἀδ). [exp (— pret) σώ σι) τ] 
ὃ-»0 ; 


Γ (m + $) (2p)"** 
pa ἘΣ ow? (2m + 1)?(2m + 3).(2m+1)! 


13:7. Integral representations of products of Bessel functions. 


From Gegenbauer’s formula of ὃ 11:41 (16) an interesting result is obtain- 
able by taking the cylinder function to be of the first kind and substituting 
the result of § 62 (8) for the function under the integral sign. 


This procedure gives 


J, F(Z) foe (z) 


ΖΡ 


2Tw~+4)0 (4) =| 


ene {,,. Ζ5 2 -- 22Ζ cosh 
πον ἢ ~ ff * sind ot ᾿ exp at — See es oh dt dd, 


and if we change the order of the integrations, we find that 


᾿ 7:55: Z? + 2 2Z\ dt 
a Pere a {it 2t } 2 (FZ) 


This result is proved when R (v) >— } and |z|< [Ζ]; but the former restriction 
may obviously be replaced by R(v)>—1, and the latter may be removed on 
account of the symmetry in z and Z. It is also permissible to proceed to the 
limit by making | zi~| Z|. 


13°7, 13°71] INFINITE INTEGRALS 439 
By using the results of § 6°21 4) and (5), we find in the same way that 
1 fet ely 
() τοῦ" = 
ἃ) HZ) J,(e) == [exp fae - SL. (2), 


ae {2Ζ αἱ 
ΝΣ see 
"ΟΣ ᾽ ἐ’ 


-οοὲ 


8. πρῴ), -- =|” exp {it 


provided that ἐ (ν)» --Ῥἰι᾿ and |Ζ| «[Ζ!΄. 


The formula (1) was obtained by Macdonald, Proc. London Math. Soc. Xxxt1. (1900), 
pp. 152—155, from the theory of linear differential equations, and he deduced Gegenbauer’s 
integral by reversing the steps of the analysis which we have given. The formulae (2) and 
(3) were given by Macdonald, though they are also to be found in a modified form in 
Sonine’s memoir, Math. Ann. xvi. (1880), p. 61. 


A further modification of the integrals on the right in (2) and (3) was given by Sonine, 
the object of the change being to remove the exponential functions. 


For physical applications of these integrals, see Macdonald, Proc. London Math. Soc. 
(2) xv. (1915), pp. 410—427. 


13°71. The expression of K, (2) K,(z) as an integral. 


We shall next obtain a formula, due to Macdonald*, which represents the 
product K,(Z) K,(z) as an integral involving a single function of the type 
K,, namely 


Q) KZ) K2)= 5" exp| - 3-3" | x. (( 5 


2u v/v 


This formula is valid for all values of ν when 
jargZ|<7, jargz|<@ and jarg(Z+2)|<47; 


but it 15 convenient to prove it when Z, z have positive values X, «x, and 
to extend it by the theory of analytic continuation; the formula, which is 
obviously to be associated with ὃ 11-41 (16), is of some importance in dealing 
with the zeros of functions of the type K,(z). It 1s possible to prove the formula 
without the rather elaborate transformations used in proving ὃ 114] (16); 
the following proof, which differs from Macdonald’s, is on the lines of § 2°6. 


By § 6:22 (7) we have 
K,(X) K, (2) = : | ° | * gxv(t-tu)- Xeosh tzeoshu dt dy 


- 0 


_i { . | "gate X cosh (T+U)-veosh(?-U) dU AT. 
2J «oJ -« 


If (Xe? + xe-7) eY be taken as a new variable », in the integral 


[ 6“ Δ cosh( 7+ σ)-- α cosh (Τ΄- σὴ dU, 
~ oC 


* Proc. London Math. Soc. xxx. (1899), pp. 169—171. 
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᾿ 2 1. X2+4?+2X-acosh 27} | dv 
it becomes | exp} — 5 Ἢ +- gre - 

0 v v 
and so we have 


aT, 


K,(X) K,(0)=5 | | 6- wP-(Xa/t)coh2T exp | - Σ- x seo 
2 ek dG 


and, on performing the integration with respect to 7, we at once obtain 
Macdonald’s theorem when the variables X and « are positive. 


13°72. Nicholson’s integral representations of products. 
We shall now discuss a series of integral representations of Bessel functions 
which are to be associated with Neumann’s integral of § 5°43. 


The formulae of this type have been developed by Nicholson*, and the 
two which are most easily proved are 


(1) KK, (2)=2] K +1 (22 cosh t) cosh (μ — v) t dt 


= 2 Κι, (22 cosh t) cosh (μ + v) ¢ dt, 
«0 ᾿ 


when | arg z|< ἔπ, while » and ν are unrestricted. 


To obtain these formulae we use ὃ 6:22 (5) which shews that 
Κὶ, (2) K,(2)= ; [ | e-2 (cosh ¢+cosh) gosh μέ cosh vu dtdu. 


The repeated integral is absolutely convergent, and it may be regarded as a 
double integral. In the double integral make the transformation 


t+u=2T, t—w=2U, 
and it 15 apparent that 


Κι, (2) K, (2) = : [. a e~2zcosh Teosh U gosh w(7'+ U) cosh ν (T — U) dT dU. 


But 2 cosh »(7 + U) cosh » (T'— δ) 
=tosh (μ + ν) Τ' cosh {μ-- ν) U -- cosh{p— v) 7᾽ cosh (w+ v) U 
ΟΠ +sinh (μ + ν) Τ' sinh (μ -- v) U +sinh(u — v) 7 sinh (μ + v) U. 


The integrals corresponding to the last two of these four terms obviously 
vanish; and, if we interchange the parametric variables 7 and U in the integral 
corresponding to the second of the four terms, we obtain the formula 


one. 2) 


K, (2) Καὶ, (2) =5/ | e~ 2zcosh T cosh U cosh (w+ v) T cosh (μ -- ν) UdT dU. 


—-2 


If we integrate with respect to U we obtain the first form of (1), and if we 
integrate with respect to 7’ we obtain the second form of (1). 


* Quarterly Journal, xii. (1911), pp. 220—223. 
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The formula 
ἀπ 
(2) I, (2) I, (2) =" | Trees) cos Gi) δ δ 
0 
which is valid when R(u+v) exceeds —1, is at once deducible from Neu- 
mann’s formula. 


If we take »=0 and change the sign of ν, we find that 
vn 
(3) I, (2) Καὶ, (2) = - | K, (Ὡς cos θ) cos νθαθ. 
- 0 


More generally, if we take μ = — mand then replace μὶ and ν by m and — », 
we find that, if: R(v — m)i< 1, then 


ὦ In (2) K,(2)= 2" [°” K.,-m (2z cos 8) cos (m + v) 49. 
“0 


If we combine (3) with ὃ 616 (1) we find that 


_ 20 (+3) mL (4z)” cos (u cos 0) cos v6 
1, (2) αν (2) =— ra) το 8 (wep 42)» 


provided that -- ᾧ « R(v) <1; and in particular 


[ Sy (u) ἀπ 
ν (u? + 422)’ 


a result of which a more general form has been given in § 19:6, formula (3). 


dud, 
(5) I, (2) Ky (2) = 


13°73. Nicholson’s integral* for J,7(z)+Y/ (2). 


The integral, corresponding to those just discussed, which represents 
7.2 (2) + Y,7(z) is difficult to establish rigorously. It is first necessary to 
assume that the argument is positive (=z), and it is also necessary to appeal 
to Hardy’s theory of generalised integrals, or some such principle, in the course 
of the proof. 


Take the formula (ὃ 6:21) 
1. ree. ας 
A, (x) nn | ex sinh w—vw day, 
TU  -οὦ 


From the manner in which the integrand tends to zero as |w|—~o on 
the contour, it is clear that when an exponential factor exp {— Aw”} is inserted, 
the resulting integral converges uniformly with regard to A, and so it isa 
continuous function of A. Hencet 


. 1 [5 Ἐπὶ ; 
HH, (2) = lim — | exp {— Aw} exsinhw—vw dy, 
A-»+0 Τὺ ὦ 


* Phil. Mag. (6) x1x. (1910), p. 234; Quarterly Journal, xum. (1911), p. 221. 

+ Hardy, Quarterly Journal, xxxv. (1904), pp. 22—66; Trans. Camb. Phil. Soc. xx1. (112), 
pp. 1—48. In this integral (as distinguished from those which follow) the sign lim is commuta- 
tive with the integral sign. 

W. B. F. 15 
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By Cauchy’s theorem, the contour may be deformed into the line 
7 (w) = ἔπ, so long as δ has an assigned positive value; writing t+ $77 for εὖ, 
we get 
, ᾿ earn fe a] ; 
λ-»-0 Ft Jw 


ea ἐνπὲ 2 0] 3 
= = G Ϊ οἷα cosh 6 -ονί dt, 
- ὦ 


in Hardy’s notation. In like manner 


οὐνπί 


H,® (x) a κα an efx cosh u-vu du, 
-x 


with an implied exponential factor exp {/— A(u — πῶ}. 


Since the requisite convergence conditions are fulfilled when ἃ Ὁ 0, we may 
regard the product of the two integrals 
[ e, (t) gir cosh t~vt dt x | ΓᾺ (ω) e~tzcosh uve ry 
Ὃ -Ῥο 


(in which e¢,(t) and ὁς (μι) stand for the exponential factors) as a double 
— Integral 


[ i θ᾽ (t) e, (u) οἷς (cosh ἐ-- cosh ν) -- ν(έ- ε) (αἱ du). 
We thus find that 
w?H,") (x) H,® (x) τ 6 |” " eit (cosh ¢—cosh u)—v(t+u) (dtdu), 
-αοὖὐ -- 
with the implied exponential factor 


exp {[—A(t+ ἀπὸ--ὰλ (ὦ -- ἔπι}. 
Make the substitution ¢+u=27,t-—u=2U and then 


ἀπ᾿) + ¥2(a)} = a " eriz sinh TsinhU-WT (Tq U), 


-x l= 


with an implied exponential factor 
exp {— 2.75 — 20(U + $a)". 


In view of the absolute convergence of the integral, it may be replaced by 


the repeated integral in which the integration with respect to U is performed 
first, so that 


bor? 1,2 (0) Υρω) =G [Γ ects reine oer aa 
- 0 


— L 


“ 0 


“x 
= [ | ἀμ τ ; 
“ἢ 
with an implied exponential factor in each case equal to 


exp {— 2.7 — 2λ (Ὁ + fart). 
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We first consider the integral 
[ exp {— or ( 7 πὸ} err sinh FsinhvU qd U7. 


in which 7’ is positive. 

When 7 is positive, the U-path of integration may be deformed into the 
contour J(U)=47; if we then write V=v+ ἐπὶ, where v is real, the integral 
becomes 


@ 
= 2 exp (2A7’) | exp (— 2Av*) cos ἄπλυ. e~ 28inh Teosho dy 
0 
= Qexp(2rm*) | e-2sinh Teoshe dy 
- 0 


— 2 exp (27) i : {1 — exp (— 2Av*) cos 4πλυ) e~ 2 sinh Teosh ὁ ἦγ, 
0 


To approximate to the latter integral when A is small, we use the 
inequalities 
0 «1 — exp (— 2d’) cos 4ardv 
= 1 — exp (— 2λυ3) + 2 exp (— 2Av”) sin? 2ardv < 2λυ" + Br? A? 0”, 
so that, for some value of @ between 0 and 1, 


Γ exp {— Qr (U+ ἐπὸ} e2t% sinh 7 sinh U ἃ 17 
=? exp (2X27) ix e~ 2xsinh Tcoshv dy — (2r + 82rd?) θ fe ye7 2xsinh T cosh o 4] 


= 2 exp (2λπὖ) | K (2x sinh 7) — (2X + 8772’) 0 le _ K, (2x sinh ἫΝ | 
If we treat the integral 
[ exp {— 9λ, ( U + 4m)*} e7 2x sinh Tsinh U ἃ [7 | 
in a similar manner, we find it equal to 
2K, (2a sinh 7) ~ 2n0, ἘΣ K,, (20 sinh rh 
Ce? μΞο 
where 0 <6, <1, provided that 7' is positive. 


οΌ 
On collecting the results and remembering that Ι means the same thing 
ν 0 


οΌ 
as lim , we find that 
ὃ-» +04 ὃ 


ἃ πὸ {Je (ὦ) ἘΥ͂, (ὦ) 
- lim lim [ἢ jexp (2X2?) K, (2% sinh 7’) 


λ- +0 ὃ-» 00 ὃ 


- (20 + 8A?) 9 exp (2m) te το Κι (2esinb 7) ] eT AT 
μ"0 


τς ἥν aes Κι (ῶα sinh T) -- 206, Ἵν Κ, (δα εἰπῇ ry} ew dT. 
μ“0 


λ-» +0 6—»+0/d ὃ 
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Now, qua function of 7, 


fh onainh 7) = 0 {(log sinh TY}, 
Op? μ"0 


when 7 is small, and so we may proceed at once to the limit by making ὃ ---Ο, 
since the integral is convergent; and, since the integrals 


[ ° ἘΣ  K,,(2asinh Τ᾽) et? IT 


μ"0 
are convergent, the result of making A > 0 is 


πὸ 2 (x) + Y?(x)} = [΄ K, (Ὡς sinh 7) (6. #7 + eT) aT. 
0 
It is therefore proved that, when 2 >0, 
J (2) +¥2(a) = =, i ” K, (2a sinh T) cosh 2vTAT. 
υ 


If we replace a by z, both sides of this equation become analytic functions 
of z, provided that R(z)>0. Hence, by the theory of analytic continuation, 
we have the result 


(1) J2(z) + V2(z) = 5 [ K, (22 sinh t) cosh 2vtdt, 
0 
provided that R(z) >0. 


Another integral formula which can be established by the same method * is 
OY, (2 ae 4, 
ὦ σοι Θς.- 9 


TT, 


-- Υ͂, (2) |" K, (2z sinh t) e~™”* dt. 


To prove this formula, we first suppose that z is a positive variable (which 
we replace by 4), and then 


J (a) =O) γι 3:9 


“af ὁ (HN) 


ΠΕ 19]. dies (u = 2. πὸ οἷς (cosh é—cosh μ) ον) (dtdu) 


οὐ, ze) 


(1) ( x) Ἣν τος 


ὅπ 1) ae) _H, 
--—¢ ΒΗ 4 U + wi) e%rsinh Tsinh U ρτνΤ' (dTdU) 
--ςς 6 ae (2 U + πὸ ρϑῖα sinh Tsinh U .--ὃν Τ J 7] g¢-T 

l Ὃ . ἐδ οἱ ᾿ 
---. G ἢ (2U + πὸ 6 3ια sinh Tsinh U evT dU dT. 
Wet J0 fw 


* For the full details of the analysis, see Watson, Proc. Royal Soc. xctv. a, (1918), pp. 197-— 
202. 
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Now, T being positive, we have 


[ (2U + πὸ exp {— 2n(U + ἢ πὸ) cP εἴπ Tainh U dU 


- 2 | ” (y+ πὸ exp {-- 20. (u + πὸ} e2sinh Teosh συ 


and, since ve~2#sinh Teoshv ig an odd function of v, it may be proved that the 
last integral is 


Qarr [ e7 2% sinh T cosh v dv + O (A), 


where the constant implied in the symbol 0(X) is a function of 7’ such that 
its integral with respect to 7’ from 0 to το is convergent. 


In like manner, 
[ (2U + πὸ exp {—2n(U Ὁ 3 πὸ 6-- 3ίιω sinh Tsinh U dU 


= | ” ay exp (— 2A") e~2sinh Teoshe dy = 0, 
Hence it follows that ‘ 


od, J (ὦ) 


σ,( 722) _ y, (a) ϑο τε! 


-Σ Γ e7~2zsinh Τ οοϑὲ v-2vT ἀυα Τ' 
7.0 
=—*/° K,(2vsinh T)e-”T dT. 
TO 


The extension to the case in which the argument of the Bessel functions is 
complex with a positive real part is made as in (1). 


It should be mentioned that formula (2) is of importance in the Siscuseibn 
of descriptive properties of zeros of Bessel functions. 


The reader may find it interesting to prove that 
ν, | J (2) “τ — Y,(z) “0 


= οὐ 
== 22? bx (2) —4&“ 0 af ore) Y; , (z ) od,’ or) _ (2— y?) | (2) ----" Ο fe) aan) ga (z ) ¢ 30), 
and hence that | 
(8) J,’ (2) a) -ν (2) rl ne (22 cosh 27'— v?) Ko (2v sinh 7) e~ 2 TAT. 
ον Ov we? 0 
Other formulae which may be established by the methods of this section are 
(4) J, (2) Ay (2) + Vu (2) Κν (2) 
=], Ky (228inh ὁ). {σικ-Ἐν)έ + e-G+¥)t cos (μ -- ν) 7} dt, 
(5) J, (2) Υ͂, (2) -- ὦ, (2) Vu (jt owe . Κι. μ (2zsinh ὃ) 6-ἰμΈ υ) αἱ; 


these are valid when &(z)>0 and | R(p—v)|<1; they do not appear to have been 
previously published. 
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13°74. Deductions from Nicholson's integrals. 
Since K,(€) is a decreasing* function of ἕ, it 15 clear from ὃ 13°73 (1) that 
J? (a) + Υν (x) 
is a decreasing function of x for any real fixed value of v, when ἃ; is positive. 


Since this function is approximately equal to 2/(aa#), when «x is large, we 
shall investigate 


a {J,2 (x) + Ye(a)} 
and prove that it is a decreasing function of « when y> #4, and that it 1s an 
encreasing function of x when v< ἐ. 


It is clear that 

α 

cows {72 2 (5 

£ fa (Je(a)+¥2(0)}] 


“(K, (20 sinh ΤῊ + 2x sinh TK,’ (2e sinh T)}cosh 2vT4T 


0 


E »(2” sinh 7) tanh 7’ cosh 2ν7 i ᾿ 
0 


A,|00 3. 


2 
8 ἑὰ δ . α 

+ [Κι (Θα βίμῃ 7) | cosh 2v7 -- <7, {tanh Teosh 2v7} | dT, 
π᾿ aT | 


on integrating the second term in the integral by parts. Hence 
d 
az [x (9.0 (x) + ¥,?(a)}] 
- 3 [ K,(2esinh 7) tanh T cosh 2v7' {tanh T -- ὃν tanh 2ν7] aT. 
0 


π΄. 
Now AtanhaAZ is an increasing function of ἃ when X>0, and so the last 
integrand is negative or positive according as 2v >1 or 0< 2v<1); and this 
establishes the result. 


Next we prove that, when 2>y 20, 
(a? — ν} [0 (a) + ¥,7(2x)} 

is an increasing function of x. 

If we omit the positive factor 8 (a —v*)-4/n? from the derivate of the ex- 
pression under consideration we get 

i {eK (2x sinh t) + 2 (a? — v*)sinht. K, (22 sinh t)} cosh 2vt dt, 
0 

and to establish the theorem stated it is sufficient to prove that this integral 
is positive. 


* This is obvious from the formula 
Ky (é) =| ef cosh ὁ gy 
0 
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We twice integrate by parts the last portion of the second term in the 
integral thus 


ον: | ” sinh ὁ Ky’ (2a sinh t) cosh 2vt dt 
0 


= |» sinh ¢ sinh 2vt K, (2% sinh ἫΝ -- ἊΝ ΕἸ sinh ὁ 1Κ., (2 sinh ¢)} sinh 2t dt 


=— yp | ᾿ 13 {sinh ἐ Ky (25 sinh ¢)} sinh 2vtdt 
0 


=—y [ 2esinhtcosh tK, (2x sinh t) sinh Qvtdt 
- 0 
= - x sinh ¢ cosh ἐϊί, (2a sinh ¢) cosh 2ut | 
+2 | ᾿ [sinh t cosh t K, (22 sinh t)] cosh 2vt dt 
0 


= | wie cosh 2¢ K, (2 sinh t) + 22? sinh ¢ cosh?¢.K, (2 sinh t)] cosh 2vt dt; 
0 


the simplification after the second step is produced by using the differential 
equation | 
2K," (2) + Ky (2) -- 2K, (z) = 0. 
The integral under discussion consequently reduces to 
[ ᾿ [-- 2a sinh?¢ K, (24 sinh ) — 22? 51η}}5 K,’ (22 sinht)] cosh 2νέ dt 
“0 
Ν - a sinh’ t 


cosht 


- K, (2 sinh t) cosh ἊΝ 


d (sinh?t | 
ΠΝ Κι (2« sinh | 2 sinh? ¢ cosh 2vt + NG ate cosh auth | dt 


= 2 [ K, (2a sinh ἐ) [tanh?¢ cosh 2vt + 2v sinh’ ¢ sech ¢ sinh 2p] dt, 
0 


and this is positive because the integrand is positive; hence the differential 
coefficient of 
(a? — ν᾽} LJ? (2) + YA (2)} 
is positive, and the result is established. 
Since the limits of both the functions 
a{J2(2)+ V7 (2)}, (ὦ -- v*)t {J (2) + YY (a)} 

are 2/ar, it follows from the last two results that when 22>» >}, 

2 2/ 

(1) wd eon (2) ΕΥ̓͂, (2) >=. 


An elementary τ of the last inequality (with various related inequalities) was 
deduced by Schafheitlin, Berliner Sitzungsberichte, v. (1906), p. 86, from the formula 
(cf. § 5°14) 


(4v*~1) " @ OF 


aC πω [δ Ὁ ὦ} +2(1-5)G2@+G(0 |, 
where @, (4) =ad, (2) 48 Y, (2). 


448 THEORY OF BESSEL FUNCTIONS [CHAP. XIII 
The next consequence which we shall deduce from the integrals of § 13°73 
is that, when ν 18 positive, 


J, (v)—- — 


To obtain this result, we ἐν that the expression on the left may be 
written in the form 


| J. (x πὸ ν() Vi (a γῶν 2] 


+ [HG )2¥-(@) 2) _ γι γϑϑν(α -()Ἱ 


ΕΠ σ᾽, \° Κι (ἂν sinh T) e-”? dT 


Ty Two 


ἘΠΕ": E - [otk (2» sinh — 5) 4]. 
_— 0 


But, for each positive value of ¢, 2v sinh ($¢/v) 1s a decreasing function of ν, 
and so, since K,(zx) is a positive decreasing function of its argument, we see that 


1 - [oe Κι, (2» sinh =) dt 


εν ©) VG yee) ν (») 50. 


t=v 


is a decreasing function of v, and therefore 


vu, 0) 2¥- ()_y Gy Woe "ΟΣ 
> lim E , oy Fe () _ γι) We) FH) 


4 
= lim [τρεσρ τ [=o 


by using the asymptotic expansions of ὃ 8:42; and this establishes the result 
stated. 


13°75. The asymptotic expansion of J,?(z)+ Υ̓," (2). 
It is easy to deduce the asymptotic expansion of J,?(z)+ Y,?(z) from 
Nicholson’s formula obtained in § 13°73, namely 


7,2 (z)+ Y3(z)= = i K, (22 sinh ὁ) cosh 2vt dt; 
for we have, by ἃ 7°4 (4), 


cosh 2vt on i m!(», m) om 2m 
cosht —_m=0 ΠΡΊΝ saa ἐς 


οοδνπ | p!|(R(), »)} 
πε  τρτ ΜΕ) 


and, when » is real and p is so large that p+4>v, R, lies between 0 and 


where | R\|< 


pi (». p, ) 27? sinh” ft. 
(22)! 
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We at once deduce the a expansion 
- mi(v,M) oom [ἢ : a 
JP (2) +Y/ Ore Σ Ξ ΡΤ om Ι; K, (22u) w™ du, 
that is to say, by § 13:21 (8), 
= m 
Q) τυρῶι Σ 0.3...2m =D) Sere 


this is proved when R(z)>0, but it may be extended over the wider range 
jarg z| «πὶ and, ify is real and z is positive, and p exceeds v — ᾧ, the remainder 
after p terms is of the same sign as, and numerically less than, the (p + 1)th 
term. 


13:8. Ramanwjan's integrals. 


Some extraordinary integrals have been cbtained by Ramanujan * from an 
application of Fourier’s integral theorem + to Cauchy's well-known formula 


πὶ (μὲν -- 1) 
μεν D+ EPs)" 
which is valid if R(u#+v)>1. The application shews that 


ry 
| . costt’—2 @, οἶθω - ν δῇ) dP = 
ἀπ 


᾿ ΝΕ ea ehitiv—m), (\t\< 7), 
ΕΓ - ἢ 7 (jt[>m), 


where ¢ is any real number. 
By expanding in ascending powers of ὦ and y, and then applying this 
formula, it is seen that 
Juré J wre (x) Jy-s J yt (Y) ) d 
(qty fo “meee? EP) ott df 
= ( 2 cos δι αἐ(μ Ἐν) 
gre tt + y? sai) 


if —7<t< 7; for other real values of t, the integral is zero. 


etit(y—u) J. [/{2 cos ft (xe + ye**)} ], 


In particular 
(2) [- Suse (@) Jee (@) dE = Sure (20) 


In view of the researches of March, Ann. der Physik und Chemie, (4) XXXvII. (1912), 
pp. 29—50 and Rybezyniski, Ann. der Physik und Chemie, (4) χα. (1913), pp. 191—208, it 
seems quite likely that, in spite of the erroneous character of the analysis of these writers ἢ, 
these integrals evaluated by Ramanujan may prove to be of the highest importance in the 
theory of the transmission of Electric Waves. 


* Quarterly Journal, xivut1. (1920), pp. 294—310. 
1 Cf. Modern Analysis, 88 9.7, 11:1. 
t Cf. Love, Phil. Trans. of the Royal Soc..ccxv. a, (1915), pp. 123—124. 


CHAPTER XIV 
MULTIPLE INTEGRALS 


14:1. Problems connected with multiple integrals. 


The difference between the subjects of this chapter and the last is more 
than one of mere degree produced by the insertion of an additional integral sign. 
In Chapter XIII we were concerned with the discussion of integrals of perfectly 
definite functions of the variable and of a number of auxiliary parameters; in 
the integrals which are now to be discussed the functions under the integral 
sign are to a greater or less extent arbitrary. Thus, in the first problem which 
will be discussed, the integral involves a function which has merely to satisfy the 
conditions of being a solution of a partial differential equation, and of having 
continuous differential coefficients at all points of real three-dimensional space. 


In subsequent problems, which are generalisations of Fourier’s integral 
formula, the arbitrary element has to satisfy even more general restrictions 
such as having an absolutely convergent integral, and having limited total 
fluctuation. 


14°2. Weber's infinite integrals. 


The integrals which will now be considered involve Bessel functions only 
incidentally; but it seems desirable to investigate them somewhat fully 
because many of the formulae of Chapter ΧΠῚ may easily be derived from 
them, and were, in fact, discovered by Weber as special cases of the results of 
this section. 


Weber’s researches* are based upon a result discovered by Fourier to the 
effect that a solution of the equation of Conduction of Heat 


Ou Ou ms Cu Cu 
δὲ dat Sy? δε 
18 
—_— 1 ᾿ 


ao πὶ]. 


[ [° @ (x +2X Vt, y+ 2V Vt, 2+ 2Z yt) 
se ° x exp {—(X?4+¥?4+ Ζ9} dXdYdZ, 
where Φ is an arbitrary function of its three variables. 


Weber first proved that, if ®(a, y, z) is restricted to be a solution of the 
equation 
δῷ δῷ Vd 
() az ἐπε τς ΞΡ, 
Om? ον 02 
* Journal fiir Math. Lx1x. (1868), pp. 32322---287, 
+ La Théorie Analytique de la Chaleur (Paris, 1822), § 372. The simpler equation with only 
one term on the right had previously been solved by Laplace, Journal de l'Ecole polytechnique, 
viii. (1809), pp. 235—244. 
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then 
(2) u = exp (— k*t) ® (a, y, 2), 
provided that ® has continuous first and second differential coefficients, and 


the integral converges in such a way* that transformations to polar coordinates 
are permissible. 


The method by which this result is established is successful in expressing 
a more general triple integral as a single integral [cf. equation (4) below]. 

If we change to polar coordinates by writing 
2X Jt=rsinOcosd, 2¥V7t=rsinOsingd, 2Z/t=rcos§, 
we get : 
u= aan, |, [2 +rsin 0cos¢, y + rsin Osin φ, z+ 7 008 9) 


x exp (- πὶ r? sin θ dpdé@dr. 
Now consider the function of r, τ (r), defined by the equation 
a(ry=|"{" ®(x+rsin θ cos¢, y+rsin Osin φ, z +r cos 8) sin 0 ἀφαθ. 
Ov-F 


It is a continuous function of r, with continuous first and second differential 
coefficients when r has any positive value; and the result of applying the 


operator 
1d d 
wae (ap) + 


r i" [ ὃ ( 222) n μφ] sin θάφαθ. 


to τὸ (7) 1s 
}...-ἰγῖϑν 
We proceed to shew that the last integral 18 zero. If we make use of the 
differential equation (1), which ® satisfies, we find that 


{| Ἑ 9 (nS) ‘ wot sin θάφαθ 
1 δῷ 


= - 5 {πο (sin 0 5) ἐπῆρ Fai "ἴα θάφάθ. 
To avoid the difficulty+ caused by the apparent singularity of the last inte- 
grand on the polar axis, we consider the integral taken over the surface of a 
sphere with the exception of a small cap of angular radius ὃ at each pole ; 
since the integrand on the left is bounded at the poles, the integrals over the 
caps can be made arbitrarily small by taking ὃ sufficiently small. 


If we perform the integration of the second term on the right with respect 


* A sufficient condition is that ᾧ should be bounded when the variables assume all real values, 
infinite values of the variables being included. Cf. the corresponding two-dimensional investigation, 
Modern Analysis, § 12°41. 

+ This difficulty was overlooked by Weber. 
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to φ, we see that its integral vanishes because 0®/d¢ 18 supposed to be a one- 
valued function of position. The first term on the right gives 


1 o® |ττὸὲ 
aoc il " [sine ὅδ᾽, dd, 


7? 
and this can be made arbitrarily small by taking 6 sufficiently small since 


6®/(sin 008) 
is continuous and therefore bounded. 
1 d/,da(r) 
Hence γ3 ap ( Ap + kee (r) 


can be made arbitrarily small by taking ὃ sufficiently small, and therefore it 
1S zero. 


Consequently 
(3) Pe 4 tere (r) =0, 
oe ΕΣ ΞΡ A sinkr + Beoskr 


rT 


where A and B are constants; since ὦ (7) and its derivate are continuous for 
all values of 7, A and B must have the same constant values for all values 
of γ. 


If we make r ~ 0, we see that 
B=0, A=47r® (co, y, 2)/k. 
Hence * 
_ P(x,% 2) 
De frre?) | 
and this establishes Weber’s result. 


A similar change to polar coordinates shews that, if Φ (a, y, 2) 1s a solution 
of (1) of the type already considered, and if f(r) is an arbitrary continuous 
function of 7, then 


4) [ [[ φα ν, 2)γινια -ὐ τ - y+  -- Δ] 4 ἀγα 7 
_ 47 P (a, 1, Y, 2) 

k 
The reader will have no difficulty in enunciating sufficient conditions 
concerning absoluteness of convergence to make the various changes in the 


[᾿ exp (- τ sinkr.rdr = exp (-- kt) ® (a, y, 2), 


I J (r)sin kr .rdr. 


* This integral is most easily evaluated by differentiating the well-known formula 


oh ‘ 
| exp ( - 7) kr. dr=,/(wt) exp ( -- kt) 
0 


with respect to k. 


14-3] MULTIPLE INTEGRALS 453 


integrations permissible. One such set of conditions is that ® should be 
bounded as the variables tend to infinity, and that 
f(ry=O(r-?), (r+0); f(r)=O), (r=), 
where p< 3, g>1. 
A somewhat simpler formula established at about the same time by Weber* is that, 
if u(r, 6) is a function of the polar coordinates (7, 6) which has continuous first and second 


differential coefficients at all points such that 0<¢r<¢a, whose value at the origin 18 up, 
and which is a solution of the equation 


Cu Ou 75 
aa t at’ u=0Q, 


then J ᾿ u(r, 0) αἀθ-τε Ὥπιρ J, (kr), 


when 0<r¢a. The proof of this is left to the reader. 


14°3. General discussion of Neumann's integral. 


The formula 


(1) [ “δὴ | | ” F(R,®).J,[uy{R?-+7°— 2Rr cos (®— $)}] R (d@aR) 
0 0 .-τ 

=27F(r, >) 
was given by Neumann in his treatise+ published in 1862. In this formula, 
F(R, ®) is an arbitrary function of the two variables (R, ®), and the in- 
tegration over the plane of the polar coordinates (R, ®) 15 a double integration. 
In the special case in which the arbitrary function 18 independent of ®, we 
replace the double integral by a repeated integral, and then perform the in- 

tegration with respect to ®; the formula reduces to 


(2) | "udu [ F(R) J,(uR) J.(ur) RAR = ΚΘ), 
0 /0 


a result which presents a closer resemblance to Fourier's integral} than (1). 


The extension of (2) to functions of any order, namely 
(3) | “ade | ” F(R) J»(uR) Jy (ur) RAR = F(r), 
0 0 


was effected by Hankel§, In this result it is apparently necessary that ν > — 3, 
though a modified form of the theorem (§§ 14°5—1452) is valid for all real 
values οὖν; when y= + }, (3) is actually a case of Fourier’s formula. 


The formulae (2) and (3) are, naturally, much more easy to prove than (1); 
and the proof of (3) is of precisely the same character as that of (2), the 


* Math. Ann. 1. (1869), pp. 8—11. 

+ Allgemeine Lésung des Problemes tiber den stationadren Temperaturzustand eines homogenen 
Kérpers, welcher von zwei nichtconcentrischen Kugelfuichen begrenzt wird (Halle, 1862), pp. 147— 
151. Cf. Gegenbauer, Wiener Sitzungsberichte, xcv. (2), (1887), pp. 409—410. 

+ Cf. Modern Analysis, §9°7. 

8 Math. Ann. vim. (1875), pp. 476—483. 
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arbitrariness of the order of the Bessel functions not introducing any additional 
complications. 


Following Hankel, many writers* describe the integrals (2) and (3) as 
“Fourier integrals” or “Fourier-Bessel integrals.” 


On account of its greater simplicity, we shall give a proof of (3) before 
proving (1); and at this stage it is convenient to give a brief account of the 
researches of the various writers who have investigated the formulae. 


As has already been stated, Hankel was the first writert to give the 
general formula (3). He transformed the integral into 


Fade a) λ 
lim | RF (R)dR { J,(uR) J, (ur)udu 
A-»oo J 0 0 


dR 
R? — γ᾽ 
and then applied the second mean-value theorem to the integrand just as 
in the evaluation of Dirichlet’s integrals. Substantially the same proof was 
given by Sheppard} who laid stress on the important fact that the value 
of the integral depends only on that part of the R-range of integration which 
is in the immediate neighbourhood of r, so that the value of the integral is 
independent of the values which F(R) assumes when R is not nearly equal to r. 


=i | RF) [RJ v4: (XB) Jy (Ar) — τι (Ar) Jy (AR) 


A different mode of proof, based on the theory of discontinuous integrals, 
has been given by Sonine§, who integrated the formula (§ 13°42) 


[Soa (ur) Jo (UR) du= {9 (Ron 


after multiplication by F(R) RdR, from 0 to 0, so as to get 
yeti [ ἘΠ (ur) J, (ὦ) F(R) RdRdu = [Ree F(R) dR; 
Jo Jo 0 


and then, by differentiating hoth sides with respect to r, formula (3) is at once 
obtained ; but the whole of this procedure is difficult to justify. 


A proof of a more directly physical character has been given by Basset 
but, according to Gray and Mathews, it is open to various objections. 


A proof depending on the theory of integral equations has been constructed 
by Weyl. 


The extension of Hankel’s formula, which is effected by replacing the 


* See e.g. Orr’s paper cited later in this section. 

+ A statement of a mode of deducing (3) from (1) when » is an integer was made by Weber, 
Math. Ann. v1. (1873), p. 149, but this was probably later than Hankel’s researches, since it is 
dated 1872, while Hankel’s memoir is dated 1869. 

1 Quarterly Journal, xx111. (1889), pp. 223—244. § Math. Ann. xv1. (1880), p. 47. 

| Proc. Camb. Phil. Soc. v. (1886), pp. 425—133. See Gray and Mathews, 4 Treatise on Bessel 
Functions (London, 1895), pp. 80—82. 

Ἵ Math. Ann. uxvi. (1909), p. 324. 
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Bessel functions by arbitrary cylinder functions, was obtained by Weber*, and 
it will be discussed in δὴ 14°5—14'52. 


An attempt has been made by Orrt to replace the Bessel functions by any 
cylinder functions, the u-path of integration being a contour which avoids the 
origin; but some of the integrals used by him appear to be divergent, so it 1s 
difficult to say to what extent his results are correct. The same criticism 
applies to the discussion of Weber's problem in Nielsen’s treatise. It will be 
shewn (§ 14°5) that if, as Nielsen assumes, the two cylinder functions under 
the integral sign are not necessarily of the same type, the repeated integral is 
not, of necessity, convergent. 


It should be stated that, if r be a point of discontinuity of F(R), the 
expressions on the right in (2) and (3) must be replaced by} 

4{F(r—0)+ F(r+ OD}, 
just as in Fourier’s theorem. 

For the more recent researches by Neumann, the reader should consult his treatise 
Ueber die nach Kreis-, Kugel- und Cylinder-functionen fortschreitenden Entwickelungen 
(Leipzig, 1881). 

Neumann's formula (1) was obtained by Mehler§ as a limiting case of a 
formula involving Legendre functions; in fact, it was apparently with this 
object in view that he obtained the formula of ὃ 5-71, 

lim P, {cos (2/n)} = J, (2), 
Rm © 


but it does not seem easy to construct a rigorous proof on these lines (cf. 
§ 14°64). A more direct method of proof is given in a difficult memoir by 
Du Bois Reymond|| on the general theory of integrals resembling Fourier’s 
integral. The proof which we shall give subsequently (§§ 146 e¢ seq.) is based 
on these researches. 


Subsequently Ermakoff{ pointed out that the formula is also derivable 
from a result obtained by Du Bois Reymond which is the direct extension to 
two variables of Fourier’s theorem for one variable, namely 


Υ̓ ὦ, y) 
Ξ al [- [. [ W(X, Y)cos (α(ζ — “).-. 8(Y—y)}.(dXdY¥)dadp. 


Ermakoff deduced the formula by changing to polar coordinates by means of 
the substitution 

a=ucosw, B= wsina, 
and effecting the integration with respect to ὦ. 


* Math, Ann. νι. (1873), pp. 146—161. 

+ Proc. Royal Irish Acad, xxvi, a, (1909), pp. 205—248. 

t The value of the integral at a point of discontinuity has been examined with some care by 
Cailler, Archives des Sci. (Soe. Helvétique), (4) x1v. (1902), pp. 347—350. 

8 Math. Ann. v. (1872), pp. 135—137. 

| Math. Ann. tv. (1871), pp. 362—390. { Math, Ann. νυ. (1872), pp. 6839—640. 
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If (r, φ) and (R, Φ) be the polar coordinates corresponding to the Cartesian 
coordinates (x, y) and (X, Y) respectively, the formal result is fairly obvious 
when we replace V(X, Y) by F(R, ®); but the investigation by this method 
is not without difficulties, since it seems to be by no means easy to prove that 
the repeated integral taken over an infinite rectangle in the (a, @) plane may 
be replaced by a repeated integral taken over the area of an indefinitely great 
circle, 


If the arbitrary function F(R, ®) is not continuous, the factor F(r, φ) 
which occurs on the right in (1) must be replaced by the limit of the mean 
value of F(R, Φ) on a circle of radius δ with centre at (r, φ) when ὃ +0. 
This was, in effect, proved by Neumann in his treatise of 1881, and the proof 
will be given in §§ 14°6—14°63. The reader might anticipate this result from 
what he knows of the theory of Fourier series. 


A formula which is more recondite than (3), namely 
(4) =| i Jy (ur) AU) F(R) dud = ΒΟ), 


has been examined by Bateman, Proc. London Math. Soc. (2) 1v. (1906), p. 484; ef. § 12°2. 


144, Hankel’s repeated integral. 


The generalisation of Neumann’s integral formula which was effected by 
Hankel (cf. § 143) in the case of functions of a single variable, may be formally 
stated as follows: 


Let F(R) be an arlitrary function of the real variable R subject to the 
condition that 


[ (R)VR.dR 


exists and 1s absolutely convergent; and let the order v of the Bessel functions 
be not* less than —4. Then 


(1) [udu [τω J, (uR) J, (ur) RAR =} {F (r +0) + F(r—0)}, 


provided that the positive number r lies inside an interval in which F(R) has 
limited total fluctuation. 


The proof which we shall now give is substantially Hankel’s proof, and it 
is of the same general character as the proof of Fourier’s theorem ; it will be 
set out in the same manmer as the proof of Fourier’s theorem given in Modern 
Analysis, Chapter 1x. It is first convenient to prove a number of lemmas. 


* It seems not unlikely that it is sufficient for » to be greater than -- 1; but the proof for the 
more extended range of values of » would be more difficult. 
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14°41. The analogue of the Riemann-Lebesgue lemma. 


A result, which resembles the lemma of Riemann-Lebesgue* in the theory 
of Fourier series, and which is required in the proof of Hankel’s integral 
theorem is as follows: 


"ὦ 
Lett | F(R)/R.dR emst, and (if τὲ 1s an improper integral) let rt be 
absolutely convergent; and let v>—4}4. Then, as r+, 
b 
| F(R) J, (AR) RAR = ΝᾺ}. 


It is convenient to divide the proof into three parts; in the first part it is 
assumed that Κ᾽ (.1)ὴ ΝΙΝ is bounded, and that b is finite; in the second part 
the restriction that ὦ is finite is removed ; and in the third part the restriction 
that F(R) ν αὶ is bounded is also removed. 

(I) Let the upper bound of | F(R)/R| be K. Divide the range of in- 
tegration (a, ὃ) into n equal intervals by the points 2, 2, ... fn (= 4, 
%y, = δ), and choose n so large that 

= (Un, = Ln) (Lm — Lm—1) < €, 
where ε is an arbitrarily small positive number and U,, and L, are the upper 
and lower bounds of 3" (1) ν in the mth interval. 

Write F(R) /R = F (Rn) VRn-1 + ©m (RB), so that, when R lies in the mth 
interval, | @m(R)| <Un— Lm. Now, when νὴ -- ξ, both of the functions of 2, 


at J, (2), [ tt J, (t) dt, 
0 


are bounded when z > 0, even though the integral is not convergent as ὦ > οὐ. 
Let A and B be the upper bounds of the moduli of these functions. It is then 
clear that 


ὦ 
| F(R) J, ΔΕ) RAR | 


-| Σ F(Rna)VRmal” J, (XR)VR.dR 
m=1 - m1 


ἘΣ ("am (R) Jy (XR) VR. aR 
=1.' Se—1 


es a! in ‘ 


mal μ;" 


Jy (x) 2. da| + Σ ΕΥ- 


+S F (Bins) V Rina’ + -- 


" py , Ae 
~ ἃϑ ΩΝ 
* Cf. Modern Analysis, § 9°41. 


+ The upper limit of the integral may be infinite ; and a>0. The apparently irrelevant factor 
R preserves the analogy with § 148 (3). 


a 
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By taking A sufficiently large (n remaining fixed after ε has been chosen) the 
last expression can be made less than 2Ae/,/d, and so the original integral 
is 0 (1/2). 
(II) If the upper limit is infinite, choose ὁ so that. 
[| F(R)|VB.dR «ε 


and use the inequality 


| i F(R) J, (AR) RAR 


ς [Το RaR| + = [| F(R) ΝΕ. aR; 


then, proceeding as in case (1), we get 


2Bnk 2Ae 
λῇ Vr ἢ 


| [° F(R) JAR) RAR < 


The choice of n now depends. on ε through the choice of c as well as by the 
mode of subdivision of the range of integration (a, c); but the choice of n 1s 
still independent of A, and so we can infer that the integral (with upper limit 
infinite) is still ὁ (1/,/A). 

(11) If /(£) VBR is unbounded*, we may enclose the points at which it is 
unbounded in a number p of intervals 6 such that 


z[ |F(R)|VR.dR<e. 
ὃ ὦ ὃ 


By applying the arguments of (I) and (II) to the parts of (a, b) outside these 
intervals, we get 


πὸ 1) K 84. 94ε 
ve 
where & is now the upper bound of | F Γι |./& outside the intervals 6. The 


choices of both K and πὶ now depend on ε, but are still independent of A, so 
that we can still infer that the integral is ὁ (1/\/2). 


"; F(R) J, (AR) ΒΑΕ | < 


14°42. The inversion of Hankel’s repeated integral. 
We shall next prove that, when νῈ -- 4, and | ἽΡ (Ὁ) νὰ. ἀΚΚὶ emsts and 
0 


1s absolutely convergent, then 
[udu [ Fas, (uR) J, (ur) RAR 
=lim | F(R) | "Jy (uR) Jy (ur) udu} Rak, 
λ-»οοὐ 0 


provided that the limit on the right exists. 


* Cf. Modern Analysis, § 9°41. 
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For any assigned value of Δ, and any arbitrary positive number e, ex 
hypothesi there exists a number 8 such that 


[: | F(R)|VR.dR < £8" 


2A?” 
where A is the constant defined in § 14°41. 
If we write F(R) J, (ὦ) J, (ur) uR = φ (R, w), 


it is clear that * 


[} [oq waup ar— [᾿{{φΦ( wd} du} 
=i fee “du! ar- [| ΓΦ w) aR} du 


«[{{Π|φα ω)} 4} 4. [1 [Π|φΦ(, :)} aR εἶ 


oo A 42 A © 442 
«[ [3 (Δ |vR.duar+ | Ι “| F(R)|VR.dRdw 


< €. 


Since this result is true for arbitrarily small values of e, we infer that 


is [ $(R, u)dudkR -[ [" p(k, u)dRdu, 


the integral on the left existing because ne integral on the right is assumed 
to exist. If the integral on the left has a limit as \ > 00, it is evident from 
the definition of an infinite integral that 


[ udu [ F(R) J,(uR) J, (ὦ) RdR 
= lim i : udes | ; F(R) J,(uR) J, (ur) RdR 
= lim [τῷ Ϊ Ϊ ᾿ J,(uR) J, (ur) udu} RaR, 
and this is the inversion formula which had to be proved. 


14°43. The relevant part of the range of integration in Hankel’s repeated 
integral. 

Next we shall prove that, in Hankel’s integral, the only part of the R-range 
of integration which contributes anything to the value of the integral is the 
part of the path in the immediate vicinity of r, provided merely that F(R) /R 
has an absolutely convergent integral. 


* The justification of the inversion of the order of integration for a finite rectangle whose sides 
are ἃ and β presents no great theoretical difficulties. 
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To effect this, it is sufficient to prove that, if r is not a point of the 
interval* (a, ὃ), then 


[udu [ ° F(R) J, (uR) J, (ur) RAR = 0. 
~ 0 a 


We invert the order of the integrations, as in § 14°42, and we find that, if 
the limits on the right exist, 


| udu | "F(R) J, (uR) J, (ur) RAR 
= lim [τῷ {| J, (uBR) Jy (ur) udu RdR 
= Tim [°F (R) (RJ es AR) J, (dr) = Joys Or) Je OB) ik 
| * F(R) B 


= him Ad, (Ar) pa Jon (AR) dR 


FRR 


— Tim λυύν (Ar) | J, (XR) dR. 


Since both the integrals 
gt F(R) Ὡ aR, Po F(R) R’ Rr aR 
are ex hypothesi ees ee it follows ree the generalised Riemann- 
Lebesgue lemma (δ 14°41) that the last two limits are zero; and so 
[ “udu [ F(R) J, (uR) J, (ur) RAR =0 


provided that r is not such thata<r<b. 


Bra 
14°44, The boundedness of i | J,(uR) J, (ur) ἐξ dudR. 
advo 
It will now be shewn that, as \ -»- ©, the repeated integral 
b 
| | “J, (uR) J, (ur) wR dudR 
a/0o 


remains bounded, provided that a and ὃ have any (bounded) positive values. It 
is permissible for a and ὃ to be functions of Ἃ of which one (or both) may tend 
to ras i » 0. 

Let us first consider the integral obtained by taking the dominant terms 
of the asymptotic expansions, namely 


τ os | cos (uR — 4vm — ἔπ) cos (ur -- dum — rr) dudR 


_ il ᾿ sind (R—r) 608 {A(R+1r)—v7} -- οὐϑνπ] 5, 
ard R-r Retr | 
(b—r) gj (b-+-r) a 
__! ih r mF de — [ἡ cos (x "τὸ da +008 vm log ΣΤ]. 
wr]. A(a-r) & A(a+r) x a+r 


* It is permissible for b to be infinite. 
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The first integral is bounded because | —= da is convergent; and the 


- οὦ 
a] 
: τ cos (Φ — νΊΤ : 
second integral is bounded because [ Sa 7) dx 1s convergent ;. and so 
“" 


the integral now under consideration is bounded, and its limit, as Ἃ ---- 2, is 
the limit of 
1 A(6-r) sin x b+r 
ἘΠΕ = 


[ -~—— dx + cos vt log- ——— 
A(a-r) x +r 
provided that this limit exists. 


But we may write 
b PA 
fn (ur J, wR dudR 
aso 


a [ [dorud, (wR) J, (ur) (Rr) 
— cos (Ὁ — hum — ὅπ) cos (ur — ἐνπ -- ζπὴ} dudR 
[ [ “(ru J, (uR) J, (ur) ν( 
— cos (uh — 4vm — 8[πῸ cos (ur — ἐνπ — fr) |] dudR. 
9. ba 
+ ἜΤΗ [ [ cos (uh — ἐνπ — 5πῸϑ cos (ur — frm -- for) dudR. 


Now, of the integrals on the right, the first is the integral with respect to 
R of an integral (with respect to u) which converges uniformly in any positive 
domain of values of & and 7, and so it is a continuous (and therefore bounded) 
function of 7 when r is positive and bounded. 


arr 


2 
ow lr. 


The third integral has been shewn to be bounded, and it converges to a 
limit whenever 


a de 


i Ar) sin ὦ 
A(a—r) a 


does so. 
The second integral may be written in the form 


4v° τς Ue 
ἀπ Jr 'q 


[ | = sin (wR — 4vm — ἔπ) cos (ur — ἐνπ — for) 


+ = cos (wR — 4v7 — ἔπ) sin (ur — v7 — 477) +0 (ju) dudR 


=~ earl, [RHO+;HO)+40)| az 


where ¢, (A), ¢, (A) and ¢; (A) are functions of Δ and & which tend uniformly 
to zero as N>O. 
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Hence, for all bounded positive values of a, 6, 7, the integral 
bora 
| [ JR) J, (ur) uk dudR 
a 0 


is bounded as Ἃ + ©; and it converges to a limit whenever 
eo sin x 


JA(a-r) & 
does so. 


14°45. Proof of Hankel’s integral theorem. 
Now that all the preliminary lemmas have been proved, the actual proof 
of Hankel’s theorem is quite simple. 
Since F(R) has limited fluctuation in an interval of which r is an internal 
point, so also has F(R) γ R; and therefore we may write 
F(R)VRk= Xi (R) - X2 (2), 
where x, (R) and x;(R) are monotonic (positive) increasing functions. 
After choosing a positive number e arbitrarily, we choose a positive number 
δ so small that F(R) has limited total fluctuation in the interval (r — ὃ, r + δ) 
and also 
a i RS sa aii eae 
χε + δ) — χε (7 + 0) « ε 7 Δ4(Ὁ -- Ο) -- x2 (r— δ) « | 
If we apply the second mean-value theorem, we find that there exists a 
number £ intermediate in value between 0 and 6 such that 


[Γ᾿ [x (R) J, (uR) J, (ur)u/R.dudR 
ὙΦ : rtd pa 
=y(r+0)[ [Jp GR) νων) ΝΕ ἄμα ἢ 
r+8 fa 
tiuertay—mlrt0} | fT.) J, (uryuvR. dud. 
γεξνο 


ἀξ οἰ 
: sin Φ 
Since i a dx -- ἐπ, 
0 


as Ἃ + 0, ὃ remaining fixed, it follows from § 14°44 that the first term on the 
right tends to a limit as X—» oc while ὃ remains fixed. And the second term 
on the right does not exceed Ce in absolute value, where Ο is the upper bound 
of the modulus of the repeated integral (cf. ὃ 14°44). 


Hence, if 


r+ A 
lim | J, (uR) J, (ur) uR} dudR = Οὐ γε, 
0 


A» © r 


it follows that 
r+6 fA 

lim | i γι (B) J, (UR) J, (ur) uR? dudR 
T υ 


ὰλ -» 0 


exists and is equal to Οὐχὶ (r + Ο) 0. 
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We treat y,(R) in a similar manner, and also apply similar reasoning to 
the interval (r — δ, +); and we infer that, if 


lim : 5. (uR) J, (ur) uRt dudR =0,/yr, 


A-rwo J! r 


then lin ie F(R) J, (uR) J, (ur) uRdudR 


exists and is equal to 
CF (r+0)+C,F (r—0). 


We now have to evaluate ΟἹ and (,. By the theory of generalised 
integrals*, we have 


C, oO frt+é λ 
οι i Ϊ J,(uR) J, (ur) uR? dRdu 
vr 0 Jr 
; ου r+é6 } 
= lim | exp (— »" τ) [ J, (uR) J, (ur) uR? dRdu 
peo /0 “97 


r+8 fa 
=lim |" [” exp (— pt’) J, (uR) J, (ur) wR dudR 
- 0 


»-.»0.»γ» 
Pe cae | R? + τὴ Rr\ p34 
“ig apne SG (Be) a 


by § 13:31 (1). 
Now, throughout the range of integration, 


1 (55) ~ em τ 0 (ἢ exp (35). 


r+8 0 (p’) γ} 
and | , 2pv(Rr) exp | 
as p > 0. 
rr+s — yy 
Hence C; sate % ve I exp , ΞΡ ᾿ aR 


and similarly 


0 
C, = lim =| exp(— 2°) dx =}. 
—4$6/p 


»-»"0 γί π 
We have therefore shewn that 
"γὶδ PA 
lim | | PCR) T,(uR) J, (ur) uRdudR 
Awad r—-s J 0 
exists and is equal to 


LiF (r+ 0)+F(r—0O)}. 


* Hardy, Quarterly Journal, xxxv. (1904), pp. 22—66. For a different method of calculating 
C, and Cy, see § 14°52. 
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But, if this limit exists, then, by § 14°42, 
| Sadi { ° F(R) J, (uR) J, (ur) RAR 
0 0 


also exists and is equal to it; and so we have proved Hankel’s theorem, as 
stated in § 144. 


The use of generalised integrals in the proof of the theorem seems to be due to 
Sommerfeld, in his Kénigsberg Dissertation, 1891. For some applications of such methods 
combined with the general results of this chapter to the probleme des moments of Stieltjes, 
see a recent paper by Hardy, Messenger, xLvil. (1918), pp. 81—88. 


14°46. Note on Hankel’s proof of his theorem. | 
The proof given by Hankel of his formula seems to discuss two points somewhat 
inadequately. The first is in the discussion of 
oA 
lim Ι. ik F(R) J, (uR) J, (ur) uRtdud R, 
Am 
which he replaces by 


: ss AR 
Tin [7° PUR) LRIs 43 08) Jy 0) Fos Or) ὅν ΜῊ Fs a 


In order to approximate to this integral, he substitutes the first terms of the asymptotic 
expansions of the Bessel functions without considering whether the integrals arising from 
the second and following terms are negligible (which seems a fatal objection to the proof), 
and without considering the consequences of AX vanishing at the lower limit of the path of 


integration. 
The second point, which is of a similar character, is in the discussion of 


, r+é fa 
lim | | J,(uR) J, (ur) uRdudR; 
r+é J 0 


A 0 


after proving by the method just explained that this is zero if é tends to a positive limit 
and is καὶ if ¢=0, he takes it for granted that it must be bounded if +0 as A-> ; and 
this does not seem prima facie obvious. 


14:5. Extensions of Hankel’s theorem to any cylinder functions. 
We shall now discuss integrals of the type 


| ” edu i ° F(R) @, (uR) @, (ur) RAR, 


in which the order ν of the unrestricted cylinder function @, (z) 1s any real* 
number. The lower limits of the integrals will be specified subsequently, 
since it is convenient to give them values which depend on the value of ν. 


For definiteness we shall suppose that 
G,(z)= σ {cosa.J,(z)+sina.Y,(z)}, 
where o and a are constants. 


* The subsequent discussion is simplified and no generality is lost by assuming that » 50. 
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The analogue of the Riemann-Lebesgue lemma (§ 14°41), namely that 
[ Fa) @,(.R) RAR = Θ( ΝᾺ), 
mioned eal ᾿ F(R) /R.dR 


exists and is absolutely convergent, may obviously be proved by precisely the 
methods of § 14-41, provided that a< b< oc, and 
a20if O<v<4 
la>0 if vy >}. 
The theorem of § 14°44 has to be modified slightly in form. The modified 
theorem is that the repeated integral 


i i “@,(uR)@, (ur) wR. dudR 


is bounded as X-»00 while + remains fixed; as in § 14°44, ὦ and ὃ may be 
functions of ἃ which have finite limits as X-~ 2. The number 7 is positive, 
though it is permissible for it to be zero when 0 «ν «ἐ. 
Also the repeated integral and the integral 
i A(O-r) sin x 


A (a=) L 


x 
both converge or both oscillate as’ > 2%. 


(Note. If the two cylinder functions in the repeated integral were not of the same 
type, i.e. if we considered the integral 


Ι: ih G. (uR)@, (ur) uJ/R. dud, 


it would be found that the convergence of this integral necessitates the convergence of the 
integral 


ἀξ; 


ies 1—cosx 
A(a-r) wv 
and so, if (Ὁ -- γ)-» "αὐ as λ-»- οὐ, the repeated integral is divergent *. ] 


14:51. The extension of Hankel’s theorem when 0 « ν < 3. 


Retaining the notation of § 14-4—14:5, we shall now prove the following 
theorem. 


Let ” FF (ΝΕ. ΔΕ exist and be an absolutely convergent integral, and 
0 
letO0<v<4. Then 


(1) in ide is F(R)@,(uR)@, (ur) RAR 
= jos[P(r+0)4 P(r 0) — 27 θα (α Ἐν’) (* R= κυ ΔΆ, 


Sin vr 9 Rr’ (R? — ἢ 


*This point was overlooked by Nielsen, Handbuch der Theorie der Cylinderfunktionen 
(Leipzig, 1904), p. 365, in his exposition of Hankel’s theorem. 
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provided that the positive number 1) les inside an interval in which F(R) has 
linuted total fluctuation. 


As in § 14°42, we may shew that 
i ᾿ wan fe F(R)@, (uR)@, (ur) RAR 
= lim ᾿ F(R) | ᾿ @, (wR) @, (ur) uRdudR, 
provided that the limit on the right exists. 
But now we observe that 


λ 
[ €, (ΕΚ) @, (ur) udu 
0 


A 
Ξ τὰ nae C4, (UR) @ (ur) — ur Ὁ, μα (ur) Ὁ, (uR)| 
=< 0 


= 7 lR Cra Akh) Gar) —r@, Co \E,OAR)] 
_ 2o7%sinasin(a+vmr) RY -- γ 
π 810 yi Rr r’ (1 --. ππ ᾿ 
Hence we infer that, if 7 is not a point of the interval (a, ὃ), then 
b A 
[ F(R) @, (uR)@, (ur) uRdudR 
a «Ὁ 


= o(1)— 228m asin +7) er 
᾿ π SiN νπ Rr (3.- γῇ) 
as Ἃ, -5- 00; and so the last repeated integral has a limit Ai ‘ >, 


Br Ue ow F(R) RAR, 


Now choose an arbitrary positive number e, and then choose 6 so small 
that F (2) has limited total fluctuation in the interval (r — 6, r + 5) and so that 


oe ot et ifr<Rert, 
|\F(R)-F(r—-0)|<e if r-8<R<*r. 


ad A 
Now take | F(R) | @, (wR) @, (ur) ududR, 
0 0 
and divide the R-path of integration into four parts, namely 
᾿ (0, γ -- δ), (r—6, 7), (7, 7+), (r+, © ). 
Apply the second mean-value theorem as in § 14°45, and we find that 
90 A 
| F(R) | @, (uR)@, (ur) uRdudR 
0 0 
Ant 20? sin asin (a + v7) ae " | RY — γῆν 
0 


π᾿ sin yr ( Ry r’ (1 — 7*) 


F(R)dR 


γτδ 


γὸῖδΓὰλ 
+ F(r+0)¥/r.| [ @, (μΕ) G, (ur) αι 


+ F(r—0)yr. | = | ; @, (uR) @, (ur) uRtdudR 
+7, 
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where || has an upper bound which is independent of ἃ and which 1s 
arbitrarily small when ε is arbitrarily small. 

The integrals on the right converge to limits when X-+», and so, by 
making e-> 0 after ἃ > 00, we infer that 

[ ee | ” F(R) @,(uR) @, (ur) RAR 
0 0 
is convergent and equal to 
— Boren asin (ot Pm) [" eee ne F(R)dR 


a Sin yr τῖγν (H? — r?) 


+ F(r+0)/r. lim [ ie G, (uR) @, (ur) uRtdRdu 
ὃ-.0.0 Jr 


+ F(r-0)yr. lim [" [" @,(uR)@, (ur) uRtdRad, 
ὃ-»0.0 Jr 


provided that the limits on the right exist. 


To prove that the limits exist and to evaluate them simultaneously, take 
F(R) = R’ when r< R<r+8 and F(R) =0 for all other values of R. 


We thus find that 
th tim [ ["" @,(uR)@, (ur) uRbdRdu 
= lim [Γ i " @, (wR), (ur) Πρ μά Βάι, 
provided that this repeated limit exists; and similarly 
r’tt lim ἢ | 7 @,(uR)G@, (ur) uRidRdu 


ὃ-0.0 


= lim ᾿ [ ' G, (uh) ὦ, (ων) uke dRdu. 


6-0-0 ͵ γ»-ὃ 


For brevity we write ὁ in place of r+ δ. We then have 
ro fb 
| | @, (uR) @, (ur) uR’' dRdu 
09.» 
= | "brett @ C4, (ub) — 1’! G,,, (ur) S, (ur) du 
0 


= lim ΝΣ Cra, (ub) —2”"! Gri (ur)} ὅ, (ur) π᾿ 


p-»+0 
since the second of these three ia is convergent, and the third 1s abso- 
lutely convergent when 0< p<1—v». 


Now the last expression can be replaced by a combination of the four 
integrals of the types 


= J, d 
[or aseen (ub) = Tan Hr) aoa 
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and these are all absolutely convergent. They may be evaluated as cases of 
Weber's discontinuous integral of § 13°4, and hence we find that 


i ἰδντι @., (ub) — "WS, (ur)} @, (2 nr) ue 


_ or sin (a + pm) sin (a + νπ). Γ (v+1—p) 
2 sin pw sin vr. (vy +1)P(p + 1) 


P+) Pep) 
x | OF (ν τα τ ρ,- —pi uti; 5) - . Parente 


_ or” sinasin (a+ px + vr). T (1 — p) 
2” sin (pr +vi)sinvr.C(1—v)C(v+ p+1) 


ee PN yan UU —v) P (2p) 
᾿ E meal (1p, τ ςρ; ad 8) oo? Ρ ΞΟ 1} 


The tumit of this expression, when p -»- 0, is oie to 


Seca tet 
or” sin asin (a + v7) [log (1 - Π) + 2 log? — © ~ OF, (1. ee eee 5) 


τ ν 
W SiN vir > b 


+ ἐπ cot a— ἐπ cot (a + νπ) —W (1) + w(—- | 
after some algebra; and the limit of the last expression, when b-»r + 0, is 
simply $07’. 


In like manner it may be shewn that 


lim [ [7 B(uR) (ur) uke dRdu=forr, 
r-s 


δ 0.0 
and so we have proved that 


|, udu [°F (2) @,(uR) @, (ur) RAR 


= fo" {F(r +0) + F(r—0)} —22 amt να) | pon a a Rear F(R)AR, 


provided that 0<»v<4, F(R) is subject to the conditions stated in 8144, and 
G,(z) = σ {cos aJd, (2) + sinaY, (z)} ; 
and this is the general theorem stated at the beginning of the section. 


14°52. Weber's integral theorem. 


10 is evident from ὃ 14°51 that, if | ἽΡ (1) ΝΑ exists and is absolutely 
converyent, where a >0, then 


(1) lim | ” F(R) [R@.3 (AR) @ (Ar) — roar (Ar) @ (XB) 
Amn / 2 
= ἐσ {F(r+0)+ F(r—O)}, 
provided that 7 lies inside an interval in which F(R) has limited total 


fluctuation and F'(#) is defined to be zero when 0 « R <a, if the order of the 
cylinder functions lies between — ᾧ and }. 


Δ “ 
1 — 
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We shall now establish the truth of this formula for cylinder functions of 
unrestricted order. 


Let [R@,.,0(.R)@, Ar) -—7G,4.(ar) ὦ. AR)] “ες -—. = D,(R, κυ; 2d). 
It is an easy deduction from the recurrence formulae Ma 
®, (Rf, τ; )—- (8, τ; +) = a =e iAQAkR)EG, Ar) + @o3Ar) GAR), 
and so, by the a οὶ of the Riemann- Lebesgue lemma (§ 14°41), we have 
(2) lim [8 (Rr; A) -- Φ,. τ; RF (ΚΑ) dk =0. 


A» 00 


Hence, by nadine up repetitions of this result, 
(3) lim i "Tb, (BR, τ; )— Pyan(R, τ; Χ] RF(R) aR =0, 
A-wola 


where ἢ 1s any positive integer. 


Choose n so that one of the integers v + n lies between + 3, and then from (1) 


lim ” Dyin (R, r; \)) RF(R)dR = ho? ΕΓ +0) + F(r -- ΟἹ}, 
A» 0 


and so, for all a values of ν, we deduce from (8) that 


(4), lim ” ®, (R, r; Ὁ) RF(R) AR = ἐσ {(F (r+ 0) + F(r—9);. 


A> 0 
This result is arsateally due to Weber*, and it was obtained by the method 
indicated in § 14°46. 
To obtain the result in Weber's form, let 
᾿ G, () Ξ V(r) J. (2) -- ὦ», (r) YC), 
- {6.@)= Ys) J,@)- JAB)Y.@) 
Then 


᾿ |. (uR) τ we. Tee (ur) ~@, (ur tC ἘΠ = (R R- Ὁ G, (ur) @, (wR) udu, 
and the cote on the lefé is also equal to 
u( RG, (uR)@, (ur) -- 7,4: (ur) @, (uR)] 
=uR[Y,(R) Jia, (uR) — JVB) Yr (uBR) (VY, (7) A (ur) — J,(r) Y, (ur)] 
—ur ΓΥ͂, (Ὁ) a (ur)— ὦν ΟἽ Yu (ur ΓΥν (R) J, (uR) -- J, (BR) ¥, (uR)] 
= uY,(R)Y,(r)(RJvai (UR) I (ur) — rd vai (ur) ὗν (uB)| 
+hu (J, (R)Y,(r)— συ Οὐ Υν Δ) (Ra (wR) Y, (ur) — RY,4, (uh) J, (ur) 
—rV,,, (ur) J, (UR) + rd vas (ur) γὴν (uR)] 
—iu{J,(R)Y,(r) + J. (r) Υν (BR) LR Da (WR) D, (ur) —rD,4, (ur) D, (wh) 
— RD,,,(uR) D, (ur) + rD,4, (ur) D, (uR)] 
— ud, (RB) J, (r) (RY V4 (UR) Y, (ur) — τ ¥ 4: (ur) Y, (uR)], 
D, (2) = J, (2) ἘΥ͂ν (2), 
a tb. (2) =J,(z)— Y. (2). 
* Math. Ann. νι. (1873), pp. 146—161. 
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Now suppose that 
| ” f(R) RdR 
exists and is absolutely convergent; and consider 


lim {~ £(R) | @, (er) B, (wh) uRdudR, 


A 1 ; 

Carry out the integration with respect to u, and replace the integrated part 
by the sum of the four terms written above, divided by R? -- 1°. 

Sica, I R)V(r) — Jer) ¥(R) 

Re-r 

ts bounded near r, and has limited total fluctuation in any bounded interval 
containing 1, it follows that the integrals corresponding to the second group 
of terms tend to zero as X > 0, by the generalised Rremann-Lebesgue lemma. 

Corresponding to the third group of terms we get a pair of integrals which 
happen to cancel. 


When we use (1), we are therefore left with the result that 


2 A do 

lim | F(R) | CG, (ur) @,(uR) uk .dudk 

A-3xJa 1 

-- ξ J(r) + YP (r)} [f(r + 0) + f(r — Ο)), 
that is to say 

(6) [᾿ udu | ” £(R)G, (ur) @, (uR) RAR 
“1 a 
Ξ {J (r) + V7 (r)}. {f(r + 0) + f(r — OD}, 
in which the cylinder functions are defined by (5), and r lies inside an interval 
in which f(R) has limited total fluctuation. 
Apart from details of notation, this is the result obtained by Weber in the 

case of functions of integral order. 


14:6. Formal statement of Neumann’s integral theorem. 

We shall now state precisely the theorem which will be the subject of 
discussion in the sections immediately following. It is convenient to enunciate 
the theorem with Du Bois Reymond’s* generalisation, obtained by replacing 
the Bessel function by aay function which satisfies certain general conditions. 
The generalised theorem is as follows: 

(1) Let W(X, Y) be a bounded arbitrary function of the pair of real 
variables (X, Y), which is such that the double integral 

a (° w(x, Y).(X24¥4)-4. (dX aY) 
exists and 1s absolutely convergent. 


* Math. Ann. 1. (1871), pp. 383—390. Neumann’s formula (cf. ὃ 148) is obtained by writing 
g (ἢ) κα ὅ9 (ὃ), and the conditions (I)—-(III) are substantially those given in Neumann’s treatise 


published in 1881. 
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(II) When V(X, Y) is expressed in terms of polar coordinates, let it be 
denoted by F(R, ®), and let F(R, Φ) have the property that (for all values 
of Φ between +7), F(R, Φ), qua function of R, has limited total fluctuation in 
the interval (0, 0); and let this fluctuation and also F (+0, ®) be integrable 
functions of Φ. 


(II) Zf Q(R, ®) denote the total fluctuation of F(R, P) in the interval 
(+ 0, R), let OCR, Φ) tend to zero uniformly with respect to ® as RO, 
throughout the whole of the interval (— 7, 1), with the exception* of values of P 
in a number of sectors the swum of whose angles may be assumed arbitrarily 
small. 


Since | F(R, ©) -- F(+ 0, B®) <O(R, P), this condition necessitates that 
F(R; ®)> F (+0, D) uniformly except in the exceptional sectors. 


(IV) Let g(R) bea continuous function of the positive variable R, such 
that g(R)V/R 1s bounded both when Καὶ -»- Ὁ and when R>x. 


[ ζ αἱ 
Let | g(t)tdt= G(R), and let [ ( (ὃ ἐν be convergent. 
0 


Then [ audi [[ V(X, Υ). σία ν( 9: ΥὉ}. (AX AY) 
0 -ὦ 
18 convergent, and rs equal to 
Ρ» dt 
Qo .[ PMUF (+ 0, &)] |, a(t) τ 
where SF (+ 0, Φ) meanst 
1 π 
-- Τα 0, Φ) ἀΦ. 


Before proving the main theorem, we shall prove a number of Lemmas, 
just as in the case of Hankel’s integral. 


14°61. The analogue of the Riemann-Lebesque lemma. 


Corresponding to the result of ὃ 14°41, we have the theorem that if T 15 
an unbounded domaint surrounding the origin, of which the origin is not an 
intervor point or a boundary point, then, asXi>o, 


Ϊ Ι: F(R, ©) G(R) G22) ene) = a (1), 


* The object of the exception is to ensure that the reasoning is applicable to the case (which 
is of considerable physical importance) in which Ψ (X, Y) is zero outside a region bounded by one 
or more analytic curves and is, say, ἃ positive constant inside the region, the origin being on the 
boundary of the region. 

+ The discovery that the repeated integral is equal to an expression involving the mean value 
of F(R, &) when the origin is a point of discontinuity of F(R, Φ) was made by Neumann, Ueber 
die nach Kreis-, Kugel- und Cylinder-functionen fortschreitenden Entwickelungen (Leipzig, 1881), 
pp. 130—131. 

t For instance T might be the whole of the plane outside a circle of radius ὃ with centre at the 
origin. 
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It will be observed that this is a theorem of a much weaker character than the 
theorem of § 14:41, in view of hypothesis (11) of § 14°6. The reason of this is the fact that 
G (AR) may be* O(./A) for certain values of , and this seems to make arguments of the 
type used in § 14°41 inapplicable. 


To prove the lemma, suppose first that 7’ is bounded. Then, for any value 
of Φ, F(R, &) may be expressed as the differencef of two (increasing) mono- 
tonic functions y,(R, P), χ (8, Φ), whose sum is the total fluctuation of 
F(R, ®) in the interval (0, 20). 


If R, and R, are the extreme values of # for any particular value of ®, it 
follows from the second mean-value theorem that, for some value of A, between 
R, and #,, 


7 aR I dR hb aR 
[XB Φ GOR) = Bo ®) | GOR) + mi (Ras ®) | GORE 
AR, dt AR, di 
ai, 6: (R,, ®) hon G (t) r Ἔ χι (R,, ®)/ G (ἡ) ra. 


as dt . Sea td a 
Since [ G ὍΣ: is convergent, if ε is an arbitrary positive number, we can 


choose A so large that 
dt 
t 


[σὦ 
rE 
for all values of & not less than the smallest value of R,. Also 
'χι (BR, ®)| < {x (BR, ©) — 44+ 0, ®)} +31 F (+0, ®)| 
<x (0, Φ) -- $F (+0, Φ) +4) F (+0, Φ)Ι, 


< ε, 


and similarly 
lx2(B, Φ)} «χε (0, Φ) Ὁ ἐδ (+0, Φ) Ἐξ (0, ®)|, 


whence it follows that 


᾿ 


{[_F@.® Gar 


(daw) 
! Rk | 


< 2e |" fy, (20, Φ) + xp (20, ©) ΕΓ F (+0, Φ)}} db 


=26[" (0,(co, &) +|F (+0, ®)} do; 


and, since F'(+ 0, ®) is bounded, this can be made arbitrarily small by taking 
ε sufficiently small, and it is independent of the outer boundary of 7. Hence 
we may proceed to the limit when the outer boundary tends to infinity. 


* This is the case when g (R)=J, (f); then G(R)=J,(R). It is by no means impossible that 
some of the conditions imposed on F'(R, &) are superfluous. 
+ Cf. Modern Analysis, § 3-64. 
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We infer that, if 7 has no outer boundary, the modulus of 
{f F(R, φασι 2) 


can be made arbitrarily small by taking A μι large; and this is the 
theorem to be proved. 


14°62. The inversion of Neumann’s repeated integral. 


We shall next prove that the existence and absolute convergence of the integral 
= [e (dXdY) 
fe [ν (X, Y) (Xx? Ἧς: Y\t 


are sufficient conditions that 


[να [vo Y).g {u/(X?+ Y*)} .(dxdY) 


aca [ [ W(X, Y) [9 ἰω ν(ζ:-- 79) udu(dX dV), 


A> οὦ 
provided that the limit on the right extsts. 


For any given value of ἃ and any arbitrary positive value of ε, there exists 
a number 8 such that 


4 
[ ΝᾺ F(R, ®)| Bi(dRd®) < jo" 5, 
where A is the upper bound of | g (w) | νι 


We then have 


_R(dRd®) 


--“π 


= [ [. ᾿ ᾿ ” F(R, ©) 9 (uR) R (dRd®) udu 


uR)udu.R(dRd®) 


-π 


= ἢ [ + F(R, ©)9 (uk) R(dRd®) ude 
cA { ᾿ [: iA F(R, ®)! utdu Εἰ (dRd®) 


A | “a0 
| i | [ F(R, Φ)) Ri(dRd®) 1 du 
O--rJlB 
< €. 
Since this is true for arbitrarily small values of e, we infer that 


[ [ f° F(R, ®)g(uR) R(dRd®) udu 
; = π a fA 
᾿ | [ i F(R, ®)g (uR) udu. R(dRd®), 


A -» 00 
the integral on the left existing because the limit on the right is assumed to 
exist. 
W. Β. Ε΄. 16 
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Hence it follows that, if the limit on the right exists, then 
[* udu | ἢ i ” F(R, ©) g(uR) R(dRd®) 
«(0 -r J0 
siti [ [ταὰ, ©) GAR) ERCP). 
-“πνυρ 


λ--ὦ» 9 


14°63. The proof of Neumann’s integral theorem. 


We are now in a position to prove without difficulty the theorem due to 
Neumann stated in ὃ 146. We first take an arbitrarily small positive number 
ε and then choose the sectors in which the convergence of 2. (R, ®) to zero is 
uniform, in such a way that the sum of their angles exceeds 2a —e. We then 
choose 6 so small that 0 (R, ®) < ε in these sectors whenever R < 8; and we 
take the upper bounds of 


Ω(Ε, )+| F(R, ®)| and [σως 


to be B and C. 


We then apply the second mean-value theorem. We have 
δ 
[ (B®) Gare 
ὃ dR δ aR 
=x: (+0,%) [ GAR) F + bu (8 Φ)-- x (+0, ΦῊ [ GOR) SE, 
where 0 ς« ἕ «δ. 


Now | [eam Ξ < 20. 


‘od du 
[ems 
Hence | 
[ταᾳρ ©) G (AR) ΕΞ F(+ 0,@) [σὼ ar 

0 0 U 
where [ἡ is less than 2eC inside the sectors in which convergence is uniform, 
and is less than 2BC in the exceptional sectors. 


Hence it follows that 


| | - [ra ©) G (rR) eke) - 2 AF(+0,0)["G (u) sf | 


< 27 .2C+e.2BC 
= 2eC {2a + BI. 


Hence, for large values of X, | 
π οΌ . As 
| | | F(R, ©) @ (AR) OE aor GOLF (+ 0, Φ) i ΟΣ: | 
~wr/@ 0 ἴω 


« 2eC (2a + B) + 0(1), 
that 1s to say 


[ : [ ” F(R, ®)G@ (xR) A) ~ Qt FUP (+0, ®) | Gaon | 
-πῦο 0 U 
« 2eC (2π- B). 


lim 


A =~ ΟὟ 
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Now the expression on the left is independent of ε; and so since ε is arbitrarily 
smail, we infer that the limit is zero. That is to say, 


ie [ " [ F(R, &) G (AR) AS) 


A—» x 


exists and is equal to 
Dor HUF (+0, ©). | G (u) = 
0 
Applying the result of § 14°62, we see that Neumann’s theorem has now 
been proved. 


In the special case in which g (1) = J(u), we have 


[ ἐ g(t) dt = ἐἱί (ὦ), 
so that G (u) = ud, (uv), 


and | ) σι αι = i ᾿Ξ J, (u)} du τε 


Hence we have 
α) [rude [” [ ¥(%,¥).Jouv xe PI}. XAY) 
= ῶπ AUV (4+ 0.cos P, +0. sin ®). 
If we change the origin, we deduce that 
(2) [ udu [. [. W(X, Y).J,[uy{(X --Ρ -Ἐ 7 -- Ψ}}1.(αΧ 4Υ) 
= ὃπ HWY (5 + Ο cos Φ, y+ Osin Φ), 
and finally, changing to polar coordinates, 
(3) [ udu [ [ F(R, Φ)υ, [ὦ Μ(Ε1- ν5-- 2Rr cos (® -- $)] RdRd® 


= 2 HU (r, >), 
where $#UF (r, ¢) now means the mean of the values of F(R, ®) when (R, ®) 
traverses the circumference of an indefinitely small circle with centre (r, φ). 


14°64. Mehler’s investigation of N eumann’s integral. 
Neumann’s integral has been deduced by Mehler* from the formula 


f(0,6)= Σ ont : [ [ 7 f(®, ©) P, (cos y) sin ΘάΦαθ 


by a limiting process; in this formula 
cos yy = cos θ cos @ + sin θ sin © cos (® — ¢). 
The formula is obtainedt by constructing a solution of Laplace’s equation, 
valid inside a sphere of radius «, which has an assigned value Κ(θ, φ) on the 
surface of the sphere. 


* Math. Ann, v. (1872), pp. 185—187 ; cf. Lamb, Proc. London Math. Soc. (2) 11. (1905), p. 384. 
+ Cf. Modern Analysis, § 18°4. 
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The limiting process used by Mehler is that suggested by the result of 
§ 5°71; the radius of the sphere is made indefinitely large, and new variables 
R, r are defined by the equations 


R=xO, r=«é, 
so that A, r are substantially cylindrical coordinates of the points with polar 
coordinates («, ©, P), («, 0, 6); the function of position f(@, Φ) is then de- 
noted by F(R, ©), and P, (cosy) becomes approximately equal to J, (na/«), 
where 


ao? = 5 + γ -- 2Rr cos (ὦ — φ). 
We are thus led to the equation 
[ Ἵ F(R, ®) Jp (nee) “ς 


If now we write ἡ κ = u, ee replace the summation by an integration (taking 
1/« as the differential ἊΨ we get 


ca 


iM 8 


F(r,) = lim 


F(r,¢) = 5— = [wd | [ F(R, ©) J,(ua) RdRd®, 
which is Neumann’s result. 


But this procedure can hardly be made the basis of a rigorous proof, be- 
cause there are so many steps which require justification. 


Thus, although we know that 


w@ 


Σ ( al el Ι {(Θ, ®) P,, (605 γ) sin Θάφαθ 


n=0 
is a potential function (when r< «), which assumes the value Κ(θ, ) on the 
surface of the sphere, the theorem that we may put p=« in the series 
necessitates a discussion of the convergence of the series on the surface of the 
sphere ; and the transition from the surface of a sphere to a plane, by making 
x 00, with the corresponding transition from a series to an integral, is one 
of considerable theoretical difficulty. 


It is possible that the method which has just been described is the method 
by which Neumann discovered his integral formula in 1862. Concerning his 
method he stated that “Die Methode, durch welche ich diese Formel so eben 
abgeleitet habe, ist nicht. vollstandig strenge.” 


CHAPTER XV 
THE ZEROS OF BESSEL FUNCTIONS 


15:1. Problems connected with the zeros of Bessel functions. 


There are various classes of problems, connected with the zeros of Bessel 
functions, which will be investigated in this chapter. We shall begin by proving 
quite general theorems mainly concerned with the fact that Bessel functions 
have an infinity of zeros,and with the relative situations of the zeros of different 
functions. Next, we shall examine the reality of the zeros of Bessel functions 
(and cylinder functions) whose order is real, and discuss the intervals in 
which the real zeros lie, either by elementary methods or by the use of Poisson- 
Schafheitlin integrals. Next, we shall consider the zeros of J, (z) when ν is not 
necessarily real, and proceed to represent this function as a Weierstrassian 
product. We then proceed to the numerical calculation of zeros of functions 
of assigned order, and finally consider the rates of growth of the zeros with 
the increase of the order, and the situation of the zeros of cylinder functions of 
unrestrictedly large order. A full discussion of the applications of the results 
contained in this chapter to problems of Mathematical Physics is beyond the 
scope of this book, though references to such applications. will be made in the 
course of the chapter. 


Except in § 15:4—15-54, it is supposed that the order ν, of the functions 
under consideration, 1s real. 

The zeros of functions whose order is half an odd integer obviously lend 
themselves to discussion more readily than the zeros of other functions. In 


particular the zeros of Cie eet Ὁ have been investigated by Schwerd 


and by Rayleigh*; and more recently Hermite+ has examined the zeros of 

 Jn+4(). The zeros of this function have also been the subject of papers by 
Rudskij who used the methods of Sturm; but it has been pointed out by 
Porter and by Schafheitlin§ that some of Rudski’s results are not correct, and, 
in particular, his theorem that the smallest positive zero of Ing (2) lies 
between 4(n +1) and }(n + 2) π is untrue. Such a theorem is incompatible 
with the inequality given in §15°3 (5) and the formulae of § 15-81, 15°83. 

* Schwerd, Die Beugungserscheinungen (Mannheim, 1835); cf. Verdet, Legons d’Optique 
Physique, τ. (Paris, 1869), p. 266; Rayleigh, Proc. London Math. Soc. tv. (1878), pp. 95—103. 

t+ Archiv der Math. und Phys. (8) 1. (1901), pp. 20—21. 

t Mém. de la Soe. R. des Sci. de Liége, (2) xvii1. (1895), no. 8. See also Prace Matematyczno- 
Fisyczne, 111. (1892), pp. 69—81. [Jahrbuch δεν die Fortschritte der Math. 1892, pp. 107—108. } 


§ Porter, American Journal of Math. xx. (1898), p. 198; Schafheitlin, Journal fiir Math, οχχτι. 
(1900), p. 804. 
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15-2. The Bessel-Lommel theorem on the zeros of J, (2). 


It was stated by Daniel Bernoulli* and Fouriert that J,(z) has an infinity 
of real zeros; and a formal proof of this result by an analysis of Parseval’s 
integral is due to Besselt. It was subsequently observed by Lommel§ that 
Bessel’s arguments are immediately applicable to Poisson’s integral for J, (2), 
provided that —$<»v<}. A straightforward application of Rolle’s theorem to 
a+» J,(x) is then adequate to prove Lommel’s theorem that J,(z) has an 
infimty of real zeros, for any gwen real value of v. 

The Bessel-Lommel investigation consists in proving that when — ᾧ < v ς ἐ, 
and «x lies between mm and (m + 4)7, then ὦ, (4) is positive for even values 
of m, (0, 2, 4, ...), and is negative for odd values of m, (1, 3, 5, ...). Since 
J,(x) is a continuous function of « when x20, it is obvious that J,(«) 
has an odd number of zeros in each of the intervals (ἐπ, πὸ, (ὅπ, 277), 
(Sar, 37), .... 

Some more precise results of a similar character will be given in §§ 15°32—15'36. 


To prove Lommel’s theorem, let ὦ =(m + 40) wr where 0<@<1; then, by 
obvious transformations of Poisson’s integral, we have 


2 (4m) m6 cos frm 
LO=eGEHTh anti, mr or ττῆρν Δ 


am-+0 cos ἔπῳ 
and 80 spn J, ν (x) = spn i ‘ (Qm + 0) — wl 
Now the last integral may be written in the form 


Σ (+ (-)" om 


du. 


ee i cos $7ru 
where (- v, =|" (lm + +6 — a a du, 
OUT OW (cia ay cos 47ru 
(-) Um -|~ {(2m re 6 — u?}i-» du. 


If now we write u = 2r—14U, and then put 
{(2m + 0)? -- ὧν — 1+ σ}}»-1- (2m + OY —(2r-1-U)-t = Ff, (U), 
it is clear that 
me = [δ sin ἐπῦ dU, 


and, since || v <4, f,(U) is a positive increasing Ἵ function of r. 


* Comm. Acad. Sci. Imp. Petrop. νι. (1782—3) [1788], p. 116. 

+ La Théorie Analytique de la Chaleur (Paris, 1822), § 808. 

t Berliner Abh., 1824, p. 39. 

8 Studien uber die Bessel’schen Functionen (Leipzig, 1868), pp. 65—67. 

| This is the point at which the condition » ¢} is required; the condition »v > ~ 4 ensures the 
convergence of the integral. 

4 The reader will prove this without any difficulty by regarding r as a continuous variable and 
then differentiating f,(U) with respect to r. 
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It follows that 
OSU KU UK... Um; 
and so 
son J, (ma + 4$62r) = sgn [(—)™ (υ,ν΄ + (Um — Umi) + (Um—a — Ym—s) + «--}] 
= sgn (- 1)", 
since v, is obviously not negative. 


That is to say, when -- δεν < }, 
+, m Ξε, 2, 4, ... 
sgn J, (ma + $07) = i =1, 3,5 _ 


and from this result Lommel’s theorem follows in the manner already stated. 


The zeros of J, (x), as well as those of J, (x), have been investigated by Baehr, Archives 
Néerlandaises, Vil. (1872), pp. 351—358, with the help of a method which resembles the 
Bessel-Lomme] method. Buaehr’s result for J, (x) is that the function is positive when x 
lies in the intervals (0, a), (ὅπ, 37), ($7, ὅπ), ..., and that it is negative when z lies in 
the intervals (37, 27), (2, 4m), (442, 6), .... The function J,(2) has also been investi- 
gated in this way by C. N. Moore, Annals of Math. (2) 1x. (1908), pp. 156—162. 


The results just stated are of a less exact nature than the results obtained with the aid 
of slightly more refined analysis by Schafheitlin (88 15°33—15°35). 


It was noted by Whewell, Trans. Camb. Phil. Soc. 1x. (1856), p. 156, that Jp (v) has a 
zero between 2 and 2,/2, and that the function Hi, (2) has some real zeros. 


15°21. The non-repetition of zeros of cylinder functions. 


It is easy to prove that @,(z) has no repeated zeros, with the possible ex- 
ception of the origin*®. For, if G,(z)and @,’(z) vanished simultaneously, it would 
follow, by repeated differentiations of the differential equation V, @, (2) = 0, 
that all the differential coefficients of @, (z) would vanish at the common zero of 
G,(z)and G,’ (2), and then, by Taylor’s theorem, @, (z) would be identically zero. 


15°22. The interlacing of zeros of Bessel functions. 
It will now be shewn that if 7,1, j,2,.-. are the positive zeros of J, (2), 
arranged in ascending order of magnitude, then, ify >~—1, 
0 <Jv,1 < Je4i,1 ἈΞ), <Jvti,s «}... «... 
This result is sometimes expressed by saying that the positive zeros of J, (x) 
are interlaced with those of J,,, (2). 


To prove the result we use the recurrence formulae 
ἃ 
τ: jad, (x)} = -- a" γα (α), dz {ar S41 (2)} = ar JS, (x); 


the first of these shews that between each consecutive pair of zeros of 
x» J, (x) there is at least one zero of a~” J,,, (x), and the second shews that 
between each consecutive pair of zeros of μ᾽ τὶ J,,,() there is at least one zero 
of 2’+' J, (2); and the result is now obvious. 


* This is a special case of a theorem proved by Sturm, Journal de Math. 1. (1836), p. 109. 
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If »<—1, the zeros are obviously still interlaced but the smallest zero of J,,1(x) is 
nearer the origin than the smallest zero of J, (7). 


The result concerning interlacing of positive zeros is obviously true for any real 
cylinder function* @, (x) and the contiguous function @, , | (2). 


This fundamental and simple property of Bessel functions appears never 
to have been proved until about a quarter of a century agot, when four 
mathematicians published proofs almost simultaneously; the proof which has 
just been given is due to Gegenbauert{ and Porter§; the other proofs, which 
are of a slightly more elaborate character, were given by Hobson|| and 
van Vleck 7. 


It has been pointed out by Porter that, since 


Ἐπ 


J, (@) + νι (5) = 


at any positive zero of J,(«x) the ΠΝ 27... (Ω) and J,,,(z2) have the 
same sign; but at successive zeros of J, (x) the function J,,, («) alternates in 
sign, and so there are an odd number of zeros of J,,,(z) between each con- 
secutive pair of positive zeros of J,(#); interchanging the functions J,,, (x) and 
J, (x) throughout this argument, we obtain Porter’s theorem that the positive 
zeros of J,,.(x) are interlaced with those of J, (2). 


15°23. Dixon's theorem on the interlacing of zeros. 


A result of a slightly more general character than the theorem of ὃ 15°22 
is due to A. C. Dixon**, namely that, when vy >—1, and A, B, C, D are 
constants such that AD + BC, then the positive zeros of AJ,(x) + BaJ,'(z) are 
interlaced with those of CJ, (x) + DaJ,’ (4), and that no function of this type 
can have a repeated zero other than « = 0. 


The latter part of the theorem is an immediate consequence of the formula, 
deducible from § 5-11 (11), 


| J, (a), ad, (a) | 
[‘ 72 @tdt=—ge lai @} ἀἰοσζω, 
; 7 dx | 


for the integral is positive when z is positive and the expression on the right 
would vanish at a repeated zero of AJ, (x) + Bad,’ (#). 


* A real cylinder fanction is an expression of the form 
ady (x) +B Yyv (2) 
in which a, β and » are real, and z is positive. 
+ Cf. Gray and Mathews, A Treatise on Bessel Functions (London, 1895), p. 50. 
+ Monatshefte fir Math. und Phys. vit. (1897), pp. 383—384. 
§ Bulletin American Math. Soc. rv. (1898), pp. 274—275. 
|| Proc. London Math. Soc. xxvutt. (1897), pp. 372—373. 
{ American Journal of Math. x1x. (1897), pp. 75—S5. 
** Messenger, xxx11. (1908), p. 7; see also Bryan, Proc. Camb. Phil. Soc. v1. (1889), pp. 248—264. 
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To prove the former part of the theorem, we observe that, if 
CJ, (x2) + Dad,’ (2) 
(*) = AT (a) + Bad, @ 
2 
~ p{Ad, (a) + Bad, (ayy 4 I, ve αν, 
and so ¢ (x) is monotonic. The positive zeros ve $ (x) are therefore interlaced 
with the positive poles, and from this result the former part of the theorem 
is obvious. 
If the function J,(z) is replaced by a real cylinder function aJ, (x) +8Y,(2), 
we have 


then | φ' (2) = 


G(x), a," (x) 
“6. a) Fie, (ΟΣ (x)} | + 


2» (asin yr + αὶ ο08 ve) 
qr 8510 vir 


-[ C(t) tdt = λα 


provided that -1<v<1; yer so the ται concerning non-repetition and 
interlacing of zeros are true for AG, (x) + Βα, (x) and CG, («) + DaG,’ (a) 
provided that β (a sin vr + 8 cos v7) is positive. 
Again, since 
G, (a), 2G, (x) 
d@,(a) d {z@,' (z)} 
dx ’ dx: 

the theorem is true for zeros exceeding + /v*, whether ν lies between —1 
and 1 or not. 


ba - -- [ἰ(ὦὉ -- ¥)G (2) + #E,"(a)}, 


The result of § 15°22 is the special case of Dixon’s theorem in which 
A=1, B=0,C =v, D=-1. 


15°24. The interlacing of zeros of cylinder functions of order v. 


Let @, (x) and @, (a) be any distinct cylinder functions of the same order ; 
we shall prove that their positive zeros are interlaced *. 


If @, (a) =ad,(a)+BY,(«), G,(x) = yd, (a) + δ Υ͂, (ὦ), 
then 6, (0) @, (a) -B, (2) @,' ὦ = 2AM | 


πα 
Now it is known that, at consecutive positive zeros οὗ @, («), ὦ, (x) has opposite 
signs, and therefore, from the last equation, @, («) has opposite signs; that is 
to say @, (x) has an odd number of zeros between each consecutive pair of 
positive zeros of @, (2); ; similarly Ὁ), (x) has an odd number of zeros between 
each consecutive pair of positive zeros of @,(a); and so the zeros must be 
interlaced. 

If we take one of the cylinder functions to be a function of the first kind, 
we deduce that all real cylinder functions have an infinity of positive zeros. 


* Olbricht, Nova Acta Caes.-Leop.-Acad, (Halle), 1888, pp. 43—48, has given an elaborate dis- 
cussion of this result with some instructive diagrams. 


482 THEORY OF BESSEL FUNCTIONS [CHAP. XV 


15°25. Lommel’s theorem on the reality of the zeros of J, (2). 


An extension of a theorem due to Fourier*, that the function J, (z) has no 
zeros which are not real, has been effected by Lommel. The extended theorem 
is that, if the order v exceeds —1, then the function J,(z) has no zeros which 
are not real. 

To prove Lommel’s theorem, suppose, if possible, that a is a zero of J,(z) 
which is not real. It follows from the series for J,(z) that a is not a pure 
imaginary, because then 

3 _ (bay 
naom! DT (v+m+1) 
would be a series of positive terms. 


Let a, be the complex number conjugate to a, so that a 1s also a zero of 
J,(z), because J, (2) 1s a real function of z. 


Since vy >— 1, it follows from ὃ 5:11 (8) that 
© : _ dd, (a2) add, (ax) 
ih tJ, (at) J, (ayt) dt = ΕΣ δ πὰ ; 


and so, since α # αἱ", 


Μη 
a’ a= Ay” 


[ "tJ, (at) J, (aot) dt = 0. 
0 


The integrand on the left is positive, and so we have obtained a contradiction. 
Hence the number a cannot exist, and the theorem is proved. 


Similar arguments t may be used to shew that, if 4 and B are real and »>—1, the 
function A J, (:) - BzJ,’ (2) has all its zeros real, except that it has two purely imaginary 
zeros when (4/B)+v<0. 


These results follow from the series for 7 {24/B J, (z)} combined with the formula 


1 
J, #28), (Bot) de=0, 
0 
which is satisfied if 8 and Bp are any zeros of AJ, (z)+BzJ,’ (z) such that B?4£,”. 


15°26. The analogue of Lommel’s theorem for functions of the second kind. 


It 15 not possible to prove by the methods of ὃ 15:25 that§ Y,(z) has no 
complex zeros in the region|| in which | argz|< 7. But it has been proved 
by Schafheitlin{, that Y,(z) has no zeros with a positive real part, other than 
the real zeros. 


* La Théorie Analytique de la Chaleur (Paris, 1822), § 308 ; see also Stearn, Quarterly Journal, 
xvi1. (1880), p. 93. 

+ Studien iiber die Bessel’schen Functionen (Leipzig, 1868), p. 69. 

+ See A. C. Dixon, Messenger, xxxt1. (1903), p. 7. 

§ Or, more generally, @, (z). 

|} When arg 2-Ξ Ἐπ, Y, (z) = eF"™* Y, (~- 2) +2i cosvxJd,(—2z), and hence, by §3°63 (1), Y, (z) 
cannot vanish unless » is half of an odd integer. This type of reasoning is due tou Macdonald, 
Proc. London Math. Soc. xxx. (1899), pp. 165—179. 

{ Archiv der Math. und Phys. (3) τ. (1901), pp. 133—137. In this paper Schafheitlin also sub- 
jects the complex zeros of Y, (2) to a similar treatment. 
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For let 8 be a complex zero of Y,(z), and let 8, be the conjugate complex, 
so that , is also a zero of Y,(z). Then, by δὴ 5°11 (8) and 3°51 (1), 


| ” t¥,(8t) Y, (Apt) dt 
0 
ΑΥ̓͂, ra(Bot) ΄ ἜΣ sree) 4 B 
= grip | YB τ Fo Be) ae τ eR 8B, 
and so, if 8 = pe, we have 
ἜΘΟΥ (Bt) dt = - 1? 
[ie 0 (Bt) Vo (Bot) gp? sin 2a’ 


and the expression on the left is positive while the expression on the right is 
negative when ὦ is an acute angle. 


15°27. The theorems of Hurwitz on the zeros of J, (2). 


The proof which was given by Fourier that the zeros of J,(z) are all real 
was made more rigorous and extensive by Hurwitz*, who proved (i) that when 
vy >—1, the zeros of J,(z) are all real, (11) that, if s is a positive integer or 
zero and ν lies between —(2s+1) and —(2s+ 2), J,(z) has 4s+2 complex 
zeros, of which 2 are purely imaginary, (iii) that, if s is a positive integer and 
ν hes between — 2s and — (2s +1), J,(z) has 4s complex zeros, of which none 
are purely imaginary. To establish these results, we use the notation of ὃ 97. 

We take the function go»,,(€) which has, in the respective cases (1) mm 
positive zeros, (ii) » — 2s—1 positive zeros, 1 negative zero and 2s complex 
zeros, (iit) m — 2s positive zeros and 2s complex zeros. 

(—)" &* 
ea Civ+nt1)’ 
has at least as many complex zeros a8 Jom,,(¢). After Hurwitz, we write 


= Jom+i, ν (f) Jen, v (ζ) Ἐξ Jom+i,v (ζ) Jom, ν (f) 
dm (&, n) = a ΝΗ ζ 5) 


We now prove that, if f, (Ὁ) = > then the function /, (¢) 


where &, ἢ are real and = &+17, ζ΄ -- ξ -- ἰη. The terms of highest degree in 
$m (ξ, ἢ) are easily shewn to be 


fon (m +1) (y+ m)(v + m +1) {(v +m) (Qm +1) + m— 1} (E+ >; 


and since Jom, is a real function, it follows that if ζ 1s a complex zero of 
Jem,v(€), 80 also is ζ΄ ; and therefore the complex zeros satisfy the equation 


Pm (ξ ᾽ ῃ) = (. 
Again, it is not difficult to deduce from the recurrence formulae (§ 951) that 
psi (E, η) = (ν + 2m + 2) Jomai,v (ζ) Pamss,v (O°) + (& + 0°) Φ, (E; 0). 


* Math. Ann. xxxu11. (1889), pp. 246—266; cf. also Segar, Messenger, xx11. (1893), pp. 171181, 
for a discussion of the Bessel coefficients. The analysis of this section differs in some respects from 
that of Hurwitz; see Watson, Proc. London Math. Soc. (2) x1x. (1921), pp. 266—272. 
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Hence, for sufficieutly large values of m (i.e. those for which v + 2m is positive), 
the curve dm (ξ, η) = 0 lies in the finite part of the plane, and ¢,,(&, 7) 1s 
negative when dm+,(&, 7) is zero so the curve dm4 (ξ, 7) =0 lies wholly inside 
one or other of the closed branches which compose the curve $, (&, 7) = 0. 


Hence as m-> οὐ, the complex zeros of gom,»(€) lie in bounded regions of 
the ¢-plane, and consequently have limit-points. 


Now, since, by § 9°65, 9°7, 


Jem, v (ζ) 
Ju (ὃ — DP (v + 2m +1) 
can be made arbitrarily small in any bounded domain of the ¢-plane, by taking 
m sufficiently large, it follows from Lagrange’s expansion * that the number of 
zeros of f, (¢) in any small area is at least equal to the number of zeros of gem, , (ζ) 
in that area when m is sufficiently large; and so f,(¢) has 2s complex zeros. 
None of these zeros is real, for if one of them were real it would be a limit 
point of two conjugate complex zeros of gim,,(¢), and so 1t would count as a 
double zero of f,(f); and f,(¢) has no double zeros. 


Again, from the series for f, (ζ) it is seen that, when v lies between — (28+ 1) 
and — (2s + 2), f,(¢) must have one negative zero, and it cannot have more than 
one negative zero, for then g,, ,(¢) could be made to change sign more than once 
as { varied from 0 to — οὐ [since gon,,(¢) can be made to differ trom /,(€) by 
an arbitrarily small number], and this is impossible. 


For similar reasons f,(€) cannot have more than 2s complex zeros. 


If we replace [ by 2.25, so that negative values of € correspond to purely 
imaginary values of z, we obtain the results stated in the case of J, (2). 

For a discussion of zeros of Bessel functions in association with zeros of polynomials 
based on rather different ideas, the reader should consult Lindner, Sitz. der Berliner Math. 
Ges. xt. (1911), pp. 3—5. It may be mentioned that Hurwitz has extended his results to 


generalised Bessel functions in a brief paper, Hamburger Mittheilungen, τι. (1890), 
pp. 25—31. 


15°28. Bourget’s hypothesis. 


It has been conjectured by Bourget} that, when v 1s a positive integer 
(zero wicluded), the functions J,(z), J44m(z) have no common zeros, other 
than the origin, for all positive integral values of m. 


It seems that this theorem was not proved before 1929, except in some 
simple special cases, such as m =1 and m= 2 (cf. § 15°22). 


The formula 
Jy4:m (z) = J, (z) Ray (z) τ J (2) Ry, v+1 (z) 


* Cf. Modern Analysis, § 7°32. 
+ Ann. Sci. de VEcole norm. sup. ut. (1866), pp. 55—95. 
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shews that, since J, (z) and J,_,(z) have no common zeros, the common zeros 
of J,(z) and Ji4(z) must satisfy the equation 
Rin, ναὶ (z) πΞ 0, 
1.6. they must be algebraic numbers. 
It has, however, been proved by Siegel* that J,(z) 1s not an algebraic 


number when » is a rational number and z is an algebraic number other than 
zero; hence follow theorems which include Bourget’s hypothesis asaspecial case. 


When » is half of an odd integer, it 18 easy to shew that J, (2) and J14m(z) 
have no common zeros}; for such zeros are algebraic numbers and it is known 
that no algebraic number{ can satisfy the equation 


Q (2, ν) 
P(z, v)’ 


since the right-hand side is algebraic in z when ν is half of an odd integer. 


cot (2 -- ἐνπ -- [π)-Ξ 


The prooft given by Lambert and Legendre that 7’ is irrational may be 
applied to §5°6(6) to prove that J,(z) has no zero whose square is rational 
when ν is rational ; an inspection of the polynomial Rm_,,+4:(z) now immediately 
yields an elementary proof of Bourget’s hypothesis in the cases m = 3 and m = 4. 


15°3. Elementary properties of the zeros of J, (a). 


It is possible to acquire a considerable amount of interesting information 
concerning the smallest zeros of J, (x) and related functions, when ν is positive, 
by a discussion of the differential equation satisfied by J, (a) together with 
the recurrence formulae; we shall now establish the truth of a selection of 
theorems concerning such zeros. 


The reader will find a more systematic investigation§ of these theorems in various 
papers by Schafheitlin, notably Journal fiir Math. cxxui. (1900), pp. 299—321; Archiv 
der Math. und Phys. (3) 1. (1901), pp. 1383—137; Berliner Sitzungsberichte, 111. (190+), 
pp. 83—85. 


For brevity, the smallest positive zeros of J, (x), J,’ (2), J,” (a), ... will be 
called j,, jy, jv» .... The smallest positive zeros of Y,(«), Y,' (x), Y," (2), ... 
will similarly be called y,, γν΄, γν΄, .... 

We first prove that 

(1) ju >, jy >v. 
It is obvious from the power series for J, (x) and J,’ («) that these functions 


* Abhqndlungen Akad, Berlin, 1929, pp. 1—70. This abstruse and important memoir contains 
numerous applications of Siegel’s fundamental theorem. 

+ This was noticed by Porter, American Journal of Math. xx. (1893), p. 203. 

¢ Cf. Hobson, Squaring the Circle (Cambridge, 1913), pp. 44, 51—03. 

8 Some related results are due to Watson, Proc. London Math. Soc. (2) xvi. (1917), pp. 165— 
171. 
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are positive for sufficiently small positive values of 2; and, from the differential 
equation 


Δ 


it is evident that, so long as a « ν and ὑ), (2) is positive, αυὐν' (x) is positive and 
increasing, and so J,(#) increases with a. 


Therefore, so long as 0 < x < v, both J, (x) and aJ,’ (x) are positive increasing 
functions so that 7, and 7,’ cannot* be less than ν. 
Again, from the differential equation 
νυ," (v) = — J,’ (v) < 9, 
and so J,” («) has become negative before « has increased to the value v from 
zero. Hence, whent »>1, 


(2) js. 


Next, since 
J" ya (a) = ἘΠ j1- ν(ν nae J, (2) -- {2 ROT Ner J,’ (a), 


the expression on the right is positive so long as x<v+2. Now, if 7,’ were less 
than 4/{v (v + 2)}, the expression on the right would be negative when z is equal 
to 7,’ (which, from a graph, is obviously less than j,), and this is not the case. 


Therefore 
(3) ji’ > Viv (ν + 3}. 
Now, from § 15:22 it follows that 
Ju «να < Jose, 
and, as has just been stated, 
Ww < ΓΞ 
so that J,(j,’) and Ji4.(j,) are both positive. If now we put #=7,' in the 


formula 
Jusalay=— {1-2 ESO} Fc) -= PF 7 @), 


it is obvious that 


(4) jv « V{2v (v + 1}}. 
Similarly, by putting « =), in the formula 
1 3 
(v +3) J, (2) +2(v + 2) ii Ξ Por ners) σι) τ +1) μη (a) =0, 


we deduce that 
= ν{2 (ν +1) (ν +3), 
and therefore 
(5) Viv (vt+2)} <j. < V{2(v +1) (v+3)}. 
* Cf. Riemann, Partielle Differentialgleichungen (Brunswick, 1876), p. 269. 
+ When 0<»<1, J,” (a) is negative for sufficiently small values of x. 
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In like manner, we can deduce from the formulae 


Jon (@) {1 ot J, (a) + J," (a) 


and τιμῶ τ ν᾿ -ἐξτυνωπον 1) J,” (x) 
that 
(6) νίν ὦ -- 1)} <j" «γνῶ -- 1} 


Some rather better inequalities than these are obtainable by taking more 
complicated formulae; thus, from the equation 
Jose) = Joys (0) Bs, μα (@) — So (@) Ba rys (2), 
Schafheitlin* deduced that 
Rs v41 (jv) > 9, 
le. 3),4-— 16(v +2) (v + 4) j,2 + 16 (v + 1) (ν + 2) (v + 4) (ν - 5) > 0. 
Since j,? is certainly less than 8 (ν + 2) (v + 4), by results already proved, ), 
must be less than the smaller positive root of the equation 
85" — 16 (ν + 2)(v + 4) 43- 16 (+1) (v +2) 4+ 4) (ν + 5) = 9, 
and hence, a fortiorz, 
(7) jes νίξ ( Ὁ 1)(ν +5). 
Similarly, from the equation 
4S" (9) = J, (ὦ) {By (ὦ) + Bs, 142 (2) — Bs, (@) — Bi, v4 (x)} 


— 2J,' (x) {Re ΜῈ} (x) es R, v+1 (x)}, 
Schafheitlin deduced that 


(8) jv > νίν (ν + 2), 
and, when pv > 4, 
(9) jv > νίν (v + 8)}, 


these inequalities being derived from the consideration that ),’ lies between 
the positive roots of the equation 
χ' -- ὃ (ν + 2% a2? τ Qv(v+1)(vt+ 3)(v+ 4) ΞΟ. 
The discussion of y, requires slightly more abstruse reasoning. We use 
the result that 
J? (a) + Y,? (a) 
is a decreasing function of «; this is obvious from §1373. Hence it follows 
that Y,2(x) decreases through the interval (0, 7,’), and so y, exceeds ),’; again, 
in this interval Y,(x) is negative, and it follows from ὃ 8.68 (1) that Y,(j,) is 
positive, since J,’(j7,) is obviously negative. 
Hence 
(10) We < Yu <je- 
This inequality (with j,’ replaced by v + $) was established by Schafheitlint 
with the aid of rather elaborate analysis. 


* Berliner Sitzungsberichte, 111. (1904), p. 83. 
+ Journal fiir Math. cxxn. (1900), pp. 317—321. 
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15°31. Stationary values of cylinder functions*. 

It has already been seen that the cylinder function J, (4) cosa— Y,(x) sina, 
or G, (a), has an infinite number of positive zeros, and so there are an infinite 
number of positive values of 2 for which it is stationary. Such values of x 
which exceed the order v (supposed positive) will be called py, μ5, Ms, ---, where 


μι « με < Ms SS seer 
We shall now study some of the simpler properties of the sequence 
Gy (th), GC, (He); GC, (14s); ores 
The first theorem which we shall establish is that 
|, (4) | > | Gy (M2) | > |G. (us) | PD sees 
To prove this, observe that the function A («) defined as. 
φῦ, (a) 
Gi (2) + a 
has the negative derivate 
— 20°G,? (x)/(a? -- v*Y, 
and so A (μι) > A (Ute) > A (ps) > .... 
Since A (un) = @,? (un), the truth of the theorem is now evident. 
A more interesting result is suggested by Hankel’s asymptotic formula 
(§ 7-21) 
2\t 1 
CG, (x)= (—) οοϑίω Ἐα-- ἐνπ--Σπὴτ 0 (3) : 
This indicates the possibility of proving inequalities consistent with 
: |Z. (un) | = O(1/V ttn) 
when py 18 large. 

It can in fact be shewn that 

(I) The values asswmed by (a? — v*)t| G,(x)| when x takes the values μι, pe, 
με, -.. form an increasing sequence whose members are less than /(2/). 

(II) The values assumed by «x+|@,(ax)| when x takes the values py, prs, 
μέγαν»... form a decreasing sequence whose members are greater than 4/(2/7) 
provided that 

Gi) v>4$4/3, (ii) pp? > v? {4v? + 4 + γ(4δν" + 13)} /(40? — 3). 

Consider the function 

A (2) 9," (x) + 2B (x) G, (x) G,' (x) + C(x) G,? (x) = O(a), 
where A (2), B(a), C(x) are to be suitably chosen. We have 
Θ' ὦ = {A' (a) — 2 (at — v*) B(@)/2"} ὦ 
+ 2 {B’ (a) + A (x) — Β(α) ὦ — (2 — v*) C (x)/x*} ὦ, (x) ὦ, (a) 
+ {C’ (a) + 2B (x) — 26 (2)/x} G,"* (x) 
= D(x) @," (x), 
where D(a) = C’ (a) + 2B (ax) — 26 (a)/z, 


* Cf. Proc. London Math, Soc. (2) xvt. (1917), pp. 170—171. 
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provided that 4 (4) is chosen arbitrarily and that B(x) and C(x) are then 
defined by the equations 


2B (a) = 2° A’ (#)/(a — v*), 
C(x) = a {B’ (4) + A (a) — B(a)/ax\ (a? -- ν᾿ 
(I) If A(x) = (ὦ — v*}}, then 
2D (x) (2? — v*)t = σ᾽ (Bat + 140% y? + ἀν.) > 0, 
and so Θ (2) is an increasing function of x which is therefore less than 
lim @(a) = 2{π. 


Since @ (pn) = (un? — v*)t 9." (un) we see that when n assumes the values 
1, 2, ..., then the numbers (7 — v*)*| @,(n)| form an increasing sequence 
less than 4/(2/7r). 
(II) If A (#)=z, then 
2 ἢ (a) (x2 — v?)t = — αὐ {(4v? — 8) vt — By? (ν" + 1) αὐ + ν' (ἀν —1)} 
< 0, 
provided that 4ν" >3 and « exceeds the greatest root of the equation 
(4p? — 3) a4 — ϑν" (ν" + 1) a? + ν' (407-1) = 0. 
In this case Θ (x) is a decreasing function and we can apply arguments, similar 
to those used in theorem (I), to deduce the truth of theorem (II). 


15°32. Schafheitlin’s investigation of the zeros of Jo(a). 

By means of the integrals which have been given in 8.612, it has been 
shewn by Schafheitlin* that the only positive zeros of J, (2) lie in the intervals » 
(mir +47, mmr +477) and the only positive zeros of Y,(«) lie in the intervals 
(mr +47, mr + $2), where m= 0, I, 2, .... 

We shall first give Schafheitlin’s investigation for J,(x), with slight 
modifications, and then we shall prove similar results for cylinder functions 
of the type 

J, (x) cosa— Y,(#) sina 
(where ν lies between —} and 8), by the methods used by Schafheitlin. 
Schafheitlin’s investigations were confined to the values 0 and 47 of a. 
From an inspection of the formula of § 612 (7), 
2 " sin (ὦ + $6) 
a ἷν sin 6 ./cos 6 
it is obvious that, when m2 < x< mr + $7, 
sgn {sin (ὦ + $6)} = sgn (— 1)”, 
and so sgn J, (x) = sgn (— 1)”. 


J, (2) = 


6.35 οοῦθ αθ, 


Consequently J, (Ω) has no zeros in the intervals (mz, mm + ἢ π). 
* Journal fiir Math. cxrv. (1894), pp..31—44. 
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To prove that J,(«) has no zeros in the intervals (mz + ἀπ, ma + 7), write 
2=(m+1)r—-49, 
and then Jy (a) = a en OC ements dé. 
The last integrand is negative or positive according as 
0<6<2¢ or 26 <6 < ἐπ. 
Since ¢ < 47, the second of these intervals is the longer; and the function 
e722 coté 
sin θ /cos 6 
is an increasing function* of θ when x > and @ is an acute angle. 


Hence to each value of @ between 0 and 2¢ there corresponds a value 
between 2¢ and ἐπ for which sin ($0 — ¢) has the same numerical value, but 
has the positive sign, and the cofactor of sin ($8 — ¢) is greater for the second 
set of values of @ than for the first set. The integral under consideration is 
consequently positive, and so J,(#) cannot have a zero in any of the intervals 
(mr - ἀπ, mar+a). Therefore the only positive zeros of υ (5) are in the 
intervals (ma + $7, mma +477). 


15°33. Theorems of Schafheitlin’s type, when —$<v <h. 
We shall now extend Schafheitlin’s results to functions of the type 
@, (a) = J,(x) cosa— Y,(#) sina, 
where 0 <a< a and —4<ve¢}h. 
We shall first prove the crude result that the only positive zeros of @, (x) 


lie in the intervals 
(mar ὁ ὅπ ἐνπ -- αι, mr +1 — a) 


where m=0, 1, 2,..... This result follows at once from the formulae of § 6:12, 
which shew that 


ὅ, (x)= 


aia | ee a eine 


T(v +4)T (4) 0 sin’’t!@ 

for, when mr—-a<r<mr+ fart dvr —a, 

we have sgn [sin (ὦ +a— v0 + $0)] =sgn (— 1)", 

and so, for such values of x, @, (a) is not zero. Consequently the only zeros 

of G,(x) lie in the specified intervals, and there are an odd number of zeros 

in each interval, with the possible exception of the first if a > far ἐνπ. 
Next we obtain the more precise result that the only positive zeros of ὦ, (x) 

lie in the intervals 

(ma + far + $v —a, mr +h + dvr — a) 


* Its logarithmic derivate is 
(22 — sin θ cos @) cosec?@ +4 tan 6. 
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where m= 0, 1, 2, ..., except that, if a is sufficiently near to 7, there may be 


zeros* in the interval 
({π.-.} νη —a, π — a). 


We shall prove this result by proving that @, (5) has a fixed sign throughout 
each of the intervalst 
(mr + ἔπ fvr—a, mr+7—a). 

Write c=(m+1)7—a—(1— 2») φ, 
where ¢ is an angle between 0 and ἀπ. 

With this value of z, 
@,(«) = —)mt Qrh αν [ ἐπ ροβ" ἔθ sin {(1 -- 2ν) (40 -- φΦ)} 
γι T@+4)PQ) /o sm?”*1@ 
To each value of @ between 0 and 2¢ there corresponds a value between 2¢ 
and ἀπ for which sin {(1 — 2v)(4@—¢)} has the same numerical value, but 
has the positive sign. 
Again ez cot eogr—t 9/sin” +6 
is an increasing function of @ provided that 


22 > max | (2v-+ 1) sin 8 008 8+ τἀ 25 | ᾿ 


e~ cot 0 dé. 


and this condition is satisfied when 2 >} since v <4. 


Hence, if « > 4 and 
πὶ ἐπε ῖνπ-τας«α «πιπ-π --α, 
we have sgn G, (a) = sgn (— 1)™", 
and this proves the more precise theorem. 


15°34. Theorems of Schafheitlin’s type, when $< v< ὅ. 
We next consider the function 
@, (a) = J, (x) cos a — Y, (x) sin a, 
where 0 <a< 77, as before, in which it is now supposed that $< v< §. 


We shall first prove the crude result that the only positive zeros of @, (2) 
lie in the intervals 
(ma — a, mir — tar + 47 — a) 
where} m= 0,1, 2,.... This result follows at once from the formulae of § 6°12, 
which shew that 
Qv+1 ge (* cos’? sin (a+ a—vO+40) _. te 
ξιξ - - ee ξ ξωρυσξου δ dé: 
ὅν (ὦ) Γ(ν +4) PG)! 0 sin?’+1@ : 
for when mr —ta+hvr—a<2<(m+1)7—-4, 
* By taking as an alternative fanction J|,| (x) and applying the theorem of ὃ 15-24, we see that 
there cannot be more than one such zero. 


+ If x<4 and m=0, the reasoning fails when ἔπι jue —a<}. 
+ 1[α (ἂν -- ἢ) π, the interval for which m=0 is, of course, to be omitted. 
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we have _ sgn [sin (ὡς + a— v0 + $6)] = sgn (— 1)", 
_whence the theorem stated is obvious. 

Next we obtain the more precise result that the only positive zeros of Ὁ, (x) 
lie in the intervals 

(mr —ika + ἱνπ —a, mr -- ὑπ -Ὁ sym —a), 

where m= 0, 1, 2, ..., except that, if a is sufficiently near to 7, there may be 
a zero in the interval (0, }»7 — ἐπ᾿ — a), and there may be one in the interval 
(7 —a, ξπ- ἂνπ -- α). 

We use the same notation and reasoning as in ὃ 15°33; only now, if 

| e206 eogy—t @/sin” + 6 = f (8), 

F (0) is not necessarily an increasing function of 6; but it ἐδ sufficient to prove 
that, when 0 <  < 2¢, then 


FS (2h —v) < f (26 +p). 
δ obtain this result, observe that 


pg weet: (26+) _ = 2x {cosec? (2p + y) + cosec? (2 — w)} 


4 “ἐξ φ- Ψ) aa cons 
~sins| erg + P)cos @G—V) ἡ sin BPFH) sin (δῷ - VV)! 
But [cosec? (2 + Ψ) + cosec? (2H — yy) ] sin (2H + W) sin (2h — ψ) 


is an increasing function of Ψ, and therefore, a fortzor2, 
[cosect (2p + yi) + cosec? (2p — y)] cos (29 Ὁ ) cos (2h -- ψ) 
is an increasing function, since this paps exceeds the former by an increasing function 
(2+) . sda sankey ἐς 
lo is always positive if it is positive 
i SF (26-¥) el ᾿ 
4.» (( -- δ) tan? 9φ τ (ὃν Ὁ 1} sin ἀφ, 


and this is the case when > #v+}. 


because ἀφ is an acute angle; and so 


when ¥=0, i.e. if 


Hence, when }< ν « §, the only zeros of @, (4), which exceed ὃν + }, lie in 
the intervals 
(ma —tar +4vr — a, mar — ὑπ᾿ τ dvr —a). 
The method seems inapplicable for larger values of ν on account of the 
oscillatory character of sin(x +a—v6+ 40) as 0 increases from 0 to ἐπ; a 
method which is effective for these larger values will now be explained. 


15°35. Schafheitlin's investigations of the zeros of cylinder functions of 
unrestrictedly large order. 
We shall now prove that, if » > $, those zeros of the cylinder function 
J, (x) cosa — Y, (ax) sina 
which exceed (2y + 1) (2v + 3)/a he in the intervals 
(mr --α τ ἐνπ ἐπ, mr —a+t hur + Br) 
where m assumes integer values. 
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The method used to obtain this result is due to Schafheitlin*; but he 
considered the case of functions of the first kind and of integral order only, and 
his reasoning is made lengthy and obscure by the use of arguments equivalent 
to the use of the second mean-value theorem when the explicit use of that 
theorem is obviously desirable. 


As in the preceding analysis, write 


G, (x) = J, (x) cos a — Y, (x) sin a, 


so that 
@, (2) = Qut1 gy [3: sin (a+a—v0 +36) σ᾿ ποθ dg 
ἡ Γ(. + 4) ΓᾺ(). 51 η νὴ: 0 


ΠΟ ἘΠ τος νυ ττὺ cos (v7 +a— νθ — 16) 
-rerpT@!, το a δ᾽ cos’*4 6 149. 


Now cot*"+! @.. e~%©t® increases as 6 increases from 0 to 6, and then decreases 


ὦ Hh 
as 6 increases from 6, to ἐπ, where 0,= arc tan —. 


y+4 


It will be observed that 6, is nearly equal to ἐπ᾿ when ὦ is large compared 
with ν. 


Now suppose that x lies between 
mm -- α-ὐ ἐπ (ν -- ξ) and mr—a+ ἐπ (ν -- 4) + ὅπ, 
and then choose @, so that 
et+a— (y+ 3)0,= mr. 
It 1s easy to verify that 


2v—1 Tog @ wt? π 
2v+3 2 1 * Qn 4+3° 2?’ 


so that 4, is a positive angle less than @,, provided that 


ν-ὶ ὦ π 
arc δῇ ---- « ἀν δ᾽ 
We suppose now that 
x > (ἂν +1) (ῶν + 8)π, 


so that θ᾽, is certainly less than θ᾽. 


Then, by the second mean-value theorem, there exists a number 6,, between 
0 and @,, such that 


ἴθι cos’—4 θ si +a—vO +36 
+ 4) ], πα Sale ee “- 20) ect? dO 


6 
= (παρέ βνει to) [᾿ cos {rz +a— νθ -- £9)) ὦ 
πα ἄμ: ie do cos 8 
ea hae ~sxcote,, (CoS(mm +) (08 (ὦ Τα -- νθ, -- =, 
a a ian) cos’*? θ᾽, cos’tt 0, 


* Journal fiir Math. cxx1. (1900), pp. 299—321. 
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Now qua function of @, 
cos (#+a—v0 — $0)/cos’tt 6 
is stationary when sin(#+a—v0+40)=0, and for such values of θ the 
fraction is equal to + 1/cos’~+ 6. 
cos (4 + a— vO, — $6,) 
cos’tt @, 
cannot exceed numerically the greatest value of 1/cos’~+ θ in the interval (0, θ,), 


and therefore 
cos(mir+6,) cos(«+a—v0,—4$6,)) _ _4\mn 
“= cos’t? 6, Saale eee te me Nea 


Hence 


Therefore, since the sign of sin (a + a— v9 + $0) is the sign οὗ (— 1)™ when 6 
lies between 6, and ἐπ, we see that, for the values of x under consideration, 
sgn G, (a) = sgn (— 1)". 

Hence, when x exceeds (2y + 1) (ἂν + 3)/7, @, (x) has no zeros in intervals of 
the type 

(mr --α τ ἐνπ-- ἔπ, mr --α -- ἐνπ- δπ), 
and so the only zeros of @, (x) which exceed (2v + 1) (2v + 8),π|θι 16 in intervals 
of the type 

(mr —a+ ἐνπ ἐπ, mr —at ἦνπ- Gr), 
and this reduces to Schafheitlin’s result* when a=0 and ν is an integer. 

The reader will observe that this theorem gives no information concerning 

the smaller zeros of @, (x) when ν is large; it will be apparent in §15°8 that 
there are a large number of zeros less than (2v+ 1)(2v+3)/7, and that 
interesting information can be obtained concerning them by using Debye’s 
integrals. 


15°36. Bécher’s theoremt on the zeros of G, (x). 

A result of a slightly different character from those just established was 
discovered by Bécher from a consideration of the integral formula § 11:41 (16). 
The theorem in question is that @, (z) has an infinite number of positive zeros, 
and the distance between consecutive zeros does not exceed 2), where j, 1s the 
smallest positive zero of J, (2). 


To establish this result, write v=0, z= 7, in § 11:41(16), and then 
} E(w) ἀφ = πῷ, (2)υ, (2) = 0. 


Hence @, (#) cannot be one-signed as ᾧ increases from 0 [ο-π 1.6. ἃ8 @ 
increases from Z— 7, to Ζ- 2.0; and so Ὁ, (“) must vanish for at least one 
valuet of τ in the interval (Ζ -- 7, Ζ - 2). Since Z is an arbitrary positive 
number (greater than 7,), Bocher’s theorem is now evident. 

* Schafheitlin gives (2ν +3) (2ν  ὅ)π as the lower limit of the values of x for which the zeros 
lie in the specified intervals. 


+ Bulletin American Math. Soc. v. (1899), pp. 385—388. 
t Cf. Modern Analysis, 8 3-63. 
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[ΝΌΤΕ. By a form of Green’s theorem, 


fugas= [Ὁ vo de, 
Cy 


where u, v are two solutions of ie + Ba tun0 with continuous second differential 


ox* 
coefficients inside the closed curve 8, and θοὸν indicates differentiation along the normal. 


By taking v=J, {/(2?+y?)} and the curve to be 2?+y?=j,)?, Weber* deduced that u 
must vanish at least twice on any circle of radius 7). 


Bécher inferred from this result that since @n (r) cos 26 satisfies the requisite conditions 
except at the origin, if a circle of radius j, is drawn with centre on the axis of 2 and 
subtending an angle less than πίη at the origin, @y(r) must vanish somewhere on the 
circle. Hence the positive zeros of @a(r) are such that consecutive zeros are at a distance 
apart less than 279, and the distance from the origin of the smallest of them does not 


. τ 
exceed jo {} + cosec ΣΙ : 


These results are of interest on account of the extreme simplicity of the methods used 
to prove them. | | 


15°4. On the number of zeros of J,(z) in an assigned strip of the z-plune. 


We shall next give the expression for J,(z) as a Weierstrassian product, 
and then develop expressions involving quotients of Bessel functions in the 
form of partial fractions; but as a preliminary it 1s convenient to prove the 
following theorem, which gives some indication as to the situation of those zeros 
of J,(2) which are of large modulus. In this investigation it is not supposed 
that ν is restricted to be a real number, though it is convenient to suppose 
that ν is not a negative integer. When ν 18 real the results of ὃ 15:2 to some 
extent take the place of the theorem which will now be proved. 


Let C be the rectangular contour whose vertices are 
+71B + hail (v), 418 + π᾿ τ dur +47, 
where B is a (large) positive number. 


We shall shew that when om is a sufficiently large integer the number of 
zeros of z—* J, (2) inside C is precisely equalt to m. 


Since 2—” J, (2) 1s an integral function of z, the number of its zeros inside 

C is 
sa]. d log {w ome (w)} ΤῈ δὲ J ΕΣ Fra (10) 1, 
2πιρ- “ Vrtt co J,(w) 

* Math. Ann. 1. (1869), p. 10. 

+ When » is a real negative number (and for certain complex values of v) there may be pairs 
of zeros on the imaginary axis; in such circumstances the contour C has to be indented, and each 
pair of zeros is to be reckoned as a single zero. 
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We now consider the four sides of C in turn. It is first to be observed that 
on all the sides of C, 


4 
H,! (w)= (=) ef ¥9) (1 Ἐν ον} 
4 


where 7, ,(w) and  ,(w) are Ο (1/w) when | || is large. 


Now, since the integrand is an odd ὡ we have, as Β ---οὦὐ, 


_ 1 πον (v) Ὁ) ire (ὦ) χω ἐΒ- ἀπὶ7 ) Ἢ Δ J y41 1(W) 5 
270. iB+ hail (v) J, ore = oi tl) iB-}ril(v) we (w) 
1 fiBtdril(v) 
= cata idw = 441 (v). 


Next take the ga along the upper horizontal side of C; this is equal to 
1 ἰόν ΤᾺΣ Juss (ὦ) 9, 
Dart. iBima+goatye Jy (00) 


1 tB+mr+gur+jc 1 + Ne. v-+1 ( τ : 
- 556" “Τὶ [] + O(e*™”)] dw 
~ Oar iB+4nil (ν) 1+, (w) Ae 


1 Qv+1, 1Β-  ηυπ- ἐνπ- }π 
ταν | mrt ἀπ 0)}}}πῈ δὲ og PTO t OCB) 


as Bo. 


Similarly the integral along the lower side tends to the same value, and 
so the limit of the integral along the three sides now considered 15 m+ ἐν + 4. 

Lastly we have to consider the integral along the fourth side, and to do 
this we first investigate the difference | 


a) — tan (ι -- ἦ νπ -- 5:.π),, 
which, when [τ0] is large, is equal to 
2v+1 1 
art 0 ( 5) 
tB+mat+ivr+io 
Now | tan (w— ἂνπ —47)dw=0, 

~—tB+mnr+her+)e 

and so 


1 ἐ8-Ἐπιπ- ἦνπ.  }π ΕΘ (w) 
27rt —iB+mat+jgva+ do J, (w) 


1B-+-mr-+tun-+49r 
wall #1 (1) a 


20rt J —¢B+-matyvatie (| 20 
~—}(2v+1)+ O(1/m). 
Hence the limit of the integral round the whole rectangle is m+ O(1/m). © 


dw 


* Allowance is made for the indentations, just specified, in the first step of the following analysis. 
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If we take m sufficiently large, we can ensure that the expression which 
is 0 (1/m) is numerically less than 1; and since the integral round the rectangle 
must be an integer, it 1s equal to m. 


That is to say, the number of zeros of z~” J, (z) between the imaginary axis 
and the line on which 
R(z)=mr + ἃ Riv) +h} a 


is exactly m. 


Nore. The approximate formulae quoted for the functions of the third kind shew 
that the large zeros cannot have a large imaginary part; and so all the zeros of J, (2) lie 
inside a strip whose sides are parallel to the real axis and at distances from it which are 
bounded when | » | is bounded. 


15°41. The expression of J,(z) as an infinite product. 


It is possible to express J,(z) as a product of ‘simple factors’ of 
Weierstrassian type, each factor vanishing at one of the zeros of J,(z). In 
order to express J,(z) in this form, it is convenient first to express the 
logarithmic derivate of z~’J,(z) as ἃ series of rational fractions by Mittag- 
Leffler’s theorem ἢ. 


The zeros of z—J,(z) are taken to be Ἐ},., Ἐν,» 122ν,.5»... wheref 
R(ju.n)>0 and | R(jr1)| <|R(jr,2)|<| RC j3) | <---, the values OF 7.,.1. .2ν,α» 
}ν,5»...- being all unequal (§15°21). We draw a (large) rectangle D, whose 
vertices are + A +1B, where A and B are positive, and we suppose that +), m 
are the zeros of highest rank which are inside the rectangle. 

We now consider 

1 Ζ J, y+1 (w) 
ὥ πὶ} p (ὦ -- 2) J,(w) 
where z is any point inside the rectangle, other than a zero of J,(w), and ν is 
not a negative integer. 


dw, 


The only poles of the integrand inside the rectangle are z, + j,,1, + Jy, --- 
+ Jv, τι: 
The residue at z is J,,,(2)/J,(z) and the residues at + 7,,n are 


oa 
2 Jvn Je.n , 


since J,’ (z2)=—Jy4,(z) when z= + j,.n, by 8322. 
It follows that 
J 41 (2) Σ 7 1 1 ) g 1 ~| 
Σ : -- Σ -- - --- 
J, (2) ε n=1 (2 Syn deal δὴ n=1 (2 + Jvin ὅν," 
1 | Ζ 7}. (ὦ) dw. 


~ Qari} pw(w—z) ὦ, (ὦ) 


* Acta Soc. Scient. Fennicae, x1. (1880), pp. 273-293. Cf. Modern Analysis, ὃ 7-4. 
+ If R(+j, ,)=0 for any value of n, we choose j, ,, to have its imaginary part positive. 
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We next shew that, by giving A and B suitable sequences of values which 
increase without limit, J,,,(w)/J,(w) can be taken to be bounded on D. 
Since this function is an odd function of w, it 1s sufficient to consider the 
right-hand half of D. 


We take A = Mr + R(4v +4) πὶ where M is a positive integer; and then 
we take M to be at least so large that M =m, which is possible by § 15:4, and 
also to be so large that we can take the functions », ,(w), 7,,.(w), defined in 
§ 15-4, to be less than, say, 5 in absolute value. 


Then J,,,(w)/J,(w) is bounded whenever 
ett (ν-ὴνπ--}π) 

is* less than ἃ or greater ‘han 2; and when the expression does not lie within 
these limits, J(w) is bounded and w is not arbitrarily near a zero of J,(w); 
so that, from the asymptotic expansion of ὃ 7°21, J,,, (w)/J, (w) is bounded on 
the part of the rectangle wit.:in this strip. 

That is to say J,,,(w)/J,(w) is bounded on the whole of the perimeter of 
the rectangle D as B and M tend to infinity. 


Hence 
1 al Ζ ὦ, (ὦ) Ay 
2πὶ) pw(w—z) J, (ὦ) 
and thereforet 
J v1 Syai(Z) 1 ] = 1 1 
(1) ~d,(2) (z) -Σ F — Jun ἐπ ἘΣ ᾿ + juin ~7-| 


When we integrate, we find that 


nol [Gata 8 (0) 00 2) 0 Κλ 2}} 


and hence 


_ _ (he) i { -*) ἡ i { -} 
(2) ὑ, (5) -Ξ Fit Di. 1 Z -) exp (*) By | (2 ἜΣ =| exp ( Ἢ -) 
This is the expression of J, (2) in the specified form. 


The formula may also be written in the modified form 


tes 


This formula was assumed by Euler, Acta Acad. Petrop. v. pars 1, (1781) [1784], p. 170, 
when »=O, and subsequently by various writers for other values of ν; cf. §§ 15°5, 15°51. 

The analysis of this section is due in substance to Graf and Gubler, Hinlettung in die 
Theorie der Bessel’schen Funktionen, 1. (Bern, 1898), pp. 123—130, and it was given 
explicitly by Kapteyn, Monatshefte fiir Math. und Phys. xiv. (1903), pp. 281— 282. 


1-3; 1 
12 2° 

+ If we take the rectangle to have its vertices at 4+iB, -- A’+iB, we see that the two series 
on the right converge separately. 


* Because 


15°42] ZEROS OF BESSEL FUNCTIONS 499 


The expansion on the right of (1) is evidently expansible in a power series; the 
coefficients in such a series have been expressed as determinants by Kapteyn, Proc. Section 
of Sei., K. Acad. van Wet. te Amsterdam, vit. (1905), pp. 547—549, 640—-642 ; Archives 
Neéerlandaises, (2) xt. (1906), pp. 149—168. Some associated formulae have just been 
published by Forsyth, Messenger, i. (1921), pp. 129—149. 


15°42. The Kneser-Sommerfeld expansion. 


An expansion which, in some respects, resembles the partial fraction 
formula obtained in ὃ 15°41 is as follows: 


Σ J, (Jon 4) Jv (Ju,n X) _ wd, (az) , 

n=] (23 - Py n) Jun J,” Ga 42J,(z) (2) ᾿ 

an which x and X are positive numbers such that 
O<aeX <, 


while z and v are unrestricted (complex) numbers, except that wt 18 convenent 
to take R(z)>0. 


The expansion was discovered in the case v=0, as a special form of an expansion 
occurring in the theory of integral equations, by Kneser, Math. Ann. Lx11l. (1907), pp. 511— 
517. Proofs of this and of related expansions for integral values of » were published 
later by Sommerfeld, Jahresbericht der Deutschen Math. Vereinigung, XxI. (1913), pp. 309— 
353, but Sommerfeld’s method of proof has been criticised adversely by Carslaw, Proc. 
London Math. Soe. (2) x1. (1914), p. 239. 

It may be noticed that the expansion has some connexion with the ‘ Fourier-Bessel’ 
expansions which will be discussed in Chapter XvIII. 


J, (z) Κ΄, ( 2) — Y,(z) J, (Xz)}, 


To obtain a proof of the expansion, consider the integral 
1 [= 0 (Xw) H,® (w)— 1,9 (Xw) A,” (w) J, HOW) ay, 
2πὶ Ζ' -- yw? J,(w) 
in which the path of integration is a rectangle with vertices + Br, A + Bi, and 
it is supposed that the left side of the rectangle is indented at the origin. 

The integral round the indentation tends to zero with the radius of the 
indentation, whether ν be an integer or not; and the integrals along the two 
parts of the imaginary axis cancel. 

Also, when « and X satisfy the specified inequalities, the function 

{H,” (Xw) H,® (w) — H,® (Xw) H," (w)} J, (αὐ), (w) 
remains bounded on the other three sides of the rectangle when 8 --- οὐ and 
when A ~oco through the values specified in ὃ 15°41. 

Hence the limit of the integral round the rectangle is zero, and so the 
limit of the sum of the residues of the integrand at the poles on the right of 
the imaginary axis is zero. 

Now the residue at z is 

7. ..", (x2) x2) 


Tay We (4) Υν)-- J, (Ὁ Yo (X2)}, 
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while the residue at j,, is 


—2J, (Jon ΔΎ, (».») J, (jv,n&)/{J,’ (ὕν,») (2? -»,..}} 
— 2S, (jun Χγ)υ,(}),, κὦ) ᾿ 
= τ ὐνετ συν Ae. Δ =! Y, v J, hy —J, ν Le 
TA Grn) Fan) δὼ ἐνῶ Gun) —Fe Gna) Yo Gna) 
_ 4S, (jn X) Iv (jun) 
᾿ ἤν ἢ Ji? (hv, n) (2? — Fy, n) ; 
and on summing the residues we at once obtain the stated expansion. 

For a generalisation of this expansion, obtained by replacing J, (aw)/J,(w) by 
φῦ (σὴν (ὦ) in the contour integral, see Carslaw, Proc. London Math. Soc. (2) XVI. 
(1917), pp. 84—93; Carslaw has also constructed some similar series which contain 
Legendre functions as well as Bessel functions, and these series represent the Green’s 


functions appropriate to certain physical problems. See also Beltrami, Lombardo Rendiconti, 
(2) XIII. (1880), p. 336; and Lorenz, Oeuvres Scientifiques, τι. (1899), p. 506. 


15°5. Huler’s investigation of the zeros of Jy(2 ν 2). 


An ingenious method of calculating the smallest zeros of a function was 
devised by Euler*, and applied by him to determine the three smallest zeros 
of Jy (24/2). 


If the zeros arranged in ascending order+ of magnitude be a,, ἂς, a3,..., 
then by § 15°41, 


πανο- (1-2). 


As has already been stated (§ 15°41), this formula was assumed by Euler; if it 
1s differentiated logarithmically, then 


ἃ ο 1] 
ae log J, (2/2) -Σ 2 
re) οΌ g™. 
= > Pane 
n=1 m=0 ἀν.’ 


provided that | Ζ] « αι; and the last series is then absolutely convergent. 
Put Σ 1/a,™+' = om4, and change the order of the summations; then 
n=] 
d co 
arr J, (24/2) = J, (2 vz) Σ᾿ Sings 2. 


Replace J,(24/z) on each side by 
Ζ 2 2 
‘pth ee 8: ὙΠ’ 


* Acta Acad, Petrop. v. pars 1, (1781) [1784], pp. 170 et seq. A paper by Stern, Journal fiir 
Math. xxx11. (1846), pp. 363—365 should also be consulted. 
t From § 15°25 it follows that the zeros are positive and unequal. 
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multiply out the product on the right, and equate coefficients of the various 
powers of z in the identity; we thus obtain the system* of equations 
1-τεσι, -- ἔΞῶςσς -- σι, 
τ Ξσ:π-τσς Ἐ σι, 
— τῆΞοσς,--σς Ἐ}σ,-- ἥς σι, 
abso Ξ- σε- σι ἐσ, -- ἐπ σς Ἔ ες σι, 
= βεἦσο =0,—-O5+ to, = πὸ σε a εἶσ: πὰ τεξοσσι, 


Φφοονειυονοε.θΘφοοοφονοϑοισδουοδοοοδεφΨφοοονουονονουφΨάὼοφοοφοε οοούσο ὁ. _oe8 


whence | 
o,=1,0,=}, o,=4, o,=H, σε τ» Oe = Pedy, eevee 
Since 0 < a, < a<a,<..., it 1s evident that 
1/a,"< Tm, Tmt < σηιίαι, 
and so σι < a < Om/ omy. 


By extrapolating from the following Table: 


Cml Om+i 


1-000 000 2 ὍΟΟ 000 
1.414 213 1.800 000 
1.442 250 1484 545 
1.445 314 1°447 368 
1°445 724 1°446 089 
1°445 785 -- 


Euler inferred that a, Ξε 1΄44δ795, whence 
1/a,=0°691661, 2r/a, = 2°404824. 


By adopting this value for a, writing 
Σ 1/ Ay” = Bie; 
n=2 
and then using the inequalities 


1/a.” < om σοῖς σ΄ in| Me 
Euler deduced that a,=7°6658, and hence that a,= 18°63, by carrying the 
process a stage further. 7 


These results should be compared with the values 
a, = 1°445796, ag=7°6178, a3=18°72, 
derived from the Tables of Willson and Peirce, Bulletin American Math.. Soc. τι. (1898), 
pp. 153—155. 

The value of a, is given by Poisson+. as 1:446796491 (misprinted as 1:46796491) ; 
according to Freeman { this result was calculated by Largeteau for Poisson by solving the 
quartic obtained by equating to zero the first five terms of the series for Jo (2,/z) ; the 
magnitude of the sixth term is quite sufficient to account for the error. 


* This system is an obvious extension of Newton’s system for an algebraic equation. 

+ Mém. de V Acad. R. des Sci. x11. (1833), p. 880. 

+ Proc. Camb. Phil. Soc. 11. (1880), pp. 373-377. Cf. Freeman’s translation of Fourier’s La 
Théorie Analytique de la Chaleur, p. 310, footnote. 
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15°51. Rayleigh’s extension of Euler's formula. 


The method just described was used independently by Rayleigh * to calcu- 
late the smallest positive zero of J, (2). 


Taking the formula (§ 15°41) 
DA τὶ {1 ae ᾿ 


τίν Ἐ1),-ὶ ier 
and writing Σ -. -Ba,", 
n=] J v, 2 
we find, after Rayleigh, that 
ἢ 1 ἃ 1 1 
oy) = — og 2) ee ge 8) ee es 
2) (ν +1)’ 2: (ν +1) (ν + 2) 25 (ν- 1) (ν + 2) (ν -- 8) 
σι ὅν ἘῚῚ 
Ἶ ΝΕΟΣ' 1}γ(ν + 2)(ν + Ἥ 5)(ν + 4)’ 
᾿ 7v +19 
σιν") = 


2° (yp + LY (vy + ἮἩ 22: ὁ +3) (v + 4) (ν τ 5) 


The smallest positive zeros of J,(z) and J,(z) are deduced to be 2°404826 
and 3°831706. 


Immediately afterwards Cayley ¢ noticed that o,(") can be calculated rapidly when r is 
a power of 2 by a process which he attributed to Encke ἔ, but which is more usually known 
as Graeffe’s § method of solving an equation. 

The method consists in calculating o,{") when 7 is a power of 2 by starting with the 
given equation and forming from it a sequence of equations each of which has for its roots 
the squares of the roots of its predecessor; and o,") then rapidly tends to a ratio of 
equality with 1/7?", 1. 


Cayley thus found a, to be 
429y5 + 7640v! + 537523 + 185430v? + 311387» + 202738 
28 (y+ 1)8 (v +2)! (v3) ὦ +4)! (+5) (Vv +6) V7) (+8) 
It was observed by Graf and Gubler|| that the value of ¢,(") cun easily be checked by the 


formula 
a= gtr 1 B,/(2r)!, 


where B, is the rth Bernoullian number; this formula is an evident consequence of the 


J, ᾿ a sin Ζ 
(2) = ἊΝ 


Extensions of some of these results to the zeros οὗ Ζυ (2) - λυ (2), where ὦ is a constant, 
have been made by Lamb, Proc. London Math. Soc. Xv. (1884), p. 273. 

The smallest zero of J,(z), for various values of ν between Ὁ and 1, has recently been 
tabulated by Airey, Phil. Mag. (6) xuI. (1921), pp. 200—205, with the aid of the Rayleigh- 
Cayley formulae. 


* Proc. London Math. Soc. v. (1874), pp. 119—124. [Scientific Papers, 1. (1899), pp. 190—195.] 
+ Proc. London Math. Soc. v. (1874), pp. 123—124. [Collected Papers, rx. (1896), pp. 19—20.] 
$ Journal fiir Math. xxu, (1841), pp. 1983—248. 

ἃ Die Auflisung der hdheren numerischen Gleichungen (Zirich, 1837). 

|| Einleitung in die Theorie der Bessel’schen Funktionen, τ. (Bern, 1898), pp. 130—131. 
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{[Nore. The procedure of calculating the sum of the rth powers of the roots of an 
equation in order to obtain the numerical value of its largest root seems to be due to 
Waring, Meditationes Analyticae (Cambridge, 1776), p. 311; other writers who were 
acquainted with such a method before Graeffe are Euler (cf. ὃ 15°5); Dandelin*, Mém. de 
UAcad, R. des Sev. de Bruxelles, 111. (1826), p. 48; Lobatschevsky*, Algebra, or Calculus 
of Finites (Kazan, 1834), ὃ 257.] 


15°52. The large zeros of ὑ-ς (5). 


The most effective method of calculating the large zeros of cylinder 
functions (when the order ν is not too large) is, in substance, due to Stokest, 
though subsequent writers have, to some extent, improved on his analysis. 


Stokes’ method will be sufficiently illustrated by his own examplet J, (6), 
whose zeros are the roots of the equation 
Q(z, 0) 
| P(x, 0)’ 
with the notation of ὃ 73. It will be remembered that the asymptotic 
expansions of P(x, 0) and Q(z, 0) are 
1.9. re 1.9.25.49 _ 
2!(8a)? 4) (8x) ii 


1 1.9.25 
Y@, O~— Tet Seay ~ 


cot (ὦ -- i727) = 


P (a, 0)~ 1 - 


For sufficiently large values of 2, P (a, 0) is positive, Q (a, 0) is negative 
and the quotient Q(a, 0)/P(a, 0) is a negative increasing§ function of z. 
The function cot(«—47) is a decreasing function which vanishes when 
«=n —1d, and so it is obvious from a graph of cot (x — 47) that there 
exists a positive integer V such that when n > WN, J,(«x) has precisely one zero 
in each of the intervals (na — ἔπι, na + 477), and that the distance of the zero 
from the left-hand end of the interval tends to zero as ἢ +0. 


Again, if u,, v, denote the (r + 1)th terms of P (a, 0) and Q(z, 0) we may 
write 


m-1 m-1 
P (x, 0) = = Uy + Butm, Q (2, 0) = > υ, + 6,Un; 
r=0 r=0 
where @ and θ᾽) are certain functions of a and m which lie between 0 and 1. 


* I owe these two references to Professor Whittaker. 

+ Camb. Phil. Trans. 1x. (1856), pp. 182—184. [Math. and Phys. Papers, τι. (1883), pp. 350— 
353. ] 

1 Stokes also considered Airy’s integral (8 64) and J; (x), for the purpose of investigating the 
position of the dark bands seen in artificial rainbows. 

§ The reader may verify, by ὃ 3-63, that its derivate is 


{1 - P?~ Q2}/P2, 


where P, Q stand for P(x, 0), Q(z, 0); and, by the asymptotic expansions, this is ultimately 
positive. 
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Now consider the equation 


m— 
Σ > +6,Um 
cot (« — 41) = "———______ 


in which it is temporarily supposed that @ and @,, instead of having their actual 
values, are any numbers which lie between 0 and 1. 


The equation now under consideration involves no functions more compli- 
cated than trigonometrical functions. If 2 were supposed complex, there 
would be a number of contours in the x-plane each of which enclosed one of 
the points nar — 42 and on which | cot (ὦ — 47)! exceeded the modulus of the 
quotient on the night. 


By Biirmann’s theorem * the modified equation would have one root inside 
the part of the contour which surrounds na — 47, and this root can be ex- 
panded in descending powers of na — ὅπ. 


We thus obtain an expansion for the root of the equation in the form 
2 + (9, 8 
2 = (nT ἜΣ ΣΕ; 
in which the coefficients 7, (θ, θ.) are independent οὗ n but depend on @ and 86, ; 
and it is readily perceived that the first m of the coefficients are actually 
independent of @ and 6,, so that, when r < m, we may write 
| Fr (9, 91) = fr 

Now the sum of the terms after the mth 1s a bounded function of 6 and @, 
as θ and 6, vary between 0 and 1; and it is clear that the upper bound of the 
modulus of the function in question 1s Ο (πη 3551) as n->0o. Hence, when 0 
and @, are given their actual values which they have at the zero under con- 
sideration, the sum of the terms after the mth is still Ο (n~*"~). 


That is to say, it has been proved that there exists one zero (nearly equal 
to nw — 47), and its value may be written 
πι--} 


x Ξε (ni -- 1π) ep (nt —jar)yrh 


Hence the asymptotic expansion of the zero is 


a0 = Te 
aon — ἐπ + = (am br 
It remains to calculate the first few of the coefficients f,. If 
Q (2, 0) 

P (a, 0)’ 


+ O(n-2"—), 


tan y = -- 
where +0 as ὦ > Ὁ, then 


tan po 2 388, 841 
¥™ ας 5120+ 1638408? 
* Cf. Modern Analysis, ὃ 7°31. 
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1 25 1073 

Y~ βῳ 38408 ἡ 51200 **? 

and therefore the equation to be solved assumes the form 

1 25 τ 101. 

82 884." 5120." 

The result of reverting the series 1s 

ΒΕ CL 

8 (ηπ -- jar) 3884 (ηπ-- }πὴ 15360(n7 — 5π} 


This series is adequate for calculating all the zeros of J,(z), to at least five 
places of:decimals, except the smallest zero, for which n= 1. 


so that 


ῷ -- (τπτ -- [πῈ.Ὁ 


ἃ, τε, (στ -- 1π)ὴ- 


15°63. The large zeros of cylinder functions. 
It is easy to see that the large zeros of any cylinder function, 
J,(z) cosa — Y, (2) sina, 
where ν and a are not necessarily real, may be calculated by Stokes’ method 
from a consideration of the equation 
Q(z, v) 
P(z, v) 

It seems unnecessary to prove the existence of such zeros (with large 
positive real parts) or the fact that they may be calculated as though the 
series for P(z, v) and Q(z, v) were corivergent, because the proof differs from 
the investigation of the preceding section only in tedious details. 


cot (7 —4vr —4r+a)= 


The expression for the large zeros of a cylinder function of any given order 
was calculated after the manner of Stokes by McMahon*; but the subsequent 
memoirs of Kalihne+ and Marshall+ have made the investigation more simple 
and have carried the approximation a stage further with no greater expendi- 
ture of work in the calculation. 


Following Marshall we define § two functions of z, called M and yp, by the 


equations 
Meosy=P(z,v), Msinp=— Q(z, ν), 


mn the understanding that M++1 and y-—-0 as z++0. 
It is then clear that 


J,(z) cosa — Y,(z)sina = (=) Moos (9 -- ἐνπ -- π᾿ α-- Ψ). 


* Annals of Math. rx. (1895), pp. 28---2ὅ ; see also Airey, Proc. Phys. Soc. 1911, pp. 219—224, 
225—2382. 
+ Zeitschrift fiir Math. und Phys. ταν. (1907), pp. 55—86. 
t Annals of Math. (2) x1. (1910), pp. 153—160. 
8 Cf. Nicholson, Phil. Mfag. (6) x1x. (1910), pp. 228—249. 
W. B. F. 17 
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Again 


are tan [γ om =z—ivr—fa—y, 


and, when we differentiate this equation, and use ὃ 3°63 (3), we find that 


1 dy 2/(1z) 
“ἀφ S23 (z) + ¥(2)’ 
50 that, by § 7°51, 


1 -- Tl Σ {1.3...(2m—1)} (Y, “ 


om gem 


When the expression on the right is expanded as far as the terin involving 
1/2°, we find that 


ἂψ. μ-} (μ- Ί}ὁῷμ-- 25) (μ --Ἰγ(μῇ-- 114μ + 1073) 


dz 23 2? 97 24 210 76 
_ (= 1) Bp? 5 1535p" + 54703 ~ 375733) _ 
215 28 eae y 


in this equation w has been written in place of 41? for brevity. It follows, on 
νων that 


4 (= 1) (H - 25) | (a 1) (ut — Ι16μ +1078) 


+ ae 4. 2723 5. 910 25 
(u — 1) (5p? — 1535? + 54708p — 375733) | 
meer ΣΩ ΝΣ, 


and so the equation to be solved is* 


1 25 
z— nm - yum εἰπτξαν τ BODE) οι 


If 8 =(n + ἐν — 4) a —a, the result of reversion is 


ΠΣ (μ -- 1)({μ -- 31) (ῳ-- 1)(88μ᾽ -- 982p Ὁ 3779) 


2B 8.28 ὁ ὁ 15. 21.085 
_ (= 1) (6949p? -- 153855 yu" + 1δ85748μ -- 6277237) _ 
105 . 248" 


Therefore the large zeros of J,(z)cosa—Y,(z)sina are given by the 
asymptotic expansion 
27] 4y? — 2) 
ἀνε Ca ee Ap (4v? — 1) (28v? — 31) 


— 8{(n+4v—F)7—a} 384 [(π- ἀν-- ὃ π-- αὐοὸ» 


* This equation (in the case y=1) was given by Gauss in his notebook with the date Oct. 16, 
1797, but no clue is given concerning the method by which he obtained it. [Cf. Math. Ann: 
μναῖ. (1902), p. 19.] 
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[Nore. The fact that J,? (z)+ Y,?(z) has a simple asymptotic expansion shortens the 
analysis in a manner which was a noticed by Marshall; he used the equations 
dy α: » ae 
ae» [gata [Maye 
and he solved the latter by assuming a descending series for M. ] 


I+ 


15°54. Zeros of functions related to cylinder functions. 
The method of Stokes is, of course, applicable to functions other than 
those just investigated. Thus McMahon* has calculated the large zeros of 
--ὦ 
@,' (2) and of Fig Go (6) when the cylinder function is a Bessel function of 


the first or second kind. 
The general formula for the large zeros of @,’ (2) is 


RB —pt+38 T+ 82-9 | 
‘8B, 3848;' ee 


where £,=(n+4v+4)2—a, while the corresponding formula for the large 


-- 
zeros of εἰ eo ; 18 
ἄχει μι Ἰμε]δάμ 95 
Σ 8βΞ. 3848;5 Pe 
The zeros of J, (4) Y, (kz) — Y, (2) J, (ke), 


where & is constant, and of 

J,’ (2) Υ͂ν' (ke) -- ¥y' (2) Jy (ke) 
have been treated in a similar manner by McMahon. Kalihnet has constructed tables of 
the zeros of the former function when & has the values 1-2, 1°5, 2°0 and ν is 0, 4, 1, 3, 2, ᾧ; 
while it has been proved by Carslaw, Conduction of Heat (London, 1922), p. 128, that these 
zeros are all real when » and & are real. The zeros of J,’ (2) Y, (kz)— Y,/ (2) J, (2) have 
been examined by Sasaki, Téhoku Math. Journal, v. (1914), pp. 45—47. 


15°6. The mode of variation of the zeros of a cylinder function when tts 
order 18 varved. 

The equation in z 

J, (z)=0 

has an infinite number of roots, the values of which depend on v; since J, (Ζ) 
is an analytic function of both z and ν, so long as z #0, it follows that each 
root of the equation is (within certain limits) an analytic function of ν. A 
similar statement holds good when the function of the first kind is replaced 
by any cylinder function of the type J,(z)cosa— Y,(z)sina, where a is any 
constant. 


If } denotes any particular zero of J,(z), the rate of change of 7, as ν varies, 
is given by the ordinary formula of partial differentiation 
px», fod, © 7 
(1) νῷ || =o 


* Annals of Math. 1x. (1895), pp. 25—29. 
+ Zeitschrift fiir Math. und Phys. ταν. (1907), pp. 55-—86. 
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Since J, (7) =9, it follows that J,’ (2) Ξ -- ὑνμμ (22) #9, 80 long as 7 is not 
zero, and hence, from ὃ 5:11 (15), when R(v) > 0, 
dj 
2 See eee ey 
i ἀν 2... (7}.0 
This formula shews that when v is positive, the positive zeros of «", (Ω) in- 
crease as ν 18 increased. 


Equation (2) was stated without proof by Schlafli, Math. Ann. x. (1876), p. 137; and the 
deduction from it: was established in a different manner by Gegenbauer*, Mém. de la Soe. 
R. des Set. de Liége, (3) τι. (1900), no. 3, in the case of the smallest zero of J, (z). 

We proceed to extend the results already obtained to the positive zeros of 
@,(z)= J, (z) cosa— Y,(z) sina, 
where ν is an unrestricted real variable, and a is constant (i.e. independent of v). 
The extended theorem is as follows: 
Any positive zero, c, of Ὁ), (2) is definable as a continuous increasing function 
of the real variable v. 
To prove this theorem we observe that ὁ is a function of ν such that 


are tan ἘΠῚ ᾿ 


is constant, so that 


ἀἰβωω fi] + [Rowse EG] 


and -- 


2 dc oY,(z)_ ad, yO) " 
wie τ] ΟΣ ye έλι, οι 
Hence, by § 13°73 (2), we have 
(3) at τὸς | “ K, (2c sinh ὃ) e~**dt. 
dv 0 


Since the integrand is positive, this formula shews that c is an increasing 
function of ν. 


A less general theorem, namely that, if c is a zero which is greater than 
the order v (supposed positive), then c is an increasing function of ν, has been 
proved by Schafheitlint with the aid of very elaborate analysis. 


It will be observed from the definition of Y,(z) that ὁ tends to zero only 
when ν tends to any negative value which satisfies the equation 
sin (a — vor) = 0. 


* The reader should note that the analysis in the latter part of Gegenbauer’s memoir is 
vitiated by his use of Rudski’s erroneous results (§ 15-1). 

t Berliner Sitzungsberichte, v. (1906), pp. 82—93 ; Jahresbericht der Deutschen Math. Vereini- 
gung, xvi. (1907), pp. 272-279. 
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It should be noticed that (8) shews that, when v is taken to be a complex 
number and c is a (complex) number, with a positive real part, then ὁ is an 
analytic function of v; and so, as ν varies, the zeros of @, (2) vary continuously, 
and they can only come into existence or disappear when c fails to be an 
analytic function of ν, ie. when c= 0. 


It follows that the positive zeros of @, (2) are derived from those of @; (z) 
by a process of continuous variation as ν varies, except that one positive zero 
disappears whenever v passes through one of the specified negative values. 


If we now choose a so that* 0<a<z7, we see that, as v varies from $ 
to any value exceeding (a/7)—1, no zeros disappear during the process of- 
variation of ν, and so in the case of zeros which are so large that the formula 
of Stokes’ type (§ 15°53) is available, the formula 

4y?— 1 
~ 8(nr+4ur—dar—a) *" 
gives the nth positive zero, when the positive zeros are regarded as arranged 
in order of magnitude. 


nr +hynr—tar—a 


If, however, v has varied so that it finally lies between (a/aw)—k and 
(α[πὴ —-k—1, where & is a positive integer, k zeros have disappeared, and so 
the formula just quoted gives the (ἢ — &)th positive zero. 


This type of argument is due to Macdonald, Proc. London Math. Soc. xx1x. (1898), 
pp. 575—584; it was applied by him to the discussion of the zeros of Bessel functions of the 
first kind of order exceeding —1. Ὁ 


If we draw the curve @,(y)=0, it evidently consists of a number of 
branches starting from points on the negative half of the z-axis and moving 
upwards towards the right, both x and y increasing without limit on each 
branch. 


If we take any point with positive coordinates (»,¥) and draw from it a 
line to the right and a line downwards terminated by the z-axis, it 1s evident 
that the curve @,(y)=0 meets each of the lines in the same number of 
points. It follows that the number of zeros of @, (y), qua function of ν, which 
exceed », is equal to the number of positive zeros of @,, (y) qua function of ¥ 
which are less than y,. This is a generalisation of a theorem due to Macdonald f, 
who took »,=0 and the cylinder function to be a function of the first kind. 


Fig. 33 illustrates the general shape of the curves J,(y) =0, the length 
of the sides of the squares being 2 units. A much larger and more elaborate 
diagram of the same character has been constructed by Gasser}, who has also 
constructed the corresponding diagram for Y,(y)=0. The diagram for 
@.(y)=0 is of the same general character as that for J,(y) =0, except that 


* This does not lead to any real loss of generality. 


+ See a letter from Macdonald to Carslaw, Proc. London Math. Soc. (2) x11. (1914), p. 239. 
t Bern Mittheilungen, 1904, p. 135. 
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the portions of the curves below the axis of x consist merely of a number of 
isolated points on the lines on which 2a is an odd integer. 


(Nore. The reader will find it interesting to deduce from ὃ 13°73 (3) that, if σ΄ is a zero 
of G,’ (2), then 
de’ Qc Phas Sey 
(4) ας. ἧς | | (CR cosh 2¢— »8) Ky (2¢’ sinh Ὁ e-™ ἀν, 


and hence, if the variables are real and ο΄ >|»|>0, then c’ increases with ν. 


The sign of αἀσ [ἀν has also been discussed (by more elementary methods) by Schafheitlin, 
Jahresbericht der Deutschen Math. Vereinigung, xvi. (1907), pp. 272—279; but the analysis 
used by Schafheitlin is extremely complicated. ] 


15°61. The problem of the wmbrating membrane. 


The mode of increase of the zeros of J,(x) when ν is increased has been 
examined by Rayleigh * with the aid of arguments depending on properties of 
transverse vibrations of a membrane in the form of a circular sector. If the 
membrane is bounded by the lines 0=0 and θ- πίν (where vy >4), and by 


* Phil, Mag. (6) xx1. (1911), pp. 583—58 [Scientific Papers, γι. (1920), pp.1—5]. Cf. Phil. Mag. 
(6) xxx1. (1916), pp, 544—546 [Scientific Papers, νι. (1920), pp. 444446]. 
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the circle » =a, and if the straight edges of the membrane are fixed, the dis- 
placement in a normal vibration is proportional to 

J, (rp/c) sin v@ cos (pt + e), 
where c is the velocity of propagation of vibrations. If the circular boundary 
of the membrane is fixed, the values of ap/c are the zeros of J, (x), while if 
the boundary is free to move transversely they are the zeros of J,’ (2). 


The effect of introducing constraints in the form of clamps which gradually 
diminish the effective angle of the sector is to increase ν and to shorten the 
periods of vibration, so that p is an increasing function of ν, and therefore 
(since a and c are unaltered) ap/c is an increasing function of v. That is to 
say, the zeros of J, (x) and J,’ (x) increase with ν. 


By using arguments of this character, Rayleigh has given proofs of a 
number of theorems which are proved elsewhere in this chapter by analytical 
methods. 


15°7. The zeros of K, (2). 


The zeros of the function K,(z), where ν is a given positive number (zero 
included), and z lies in the domain in which | arg z|< $7, have been studied 
qualitatively by Macdonald *. | 


From the generalisation of Bessel’s integral, given in § 6°22, it is obvious 
that Καὶ, (7) has no positive zeros; and it has been shewn further by Macdonald 
that K,(z) has no zeros for which | arg z|<42. This may be proved at once 
from a consideration of the integral given in §13°71; for, if z=re* were such 
a zero (r>0,—4$2<a<47), then z=re— would be another zero; but the 
integral shews that 


: : 1 [Ὁ γϑοοῦ 2 r?, dy 


> 0, 
which is contrary to hypothesis. 
If a is equal to + ἐπ, we have 
LK, (ret) | = ἀπ /{J2 (0) ἘΥ͂Ρ ΟΣ, 
and so K,(z) has no purely imaginary zeros. 


Next we study the zeros for which R(z) 1s negative, the phase of 2 lying 
either between ἐπ and m or between — ἐπ and — π. 

It may be shewn that the total number of zeros in this pair of quadrants 
is the even integer+ nearest to ν -- 4, unless ν — } is an integer, in which case 
the number is ν -- }. 


In the first place, there are no zeros on the lines arg z= + 7, unless ν -- ὁ 


* Proc. London Math. Soc. xxx. (1899), pp. 165—179. 
+ This is not the number given by Macdonald. 


512 THEORY OF BESSEL FUNCTIONS (CHAP. XV 


is an integer; for K, (re*™) = et K, (r) 7 πὶ I, (r), and, if both the real and 
the imaginary parts of this expression are to vanish, we must have 

cos v7. K,(r)=0, sinvr. K,(r)+aJI,(r)=0. 
Since the Wronskian of the pair of functions on the left of the equations is 
(7/7) cos νπ, they cannot vanish simultaneously unless cos yar = 0. 

_ Now consider the change in phase of 2" K,(z) as z describes a contour 
consisting of arcs of large and small circles terminated by the lines arg z = + 7, 
together with the parts of these lines terminated by the circular arcs. 
(Cf. Fig. 15 of §7°4.) 

If the circles be called Γ' and γ, their equations being | z|= R and | z|=5, 
it is evident that the number of zeros of K,(z) in the pair of quadrants under 
consideration is equal to the number of zeros of δ᾽ K,(z) inside the contour, 
and this is equal to 1/(27r) times the change in phase of z” K,(z) as z traverses 
_ the contour. 

Now the change in phase is 


arg (or Καὶ, (| Le arg {or Καὶ, (| 


A | arg (ov K, ey" + | arg (ω" K, (2) | 


As R-~o and 6~+0, the first two terms* tend to ὃπᾷν -- 5) and 0 
respectively, because when | z| is large or small on the contour, 
2 K,(z)~2te*V(4r), 2 B, (2) ~27T (v) 
respectively ft. 
The last two terms become 


Rexp(-si) 


δοχρί-- πὸ 


2 arc tan w cos vm. ἦν (7) " 


K,(r)+ sin vr. 1, (r) δ΄ 

Now K,(r) 1s a positive decreasing function of r while J,(r) is a positive 
increasing function, and so the last denominator has one zero if sin v7 is 
negative, and no zero if sin yz is positive. 

If therefore we take the inverse function to vanish when r—0O, its limit 
when r—s is arctan (cotvm), the value assigned to the inverse function 
being numerically less than two mnght angles and having the same sign as the 
sign of cos v7. 

Hence the total number of zeros of KX, (2) in the pair of quadrants in which 
R (z) is negative and | arg z|< 7 is 


y—4+ ~ arc tan (cot v7r), 


* This is evident from the consideration that the asymptotic expansion of § 7:23 is valid when 
largz|< 7m. 

+ The second of these approximate formulae requires modification when »=0. 

+ The two zeros of K, (z) are not very far from the points — 1-29 + 0-44i. 
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and the reader will find it easy to verify that this number is the even integer 
which is nearest to v — 4. 


When ν -- is an integer, Κὶ, (2) is a polynomial in ΖΦ multiplied by a 
function with no zeros in the finite part of the plane, and so the number of 
zeros for which ἢ (2) <0 is exactly ν — 4. | 


Next consider the portion of the plane for which 7 < arg 5 < 27. 


If we write 2 = Ce#**, we have 


K, (2) = — tre“ ¥" [Y, (C) +2 (1 + 2e%™) J, (0) I, 


and so K,(z) has a sequence of zeros lying near the negative part of the 
imaginary axis. The zeros of large modulus which belong to this sequence 
are given approximately by the roots of the equation 


tan (ξ -- ἐνπ — far) =—1 (1 + 2c"); 


it may be verified that they are ultimately on the right or left of the imaginary 
axis in the z-plane according as cos’ v7 is less than or greater than 4; 1.6. 
according as ν differs from the nearest integer by more or less than 3. The 
sequence does not exist when e?”** = — I, 1.e. when ν is half of an odd integer. 


There is a corresponding sequence of zeros near the line arg z = — ὃπ. 


15°8. Zeros of Bessel functions of unrestrictedly large order. 


The previous investigations, based mainly on integrals of Poisson’s type, 
have resulted in the determination of properties of zeros of Bessel functions, 
when the order ν is not unduly large. This is, of course, consistent with the 
fact that Hankel’s asymptotic expansions, discussed in Chapter Vii, are 
significant only when ν᾽ is fairly small in comparison with the argument of 
the Bessel function. 


The fact that Debye’s integrals of ὃ 8°31 afford representations of functions 
of large order suggests that these integrals may form an effective means of 
discussing the zeros of Bessel functions of large order; and this, in fact, proves 
to be the case*. Moreover, the majority of the results which will be obtained 
are valid for functions of any positive order, though they gain in importance 
with the increase of the order. 


We shall adopt the notation of ὃ 8°31, so thatt 


evi (tan 8--β) (ὦ Ὁ πί-ἐβ 
H,™ (ν sec B) = “—_—| 


: e~** dw, 


~ 0 —ip 
where — t= sinh w —w +7 tan 8 (cosh w — 1), and the contour in the plane of 
the complex variable w is chosen so that 7 is positive on it. 


* Watson, Proc. Royal Soc. xciv. a, (1918), pp. 190—206. 
+ We shall use the symbols z and » sec f indifferently when z >». 
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If w=u+, where u and v are real, u and v both increase steadily as w 
describes the contour, so that 


a0 π--β 
Ϊ 6σντ du, | e- dy 
= —8 


Hence, if we regard 6 as variable, and define 


οὐ + πὲ--ἰβ 
arg | 6." dw 


—-0-—78 
to be a positive acute angle when @=0, and to vary continuously with £, it 
will remain a positive acute angle for all values of 8 between 0 and ἐπ; and, 
moreover, by § 8:32, it cannot exceed ἀπ, since du/du < 4/3. 


are both positive. 


This positive acute angle will be called y, and then W will be defined by 

the equation 
W=v(tan8—8)+x—37. 
It is then evident that 
H, (v sec 8) = Me, 
where {#1 is positive (not zero); and 
J, (a) = ffl cos Ψ, Y,(e) = {WM sin V. 

If G, (x) = J, (x) cos a— Y, (x) sin a, 
it is clear that the only zeros of @, (2), greater than ν, are derived from the 
values of VY which make V + a equal to an odd number of right angles. 


It is easy to shew that VY increases with z, when ν remains constant. For 
we have 
γὼ) dV _ 2 ς 2/(rz) | (πα) 
J,(a)’ dx J?(a)+ Γῥ(") (x) 7 
Hence, as ὦ increases, V increases steadily, and so, to each of the values 
of VY for which 


Ψ = arc tan > 0. 


V=(m+43)r—-a@, 
corresponds one and only one positive zero of @, (). 


Next we shall prove that y is also an increasing function of 2. This is a 
theorem of a much deeper character, since the result of § 13°74 15 required 
to prove it; we thence have 


dy ay, ἃ (tan B—B) _ 2 /(ax) _M(e—v) 50 
dx + dx dx J,? (x) + Y,? (x) x 


From Hankel’s asymptotic expansion it 18 clear that 
lim y= lim [« -- ᾧ νπ -- ἔπ -- γ(α3 -- v*) + vare cos (v/a) + 47+ O0(1/z)] 
Ζ-"» 2 1» ὦ 


= λπ, J ( 
»(v) 
and so arc tan {- Τ᾽ | <x<jr, 


in which the expression on the left is a positive acute angle. 
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To form an estimate of the value of y when ν is large, we write 
J, (v)=— Y,(v) tany, ; 


hence, from § 8°42, we have 


lim ᾽ν = ἐπ, 
and, when ν is large, 
a ae: ἜΝ 
V3 29101 (4).(4)? 


so that, when ν is large, y, is an increasing function of ν. 


The following Table gives the sexagesimal measure (to the nearest half 
minute) of the angle whose circular measure is γν; 1t exhibits the closeness of 
Ὑ» to its limit, even when ν is quite small: 


8 10 12 οΌ 


Hole | af 8 ΕΣ 4.4 8 
28° 39) 29° 234’ | 29°38’ | 29° 45’ | 29°51’ | 29°54" 29° 564’ | 29° 574’ | 29° 58’ | 29° 583’ | 30° 


The table suggests that γν is an increasing function of ν for all positive 
values of ν; to prove that this is the case we need the theorem that 


ΑΥ̓͂, (ν) dJ,(v) 
dv dv 
and this inequality has already been established in § 13°74. 
We are now in a position to infer that @, (v sec 8) has a zero for which 


y(tan  -- β) +x = mm -- α, 


where m is any positive integer (unity possibly excepted); and therefore at 
the positive zeros of @,(vsec β), with the possible exception of the first, 
ν (tan 8 — 8) has a value between 


J, (v) — Y,(v) > 0; 


(m—})7—a and mr -- γν -ἰα, 
and the difference of these expressions(when ν is not small) slightly exceeds τς π΄. 


From the result of § 153 (10), it follows that the phase of H," (X) οἷς 
increases from α -- ἀπ to Ψ +aas X increases from 0 to any value exceeding », 
and so, if 0<a< 7, the number of zeros of @,(X )in the interval (0, x) is the 
greatest integer contained in (V +a)/7 +}. 


A simple theorem which may be noted here is that, when v? > , it follows from § 13°74 
8+n 
that, if δ is any positive number, | : 7 = αν decreases as ὃ is increased. This result 


shews that the interval between consecutive zeros of ¢, (x) decreases when the rank of the 
zeros is increased. 
A different proof of this theorem is due to Porter; cf. § 15°82. 
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15°81. The smallest zeros of J, (x) and Y, (a). 


It has been seen (8 15°3) that J, (@) and Y, (a) have no zeros in the interval 
(0, ν), when ν is positive, and it is fairly obvious from the asymptotic formulae 
obtained in ὃ 8:42 that they have no zeros of the form ν + 0 (v*) when ν is large. 


The asymptotic formulae which were quoted in ὃ 8.48 shew that, with the 
notation of § 15°8, 
Q(4» tan’ 8, D0 (4), 
Ρ(ν tan’ B, 4) 


where the inverse tangent denotes a negative acute angle. 


W=p(tan 8 — 8)—47+ arc tan 


Hence, at the smallest zero of J, (2), 


tan {ν (δῃ β -- β) -- ἔπ θᾳ|ν»}}---- Be eb. 


As 8 increases from Ὁ to ἐπ, the expression on the left increases from 
1+ O0(1/,/v), while the expression on the right decreases from 0°2679 to 0; the 
smallest root occurs for a value of @ for which ν (tan β — 8) lies between $7 
and ὅπ, so that 

ν (tan 8 — 8)=4y tan® 8 + Ο (ν- ὃ). 


Hence, if we solve the equation 


tan (ἔ -- 37) =— Q(€,3)/P (ξ, 4), 
the value of & so obtained is the value of ἀν tan* @ at the zero with an error 
which is O(v-!). The value of & is approximately 2°383447, and hence the 
smallest positive zero of J, (x) 18 
y+y! x 1855757 + O(1). 
In like manner, by solving the equation 


tan (ξ — 47) = — Q(, $)/P (E, 9), 
of which the smallest root is approximately &=0°847719, we find that the 


smallest zero of Y,(#) is 
y+ νὲ x 0931577 + O(1). 


The formula for the smallest zero of J,(x) has been given by Airey, Phi. Mag. (6) 
XXXIV. (1917), p. 198. Airey’s formula was derived by using Debye’s asymptotic expansion 
of ὃ 8.42 for J, (4) when x has a value such that 

x—v=0 (v4) £0 (vs). 

For such values of the variables, it has not been proved that Debye’s expansion is valid, 
and although Airey’s method gives the two dominant terms of the smallest zero of J, (7) 
correctly, the numerical result which Airey gives for the smallest zero of J,’ (5) is not the 
same as that of § 15°83. The reason why Airey’s method gives correct results is that J, (v+¢) 
is expansible in powers of ζ so long as ¢ is o(v), and in this expansion it is permissible to 
substitute Debye’s formulae for J, (v), J,’ (v), Jy” (v), ..-- 


A formula for the smallest zero of J_,(#) was given by Airey. This zero may lie any- 
where between 0 and the smallest zero of J, (4), according to the value of v. 
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It does ποῦ seem to be possible to make further progress by the methods used in this 
section. We shall now make a digression to explain the methods of Sturm (which have 
been applied to Bessel’s equation by various mathematicians), and we shall then give an 
investigation which leads to the fascinating result that the two expressions which, in this 
section, were proved to be 0(1) are in reality O (ν —+), so that approximations are obtained 
for the smallest zeros of J, (x) and Y,(x) in which the errors are Ὁ (ν ὃ), i.e. the errors 
become negligible when » is large. | 

[Norgz. An elementary result concerning the smallest zero of J, (2) has been obtained 
from the formula of § 5°43 by Gegenbauer, Wiener Sitzungsberichte, CX1. (2a), (1902), p. 571; 
if »=v+e where 0<¢ <1, then the smallest zero of Jo,,. (2) is less than twice the smallest 
zero of J, (x), because, for the latter value of x the integrand cannot be one-signed. | 


15°82. Applications of Sturm’s methods. 


Various writers have discussed properties of Bessel functions by means of 
the general methods invented by Sturm* for the investigation of any linear 
differential equation of the second order. The results hitherto obtained in 
this manner are of some interest, though they are not of a particularly deep 


character, and most of them have already been proved in this chapter by 
other methods. 


The theorem which is at the base of the investigations in question 1s that, 
given a differential equation of the second order in its normal form 


du | 
de + I uU= 0, 
in which the invariant 7 is positive, then the greater the value of J, the more 


rapidly do the solutions of the equation oscillate as x increases. 


As an example of an application of this result, we may take a theorem due to Sturm 
(ibid. pp. 174—175) and Bourget, Ann. sci. de l’Ecole norm. sup. ut. (1866), p. 72, that, if 
νὃ — 4 be positive and ὁ be any zero of G, (x) which exceeds ./(v? -- 2), then the zero of G, (7) 

se | πὸ 
which is next greater noon c does not exceed + ao yith) ‘ 

This result follows at once from the consideration of the facts that the function 
a? @, (x) is annihilated by the operator (§ 43) 


τὶ + ( = = = ) ᾽ 

and that, when «Ὁ 6, ΞΡ ἐς» cots 

A slightly more abstruse result is due to Porter, American Journal of Math. xx. (1898), 

pp. 196—198, to the effect that, if »* >} and if the zeros of G, (x), greater than ,/(v? — 4), 

in ascending order of magnitude are ¢, cz, cs, ... then c,,1—¢, decreases as 7 increases. 
This has already been proved in ὃ 15°8 by another method. 

Other theorems of like nature are due to Bécher, Bulletin American Math. Soe. ττι. 


(1897), pp. 205—213; vir. (1901), pp. 333—340; and to Gasser, Bern Mitthelungen, 1904, 
pp. 92—135. 


* Journal de Math. 1. (1836), pp. 106—186; an account of recent researches on differential 
equations by Sturm’s methods is given in a lecture by Bécher, Proc. Int. Congress of Math. 1. 
(Cambridge, 1912), pp. 163—195.. 
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15°83. Applications of Sturm’s methods to functions of large order. 


We proceed to establish a number of results concerning cylinder functions 
of large order which are based on the following theorem of Sturm’s type: 


Let τὰ (4) and τ (4) be solutions of the equations 


d?u, ad? u, 


qa thu=9, da? 


+ 1,u.=0 


such that, when x =a, 

τ (ἃ) = τῳ (a), τιχ (α) = Uy (a), 
and let I, and I, be continuous in the interval a <2 <b, and also let u, ‘(x) and 
Us (x) be continuous in the same interval. 


Then, if 1,>I, throughout the interval*, | | Us (x) | exceeds iu, (x)| so long as 
ax hes between a and the first zero of u(x) tn the interval, so that the first zero 
of τὰ (x) in the interval is on the left of the first zero of τις (a). 


Further, of wu; (a) has the same sign as u,(a), the first maximum point of 
| Uy (x) | in the interval is on the left of the first maximum point of | u(x) |, and, 
moreover 

max | 1 (2) < max | u(x) |. 


To prove the theorem, observe that, so long as τὴ (x) and u, (x) are both 


positive, 
᾿ A? Uy a - - 
* da? 


and so, when we integrate, 
du, du, 
E de ἢ ἘΝ »0. 


Since the expression now under consideration vanishes at the lower limit, 
we have 


= (J, — 12) mu, > 0, 


duty _ 4, 31 
(1) a Ὡς 2 > 0. 
Hence we have 
d (μι) » 0, 
dx 


and therefore 


z 
Η >0, 
: Uy Ja 
that 1s to say, 


μς(4). τ(α) a 
(2) eG) aa) 


* To simplify the presentation of the proof of the theorem, it is convenient to change the signs 
of τῷ (x) and τ (z), if necessary, so that τῷ (x) is positive immediately on the right of z=a; the 
signs indicating moduli may then be omitted throughout the enunciation. 

+ The theorem is practically due to Sturm, Journal ge Math. 1. (1836), pp. 125—127, 145—147, 
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It follows that just before u,(x) vanishes for the first time u,(z) is still 
positive, and it has remained positive while 2 has increased from the 
value a. 


The first part of the theorem is therefore proved. 

Again, if τω (α) is positive, as well as τ (a), then u,(x) must have a maximum 
. before it vanishes, and at this point, μι, we have from (1) 

Uy (fa) μῳ (fa) 0, 


so that τς (μι) is positive and τς (x) must be positive in the interval (0, «,). 
Therefore the first maximum point μς of τ (5) must be on the nght of μι. 


Finally we have 
MAX th, (2) = Uy (μι) < Us (μι) < Us (My) = MAX Up (x), 
and the theorem is completely proved. 


When two functions, u,(a).and τῳ (2), are related in the manner postulated | 
in this theorem, it is convenient to say that u, (a) 1s more oscillatory* than | 
u,(x) and that τ (2) is less oscillatory than u, (ὦ). 


We shall now apply the theorem just proved to obtain resultst concern- 
ing 7, (4) and Y,(x) when ν is large and ὦ; -- ν is O(»t). Our procedure will 
be to construct pairs of functions which are respectively slightly less and 
slightly more oscillatory than the functions in question. | 


In the first place we reduce Bessel’s equation.to its normal form by writing 
x= ve’; we then have 


(8) E +18 (e9— 1)| @, (vet) =0, 


A fanction which is obviously slightly less oscillatory than @, (ve) for 
small positive values of θ is obtainable by solving the equation 


(4) E a + 240 | w= 0 "τε 
since 6390 —1 Σ 20 when 03 0: 
The general solution of (4) is 


u= a, ( 


ca 


and the constants implied in this cylinder function have to be adjusted so 
that u and its differential coefficient are equal to @, (ve®) and its differential 
coefficient at 6=0. 


* The reason for the use of these terms is obvious from a consideration of the special case in 
which I, and 1.) are positive constants. 

+ These results supersede the inequalities obtained by Watson, Proc. London Math. Soc. (2) 
xvi. (1917), pp. 166—169. 
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It follows that a function which is (slightly) less oscillatory than @, (x), 
when 2 > », 18. | 
23» θὲ ; Φὲν θὲ 
(26) μο ἀν» σ (ἘΞ) ταν OS (= )| 7 

We now endeavour to construct a function which is (slightly) more oscil- 
latory than @,(z), in order that we may have @,(2z) trapped between two 
functions which are more easily investigated than @, (2). 


The formula for the less oscillatory function, combined with the result 

stated in § 8:43, suggests that we should construct a function of the type* 
Vib (O)/W' (8)} Gy ἰνψ (θ)}, 

where (0) is a function of @ to be determined. It might be anticipated 
from ὃ 8.48 that the suitable form for 4 (@) would be 4 tan’ 8, where sec B =e! ; 
but it appears that this function leads to a differential equation whose solution 
is such that its degree of oscillation depends on the relative values of v and 6, 
and we are not able to obtain any information thereby. 


The invariant of the equation determined by 


Vib OY O)} By fr (8) 

is known to be (§ 4°31) 

ly") 8 {vr uly Ri aly δ δ) 

a οἰ δεν a ν᾽ {ψ΄ (θ}}" 

BVO) SOS 86 γ (6), Th O 
and it is requisite that this should slightly exceed v?(e*—1). Itis consequently 
natural to test the value of x (6) which is given by the equations 

y' (0) = ν(ο" -- 1} (0) ΞΟ, 

by determining whether, for this value of ἡ (9), 


ΠΣ ἐς ὦ}; ΤΊ 


2 ψ΄ (0) 4ιὙ΄(θ) ¥ (θ) 

When we replace 65 by sec 8, we find that 

y’ (8) = tan B, Ψ (0) = tan 8 — β, 

ar on mg, . . 3:0052β 
yy” (@) = sec BcosecB, wW'" (8) = tan 8 sin? 38’ 
and hence we have to test the truth of the inequality 
: sin? 8 
(5) 3 (tan 8 — 8) < ™~ cos? oe V(1 + 1 tan? 8) 

| sin? 8 
Now dB 3 (tan β — β) -- - Ὁ + } tan? Ἢ 


is negative when tan? 8 « /24—3, and it is positive for greater values 
of tan? β. 


* The multiple of the cylinder function is taken so that the product satisfies a differential 
equation in its normal form; cf. § 4°31 (17). 
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Hence, since (5) is true when 8 = 0, it is true when 0 < 8 < Ay, where fy 
is a certain angle between arctan ./{/24—3} and ἀπ The sexagesimal 
measure of 8, is 59° 39’ 2427. 

Proceeding as in the former case, we find that the function 

νί8 — βοοῦ B)} . [I (3) (ut 7, (v) J-4 fv (tan  -- β}} 
ὁ ΓΑ) dr) Sv) Jy {v (tan B — 8)}] 
is slightly more oscillatory than J,(vsec 9), so long as* O< B< Ay. 

We can now obtain an extremely important result concerning the smallest 
zero of G,(x) which is greater than v; for let 4A,? be the smallest value of & 
which makes 

lr (3) ἀν} @, (ν) J_4(E) + Γ() ἀν} G,' (v) Ja (E) 
vanish. Then both of the equations 
20 =r,7/v#, v(tan 8 — 8) =}),3 
give e=yt pr/v! + O (v7). 
Since, by Sturm’s theorem, the zero of @, (a) lies between two expressions of 
this form, we see that the value of the zero of @, (x) which is neat greater than v 
ws expressible in the form ) 
vy+4r,2v4 + Ο(ν ὃ). 

When @,(z) is equal to J,(z) it is easy to verify from a Table of Bessel 

functions of orders + ἃ that 
A, = 1926529 + O (ν ὃ), 

and so the smallest zero of J, (x), when ν is large, is 

y+ vt x 1855757 + Ο (ν 3"). 
In like manner, the smallest zero of Y,(z) is 

y+vt x 0931577 + O (ν" ὃ). 
The first maximum of J, (z) may be obtained in a similar manner, by differ- 
entiatingt the two expressions constructed as approximations. 

The result is that if ὁ μιν" is the smallest value of ξ which makes 

DP (3) (ἀν) J, (v) Ja (ξ) — Γ( (hn) SL’ (v) Ja (E) 
vanish}, then the first maximum of J, (@) is at the point 


y+ty,7vt + Ο (ν ἢ), 


ν + vi x 0808618 + Ο(ν- ἢ. 


The first maximum of the function FY, (x) cannot be treated in this manner because its 
first maximum is on the right of its first zero; this follows at once from ὃ 15:3, because 
Y,(#) increases from -- οὐ to 0 as x increases from 0 to the first zero. 

For an investigation of the maximum value of J,(x) gua function of » the reader 
should consult a paper by Meissel, Astr. Nach, oxxvutl. (1891), cols. 435—438. 


1.6. at the point 


* This restriction is trivial because we have to consider values of 8 for which νββ is bounded; 
i.e. small values of β. 

+ The permissibility of this follows from the second part of Sturm’s theorem just given. 
. ἢ This value of ¢ is approximately 0-685548. 


CHAPTER XVI 
NEUMANN SERIES AND LOMMEL’S FUNCTIONS OF TWO VARIABLES 


16°1. The definition of Neumann serves. 


The object of this chapter and of Chapter xvii is the investigation of 
various types of expansions of analytic functions of complex variables in series 
whose general terms contain one or more Bessel functions or related functions. 
These expansions are to some extent analogous to the well known expansions 
of an analytic function by the theorems of Taylor and Laurent. The expansions 
analogous to Fourier’s expansion of a function of a real variable are of a much 
more recondite character, and they will be discussed in Chapters XVIII and XIX. 


Any series of the type 
Σ Andyin (2) 
n=0 


is called a Newmann series, although in fact Neumann considered* only the 
special type of series for which ν is an integer; the investigation of the more 
general series is due to Gegenbauer Τ. 


To distinguish these series from the types discussed in ὃ 16°14, the description ‘ Neu- 
mann series of the first kind’ has been suggested by Nielsen, Math. Ann. Lv. (1902), p. 493. 


The reader will remember that various expansions of functions as Neumann 
series have already been discussed in Chapter v. It will be sufficient to quote 
here the following formulae : 


= 2n). I 
hepa Σ (6 559. (6 Ἐπὶ 7, (2), 


J(z+t)= aoe Tn (t) Fen (2), 


J, 5:15) -- ὃν Γᾷ(ν ) > “ξεν 5) (2) _ J y4-m (2) Cy ” (cos Φ), 


(Ὁ Ἐ πο) 7 


where a? = Z? +. 2? — 2Zz cos ἐπ 


We shall first discuss the possibility of expanding an arbitrary function 
into a Neumann series; then we shall investigate the singularities of the 
analytic function defined by a Neumann series with given coefficients; and 
finally we shall discuss the expansions of various particular functions. 

For a very general discussion of generalisations of all kinds of series of Bessel functions, 


the reader may consult memoirs by Nielsen, Journal ftir Math. cxxxu. (1907), pp. 138— 
146; Leipziger Berichte, x1. (1909), pp. 33 —61. 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 33—35. 
+ Wiener Sitzungsberichte, uxxtv. (2), (1877), pp. 125—127. 
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Various expansions of types which resemble Neumann’s (other than those given in this 
chapter) are due to H. A. Webb, Phil. Trans. of the Royal Soc. cctv. (1905), p. 487 and 
Nielsen, Aéttd della R. Accad. det Lincei, (5) xv. (1906), pp. 490-—497. 


16°11. Newmann’s expansion* of an arlitrary function in a series of Bessel 
coefficients. 

Let f(z) be a function of z which is analytic inside and on a circle of 
radius R with centre at the origin. If C denotes the contour formed by this 
circle and if z is any point inside it, it follows from Cauchy’s theorem that 


f= ga [ PO αι 


i. Se, On (6). Sn (2); 
n=0 


t—z 


Now, by 891, 


and this expansion converges uniformly on the contour. It follows at once 
that 


(1) fe)= Σ anJn(@) 
where ᾿ 
(2) tin = 2 | F(t) On(t) ae; 


and this is Neumann’s expansion. 
If the Maclaurin expansion of f(z) is 


“)- Σ bye", 
n=0 


we see that 
Soo vil On a > δρῦν dt 
πι m=0 
a , Qn-2m ‘ms (0=m=1) (2 > 1) 
m=0 m: 
and so 
Ay = by, ' 
(3) An = 71 Σ arr cc == u's On—2m- (n 21) 


This result shews that the Neumann series corresponding to a given function 
assumes a simple form whenever a simple expression can be found for the sum 
φ on—an (n—m—1)! 
m=0 m! 
The construction of the Neumann series when the Maclaurin expansion is 
given is consequently now merely a matter of analytical ingenuity. 


bn—om- 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 33-35. See also Konig, Math. Ann. 
νυ. (1872), pp. 3388—340. 
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16°12. Neumann’s* analogue of Laurent’s theorem. 


Let f (2) be a function of z which is analytic and one-valued in the ring- 
shaped region defined by the inequalities 3 


r<|z\|<f. 
Let C and c be the contours formed by the circles 
|z|=8, |z|=7, 
both contours being taken counter-clockwise; then, if 2 be a point of the region 
between the nee we have 
t) dt t) dt 
70)- ari miler ΓΞ ἘΞ 


δε.) [7 On (dt +B δ 0.) [ FO In ate 
Canes f ee is expansible in the Ἔν 


(1) f(2)= Σ Andy (2) + Σ ay Ο, (2), 
where i 
(2) tn = 5 | SF) On(t) a αν = ΕΣ | SOIn ae 


If the Laurent expansion of f(z) in the annulus is 
f(2)= Σ bash = _ 
n=0 n= 
we have, as in §16:11, 


a= 0᾽ 
ΩΣ i an Σ᾽ 2. τ (6  πὸ-- 1)} ns (n>1) 
m=0 ™: 
(4) iis (a 


δ ml (nt mi emt 


16°13. Gegenbauer's generalisation of Newmann’s expansion. 

By using the polynomial A,,,(t) defined in §9-2, Gegenbauer+ has 
generalised the formula given in § 16°11. 

If f(z) is analytic inside and on the circle | z|= R, and if C denotes the 
contour formed by this circle, we have 


“γώ πες, 72" 
1 
“πὶ Az, Σ Sein (2) Ann OLS dt, 
and so 
(1) 2” f(z) = Σ Ond vin (z), 


* Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 36—39. 
+ Wiener Sitzungsberichte, yxxtv. (2), (1877), pp. 124—130. See Wiener Denkschriften, xiv111. 
(1884), pp. 298—816 for some special cases of the expansion. 
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where 
ἃ) ἀν = 5 [Κῶ 4... dt 


provided only that ν is not a negative integer. 
If, as in §16:11, the Maclaurin expansion of f(z) is. 


f (2)=. Σ sone 
then 


(3) An =(v +7) ¥ Qvin—am αὐ τ Bn-am 
m=0 . 


Neumann's expansion of § 16°12 may be generalised in a similar manner. 


16°14. The Neumann-Gegenbauer expansion of a a function ¢ as a serves of 
squares or products. 


From the expansion of ὃ 9:5, namely 
gute 
aes = Ba, u,v (t) μη,» (2) J, γᾷ (2), 


t—2 
which is valid when | z|< | a we can at once infer that, if f(z) is y @nalytic 
when | z|<7, then the expansion 


4) 251» f(z) Ξ = On Dusan (2) Jr san(2) 
is valid when |z|<7r, and the onficion are given by the formula 
(2) ἀντ ας [70 Brine) dt 


C being the contour formed by the circle [Ζ.Ξν. This expansion is due to 
Gegenbauer* ; an expansion closely connected with this, namely that 


(3) ks an’ Ini (2), 
where 
(4) On =a] οὔ (Ὁ Ὡ. (ὃ αἱ, 


and Ω, (ἐ) 15 Neumann’s second κε ald (8. 9.4), is valid provided that f(z) 
is an even analytic function; this expansion was obtained by Neumann t. 


Gegenbauer’s formula has been investigated more recently by eas Nouv. Ann. de 
Math, (4) τι. (1902), pp. 407—410. 


A type of series slightly different from those previously considered 18 
derived from the formula of § 5°22 (7) in the form 


o a2 T+) 3 22" 7,0), 


* Wiener Sitzungsberichte, Lxxv. (2), (1877), pp. 218—222, 
+ Math. Ann. 111. (1871), p. 599. | 
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which shews that 


(6) Σ dyertr= Σ αν (8 2} τὴ Tyoan (2) 
n= n=0 : 
where 
<hn Dvtn—am ΙΝ ἜΜ 
(6) aS s gren—m Ὁ (ἐν Ἐ ξη -- τὰ Ἐ 1) Bis ues 


ix ; m! 


Expansions of this type have been the topic of a detailed investigation by 
Nielsen *. 


16°2. Pincherle’s theorem and its generalisations. 


Let > Qn Jy4n(z) be any Neumann series, and let the function defined by 
this series and its analytic continuations be called /(z). 


Let also 


ἀᾳ (8.2) 
= TPotndi =! O*. 


The function defined by f(z)y and its analytic continuations will be called 
the associated power series of f(z). | | 


The Neumann series converges throughout the domain in which 
lim V|{an Jy4n(2)}| «1, 


and this domain is identical with the domain in which 


ae (ἢ αᾳ (1. 2)» 5 
tim δ Γ(ν-Ἐπ 1) ile 


by Horn’s asymptotic formula (§ 8:1). 
It follows that a Neumann series has a circle of convergence, just like a 


power series, and the circles of convergence of a Neumann series and of the 
associated power series are identical. 


The theorem that the convergence of a Neumann series resembles that of 
a power series is due to Pincherlet; but it is possible to go much further, 
and, in fact, it can be proved that f(z) has no singularities which are not also 


singularities of f(z)y. 
To prove this theorem, we write 


ao An (42) = 
ὩΣ CT vtn+4) ΓᾺ) $ (2) 


* Nyt Tidsskrift, 1x. (B), (1898), pp. 77—79. 
+ Bologna Memorie, (4) 111. (1881), pp. 151—180; see also Nielsen, Math. Ann. tv. (1902), 
pp. 493—496. 
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and then, inside the circle of convergence™*, 


, at 
fle)= | 00s ea ag Ξ τῆ: 


From the theory of analytic continuation it follows that, if ¢(z) is analytic 
for any value of z, so also is f(z), provided that the path of integration is suitably 
chosen; and so all the singularities of f(z) must be singularities of ¢ (2). 


Now the series defining ᾧ (2) may be written in the form 


22” ao An Cv+n+ 1) in 
πο TP (vtn+1)Cvtnt4) ’ 


and a theorem due to Hadamard+ states that, if 
F, (z)= Σ 6,2", FF, (z)= Σ ὑπ 2}, 15 (2) Ξ Σ bnCn2", 
n=0 n=0 n=0 


then all the singularities of F(z) are expressible in the form By, where β is 
some singularity of F(z) and γ is some singularity of F, (2). 


Since the only finite singularity of the hypergeometric function 


oT (y+ n+1) 9 
a=ol' (ν Ἐπ: 5) 


is at the point z = 1, it follows that all the singularities of ¢ (2) are singularities 
of f(z)x; and therefore all the singularities of f(z) are singularities cf f(z)y; 
and this is the theorem which was to be proved. 


The reader should have no difficulty in enunciating and proving similar 


theorems} connected with the other types of expansions which are dealt with 
in this chapter. 


16°3. Various special Neumann series. 


The number of Neumann series, in which the coefficients are of simple 
forms, whose sums represent functions with important analytical properties is 


not large; we shall now give investigations of some such series which are of 
_ special interest. 


By using the expansion 


(δ — 25 cos 20 + 1)-*t= Σ {-2n-2 P,, (cos 28), 


n=O 


* It is assumed that R(v+4) is positive; if not, the several series under discussion have 
to be truncated by the omission of the terms for which R (v+n-+4) is negative, but the general 
argument is unaffected. 

t Acta Math, xxu. (1899), pp. 55—64; Hadamard, La Série de Taylor (Paris, 1901), p. 69. 


+ For such theorems concerning the expansion of § 16-14, see Nielsen, Math. Ann. ται, (1899), 
p. 230 et seq. 
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Pincherle* has observed that 

= 1 f+) exp {42(t—1/t)} dt 

ὅν (2) Pn (008 26) πὶ V(t — 215 cos 20 + 1)’ 
where the contour lies wholly outside the circle |¢|= 1. 
If now we write $(¢—1/t)=w, so that the contour in the w-plane is a 

(large) closed curve surrounding the ων we find that 

e O+) evdw 

Σ ΞΟ τοῖς Eee enna Dac one eer ΗΕ 

a 5 πη Oren) in ν᾽ {(?+ 1) (w?+ sin?6)} ’ 
and so we obtain the formula 


(0+) 


(1) = “νη (2) Pn (cos 26) =_- [ e 20st dy = : ΓΝ Νὰ e~tzeindene dy, 


where the modulus of the elliptic function is sin @. 
The interesting expansion | 
ὦ) 8) = Σ Ἐπ ay BERT R 
X {Jovan (2) + Sov+inte (2)} 
has been given by Jolliffe+, who proved that the series on the right satisfied 
the same differential equation as J,?(4z). This expansion is easily derived as 


a special case of 8116 (1), but the following direct proof is not without 
interest : 


By Neumann's formula (§ ie we havet 

τ (2 /t) dt 

J, 2 
GT Jo VEO) 

and, if we a ὦν (5 4/t) into the series 

(ὃν + 2η1- 1) Γ (2v+m+1) 
“»(σγὴ-Ξ ἊΣ 2 Orel). 
| x Ff (-- πὶ, 2v+m+1; 2v+1; t) υρνμν (2), 
we find on integration that 


eens Olan T av-vemes (2), 


Jy (42) = Σ 


* Bologna Memorie, (4) vut. (1887), pp. 125—148. Pincherle used elliptic functions of modulus 
éosec θ in his result. 

+ Messenger, xuv. (1916), p. 16. The corresponding expansion of σῇ J,—3 (42) Jv (42) was obtained 
by Nielsen, Nyt Tidsskrift, 1x. 8, (1898), p. 80. 

t If R(v+4)<0, we use loop integrals instead of definite integrals. 
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where 


_ T(Qv+m+l) 


1 
anes Se ς΄ ν--ἰ ..͵1))γ joe : : 
On = miT Grip let (1 —t)? ἢ (- m, 2v+m+1; 2v+1; t)dt 


1 1 m wore (1 ate ty™} 
= ------.-. —v—} φῶς —} eee, ry 
- [i (1-2) me dt 


eo aan re non {ttl -- ty} 
Ξ τ ἢ ἐμὰ τ at™ 


by m partial integrations. 


dt, 


It follows that a,, is the coefficient of h™ in the expansion of 
rl 
2 [le ene — Qj (Ltt at τ. ναι 
0 


in ascending powers of h; and this expansion is absolutely convergent when 
JA; <1. 

If we write = 
we find that 


Σ agh™ = ἢ i ‘(1 — λα — δησπῖᾳ — 4 (1 + tt 
0 


m=0 
1 
mee | uv (1 —u)-4 (1 — ρων) du. 
Ww JO 
It is now evident that den+, = 0 and that 


Π11.8.... (ξπ --1) Pigs τ = os 

αν, ae eer ee a i 
_ 1 1.8...(2n-1) Pwt+nt9)Pd) 
or” 2.4... (Qn) Ciyt+n+1) ’ 


and this formula at once gives Jolliffe’s form of the expansion. 


16°31. The Newmann series summed by Lommel. 


The effects of transforming Neumann series by means of recurrence 
formulae have been studied systematically by Lommel*; and he has suc- 
ceeded by this means in obtaining the sums of various series of the type 
in which a, is a polynomial in n. 


Take the functions 


[Sem (z)= Σ ὦ + 2n +1) αι (ν + 2n + 1) να (2), 


| By m (2) = > (ν + 2n + 2) fama (v + 2n + 2) Sr 5»... (2), 
n=0 
where fi, (v) is a function to be determined presently. 


* Studien tuber die Bessel’schen Functionen (Leipzig, 1868), pp. <6—49. 


ὅ80 | THEORY OF BESSEL FUNCTIONS [CHAP. XVI 
By the recurrence formula we have 
ς ΟἿΣ 
(1) 3 Sym (2) = | Σ Jom (v + 2n +1) {Jrgon (2) + Svsents (2)} 
= fom (v +1) J, (2) + 24m (2), 
provided that fin (v) satisfies the equation of mixed differences * 
Fam (v + 2n +3) + fom (v + 2n +1) = 2 (ν + 2n + 2) foma (Ὁ + 2n + 2). 
A solution of this equation 1s 
Γ (ἄν +4m +1) 
— Fmt 
Fin (v) = 2 : Γ(ν -- $m) 5 
We adopt this value οὗ /,,(v) and then it is found by the same method that 
2 
(2) Ζ ὅδν,νι (2) = — fama (ν) Iva (2) + 2H, m— (2). 
Hence it follows that 
Ay m (z) = $2fom (ν + 1) J, (z) = 32° fom—1 (v) J141 (2) + 2H, m—1 (2), 
and 580 -Ay,m (2) = 2™ Σ {hz fon (v - 1) ἡ, (2) 


— $e fina (v) Togs (2)} + 2°? Shy, (2). 
Therefore, since 


90 1 [ΓΖ 
οὖ, a()= Σ Sosanss (2)= 5 | So αι, 
n=0 0 


we have 
(3) = (y+ 2n +1) eee J +onts (2) 
= (}eymt2 Ἰ: J, (t) dt + J, (2) {= mee He tnt 4 (he prs 


— S441 (2) 12 =A ree ΤῈ (eyes 


and ner from the expression for &,, m (2), 


TD (tgv+n+m + 3) 
Ταἄνεπεπτ ἢ 


= (dey |" Jy (t) dt + εἶ; (2) ΓΞ ΚΟΤΕ πεὶ (dem 


(4) Σ w+ 2n +2) 


I'(4v + n+ 3) sik et} 
- ΩΣ ΣΤ ν πε 2 Ϊ᾿ 


* Recent applications of Neumann series to the solution of equations of mixed differences are 
due to Bateman, Proc. Int. Congress of Math. τ. (Cambridge, 1912), pp. 291—294. 
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The potentialities of the other recurrence formula 
QJ, (2) —=vy—-1 (2) —J,, 1 (2) 
were also investigated by Lommel, but the results are not so interesting. As examples of 
his expansions the reader may notice that 


; (n+m—1)! 2m) 
am Σ' (n- m)! aren 


(2)=(2m—1)! J, (2), 


on+1 ς (+m)! ,em+4) 7.) _fam)t 
2 Σ Ge ma ἜΝ. (2) =(2m) ! J, (2). 


These results were given by Lommel, though his formulae contain numerical errors. 


16°32. The Neumann series summed by Kapteyn. 


The sum of the series 


nn (2) Jn (a) 


i 


is expressible as the ἘΝ 
* J, (z—0) es : 
ae | ey Jo (a—v) dv; 


the sums of the alternate terms of the series have been expressed by Kapteyn * 
in the form of integrals from which this integral may be deduced, and 
conversely Kapteyn’s formulae may be deduced from this integral. 


We proceed to establish thie result by a simplified form of Kapteyn’ 8 
methods. 


The series may be written in the formt 
(+) c+) © sta ee 
ie Σ (J. n—1 (2) +I ng (2)} dn (a) = at | | Σ τ +07") yu 


n= 


x exp ἣν ( -ἢτμ (u- .} dudt 


mae Leena? (#4) τίς τ Κάναι 


where the contours may be taken to be the circles | u|=1, {é; =A >1. 


Now, let 
0 
a [ἢ - τ τι &xP μα (u— Ἴ) du. 


Then, if m= 4(¢—1/t), we have 
- +mI= | G + ἢ éxp {he (u 2 ) du=4{J, (a) -- J; (a)/t}. 


* Nieuw Archief voor Wiskunde, (2) vir. (1907), pp. 20—25; Proc. Section of Sci., K. dkad. 
van Wet. te Amsterdam, vit. (1905), pp. 494—500 ; Kapteyn has subsequently summed other series, 
ibid. χιν. (1912), pp. 962—969. 

+ The interchange of summation and integration is permissible so long as | tu|>1, where t, u 
are any points on the contours. 
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Therefore, on integration, 


T= Cem +5 | “ermine 00.) ~ J, (w)/t} do, 


where C is independent of a. By taking a =0, we see that C=1/¢ 
Hence we have 


Σ᾽ Ae de i 2+ 1 


Q7ru 


exp i} ( --α) (: Ξ ἢ) 


+5 [exp {a(e—a4 0) (- δ} (0) Ji oy} αν] αἱ 


-; [Jo(2z—-a+v)+J,(z2—a+v)] 9 (0) do 


the majority of the terms having a zero residue at ¢ =0 


Consequently | 
= nJn (2) In (ay=5 | “iG — 2”) Jo(0) de 
that is to say 
°J,(z—) 
(1) Σ πῶ, (2) In ()--ξ 


υ) 
Paar J, (a — v) dv. 
If we select the odd and even parts of the functions of z on each side of 
this equation, we find that 


(2) = (2n + 1) Sensi (2) Joni (4) 


ee J, (2 -- "ἡ ὦ, (2+) ᾿ 
-: [18 ra ay f Jota v) dv, 


which is one of Kapteyn’s formulae; and 


ὩΣ 2n Jon (2) Jon (a) =4 AS) )_ seta 


2--ἃἥὲ Ζτα 


ia ja S— 9) EE F(a —a)do 
4Jyo | 2--υὺἡ z+uv : 


2 [5 (9ω(2 +) J,(z—v) 
=i. { = 


οἷ, (α = v) dv, 
Z+V z—v 
when we integrate by parts. 


Hence it follows that 


(3) 2 2nJan (2) Sin (4) =F ἫΝ dt [ {ae net’, +24 a *)} Jy (t — v) αὖ, 
which is the other of Kapteyn’s results 
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The reader should have no difficulty in proving by similar methods that, 
when £ (v) >0, 


Z2=— VU 


(4) Σ Ὁ +n) Jysn (9) Joan (a) = va)? Ι: yee =) Jy(a—v) dv 


J, (2 — v) _ 
Ἐπ an J, (a —) dv. 


Ζ-υ 


16°4. The Webb-Kapteyn theory of Neumann serves. 


Neumann series have been studied from the standpoint of the theory of 
functions of real variables by H. A. Webb*. His theory has been developed 
by Kapteyn+ and subsequently by Bateman{. The theory is not so im- 
portant as it appears to be at first sight, because, as the reader will presently 
realise, it has to deal with functions which must not only behave in a 
prescribed manner as the variable tends to + ©, but must also satisfy an 
intricate integral equation. In fact, the functions which are amenable to the 
theory seem to be included in the functions to which the complex theory is 
applicable, and simple functions have been constructed to which the real 
variable theory is inapplicable. 


The result on which the theory is based is that (§ 13°42) 


τ ἀξ (0 (m Ξ: Ἢ), 
Ι: εἴν (t) εἴων οι (t) t " ἰὼ; ae 2) (m ΜΒ n), 
so that, if an odd function f(x) admits of an expansion of thé type 
J (2) = = Aonti Fonts (2), 


and if term-by-term integration 18 permissible, we have 
a dt _ Gant 
[70 Ian OF = PE. 
We are therefore led to consider the possibility that 


(1) Fe) = Σ (An +2) Tangs (0) | BO κα; 


and we shall establish the truth of this expansion under the following 
conditions : 


(I) The integral 
[Pr@ae 
0 
exists and 1s absolutely convergent. 


* Messenger, xxxt11. (1904), p. 55. 
+ Messenger, xxxv. (1906), pp. 122—125. 
t+ Messenger, xxxyi. (1907), pp. 31—37. 
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(II) The function f(t) has a continuous differential coefficient for all 
positive values of the variable which do not exceed x. 


(III) The function f(t) satisfies the equation 
° J; 
(2) of = [HO γὼ τὸ τ foo} do 

when t does not exceed x. 

We now proceed to sum the series 

S= 3 (ἀπ 2) μα) ᾿ “mis (8) dt, 
and we first interchange the order of summation and integration. It is evident 
that 
= Fonts (2) {Sen (Ὁ + Sante (Ὁ)} 

converges uniformly deh aa to ¢ for positive (unbounded) values of f, 
since | Jon (t) | <1 and 2! Jmn4,(x) | 1s convergent. Hence, since f(t) possesses 


an absolutely convergent integral, we may effect the interchange, and then, — 
by § 16:32, 


S= [ΩΤ (ἀκ τ 2) Janes (0) Jenn OFF 


ες" ΠΩ] Ἔ 9) AEE! J, (@— 0) dod 


| J\(t—v) ὦ, (t+) 
itd t—v τ ἐψφυ | Jo(e 0) f(t) ἀνιᾶν 


rie RO) b= Ἧ 


«ς΄ AC ΓΞ Avs eg Ὁ)... γ( -- 9}} dtdo 
+ ᾿Ξ o)| ol a 
0 0 
We now transform the last integral by using § 12:2, and then we have* 
[1 (x —v) f(v—t) Ae dtdv 
= [Pima fe—w 0 ded 
oJ 0 
= [Aw f@-) du 
0 Γ 
= (5) -- [σι 7 ὦ-- ἡ du, 


* The first transformation is effected by writing 
v=zr+t—u. 
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Hence 


(3) 5 (dn +2) Jonas (2) | fy at 


-γῶ- [[σνω-ὦ Lee} [22 (perms se-n) αι] de 
0 0 
Now write 
f= 5) AO pars γώ -τ 9} ἀπ FO) 
so that £’(v) is a continuous gem of v, since J,(é)/é has an absolutely 
convergent integral. 


If then we are to have S=f(a#) when z has any value in such an interval 
as (0, X), we must have 


[te-») F(v) dv=0, 
throughout this interval ; and, differentiating with respect to ὦ, 
F(e)= | S.e-0) Fin) αν. 
Since | J; (a—v) |< 1/2, it aie by induction from this equation, since 


P(e) |< — 
that Gy ame a 
where A is the upper bound of | #'(x)| in the interval and n 15 any ee 
integer. 


If we make ἢ -- », it is clear that F(x) = 0, and so the necessity of equation 
(2) is established. 


The sufficiency of equation (2) for the truth of the expansion* is evident 
from (8). 


It has been pointed out by Kapteyn that the function sin (x cosec a) is 
one for which equation (2) is not satisfied; and Bateman has consequently 
endeavoured to determine general criteria for functions which satisfy equation 
(2); but no simple criteria have, as yet, been discovered. 


[Nore. If f(x) is not an odd function, we expand the two odd functions 


ὁ (393, νὺ-(-.2}}, ἐπ ὑγ͵ ) Ἐ7} (-- οὖ 


separately ; and then it is easy to prove, by rearranging the second expansion, that 


f(a) = Σ agJy (2), 
n=0 
where a= 5 [ro J, (| x |) da, 


a,=n |” F (x) Sy (4) = (rn >0), 
provided that the appropriate integral equations are satisfied. ] 


* The sufficiency (but not the necessity) of the equation was proved by Kapteyn. 
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16°41. Cailler’s theory of reduced functions. 


The Webb-Kapteyn theory of Neumann series which has just been ex- 
pounded has several points of contact with a theory due to Cailler*. This 
theory is based on Borel’s integral connecting a pair of functions. Thus, if 


f (2) Ξ Σ Cn2", 
n=0 
then the function f(z)z defined by the series 
f(@®r= Σ Cn. 12", | 
n=0 


supposed convergent for sufficiently small values of | z|, may be represented 
by the integral | 


70) =|" e~* F (tz) dt. 
6 
The function f(z); may be termed the reduced function (la réduite) of f(z). 


If the Neumann series which represents f(z) 18 


I (2) = andy (2), 


then we have, formally, 
ἰδ = δὲ [ ” et J, (tz) dt 
n=0 / 


ce 1 V(1 + 2) -τ 
ar (esas ΞΡΡ 


Now put 
ν(1 -- 2) -- Ἰ᾿ 
Ζ 


᾿ Ξ = f (τ βεῖ fn) == ἀπ ζ΄. 


Hence, if the Neumann series for f(z) is Σ dnJ,,(z), then the generating 
n=0 


=t 


and we see that 


function of > anf" is 
n=0 


1+¢ χί 2¢ ) 
Pa AL 
provided that this function is analytic near the origin. 


More generally, if f(z) has a branch-point near the origin of such a nature 
that 


(1) Fe)=% ἀρ, 
then 
(2) Zabe=ie Sp 


* Mém. de la Soc. de Phys. de Geneve, xxxtv. ak pp. 295—368. 
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In like manner, if 


(3) S(2)= Σ anz”**Tyan (2), 
n=0 
then 
2 PQv+2n4+1) 1 / 

4 NET. a νη — ὁ ὃϑ’οϑφὋϑί pees . 

(4) Torn tl” ξ V(1 — &) Τα Ξ ξὴ)ς 

{ Nore. If e% sin bz = Σ Andy (2), | 

n=1 
οο ἜΝ 2bz (1 -Ὁ “Ὁ 

1888 nar 8” = (Baz — P+ ἀδερ᾽ 


This result, which is immediately deducible from Cailler’s theory, was set as a problem 
in the Mathematical Tripos, 1896. 


16:5. Lommel’s functions of two variables. 


Two functions, which are of considerable importance in the theory of 
Diffraction and which are defined by simple series of Neumann’s type, have 
been discussed exhaustively by Lommel* in his great memoirs on Diffraction 
at a Circular Aperture and Diffraction at a Straight Edge. 


The functions of integral order n, denoted by the symbols U,(w, 2) and 
V,(w, 2), are defined by the equations 


ro) | n+om 
(1) Un(w2)= Σ (-"(2) naam (2) 
ra) pe w —n—2m 
(2) Va(w,2)= Σ (Ὁ) (:) “π᾿ 
It is easy to see from 8.222 (3) that 
oo n+2m 
(8) Ug (w,2)— Vinge, 2)= Σ ΟΝ ( 7 nga (2) 
w 2% nr 
= cos (5 ac eae o> 
(4) Ons, (ω, 2) — Ving (w, 2) = sin (ξ + ae - >) 


The last equation may be derived from the preceding equation by replacing 
n by n+1. 


There is no difficulty in extending (1) to define functions of non-integral 
order; for unrestricted values of v we write 


(5) U, (w,2)= (m2) sam (2) 


* Abh. der math. phys. Classe der k. ὃ. Akad. der Wise. (Miinchen), xv. (1886), pp. 229—328, 
529—664. The first memoir deals with functions of integral order; and the definition of V,, (w, 2) 
in it differs from that adopted subsequently by the factor ( -- 1)". Much of Lommel’s work is repro- 
duced by J. Walker, The Analytical Theory of Light (Cambridge, 1904). The occurrence of Lommel’s 
functions in a different physical problem has been noticed by Pocklington, Nature, uxx1. (1905), 
pp. 607—608. 

W. B. F. : 18 
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The expression on the right is an integral function of z, and (when the 
factor w” is removed) an integral functicn of w. 


The corresponding generalisation of (2) gives a series which converges 
only when ν is an integer. And consequently it is convenient to define 
V, (w, 2) for unrestricted values of ν by means of the natural generalisation of 
(3), namely 


(6) V.(w, 2)= 00s (5 + ὅς +) + σιν, 
It is evident that 
(7) U, (w, 2) + Uraalw, 2) (2) Jel) 
(8) V,(w,2)+ Vrsa(w,2)=(2) Sole). 
As special formulae, we deduce from § 2:22 that ὁ 
(9) U, (z, 2) = Vy (z, 2) =$ (J, (z) + 00s 2), 
(10) U, (2,2) =— V,(z,2)=4sinz; 


and hence, by (7) and (8), 
(11) Oon (2, 2) = Von (2, 2) =}4 (—-)” {cos Ζ-- = (—)” ἔν Som @| ; 


n-1 
(12) Unni (2, 2) = — Venu (2, 2) = 4 (--}" sin zZ— 2 (---}ὸν ἔφην νει @} ) 
provided that n>1 in (11), and n>0 in (12). 
It is also to be observed that, as a generalisation of these formulae, 


(13) Vin (w, 2) =(—)” Ὁ, (27/u, 2). 


The functions Σ nd. Jn (2), Σ sin (m+4) 6. Jin +4, (ἢ), 
m=0 COs m=0 


which are closely associated with Lommel’s functions, have been studied by Kapteyn, 
Proe. Section of Sei., K. Akad. van Wet. te Amsterdam, vit. (1905), pp. 375—376, and by 
Hargreaves, Phil. Mag. (6) XxxXvi. (1918), pp. 191—199, respectively. 


16°51. The differential equations for Lommel's functions of two variables. 
It is evident by differentiating ὃ 16°5 (1) that 


0 
() as U, (w, 2) = — τ Uy 41 (w, 2), 
and hence 
05 23 1 
522 Uv (ὦ, 2) = Usa (ὦ, 2) -- τ, Urs (w, 2), 


and consequently — 


03 10 Ξ 2 
ae ay ἢ U, (w, 2) = = (Ὁ, μείω, z) + U,(w, z)}. 
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It is now evident that U, (ὦ, z) is a particular integral of the equation 
Oy loy zy (wv 
(2) ae 5,22 εἴ = (Ὁ J, (2). 
Since the complementary function of this equation is 


2? ao 
A cos — + Bsin — , 
2w Qe 


where A and B are independent of z, it is clear from § 16°5 (6) that V_,..(w, z) 
is also a particular integral. Therefore V, (ω, z) is a particular integral of 
Oy loy οἷν /z\" 
(3) 7 at eae + ΠΗ Ξ (=) J +42 (2). 


These equations are due to Lommel, Miinchener Abh. xv. (1886), pp. 561—563. 


16°52. Recurrence formulae for Lommel’s functions of two variables. 


We have just obtained one recurrence formula for U,(w, z), namely 


0 
(1) 5. U, (w, 2) = -Φ v+1(W, 2). 
To obtain other formulae, we observe that 
δι Us (wy 2) = Σ (Ym (v + 2m) (w/z "4" Tron (2)/2 
l oo 
= 5 Σ (-)™(wle yt {ρον α (2) + νον) 
- and so 
(2) 2 - U, (w, 2) = U,_, (w, 2) + (z/w) Oy 41 (w, 2). 
Again, by differentiating ὃ 16°5(6) we deduce that 
᾿ ο. _ Ζ 
(3) az V, (w, Ζ) yee w ν»--} (w, 2), 
(4) 2 2 V, (w, 2) = Vous (ω, 2) + (“ὦν Via (w, 2). 
If now we take w= cz, where c is constant, we deduce that | 
(5) 2 ¢ U, (cz, 2) = cU,_, (cz, 2) — (1/c) U4, (cz, 2), 
(6) 2 = V, (cz, 2z)=cV,,, (cz, 2) —(1/c) V,_, (cz, 2). 


Hence we get 


4 U, (cz, 2) = οὗ U,_, (cz, 2) — 2 Ὁ, (cz, 2) + (1,0) U,4, (cz, 2) 
=c"J,_.(z) Ὁ οὐ, (2) — (c+ 1/c)* Ὁ, (cz, 2). 
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Hence it follows that U,(cz,z), and similarly V_,,,(cz, z), are particular 
integrals of the equation 


(7) εἶν (o4 ΕΥ̓α συ, ὦ to-Se) 


The particular case in which z= 0 is of some interest; we have 


(8) U,(w, 0) = ἋΣ Σ 


and so U,(w, 0) and V_,,, (ὦ, 0) are expressible in ternis of Lommel’s functions 
Οὗ one variable by the equations 


__ (kw)t 5,44 (Fw) 
_ Gu}? S,-4,4 Gv) 
a eae 


Of these results, (1)}—(8) were given in Lommel’s memoir. 


The following formulae, valid when n is a positive integer (zero included), 
should be noticed : 


(11) ἴω (w, 0) = (-)” | cos Sw -Σ ee ) 
. 1 m +1 
(12) Unis (w, 0) = (--» sin 4w -Σ ee | ’ 
(13) U_, (ὦ, 0) = cos (4w + $n7). 
Hence it follows that. 
(14) Vy (w,0)=1, Vas (w, 0) = 0, 
(15) Vm (w, 0) τον Σ COREE, 
τς eta) Gwe 
(16) V_en— (w, 0) = (—) Σ (Qm +1)! : 


16°53. Integral representations of Lommel’s functions. 


The formulae 


(1) U, (w, 2) =o [ Jy, (2t). cos {hw (1 —#)} εν αἱ, 


(2) Tsar (t, 2) = 5 [ Soa (2t) sin {Jw (1 -- 6} . tr 


which are valid when R(v)>0, may be verified immediately by expanding 
the integrands in powers of w and then using the result of § 1211 (1) in 
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performing term-by-term integrations. For other values of v, they may be 
replaced by the equations 


(8) Uy, 2) = — gra [rs »-1(~ σύ). cos {Fw (1 — #)} .(— ἐν dt, 


w 
212" sin 2 νπτ 


(4) U,,,(w, 2) Ξ -- | oe (— zt). sin {Zw ( -- #)) .( ὃ dt, 


in which the phase of —¢ increases from — 7 to 7 as t describes the contour. 


It is clear that, when R(v)>0, 


Ὁ» 


(5) U,(w, 2) + ἐν (w, 3) Ξε ai [ J,_; (2t) exp {+ ξήω ( -- t*)} .e dt. 


By modifying this formula we can obtain integral representations of V, (ὦ, 2) 
valid for positive values of w and z. Let us consider 


a |” Js (et) exp {+ fiw (1—2)} eae 
0 


The integral converges at the lower limit when R(v)>0 and at the upper 
limit when ἢ (ν) « ὃ, if ὦ and z are restricted to be positive. 


To evaluate the last integral, swing the contour round until it coincides 
with the ray argt= +47, this ambiguity in sign being determined by the 
ambiguity in sign in the integral; such a modification in the contour is 
permissible by Jordan’s lemma. 


When we expand the new integral in ascending powers of z, as in § 13:3 
we find that 


? 


ΖΞ [ J,_, (2t) exp {+ iw (1 —#)} .& dt 
- ap” etite a0 (—)™ (42)"™ a 


Dt emi L(y + m) J tm exp (F piwt?) αὐ 


w ertitw 2 (-)™ (4 2)" ( Da\vtm 
=s—s— SME (τ, 
| 2” m=0 πεῖ =) 
that 1s to say 
wy [5 . ᾿ ww 12 νπὶ 
(6) πα | Jens ἢ exp (+ diw (1 — ¢*)}. dt =exp (: 3 + In to): 
When we combine the results contained in this formula, we see that, if w > 0, 
z>0, and 0< R(v) < ὃ, then 
2» 


‘ ΠΡ dt=cos (242 _'7 
(7) γι}. J, (at) cos {Fw (1 — 6})}. ἐν dt cos (F + 5 3) 


wr [Ὁ = . (Ww 2 νπ 
mala —?#)} .@#dt= pe a ase 
(8) i [ J,-1 (zt) sin ἰξ (1 —#)!. dt = sin (5 aot Pa ᾿ 
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It follows at once from (1) and (2) combined with § 16°5 (6) that 


aw’ 


(9) γε γί, 2) =— 2 | Joa (et) 08 ἔξω ( -- ὁ)}. a 


(10) Ving (w, 2) == 2 | ᾿ J, (at) sin {}w (1 -- 1}. dt. 


Since convergence at the origin is now unnecessary, the theory of analytic 
continuation enables us to remove the restriction R(v) > 0. 


Changing the notation, we see that 
ZY) 
(1) ΨΡνω,5)-- — 2, (τὴ 008 fh (1-1) SS, 
v—l 
(2) Va(w2)=- τς [ Ji» (20) sin {dw (1 -- δ) = 


provided that w and z are positive and R(v)> $. 


The following special formulae are worth mention : 


(13) Ln) = [ Jon— (2t) cos {$2 (1 — #)} . ἐδ αἱ 
= [ Jon-a(et)sin (he (1 -- δ}. > 
(14) “αὐ =| Jan (#t) cos {$2 (1 -- #*)} 5} dt 


= | Jens (at) sin {fz (1 ~ 6}}. 0 dt. 


Again, from (6), we see that 


(15) [ .7,... (σέ) exp p( “1. ἐν 


and, in particular, 
cos 1 sin / 2? 
(16) ]; J, (2t) “. sin (5 tdt = w COs (5) ᾿ 


The last results should be compared with ὃ 13°3; see also Hardy, Trans. Cumb. Phil. 
Soc. xx. (1912), pp. 10, 11. 

The formulae of this section (with the exception of the contour integrals) are all to be 
found in one or other of Lommel’s two memoirs. 


VT 
(357 5) 


16°54. Lommel’s reciprocation formulae. 

It is evident from ὃ 16:5 (13) that functions of the type U, (2?/w, 2) are 
closely connected with functions of the type U,(w, 2) provided that v 1s an 
integer. 
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To appreciate the significance of such relations observe that 


d. Fi | 8 (4wt?). U, (=, at) + sin ($700) . U1 4, (= Ἂ , z) | 


= sin (4wt?). [- wtU, (=, zt) -- ποῦ, οὐ τς 3.) 
= — zJ, (at) sin (ξυϑ). (wt/z)-”. 
On νὼ we find that 


(1) = [ J, (zt) sin (}wt?) f-* dt 


= τ 008 jw. U, (=, 2) — sin ζω. Ura (=, 2\+u, (=, 0), 


and, — 


= 


(2) = J, (at) cos (fut?) -* dt 


= sin ζω. u,(= , 2) — 008 fv. Oya, (=, ἡ) εῦ, (ἢ, 0). 


Ww 


oo 


Hence it follows that 
(3) & ah J,» (at) cos {wu (1 -- Δ}}. ἐν dt 
23 3 
=— U,_, (=, :) + sin $w.U,_, (=., 0) +cos tu. Us. (ς, 0) : 


and 


4) ὁπ fi Jie (et) sin {hw (1-0). a 
= σιν (= F 2) — cos w. U,-+ (= ,0) +sin dw. U,..(= 0), 


and these integrals differ from the corresponding integrals of the preceding 
section only in the sign of the order of the Bessel function. 


The reader will find some additional formulae concerning Lommel’s functions in a 
paper by Schafheitlin, Berliner Sttzungsberichte, vitt. (1909), pp. 62—67. 


16°55. Pseudo-addition formulae for functions of orders ἃ and 3. 


Some very curious formulae have been obtained by Lommel, which connect 
functions of the type U,(w, z) with functions of the same type in which the 
second variable is zero, provided that ν is equal to 4 or 2. 


When we write v = 4 in § 16°53 (5), we get 


U, (w, 2) + Uy (uw, z)= (5 “yf exp {+7 (4w — 2t — $wt*)} dt 


wt 
+ (==) [ exp [8 ὑ(ξῳ + zt — ξω)} αἱ, 
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Now write 
(0 Ὁ 2} (ὦ --τὴ 
a Ow” a= Qw ᾿ 


and we find that 


U, (w, z) +003 (ὦ, 2) = eT” (5) [ exp {+ o1(1—&)} dé 
7 BS J Viz4(2wo)} 7 
,. {δλὲ ft : 
+ (2) + & (1 — &)} ἀξ, 
aad €2 Set 


where E= (=) (é a3 =\ : (5) (¢ ‘ 4 


in the respective integrals, and /c, /6 are to be interpreted by the conventions * 
We w—z 
= ——., ὃ----- - 
γσπϑ) νὴ (Bw) 
Hence we have 
U (w, 2) + 1U (ὦ, 2) = ξ τ {0 (20, 0) + 1U; (20, 0)} 
3 + fet® {Ὁ (28, 0) + τ (28, 0)} 
. ἃ Viz?K2ewo)} 
— ore (S) [exp (4 σίᾳ - PY dE 


vis 


+ et? (2) es exp {+ 6¢(1 — &)} ἀξ. 


7 


When we take o£? and δξΞ as new variables in the last two integrals respectively, 
these integrals are seen to cancel; and so we have the two results combined 
in the formula 


(1) OU, (w, 2) + iU3 (ὦ, 2) = ξ 6: {Ὁ (20, 0) + ἐδ, (2a, 0)} 


+ ἐφε [Ὁ (25, 0) + U4 (28, 0)}, 
and, as a corollary, 


(2) U,(z, 2) + Uy (z, 2) = Fe { U; (42, 0) + iV, (4e, 0)}. 


These formulae are due to Lommel, Miinchener Abh. xv. (1886), pp. 601 —605; they are 
reproduced by Walker, The Analytical Theory of Light (Cambridge, 1904), pp. 401-—402. 


16°56. Fresnel’s integrals. 
It is easy to see from § 16°53 (1) and (2) that, when R(v)>0, 


U,(w, 0) = TO) [ ἐβξν--ὶ cos {4.w (1 — #)} dé, 


10" | ᾿ 2y—-1 oj — {2 
so that 
5 ν 1 : 
(1) Fro) Ι. ἔν τὶ cos (ξ ὧδο) dt = U, (ὦ, 0) cos tw + U,+: (w, 0) sin ἔν, 
aw” “1 Lod " ᾿ 7 
(2) PT (vy) | : δν-ἰ sin (4 wt?) dt = U, (w, 0) sin $w — U,4, (w, 0) cos ἐν. | 


* These are not the same as the conventions used by Lommel. 
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If we take »=4 and modify the notation by writing 4w =z = ἔπι, we 


see that 
u 1 22h 1 fz 
(3) [ cos (ἐ πο) ἀέ -- ς [ (=) costdt -- i Jy (2) dt 


= [Uj (2z, 0) cos 2 + U; (2z, 0) sin z]//2 - 
τὸ ἐ ἘΠῚ (22, 0) sin z + Vy (2z, 0) cos 2]/¥/2, 
and 
(4) i sin (fat!) dt = 5 : @ 


= [U, (2z, 0) sin z — U; (2z, 0) cos z]/4/2 
= $—[V4(2z, 0) cos z — V3 (2z, 0) sin 2]/4/2. 


We thus obtain ascending series and asymptotic expansions for Fresnel’s 
untegrals* . 


- [cos net dt, [ : sin (fart?) dt. 


The ascending series, originally given by Knockenhauer, Ann. der Physik und Chemie, 
(2) xLI. (1837), p. 104, are readily derived from the U-series, namely 


5 2 
) sin edt = 5 [ nod 
a 


(5) I, (22, o=(2)" μ- Se trea} 
© Ganon ἘΝ 


while the asymptotic expansions, due to Cauchy, Comptes Rendus, xv. (1842), pp. 554, 573, 
are derived with equal ease from the V-series, namely 


™) V; (22, 0)~ (2) {e~ Byt Saat}, 
(8) γι (5, 0) ~~ (=) aa ear t+}. 


Tables of Fresnel’s integrals were constructed by Gilbert, Mém. couronnées de Ὁ Acad. 
Δι. des Sct. de Bruxelles, Xxx1. (1863), pp. 1—52, and Lindstedt, Ann. der Physik und Chemie, 
(3) xvur. (1882), p. 720; and by Lommel in his second memoir, 


Lommel has given various representations of Fresnel’s integrals by series 
which are special cases of the formulae+ 


9) [75 «ι-- Ὁ Σ Sesame (2) 


ἘΦ 2nt Jn (2) 
τῶ VF 1)(ν + 3)...(v+2n41)’ 


78 


(10) ik J,(t)dt~ ΠΕ 5. eas) Tyan (2). 


n=0 Ζ 


* Mém. de VAcad. des Sci. v. (1818), p. 339. [Oeuvres, τ. (1866), p. 176.] 
+ 1t is supposed in (9) that R (v)> -1. 
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‘These are readily verified by differentiation. Other formulae also due to 
Lommel are 


αι) [Ty @at= 20042 | Σ —PTanild)| 
+ 2sin fe Rx Sy Just) 
a2) [’ sy @ae=2sings| 2 -yd,,..09)| 


— 29 cos $2 | Σ (-)" Jus?) 
These may also be verified by differentiation. 


16°57. Hardy's integrals for Lommel’s functions. 
The fact that the integrals 


° } b\ αἱ eo δὰ  tdt 
ip cos (at -- ) oe [ sin (at -5) rp 


are expressible in terms of elementary functions* when a and ὦ are postive 
suggested to Hardyt the consideration of the integrals 


5 b\ dt = b\ tdt 
in cos (at ἘΣ Peet [ in (at ες ise 
and he found them to be expressible in terms of Lommel’s functions of two 
variables of orders zero and unity respectively. This discovery is important 


because the majority of the integrals representing such functions contain Bessel 
functions under the integral sign. 


If 1/t be written in place of ¢, it is seen that 


(1) Ι cos (at +7) Sant | cos (δε « 5) τούς, 


2) i an (at +7) hao ἽΝ = (at +f) E- [si n (86 +9) Soe 
and since, by ὃ 6:13 (3), 
ἢ sin (at + “τῷ δ Ξε ὦ], {2 /(ab)}, 
it is sufficient to confine our attention to the case in which b <a. 
We now write 
c=(b/a), « Ξ 3 ν(αῦ), A@=}4(1—c*)/c, 
* Hardy, Quarterly Journal, xxx11. (1901), p. 374. When the lower sign. is taken it is supposed 


that the integrals have their principal values. 
+ Messenger, xxxv111. (1909), pp. 129—132. 
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and then the substitutions ¢ = ce“ and cosh u=7 shew thut 


Jeo (at εἢ t= [7 en eenhan 


2 1 1 
-| cos (x cosh τ) larciem tse} du 


a+b/{” οοβ(ατ). τάτ 
1 (P+ τὸ γ(τ᾽ -- 1)" 


Now consider 


. 


1 e=" rdr 
2ort J p (PF + τὸ ν(τ' — 1)’ 
where Γ is a contour consisting of the real axis and a large semicircle above 
it, the real axis being indented at += + 1. 
The only pole of the integrand inside the contour is at 10, and so 
1 [ εἶτ 6.49 
πὶ}ν (θ5.- τῇ ν(τ -- 1) 92ὲ γ(θ5-. 1) 
As the radius of the large semicircle tends to infinity, the integral round 
it tends to zero by Jordan’s lemma, and hence 


° _cos(#r).tdr :  βἰη(ατ). τσ me ἢ 
1 (θ᾽ τὴ νι" - Ὁ 2] κ(θι τ τῦναᾳ -τῷἢ ὃν θ ἘΠ᾽ 
Thus we have 


dt _mwe~@) a+b [" sin(x 008 Φ). cos gdp 
Ν cos (at + ) - 2 "Qa θ᾽" + cos? d 


| cos ᾧ 4c 
But Pt cod = Typ {eos ¢ -- ΟΣ cos 3g + ccos 5¢ — ...}, 


and so we find that 


= by dt mena 2 
(3) [ cos (at+>) “= Sage er eee ' em—1 (2). 
Similarly it is found that* 
Ὁ. b\ tdt zee» 
(4) Ι Β1η (τ). -πς -τ-τΣ aoe 
and 


(5) Py cos (at + 2 τ, - ἐπ sin(a+b)—7 Σ em Sams (x), 


(6) P [ sin (at + ἢ 5 - ae cos (a + ὃ) — π = (men (x). 


© The details of the analysis will be found in Hardy's paper. 
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The last two results may be written in the form 


9 xt dt 
(7) U, (w, «) +V, (w, 4)----Ξ Ρ[" cos (Στ + 5 τ, 
| 7 wt tdt 
(8) U,(w, 2) +V,(w, x) = -=Pf sin (Σ ἘΣ) i 


provided that θ΄« ὦ « “. 


16°58. Integrals of Gilbert’s type for Lommel’s functions. 


An obvious method of representing U,(w, z) and V,(w, z) by integrals 15 
to substitute the Bessel-Schlafli integral of ὃ 6:2 for each Bessel function in 
the appropriate series. We thus get 


= (0+) 2 
U, (w, Ζ) = ΕΞ 2 4) [ exp (- a) dt 


4¢ ἐν ΎΞ 1 : 


When the contour is so chosen that it lies wholly outside the circle on 


which |t!=4!wi, we may change the order of summation and integration 
and get 


(1) σ,ω, os [ἢ sistas ee Re? (1-2) % 


Now the residues of the integrand at + $7w are 
ww νητὶ 
4 exp ἘΣ Dy e a + "πὶ ’ 


1 fe) w/t) ( 


πὶ)... 1.208 0 π΄ 


Making a slight change in the notation, we deduce that 


_ 1 [Ὁ (wy t  2\dt 
(2) Velo =o) fare? (3-58) Τ᾽ 


and, in this integral, the points + ὅσ lie outside the contour. 


and so 


᾿Ξ 


V,_, (w, 2) = 


In general it is impossible to modify the contour in (2) into the negative 
half of the real axis taken twice, in consequence of the essential singularity of 
the integrand at the origin. The exception occurs when z= 0, because then 
the essential singularity aca and 


(01) (¢/w) et dt 
μι Pew 0) τι σὴς ἘΠ -ὦ 14+0/w ἐ’ 
and hence | 
_ sin sin yr 2 exp ta uy) a= 


provided that R(v)>0 and a is an acute angle (positive or negative) such 
that | 3 
la+argw|<4r. 
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If ν is equal to ὁ or 3, the integral on the right in (4) is called Gilbert's integral*. 

Formula (4) was obtained by Lommel t+ from the formula of § 16°53 (11) by a transforma- 
tion of infinite integrals. 

From (4) it is clear that, when ν and w are positive, V,(w, 0) has the same sign as, and 
is numerically less than 

1 

Γ( --ν). (Δ 0)» 
A similar but less exact inequality was obtained by Lommel. 


sin yr 
π 


fa 
| uw) eke dy = 
ὴ : 


The reader will also observe that V,(w, 0)/sin vm is ἃ positive decreasing function of w 
when w is positive. 


16°59. Asymptotic expansions of Lommel’s functions of two variables. 

From Gilbert’s integrals it is easy to deduce asymptotic expansions of 
V,(w, 0) and U,(w, 0) for large values of | w|; thus, from ὃ 16:5 (8), we 
have 


Ἢ (-)" } 
V, (w, 0) = = = Ti —v—2m).(Qwye + (—)? Veto (w, 0), 


where p is any positive integer. We choose p to be so large that R(v + 2p) >0 
and then, by ὃ 16°58 (4), we have 
(—)? Ving (w, 0) = SIN var [Ὁ exP% yytP—l e—huw dy , 
ae y+2p 7 


1l+uv? 
=O rn ce Tis δ baad du} 
0 
ΞΟ (ὦν 9), 
when [τ is large and, as in the similar analysis of § 7:2, | arg w|< π. 
Hence 
(1) Vi Se στ 


m=0 I'(1— v — 2m). (gw) 
for the values of w under consideration. 
When v-+ 2p and w are both positive, (—)?V +0, ζω, 0) has the same sign 
as, and is numerically less than 
(=)? 
ΓΑ —v — 2p). (4w)rt?’ 
so that the remainder after p terms in (1) has the same sign as, and is 
numerically less than the ( p + 1)th term. 
It may be proved in like manner from § 16°53 (11) that 


(2) V,(w, a)~ Σ (τ) (μων) όταν am (2). 


Ν ra) 
— | he ae ew du = 
0 


when [τ] is large while v and z are fixed; but it is not easy to obtain a simple 
expression which gives the magnitude and sign of the remainder. 


* Mém. couronnées de V Acad. R. des Sci. de Bruxelles, xxx1. (1863), pp. 1—52. 
t+ Miinchener Abh. xv. (1886), pp. 582—585. 


550 THEORY OF BESSEL FUNCTIONS [CHAP. XVI 


It is evident from ὃ 16:5 (6) that the corresponding formulae for U, (w, 2) 
are 


(8) U,(w, 0)~cos(w—dum)+ 2 Ξ Deere 


(4) U,(w, 2)~c0s (gw + fet/w — for) + Σ (-)™(e/w)- Ts am (2). 
m=0 
These results were given by Lommel*, but he did not investigate them in 
any detail. 
The asymptotic expansion of V, (cz, 2), when vis 0 or 1 and ὁ is fixed, while 


x is large and positive, has been investigated by Mayall Ὁ. 


The dominant term for general (real) values of ν greater than —} is 
readily derived from ὃ 16°53 (12) which shews that 


Vi (cz, 2)~ -- = " (3) cos (at + ὧνπ — 47) sin {$ ca (1 -- ry) 2 


i 


Now, if c>1, the functions tox (1—t*)+ (at + $v — 42) vary monotonically 
as ¢ increases from 1 to οὐ, and hence it may be verified by partial integra- 
tions that 


| 2\4 
(5) Vi (cx, #)~ (=) ὡς 
the next term in the asymptotic expansion being O (a7). 


If, however, c<1, then }cx(1 -- 8) + (at + ἐνπ -- 7γπ), qua function of ¢, 
has a maximum at 1/c; and hence, by the principle of stationary phase (§ 8-2), 
it follows that 


Pa “008 (@ + dom — {π) 


(6) V, (cx, 2) ~ Gai 008 {ye (c + =} + jer}. 


Finally, when c=1, the maximum-point is at one end of the range of 
integration, and so the expression on the right in (6) must be halved. We 
consequently have 


(7) V, (x, 2) ~ 4 cos (a + ἐνπ). | 
This equation, like (5) and (6), has been established on the hypothesis 


that ν» -- ᾧ; the three equations may now be proved for all real values of ν 
by using the recurrence formula § 16°5 (8). 


* Minchener Abh. xv. (1886), pp. 540, 572—573. 
+ Proc. Camb. Phil. Soc. rx, (1898), pp. 259—269. 


CHAPTER XVII 
KAPTEYN SERIES 


171. Definition of Kapteyn series. 
Any series of the type 
Σ jan ven [(ν +n) 2}, 
in which®* v and the coefficients a, are constants, is called a Kapteyn series. 


Such series owe, their name to the fact that they were first systematically 
investigated, gua functions of the complex variable z, by Kapteynt in an 
important memoir published in 1893. In this memoir Kapteyn examined the 
question of the possibility of expanding an arbitrary analytic function into 
such a series, and generally he endeavoured to put the theory of such series 
into a position similar to that which was then occupied by Neumann series. 


Although the properties of Kapteyn series are, in general, of a more 
recondite character than properties of Neumann series, yet Kapteyn series 
are of more practical importance; they first made their appearance in the 
solution of Kepler’s problem which was discovered by Lagrange? and redis- 
covered half a century later by Bessel§; and related series are of general 
occurrence in a class of problems concerning elliptic motion under the inverse 
square law, of which Kepler's problem may be taken as typical. More recently, 
in the hands of Schott|| they have proved to be of frequent occurrence in the 
modern theory of Electromagnetic Radiation. 


The astronomical problems, in which all the variables concerned are real, 
are of a much more simple analytical character than the problems investigated 
by Kapteyn; and in order to develop the theory of Kapteyn series in a simple 
manner, it seems advisable to begin with a description of the series which 
occur in connexion with elliptic motion. 


17:2. Kepler's problem and allied problems discussed by Bessel. 


_ The notation which will be used in this section in the discussion of the 
motion in an ellipse of a particle under the action of a centre of force at the 
focus, attracting the particle according to the inverse square law, is as follows: 


The semi-major axis, semi-minor axis, and the eccentricity of the ellipse 
are denoted by a, ὃ, and ε. The axes of the ellipee are taken as coordinate 


* It will, for the most part, be assumed that » is zero. 

+ Ann. sci. de UV Ecole norm. sup. (8) x. (1893), pp. 91—120. 

+ Hist. de l'Acad. R. des Sci. de Berlin, xxv. (1769) [1770], pp. 204—238. [Oeuvres, 111. (1869), 
pp. 118. 188 

§ Berliner Abh. 1816—7 [1819], pp. 49---ὅδ. 

| Electromagnetic Radiation (Cambridge, 1912). 
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axes, the direction of the axis of x x being from the centre of the ellipse to the 
centre of force. The centre of force is taken as origin of polar coordinates, 
the radius vector to the particle being r, and the true anomaly, namely the 
angle between the radius vector and the axis of x, being w. The eccentric 
anomaly, namely the eccentric angle of the particle on the ellipse, is denoted 
by &. The time which has elapsed from an instant when the particle was at 
the positive end of the major axis is called ¢. 


~The mean anomaly M is defined as the angle through which the radius 
vector would turn in time ¢ if the radius vector rotated uniformly in such a 
way as to perform complete revolutions in the time it actually takes to perform 
complete revolutions. 


The geometrical properties of the ellipse supply the equations * 


a 1- ᾿ Y 
(1) r= iO ©) =a (1 — €c0s B), 


trom which the equations 


(2) tan4w= JG i) tan $4, 
VES e ane sin Ea ΜῈ -- εἢ. sin w 


(3) acu l~—ecosz 1 +ecosw 


are deducible; and an integrated form of the equations of motion (the ana- 
lytical expression of Kepler’s Second Law) supplies the equation 


(4) | M=E-esn£. 


Kepler's problem is that of expressing the various coordinates r, w, E, 
which determine the position of the particle}, in terms of the time ¢, that is, 
effectively, in terms of M. It is of course supposed that the variables are real 
and, since the motion is elliptic (or parabolic, as a limiting case), 0 «ες 1. 


The solution of the problem which was effected by Lagrange was of an 
approximate character, because he calculated only the first few terms in the 
expansions of ἢ and r. 


_ The more complete solution given by Bessel depends on the fact that (4) 
defines # as a continuous increasing function of M such that the effect of 
increasing M by 2π is to increase E by 2π. 


It follows that any function of Α΄ with limited total fluctuation 18 a function 
of M with limited total fluctuation, and so such functions of # are expansible 
in Fourier series, gua functions of M. 


* The construction of these equations will be found in any text-book on Astronomy or 
Dynamics of a Particle. See, e.g. Plummer, Dynamical dstronomy (Cambridge, 1918), Ch. m1. 
+ Kepler himself was concerned with the expression of E in terms of M. 
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In particular e sin Εἰ is an odd periodic function of M, and so, for all real 
values of £, it is expansible into the Fourier sine-series 


esinE= > A,sin nM, 
n=l 
where A,=  [᾿ sin # sinnMdM 
0 


_f 2esinEcosnM |" 2 [* d(esin Ε) 
=e [- meen een + — [᾿ cosnM ΤΠ et 


qT 0 UT , 
2 [{π dkE—dM 
= | cos nM aif aM 
see "cos nM .dE 
nvr 9 
= Ξ Te 
Hence it follows that 
(5) E=M+ Σ : J, (ne) sin nM, 
n=] 


and this result gives the complete analytical solution of Kepler's problem con- 
cerning the eccentric anomaly. The series on the right is a Kapteyn series which 
converges rapidly when e< 1, and it is still convergent when e = 1; cf. ὃ 8°4, 8°42. 


The radius vector is similarly expansible as a cosine series, thus 


ee B+ Σ B, cos nM, 
a ἨΞῚ 
where B, = - |“ (1—ecosE) ΑΜ 
ἼΤ.9 


1 v 
- (l—ecos EY dE 


=1l+ ΚΑ εἰ, 
while, when ἢ Κ 0, 


By == |” (1 cos E) cosnM dM 
0 


- | cso Deon | 2 [᾿ sin nae “SS at 
0 


nT 0 ae aM 


= _ 2 [sin Esin(nE — ne sin Ε) dE 


UW Jo 
26 ., 
=— τ. Ἴ Δὲ (πε), 
so that | 
| r - Mery 
(6) ~=l+}fe— & — dy (ne) cosnM. 
a mai ἢ 
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The expansion of the true anomaly is derived from the consideration that 
w -- M is an odd periodic function of M, and so 


w—-Y= Σ C,, sin nM, 


n=1 


where Ca== |" (w— Μὴ sin nMaM 
0 


_f 2(w—-M)cosnM]|* 2 [* dw 
-[-Ξ con = | + [eos nat. (or 1) aM 


2 
==" cos nM , onde 


_2 a of * cos (nEZ —nesin £) ,,, 
ae 5 al dE. 
—ecos £ 
This expression is not am a simple transcendent as the coefficients A, 
and B,. The most effective method of evaluating it is due to Bessel*, who 
used the expansion 
να -- ὃ 


1 ©... p= 3 3 a 
1~ecos xz 1+ 2fcos EB + 2f cos 2H + 2f* cos 3H + 5 


h a τὸ 
ect Iie i= 4) 
On making the substitution, we find at once that 


C,, == : | Je (ne) + Σ EF Tum (06) + Tuam (m0) 


17°21. Ezpansions associated with the Kepler-Bessel expanstons. 


A large class of expressions associated with the radius vector, true anomaly 
and eccentric anomaly, are expansible in series of much the same type as those 
Just discussed. Such series have been investigated in a systematic manner by 
Herz +, and we shall now state a few of the more important of them; they are 
all obtainable by Fourier’s rule, and it seems unnecessary to write out in 
detail the analysis, which the reader will easily construct for himself. 


First, we have 


reos wa ae—ae=2O 6) τ τ 
so that 
(1) ΤῸ τ -πϑε- Σ : J,/ (ne) cos nM, 
and next 
(2) ren w 2 si n= να - ἡ Ξε ον = = Js (ne) sin nM, 


* Berliner Abh. 1824 [1826], p. 42.. 

+ Δεῖν. Nach. cvrt. (1884), col. 17—28. Various expansions had also been given by Plana, Mem. 
della R. Accad., delle Sci. di Torino, (2) x. (1849), pp. 249—332. In connexion with their convergence, 
see Cauchy, Comptes Rendus, xvrit. (1844), pp. 625—648. (Oeuvres, (1) vit. (1893), pp. 168—188.]} 
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while | 
(3) a we — det Σ = Jn’ (ne) 008 nl. 
rae | 
Next, if m is any positive integer®, 

(4) 608 mE =m Σ = {Tn (ne) — Jnim (ne)} cos nM, 
a=] 

(5) sin mE = m & > (Jum (ne) +Inrm (ne)} sin nM. 
a=] 


The expansion of a/r is particularly simple, namely, 
(6) <=1+2 Σ J, (ne) cos ni. 
- =] 


The expansions of cos w and sin w are 


(7) cosw = — e+ Στὸ Σ 2J,, (ne) cos nM, 
(8) sin w= /(1 — εἢ = 23,’ (ne) sin nM. 
The expansions of cos w/r*, sin ae are of a simple form, namely 
(9) A COS W = = 2nJ,,/ (ne) cos nM, 
(10) 3 sin w = να τος Σ 2n Jn (πε) sin nM. 


(Nore. It is pointed out by Plummer, Dynamical Astronomy (Cambridge, 1918), p. 39, 
that these are readily derived from the Cartesian equations of motion in the form 
@r a cosw αν ome 
amt a =% πρὶ πὰ 
combined with (1) and (2).] 


17-22. Sums of special Kapteyn series. 

The reader will observe that, in the case of the expansions of even functions 
of M, the results simplify when we take the particle to be at one of the ends 
of the major axis, because then the three anomalies are all equal to 0 or to 2, 
while the radius vector is equal to a(1 —e) or to a(1+e). From the results 
of the last section we thus obtain the following formulae, which were given by 
Herz in the paper aay quoted: 


(1) 4+}e= Σ ws zee), ἐπε Σ (-)ν»: “(89 
(2) τε = = J, (ne), j= n(ne), 


$ Sore ἐ ἊΝ 

(3) ai 2 dn (ne), (ite = (—)*— nJn’ (ne). 
* It is seen from (3) that, when m is equal to 1, the expansion (4) has to be modified by the 
insertion of a constant term. These two formulae were given by Jacobi, Astr. Nach. xxvitr. (1849), 


col. 69. [Ges. Math. Werke, .vi1. (1891), p. 149.] 
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More generally we find by differentiating § 17:21 (6) that 


(-)" ae 
(4) ΝΥ Ere 1.- 6 668 Ἐ μα er n? Jn (ne), 
(—)"— aem 1 ous = N—1 72M 

(5) 2 ΕΞ 1 -- ε 608 | M=n 7 = Soa i εἴ 6) 


d 1 d | 5. 
Since dM = Laces BaF’ the expressions on the left in (4) and (5) can 


be calculated for any positive integral value of m, with sufficient labour. 


Again, if we regard ε and M as the independent variables, it is easily 
seen that 


2 { a cos £ (OE 
de in FU ~—ecosK)} — ~ sin? Καὶ (1 — ε cos £) Ge 
1 ok 
- ag EO ees BP {O ne de πὶ 
- esin £ 
~ (1 —ecos EY 
ee eer 
~ 9M 1 —ecos EF’ 
so that, by § 17:21 (6) 
ΒΞ ΒΥ Σ πῶ, (πε) sin nM 
de (sin αὶ (1—ecos £) <i 


and therefore, if we integrate with e=0 as the lower limit, 


1 1 
ase - -- ----- - - 2 nnM. In nx) da. 
(6) sn H(1—ecos#) sinM = penn (16) 
If we differentiate with respect to M, we find that 
(7) cos # _ cos M a € 
sint καὶ (l—ecos#) sin?M (1l—ecos Ez) 
=2 % n? cos nM. [ Jn (nx) da. 
| n=1 0 
The last two expansions do not appear to have been published previously. 
Expressions resembling those on the right of (6) and (7) have occurred in the researches - 
of Schott, Electromagnetic Radiation (Cambridge, 1912) passem. 
Thus, as cases of (4) and (5), Schott proved (bed. p. 110) that 
μὰ e* (1 +e?) +e ) < 2 [ ν ἘΞ ΜΝ 
| (8) 2, τ So, (2ne) = 5 a1? Pie : εἴς, (2n2) ax. ea" 
The last.of these may be obtained by taking ΔΓ equal to 0 and π᾿ in (7). 
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17°23. Merssel’s expansions of Kapteyn’s type. 


Two extremely interesting series, namely 


© Jn(2ne) ὁ ὦ 
ΕΥ̓ PE TOA | 
| °F 
TPA G+ A+ 
= Ὁ ΑΒΕ {(2n Ts 1) e} € pe ae ea 
O22) Gls "P+ t PRS +h) 
a a 


a+ 5°) (3? + ξ) (δ᾽ +#) 
have ean stated by Meissel* who deduced various consequences from them ; 
it is to be supposed at present} that 0<e<1, and € is real. 


The simplest method of hasnt to adopt in establishjng these ex- 
pansions is to take the Fourier pitted, 


ND 
Σ 


(which is valid ow O0<M <7), replace M by E- e sin E, and integrate from 
Oto. It is thus found that 


on (25) _ ΗΝ 7 cosh(4r—2H+2esin EVE 1 ΔΕ 
= πὸ + § | €sinh πῇ ὅθε 
=f" . ee ee 1 do 
0) te & sinh πξ st | 
_2 ΓΕ cosh 2ξθ. cosh (2εξ 6059) 1 dé 
To ἕξ sinh πξ ξ' | ; 


Now the last expression is an even integral function of e, and hence it is 
expansible in the form§ 


οὐ 9am-+1 F2m—) εἴην ἐπ᾿ eos?™ @ cosh 2 £0 | 
Ser, τ πὲ 
«. ΓαρΘΓα- τ oe 
ἘΣ Pq titel melo Pr 


by a formula due to Cauchy||; and the truth of Meissel’s first formula is now 
evident. 


The second riniils follows in like manner from the Fourier series: 
= cos(2n—1)M _ sinh (ἐπ -- Μὴξ 
"πὶ (2n—-1"+ = 4E cosh ἐπξ 
* Astr. Nach. cxxx. (1892), col. 363-—368. 
+ The extension to complex variables is made in § 17°31.. 
Ζ See Legendre, Exercices de Calc. Int. τι. (Paris, 1817), p. 166. 


§ It is easy to see that the term independent of ε vanishes. 
| Mém. sur les intégrales définies (Patis, 1825), p. 40. Cf. Modern Analysis, p. 263. 
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_ Now, since the series obtained from (1) and (2) by differentiations with 
respect to § are uniformly convergent throughout any bounded domain 
of real values of ἕξ, we may differentiate any number of times and then make 
E~0. 

We thus iatlios that | | 
$ Jen (2ne) $ ων {(2n — 1) εἰ : 
n=l nm ; n=l (2n — ly 
are polynomials * wn.e; the former is an even polynomial of degree 2m, and 
the latter is an odd polynomial of degree 2m — 1. 


The values of the former polynomial were given: ἘῈ Meiasel in the cases m=1, 3, 3, 4, 5; 
the values for m=1, 2, 3 are 
Ce 20 Ce 
2° 2 8’ 2 32° 72° 
The values of the latter polynomial for m=1, 2, 3 are 
| «6 ε δε εἰ 
> 5 18’ 37 Bit 450° 


boi ® 


Meissel also gave the values of the latter polynomial for m= 4, 5. 
Conversely, it is evident that every .even polynomial of degree 2m is 
expressible in the form 
= And on (2ne), 
020 


and that every odd polynomial, of degree 2m — 1, is expressible in the form 
Σ batons (Qn — 1) εἰ, 


where a, and 6, are even polynomials in 1/n and 1/(2n—1) respectively, of 
degree 2m. 


17°38. Simple Kapteyn sertes with complex variables. 


It was stated in ὃ 171 that, in general, Kapteyn series are of a more 
recondite character than Neumann series, and we shall now explain one of © 
the characteristic differerices between the two types of series. 

In the case of Neumann series it is, in general, possible to expand each of 
the Bessel functions in the form of a power series in the variable, and then to 
rearrange the resulting double series as ἃ power series whose domain of con- 
vergence is that of the original Neumann series. 


. It is to be noted that the coefficients of <* and εἴ 1 in the respective polynomiais are not 
sero; they are 
(- 5 (et 
2. (π}}} 2.15.8}. (2π-- 1)" 
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The corresponding property of Kapteyn series is quite different; for the 
Kapteyn series 
Land van {(v + n) 2) 

is convergent and represents an analytic function (cf. § 8.7) throughout the 
domain in which 

zexp /(1l—-2 = lim 

I+V(l—s") | se 117 i 
while the double series obtained by expanding each Bessel function in powers 
of s is absolutely convergent only throughout the domain in which 

[Ζ| οχρ νᾷ --[ἰσβὺὺὃᾧ΄.. 1 

1+(1—|2/') = [Pr aal 
and the latter domain is smaller than the former ; thus, when the limit is 1, 
the first domain is the interior of the curve shewn in Fig. 24 of § 8:7, in 
which the longest diameter joins the points +1, while the shortest joins 


the points + 2 x 06627434; while the second domain * is only the interior of 
the circle | z| = 06627434. 


Hence, when we are dealing with Kapteyn series, if we use the method of 
expansion into double series we succeed, at best, in proving theorems only for 
8 portion of the domain of their validity; and the proof for the remainder of 
the domain either has to take the form of an appeal to the theory. of analytic 
continuation or else it has to be effected by a completely different method. 


As an example of the methods which have to be employed, we shall give 
Kapteyn’s+ proof of the theorem that 


(1) i =1+2 > Jn (nz), 
edt 2 πὶ 
provided that z lies in the open domain in which 
zexpV(1— 2) 


ττνα- |<* 


This domain occurs so frequently in the following analysis that it is con- 
venient to describe it as the domain X;; it is the interior of the curve shewn 
in Fig. 24 of § 8-7. 

Formula (1) is, of course, suggested by formula (2) of ὃ 17°22. 

To establish the truth of the expansion, we write 


1+2 = J, (nz) = S(z), 
and Sian it ie to be proved that ‘8 (2) =1/(1 ~ 2). 
ΠῚ s@[exp {dz pS 


* For an investigation of the magnitude of this domain, see Puiseux, Journal de Math. xrv. 
(1849), pp. 88---39, 249246, 


+ Nieuw Arcnief voor Wiskunde, xx. (1898), pp. 1238—126; dnn. sci. de PFcole norm. sup, (8) 
x. (1893), pp. 96—102. 
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we see that, if we can find a circle Γ' with centre at the origin of such a radius 
that on it the inequality 


(2) exp στ ΞΟ, [- 
is true, then | | 
(3) “()-- [ς Lettexp the @— 1/0} de 


Qeret Jin4y 1 —t exp {42 (ἐ —1/t)} δ΄ 
To investigate (2), we recall the analysis of ὃ 8:7. If z= pe%*, t= et, 
where p, τι, a, θ are all real (p and wu being positive), then (2) is satisfied for 
all values of 6 if 
p V(sinh? u + sin? a) —u <0; 
and when wu is chosen so that the last expression on the left has its least 
value, this value is (ὃ 8°7) 
| log zexp /(1 — 2’); 
1+/(1— 2) |’ 
which is negative when z lies in the domain K. Hence, when z lies in the 
domain K, we can find a positive value of u such that the inequality (2) is 
satisfied when |¢| = e”. 
Again, if we write 1/¢ in place of ὁ in (3) we find that 
οι _ 1 1+¢exp {-- ἐσ (ἐ -- 1/t)} dt 
a 80 sr J 1~—texp{—dz (¢—1/t)} t ’ 
where Ὑ is the circle | ¢| =e". | 
When we combine (3) and (4) we find that 
Ξε + exp {de (t— 1Ὁ)} de 
79 (2) = Fri Jevssy-) t—exp (het 1/f)} τ᾽ 
and so 2S (2) 18 the sum of the residues of the integrand at its poles which lie 
inside the annulus bounded by T and γ. 
We next prove that there is only one pole inside the annulus*, and, having 
proved this, we notice that this pole is obviously ¢ = 1. 
For the number of poles is equal to 
1 d log [1 -- ἐπ᾿ exp [ἀξ (ἐ -- 1/t)}] ἢ 
Qridety-) ὥμδὸτῤΠΠΠ᾿ 


1 d log {1 -- ' exp {42 (ἐ — 1/£)}] ἃ 
moe f eb Es de 
πὶ J (r+) dt 
ὦ [4161 -- ἐοχρ ἐσέ - 1/0) 
270 J w+) dt " 
1 d log [1 ~¢™ exp [ἐφ (¢—1/t)}] 5 
=; Se OE 
mJ (r+) dt 
yi d log[—texp {— 42 (¢ — 1/t)}] dt. 
ὥπι (T+) dt 


* The corresponding part of Kapteyn’s investigation does not seem to be quite so convincing 
as the investigation given in the text. 
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Now the first of these integrals vanishes; for, if we write 
t exp [ἐσ (ἐ-- 1}}Ξ Ὁ, 
then [ὕ] «1 on I’, and so the expression under consideration may be written 
in the form 
1 = dU 
Ξ σ᾿ ὧν dt, 
πὸ. (T+) 12, dt 


and the integral of each term of the uniformly convergent series involved is 
zero. 


Hence the number of zeros of 1 — ¢— exp {$2 (¢— 1/t)} in the annulus is 


equal to 
1 1 2 1 | 


It follows that 2S (2) is equal to the residue of 
t +exp {42 (ἐ — 1/t)} 
t—exp |}2(¢ — 1/0)| 
at ¢=1; and this residue is easily calculated to be 2/(1 — 4). | 


ΤῸ has therefore been shewn that S (z) 1s equal to 1/(1 — z) throughout the 
domain K, 1.6. throughout the whole of the open domain in which the series 
defining S(z) 18 convergent. | 


_ (Norg. It is possible to prove that S (2) converges to the sum 1/(1 — 2) on the boundary 
of X, except at z=1, but the proof requires an appeal to be made to theorems of an Abelian 
type; cf. § 17°8.] 

17°31. The extension of Meissel’s expansions to the case of comple variables. 


We shall now shew how to obtain the expansions 


2% Jan(2nz) 2 ae τες ὐὔ τ. 
() aes n+ ζ “PLE PEACH CHAGAS 
Ἕ..., 
- ἤρα ((2n —1) 2} | a τοῦθ eT 
ΟΣ Glee? "Fee te 


2 Ge . 
MCT oC Eto oo Miia 
which are valid when z lies in the domain K and ¢ is a complex variable 
which is unrestricted apart from the obvious condition that ¢ must not be an 


integer in (1) nor an odd integer in (2). These results are the obvious 
extensions of Meissel’s formulae of § 17-23. 


[Notz. The expansions when ¢ is a pure imaginary have to be established by a limiting 
process by making ¢ approach the imaginary axis; since the functions involved in (1) and 
(2) are all even functions of ¢, no generality is lost by assuming that δὶ (Ὁ is positive. ] 
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In order to establish these formulae, it is first convenient to effect the 
generalisation to complex variables of the expansion of the reciprocal of the 
radius vector given by §17°21(6). That is to say, we take the expansion 


142 2 Jy (nz) cos n@, 
n=1 


which we denote by the symbol S(z, φ), and proceed to sum it by Kapteyn’s 
method (explained in §17°3), on the hypotheses that ¢ is a real variable and 
that z lies in the domain K. We define a complex variable y by the equation 
d=y—zsiny. 

The singularities of y, gua function of ¢, are given by cos y= 1/2, that is 
| Φ = arc sec 2 — γ(23 -- 1). 
None of these values of ¢ is real* if z lies in the domain K; and, as φ in- 
creases from 0 to οὐ through real values, y describes an undulating curve 
which can be reconciled with the real axis in the ~-plane without passing 
over any singular points. 

It follows that if, for brevity, we write 


U=t" exp {$2(¢-—1/0}, 


1 1 -- 0 dt 
S(2, = smi ou, ] —2U cos¢+ ὕ 51’ 
with the notation of ὃ 17. τ the methods of that section we have 
1— U dt 
50 φ) ται (r+,y-) 1 -—2U οοβ Φ- Ὁ» τ᾽ 
and so 28 (2, φΦ) is equal to the sum of the residues of the integrand at those of 
its poles which lie inside the annulus bounded by T and γ. 
We shall now shew that there are only two poles inside the annulus, and, 
having proved this, we then notice that these poles are obviously ¢= e+. 


then 


By Cauchy’s theorem, the number of poles is equal to 
1 eh Aah ak aaa 
2πὶ ' (r+,y-) 


ΕΗ d log (1 -- 2U cos 4 a ΘΞΟΣ + Ὁ αι 
“πὶ (T+) 


1 dlog [ἢ Ὁ» z2(t—1/t)}] dt 
2πὶ wey dt 
2 


(+) 
a 


* It is easy to shew that such values of ¢ satisfy the equation 
tid _* xP ν (1 -- 24) 
“14+/(1-24 ’ 


80 that | e* | <1, 
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the integral of each term of the uniformly convergent series vanishing, just 
as in §17°3. 
Now the residues of | 
| 1— 0? 1 
1—2U cos¢+ U?'t 
at t= et are both equal to 1/(1—zcosy); and therefore we have proved that 


1 
(8) 1 -- Ζοοῦψ 


in the circumstances postulated ; and the series on the night is a periodic 
function of ¢ which converges uniformly in the unbounded range of real 
values of ¢. 


Hence, when R(f)>0, we may multiply by e~* and τω thus: 
[ eHdg+2. Σ In (nz) |” eHoosnpdo=| 5 imtesy ἀφ. 
That is to say, 
(4) | ἡ σ᾽ ἐίψ--α sin) day =F 
0 


=1+4+2 Σ Jn (nz) cos πῴ, 
a=1 


με κω) 

nai 22+ ζ ” 

where the path of integration is the νι curve in the W-plane which 
corresponds to the real axis in the ¢-plane; and, by Cauchy's theorem, this 
undulatory curve may be reconciled with the real axis. 


Now, when the path of integration is the real axis, the integral on the left 
in (4) ts an integral function of z; and this function may be expanded in the 
form _ 

Σ |” e¥ sin™ Wad. 
ae m! Jo 


By changing the sign of z ates the work we infer the two formulae 
6 Yon (2nz) _ 
(ὅ) Ξ Σ 4n? + ζ" a er 
S. San—1 {(2n — 1) z} A τους 
©) wn Gn- IPF δ κει @m—I)i Jo αν, 
which are now established on the hypotheses that z lies in the domain K and 
that R(C) >0. 
By dividing the paths of integration into the intervals (0, πὸ, (7, 277), ... 
and writing ἐπ + 0,§7+6,... for y in the respective intervals, we infer that 


“δ᾽ ἐν gin ψάψ, 
0 


o 1 [k " 
i ot sin ydy = τα γπξ Ι: cosh ξθ. cos™ θάθ 


1 
~ {25 - 2} (C4 4}... {ζ5- 4ηι 
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and that 
eo) 1 tr 
$b op 2m—1 nee Seen a 
Ι eS sin?™—) adap ah cml, cosh £8. cos*™—! 6d0 
1 
᾿ξ Ἐ1}1Ὁ + 3}... (Ὁ τ (Am — 1] 

By substitution in (5) and (6) and writing 2ζ for ζ in (5) we at once infer the 
truth of (1) and (2) when R(£)> 0; and the mode of extending the results to 


all other values of ¢ has already been explained. The required generalisations 
of Meissel’s expansions are therefore completely established. 


17°32. The expansion of 2 into a Kapteyn series. 


With the aid of Meissel’s generalised formula it is easy to obtain the 
expansion of any integral power of z in the form of a Kapteyn series. It is 
convenient to consider even powers and odd powers separately. 


In the case of an even power, z™, we take the equation given by § 17°31 (1) 

in the form 
(1) fp2V(n+14+22) P(n+1-—28) Ὁ Jom (2m2) ay 
sl ot eg +tO)T (1-20) mar m+ 3, 
af 2 Σ T(n+1+4+2f) P(n+1—2f) gam pam—on—1 dh 
~ Dart) mail (m +1426) P(m+1—7) 

where the contour of integration is the circle | £|=n+ 4. Since both series 
converge uniformly on the circle, when z lies in the domain K, term-by-term 
integrations are permissible. 


Consider now the value of 


1 (127+ or) (25 ξ5) ... (ah Ὁ δὴ op 
2πΊ} 2} 5: C7 (m? + £7) : ᾿ 


When m <1, there are no poles outside the contour, and so the contour may 
be deformed into an infinitely great circle, and the expression is seen to be 
equal to unity; but when m>7, the poles + 1m are outside the circle and the 
expression is equal to unity minus the sum of the residues of the integrand 
at these two poles, i.e. to 

(m+n)! 


: mtr (m—n—1)!" 


The expression on the left of (1) is therefore equal to 


mi 2 (m+n)! Jom (2mz) 
> ὡς -- NET IO]: σοῖς» 
Next we evaluate _ 
ἐς] C(n+14+76)T(n+1-—76) ἀξ 
πὶ) igiensy ΓΙ ΕἸ ἘΣ ΥΓ πη ΕἸ -- 12) CH 
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When m <n, the origin is the only pole of the integrand, and, if we take the 
contour to be an infinitely great circle, the expression is seen to be equal to 1. 
But, when m >n, there are no poles inside the circle | £|=n+4, and the 
expression is zero. 
Hence we have 
(2) 9 Σ Jom (2mz) -- ὃ Σ (m+n)! Jom (2mz) 
= 


= 25 - 25 -... +2, 


If we replace n by n—1 and subtract the result so obtained from (2), we 


find that 
nna $ (MEN=W!am(Bme)_g J (m+n)! Jam 2a) 


m=n π|5πι (γι --- 2)! manp nent (m—n—1)!’ 
and so 
(3) =n Σ (m + — 1)! Som (2mz) 


m=n So mM™+1 (m—n)! 
If n= 1, equation (8) is at once deducible from equation (2), without the 
intervening analysis. 
When we have to deal with an odd power, 255“, we take the equation 
given by § 17°31 (2) in the form 


1 f 2. {12+ 5) [85 0}... ((Qn—1P + 5}. 
[{|Ξ 2 


(4) Qari Ce ᾿ 
- Jom— {(2m — 1) Ζ 
m=1 C84 (2m—1)P — ag 
{12 + £3} (B94 £7}... (Qn -- 1} + fF 
= gam) ¢2m—m—1 

ἋΣ (Pees Fama δ] “ξ 
and we deduce in a similar manner that 

Σ᾿ (etna Dl Vem (m= 1) 41 
man+l (m—})".(m—n—1)! 

Ξε 2 -Ἐ23-... τ 2-1, 


1 


2art) |gi=an 


x 


(5) 25 Sams (2mm -- 1) 2} -- 8 


Hence | 
2n—1 _ τ (m+n—2)! Jom (2m —1) 2) 
νὼ ἈΞ an ἐν (ηι —4)™.(m—n)! , 


The formulae (3) and (6) may be combined into the single formula 
ng Ὁ (N+ M—1)! Sapam {(2 + 2m) 2} 
(7) ($2)" =n? a π᾿ (n+2my"" mt ’ 
which is obviously valid throughout the domain K when n has any of the 
values 1, 2, 3,.... | 
This formula was discovered by Kapteyn*; the proof of it which has 
just been given, though somewhat artificial, seems rather less so than Kapteyn’s 


proof. 
* Ann. sci. de U'Ecole norm. sup. (3) x. (1893), p. 103. 
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17°33. The investigation of the Kapteyn series for 2" by the method of 
induction. | 

We shall now give an alternative method* of investigating the expansion 
of 2" as a Kapteyn series, which has the advantage of using no result more 
abstruse than the equations 


1 1 Oe oe 
(1) τ--, -1τ2 = Jm(mz), τε ΤΣ ©) J m (mz), 


which were proved for real variables in ὃ 17:22 and for complex variables in 
§17°3; it is, of course, supposed that, if 2 1s real, then —1 < 2< 1, and, if 2 is 
᾿ς complex, then z lies in the domain K. 

The induction which will be used depends on the fact that when the sum, 


J (2), of the Kapteyn series 2 dm, Jm(mz) is known, then the sum F(z) of the 
m=1 . 


ete: Ζ : ; : 
series Σ Sm lm (ME) can be obtained by two quadratures, if the former series 
m=1 


converges uniformly. To establish this result, observe that, by term-by-term 
differentiations, 


23 ore) +2 ΠΣ (εἰς Σ Am [23 ,,΄ (mz) + (2/m) Jim’ (mz)} 
dz dz wel 


=(1—24) © amd (mz), 
m=) 
co that (-£) F@=0-A fF); 
it follows at once that F(z) can be determined in terms of f(z) by quadratures. 


Now, from (1), we have 
0 1,3 
5 Sm me) = ES, 


_ & dam(2mz) 
and so, if F(z)= Σ ΕΞ : 
d\3 
then (2 =) F(z) =}2*. 
Therefore, in the domain K, 
τ Jom(2mz)_ , , 
omer nee + A log z+ 8, | 
where A and B are constants of integration. If we make 2---Ο, we see that 
A=B=0. | 
Consequently 
(2) 2=2> om (2mz) 
m=1 m 


* Watson, Messenger, xuv1. (1917), pp. 150—157. 
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In like manner, we deduce from (1) that 
Σ Jensa (2m +1)2} = Σ ΟΕ 
m=0 —é 
and hence that 


9g τ Fane {(2m + 1) 2} 
(3) ὡ- ay 


The expansions of 25) when n is 1 or 2 are therefore constructed. 


Now assume that, for some particular value of n, 25) is expansible in the 
form 


=n? Σ bm.nJm (m2), 
m= 
and consider the function ᾧ (2) defined by the equation 
$ (2) =(n +2) = bmn Jn (m2). 


By the process of differentiation already used, we have 


m — n? 
mM? 


αὔθ), ἀφ). (m4 291) Σ (mt 2°) bagn in (me) 


= (n+ 2) |? gat? as} = 
=(n + 2)? 27*?, 
On integration we deduce that 
o(z) = 2" + A’ logz+ Β΄. 
It is obvious that A’= B’ = 0 from a consideration of the behaviour of φ (Ζ) 
near the origin. | 3 
Hence the expansion of z"+? is 


2:5 = (n+ 2} Σ bmn, nt2 J m (mz), 
m=1 


— (n+ 2) (1 -- 22) 2” 


m —n* 
where Orn, n+2 = mm bm, ne 


It follows at once by induction that 
a 2-1 P(tm+n) b 

man mT (ikm—n+1) 

2 2°10 (m+n) Jam (2mz) 
sie eam 2 Ome om Tm —n 41) 
That 1s to say 

2% = In? Σ Γ (m +n) Jem (2mz) 

men mM DP (m—n+1)’ | 
and this is equation (3) of §17'32. The expansion of 255. 15 obtained in the 
same way from the expansion of z; the analysis in this case is left to the 
reader. 
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We therefore obtain the expansion 
C(n+tm).TInsom {(n + 2m) 2} 
(n+2m)"*).m! ; 
which is the expansion obtained by other methods in §17:'32; and the ex- 
pansion is valid throughout the domain K. 


(4) 42)" πὴ Σ᾽ 


Since the series 
= C(n+m) 
moo (n+ 2m)", m! 
is absolutely convergent (being comparable with Σ 1/m*), the expansion (4) 
converges uniformly throughout K and its boundary. The expansion is there- 
fore valid (from considerations of continuity) on the boundary of K, and in 
particular at the points z= +1, as well as throughout the domain X. 


17°34. The expansion of 1/(t — 2) in a Kapteyn series. 


From the expansion of 2", obtained in the two preceding sections, we can 
deduce, after Kapteyn*, the expansion of 1/(¢ — 2) when Ζ lies in the domain 
K and ἐ lies outside a certain domain whose extent will be defined later in 
this section. 


Assuming that |¢| >| z|, we have 
1 1 


23. 11 Φ 252 ὁ. Τ᾿ (ἢ - πι) Inyom ((n + 2m) z} 
petit 2, pant, we, em 
zexp (1 — 2) 
Now, if τ 7” 


the repeated series is expressible as an absolutely convergent double series if 
the double series 
o ὦ Dry? TY (n + m) Ynutom 
n=l mao (N+ 2m)"t1 mm! |t [515 
is convergent. But the terms in this series are less than the terms of the 
double series 
= = 2ynrm _ 2VexpV? 
n=-1m=0 mi|tp [40] - 2V)’ 
provided that | ¢|>2V. 
Hence, when 
zexp νᾷ — 2’) 
1+ ν( -- 22 
rearrangement of the repeated series for 1/(¢ — 2) is permissible, and, when we 
arrange it 85 ἃ Kapteyn series, we obtain the formula 


(1) >. =O, (Ὁ +2 Σ ®, (ὃ Jn (nz), 


jt|>2 


t— 


* Ann. sci. de V Ecole norm. sup. (3) x. (1893), pp. 113—120. 
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where * 
(2) @, (ἢ) = 1/t, 
(3) ®.()=] > «ἐπ (n — 2.5. (π - τὰ -- 1): 


Ὁ om! (knit) 
From the last formula we may deans a very remarkable theorem discovered 
by Kapteyn; we have 
{ 1% 1 <b (n—m—1)!_ 1 <e (n— 2m). (n-m—D)! 
at mao m! n! (dnt) ἃ τὸ m! ἘΣ , 
and therefore, by § 91 (2), 


dnt, (ὃ = — ~(¢ a) {int O, (nt)}, 
so that, by § 9:12 (1), 
— (4) Φ, (Ὁ =n (1 — #) O, (nt) + sin? Jnr 4 t cos? ἐππ 
when n= 1, 2, 3, .... 

Kapteyn’s polynomial 68, (Ὁ) ts therefore expressible in terms of Neumann's 
polynomial O, (nt). 

It is now possible to extend the domain of validity of the expansion (1); 
for, by ὃ 8.7 combined with § 9°17, it follows that the series on the right of 
(1) is a uniformly convergent series of analytic functions of z and ¢ when z 
and ¢ lie in domains such that 

(5) Ω (2) < 2), Ω (2) < 2 (1), 
| z exp ν( — 2*) 
where 0 (z)= T+V—24) | . 

The expansion (1) is therefore valid throughout the domains in which both 
of the inequalities (5) are satisfied. 

[Nors. This result gives a somewhat more extensive domain of values of ¢ than was 


contemplated by Kapteyn; he ignored the theorem proved in § 9.17, and observed that 
(since the coefficients in the series for @, (2) are positive) when j7¢|>1, 


| Φ, (Ὁ)} <@, (| t|) S @®, (1)=1, 
by (4); so that Kapteyn proved that (1) is valid when 
Ω (2) «2 (1)β.. 14[2.1.} 


17°35. Alternative proofs of the expansion of 1 {{{ -- 2) into a Kapteyn serves. 
Now that explicit expressions have been obtained for the coefficients in the expansion 


t 
it is possible to verify this expansion in various ways. Thus, if ®, (Ὁ be defined as — 
n (1 — ) O, (nt) +8in? 4nm +-¢ cos? $nz, 
the reader will find it an interesting analysis to take the series 
1. 2+tz 
*ti-e 
* Cf. Kapteyn, Nieuw Archief voor Wiskunde, xx. (1893), p. 122. 
W. BF. 19 


23 -- @, (Ὁ Ἐ2 Σ ; Φ, (t) Jn (nz), 
-- r= 


+2(1- #) Σ π Ο, (nt) J, (nz), 
=1 
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substitute suitable integrals for the Bessel coefficients and Neumann polynomials, and 
reduce the result to 1/(¢—z) after the manner of § 9°14. 


Or again, if we differentiate the expansion twice with respect to z we find that 


[ξξ τς :ξ Ξ aap} πατῶ Σ = enn? ®,, (¢) J, (nz), 


t—z)> (ἐπ: 2) 
and then, dividing by 1 -- 22, and making use of § 17°3 (1), we find that 
22? t (¢?+3) +62 +1 


ee OE 772 1\2 70.52 


(—1)(¢—-z (ὃ --ἹἸ}}ῷ(--2 3 (#-1 (¢—z)8 
᾿ Σ cantly (n2) {e, (CE ae bor eee 


Sop ey 
whence the differential equation for ®, (¢) is easily constructed in the form 
{3 J t(t?+3) κι, 44-627+1 
τ παν |? () Ἐπ; τας τὰ τ Θ, (ἢ - τ ὥς be Φ,( ) 
(4+327+1) sin? ἐππ 4¢ (¢2 +1) cos? δὶ 
=n? Ses ee Nee 
᾿ {@. () (ἰῇ @-1 J? 


and hence it follows that 
Φ, (t) =n (1 -- δ) O, (nt) + sin? 42 + ἐ cos? nm +t-! {A,dJ, (nt) +B, VY, (nt)}, 
where A, and B, are independent of ¢; but it does not seem easy to prove that A,=B,=0. 


17-4. The expansion of an arbitrary analytic function into a Kapteyn 
serves. 


We shall now prove the following expansion-theorem : 


Let f(z) be a function which is analytic throughout the region in which 
Ω (9) <a, where α «Ἰ. 


Then, at all points z inside the region, 


(1) τα, +2 Σ and (nz), 
where ἡ 
1 
(2) On = τς i @®,, (t) f(t) dt, 


and the path of integration is the curve on which © (t) =a. 


This result is obvious when we substitute the uniformly convergent 
expansion 


®, (t) +2 Σ Φ,( (ὃ Jn (nz) 
for 1/(¢— 2) in the ss 


“: τα 00%, dt 


since 2 (¢)=a on the contour, while both 0.(z)<1 and 0 (2) « Ω (¢) when z 
is inside the contour. 


This theorem is due to Kapteyn. 
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It is easy to deduce that, if the Maclaurin series for f(z) is 
J(@)= > An", 
n=0 


then 
| 1 «ἐν (n — 2m) .(n—m—1)! da_om 
=f οὖ 
(4) a = 4, na 0 m! (an) “ 


17°56. Kapteyn series in which ν ts not zero. 
The theory of Kapteyn series of the type. 


Σ᾿ aan Sm {(y +m) 2), 


in which ν is not zero or an integer, can be made to depend on the ex- 
pansion of z’. The result of §17°33 suggests that it may be possible to 
prove that 


T(v+m) 


(1) τη πο. Σ oe Ra πε Jy 42m {(v + 2m) 2}, 


throughout the domain K. 


It is easy enough to establish this expansion * when | z|< 0°6627434; but 
no direct proof of the validity of the expansion throughout the remainder of 
the domain K is known, and the expansion has to be inferred by the theory 
of analytic continuation. 


To obtain the expansion throughout the interior of the specified circle, 
expand the series on the right in powers of z. The coefficient of 2”+* is 


ξ ['(v+m) (—)"—™ (v + 2m)r"** 
mao (Vv + 2m), m!" Qt (r—m)! (vy + r +m +1) 
Ι (ὦ) r (—)-*™(v+2m)""? PD (v+m) E+ 2r+1) 
~ 2 P (y+ or +1) moo m!(r—m)! Civ) TPwertmtl) 


When r>1, the last series is a polynomial in ν of degree 3r—1 which is 
known to vanish identically whenever v is an integer. It therefore vanishes 
identically for all values of ν. The expansion (1) is therefore established 
(inside the circle) by a comparison of the coefficient of z” on each side of the 
equation. 


From this result, we can eats that, under the conditions specified in § 17-4, 


(2) γξς -Σ An,» (t) Toan {(v +n) 2}, 
where 
(3) as (j=5 3 <i? (vt n—2myT (v+n—m) 


aaa, (ἐν + n)”” +n—2m+1 mi! t- τι 


* This was done when | z|<0°659 by Nielsen, Ann. sci. de ’ Ecole norm. sup. (8) χνττι. (1901), 
pp. 42—46. 
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It is not difficult* to express ,,,(¢) in terms of Gegenbauer’s polynomial 
A,,,(nt+ 4 vt), defined in § 9-2. 


And the reader will easily prove that if f(z) satisfies the conditions specified 
in § 17-4, then 


(4) 2" f(z) = Σ any Svan iy +n) 2), 
where 
᾿ 1 Γ 
(ὅ) any = στ [70 An,» (ἢ) dt, 
in which the contour of integration surrounds the origin; and hence 
[1 ὁ (ν n— 2myP Γ (ν +n — mM) Anon 
(6) on,» = ὃ el ἕν + nyyta—amt ay! , 


where a, a,... are the coefficients in the Maclaurin series for f(z). 


[NotE. Jacobi in one of his later papers, Astr. Nach, xxvu1l. (1849), col. 257—270 [ Ges. 
Math. Werke, vii. (1891), pp. 175—188] has criticised Carlini for stating that certain 
expansions are valid only when |z|<0°663.... But Carlini had some excuse for his state- . 
ment because the expansions are obtained by rearrangements of repeated series which are 
permissible only in this domain, although the expansions are actually valid throughout the 
domain K.} 


17°6. Kapteyn series of the second kind. 
Series of the type 


Σ BaJusn (ἐξ: + n) Ζ ᾿ 7,60 (“> + n) «| 


have been studied in some detail by Nielsent. But the only series of this 
type which have, as yet, proved to be of practical importance}, are some 
special series with =v, and with simple coefficients. The results required in 
the applications just specified are obtainable by integrating Meissel’s expansion 
of § 17°31 (1) after replacing z by zsin @. It is thus found that, throughout 
the domain K, 


Σ Title) _ § mgmt = [si 
Be eg Se Ga a A ἘΙΉΓῚ ΡῈ ὃ: Od, 
sor n+? nay (12+ γ(25 4+ 0)... (P+ 0) π|}0 sin 
so that 
iy pales 2 Ὁ “oe 


re oe SE Toe (τ) Ὁ 8) 
and hence we deduce that %J,,?(nz)/n*™ is a polynomial in 25 of degree m; 
while the sum of series of the type 2n?"J,?(nz) may be found in a similar 
_ manner from the corresponding expansion 2n?" Jy, (2nz). 
* Cf. Nielsen, Ann. sci. de l’Ecole norm. sup. (2) xvi. (1901), p. 60. 


+ dvn. sci, de U Ecole norm. sup. (3) xvut. (1901), pp. 39—75. 
t Cf. Schott, Electromagnetic Radiation (Cambridge, 1912), Chapter vutt. 
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Thus Schott* has shewn that 


“ 1 1 
2 ἘΞ es τς 
(2) Zt edo 8! 
ου 2 44 22) 
8 Sidi er) 
νυ ρων ἃ, 16 (1 -- κ2)}᾿ 


A general theory resembling that of 8.Ν16΄14Φ is deducible from the ex- 


pansion 
2v{T(v+1)P 2 [(2v+m) 
2" .... af tre tt te rare ὁ... 
(4) (32) a TI (2v + 1) Sok (vy + my) , m! ἐν" 
which is easily derived from ὃ 17°5 (1) and is valid throughout K; but it 
seems unnecessary to go into details which the reader should have no difficulty 
in constructing, in the unlikely event of his requiring them. 


vim {(v +m) 2} 


17°7. Kapteyn series which converge outside the domain K. 
If lim | V/a,|=1, 
% ae CD 
we have seen that the Kapteyn series 2a,J,(nz) represents an analytic 
function throughout the domain K. But since, when ὦ is real, |J,,(nxz)i < 1, 
the series may converge along the whole of the real axis, although when | z| > 1, 
the series does not converge at points which are not on the real axis. 


The behaviour of such a Kapteyn series may be summed upt by saying 
that it resembles a power-series throughout the domain K and that it re- 
sembles a Fourier series on the real axis outside K. 


As an example, let us consider the series 


ge : Jn i) 


n=1 
It is evident that, if d= Ψ —zsin ψ, then 
8 == ω 5 ποτῷ ἂψ, 
0 n=1 
since the Fourier series is uniformly convergent. 


Now, when 2 >1, ¢ decreases as y increases from 0 to arc cos(1/z) and 
then increases to 7 as Ψ' increases from arc cos(1/z) to 7. If m be the integer 
such that the minimum value of ¢ lies between — 2mm and — 2(m + 1)7, let 
the values of Ψ' corresponding to the values 

0, -- 2π, -- 4π,..., —2mr, —2mm,..., — 27, 0 


of φ be Yo, γ1» --- Yms Sms Omar, +++ δι» ae and then 


_1 Yr+1 πῚ 2 cosnd 
2 1s [ns +["+'5 r=0 fe +f ΞΣ n? es 


* Electromagnetic Radiation (Cambridge, 1912), p. 120. 
+ The suggestion of these analogies was made by Professor Hardy. 
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Now when Ψ' lies in the intervals (γ,, Yr4,) and (6,, δι) the sum of the 
series under the integral sign is 
+f? — 4064+ 40° 4+ r(r +1) 7° 4+(r4+1) 749, 
and, since 


[Op - esin py dy = hye + 2e0sy, 
[Ν - “βία ψν ἂψ = dy? Ὁ 2. (Ψ cos ψ — sin Ψ) + $27 (ψ — sin Ψ' cos W), 


it may be shewn without much difficulty that 
ΝΣ ΤΙ t= Σ α (δ," — y,7) + ὦ (cos 6, — cos γ,}} + 2a > Σ Ee Yr): 


The reader will see a a large class of Kapteyn series sae be summed by 
this method *. 


17°8. The convergence of Kapteyn series on the boundary of the domain K. 

With the exception of the points +1, the boundary of K presents no 
features of special interest; because, by means of Debye’s asymptotic expansion 
the consideration of the convergence of the Kapteyn series Zan Jyin {(v + 2) 2} 
is reducible to that of the power series 
5 an a, (zexp νᾷ — ἊΝ 

“νη ΐ1- ΝᾺ -- 2) 

and that of two similar seriest with /n’, γ πὸ written for γῆ. 

The points +1 present more interest, because the ordinary asymptotic 
expansions fail. But the lacuna thereby produced is filled, for real values of ν, 
by the following theorem of an Abelian type: 


The convergence of 


——= 


1 ni 
18 sufficient to ensure both the convergence of Σ GnJy4n(v +n) and the continuity 
of XanJrin [(ν +n) x} throughout the interval} O< a «1. 


Since Sa,/n? aie and {π|(ν + n)}\3 is monotonic, with a limit as n > οὐ, 
it follows§ that 2 an/(v + nt converges; and since, by ὃ 8:54, (vy + ns SJrin(v + ἡ) 
is monotonic, with a limit as n> 00, it follows that Zandyin(v +n) converges. 


a 


* In this connexion the researches by Nielsen, Oversigt K. Danske Videnskabernes Selskabs, 
1901, pp. 127146, should be consulted. 

+ If a,/./n does not tend to zero the series cannot converge; and if it does tend to zero 
Za,/./n> is absolutely convergent, and so, if we replace each Bessel function by the first two terms 
of the asymptotic expansion with a remainder term, the series of remainder terms is absolutely 
convergent. 

+ Due allowance has to be made for the origin if »<0. 

§ Bromwich, Theory of Infinite Series, § 19. 
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J van {ν + n) a} 
Jyin (ν + n) 
is a function of n which does not increase as n increases, for all values of a 


in the interval 0 <a<1, it follows from the test of Abel’s type for uniformity 
of convergence* that 


Again, since 


Σ Ond vin {vy +n) a} 


is uniformly convergent (and therefore continuous) throughout the interval 
0<a<1; and this proves the theorem. 


By reversing the reasoning, it may be shewn that if 2 a,Jin(v +) con- 
verges, so does Sa,/n?, so that the convergence of San/n? is both necessary 
and sufficient for the theorem to be true; the theorem is therefore the best 
theorem of its kindt. 


* Bromwich, Theory of Infinite Series, § 44. 
+ This was pointed out by Professor Hardy. Cf. Watson, Proc. London Math. Soc. (2) χνι. 
(1917), pp. 171—174. 


CHAPTER XVIII 


SERIES OF FOURIER-BESSEL AND DINI 


18:1. Fourier’s formal expansion of an arbitrary function. 


In his researches on the Theory of Conduction of Heat, Fourier* was led 
to consider the expansion of an arbitrary function f(z) of a real variable of 
in the form 


(1) f (2) = Σ anJo(jn2) 


where 7, ja, Js,--- denote the positive zeros of J,(z) arranged in ascending 
order of magnitude. 

The necessity of expanding an arbitrary function in this manner arises 
also in Daniel Bernoulli's problem of a chain oscillating under gravity and in 
Euler’s problem of the vibrations of a circular membrane with an initial arbi- 
trary symmetrical displacement (§§ 1.8, 1:5). 

In order to determine the coefficients a», in the expansion, Fourier multi- 
plied both sides of (1) by «Jy ( jm) and integrated between the limits 0 and 1. 
It follows from ὃ 5:11 that 
m+#nNn, 
πὶ Ξε Ἢ, 


1 τεῷ : 0, 
| oJ (Im) J (jn@) de=| δῦ, (jm); 


and hence Fourier inferred that 
9 1 
2 m= 77-5 Ὁ t) Jo (κι αἱ. 
(2) a J? (jm) 0 F(t) (7 ) 
If we now change the significance of the symbols jm, so thatt j,,-72, Js, --- 
denote the positive zeros of the function J,(z), arranged in ascending order 
of magnitude, then 


(3) f(a) = Σ amd, imi) 
where 
ioe | PI Caat as 
τ Om Fi (7.7 Ὁ 5. jnt αι 


This more general result was stated by Lommel}; but, of course, neither 
in the general case nor in the special case ν = 0 does the procedure which has 
been indicated establish the validity of the expansion; it merely indicates how 
the coefficients are to be determined on the hypothesis that the expansion 
exists and is uniformly convergent. 

* La Théorie Analytique de la Chaleur (Paris, 1822), §§ 316—319. 
+ The omission of the suffix », associated with 71, jo, jg, ..., should cause no confusion, and it 


considerably improves the appearance of the formulae. 
t Studien iiber die Bessel’schen Functionen (Leipzig, 1868), pp. 69—73. 
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In fact the simplicity of the procedure is somewhat deceptive; for the 
reader might anticipate that, if the function /(«) is subjected to appropriate 
restrictions, the expansion would be valid for all values of ν for which the 
integral 


1 
| tJ, (jmt) Jo( jnt) αἱ 
0 


is.convergent, 1.6. when vy >— 1. 


Dini, however, remarked that he was unable to deal with the range 
— 1<v< —}$,and limited himself tothe range v>— 4. Several subsequent writers, 
while proving theorems for the latter range, asserted that the extension to the 
former range was merely a matter of detail; but it was not until after 1922 that 
anyone took the trouble to supply the detail which is tedious and of no great 
interest. In the exposition given here, it will be supposed that v >— ἃ. 

The first attempt at a rigorous proof of the expansions (1) and (3) is 
contained in some notes compiled by Hankel* in 1869 and published post- 
humously, A more complete investigation was given by Schlaflit a year 
after the publication of Hankel’s work; and an important paper by Harnack+ 
contains an investigation of the expansion (3) by methods which differed 
appreciably from those of earlier writers. 


A few years after the appearance of the researches of Hankel and Schiafii. 
the more general expansion 


(5) f (2) -Σ Bin Fy (Non), 


where A,, Az, As, .-. denote the positive zeros (in ascending order of magnitude) 
of the function 

2 {2d,' (2) + Ad, (2), 
when v > — 4 and H is any given constant, was investigated by Dini§. 


The coefficients in the expansion are given by the formula 
1 
(6) (α,--ν) T2 (Aan) + ant v2 ων} Bin = Don? | tf I. Ormt) dt 


The mode of determination of the numbers ),, subjects f(#) to what is 
known as a ‘mixed boundary condition, namely that Ε΄ (4) + Hf (z) should 
formally vanish at 2 = 1. 


The expansion (5) was examined by Fourier (when v= 0) in the problem 
of the propagation of heat in a circular cylinder when heat is radiated from 
the cylinder; in this problem the physical significance of H is the ratio of the 
external conductivity of the cylinder to the internal conductivity. 


* Math. Ann, vim. (1875), pp. 471—494. In the course of this paper, Hankel obtained the 
integral formula of §14°4 as a limiting case of (3). 

t+ Math. Ann. x. (1876), pp. 187—142. 

1 Leipziger Berichte, xxx1x. (1887), pp. 191—214; Math. Ann. xxxv. (1889), pp. 41—62.. 

8 Serie di Fourier (Pisa, 1880), pp. 190—277. 
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It was pointed out by Dini that the expansion (5) must be modified* by 
the insertion of an initial term when H +» =0; and, although Dini’s analysis 
contains a numerical error, this discovery seems to make it advisable to 
associate Dini’s name rather than Fourier’s with the expansion. 


The researches which have now been described depend ultimately on a set 
of lemmas which are proved by Cauchy’s theory of residues. The use of com- 
plex variables has, however, been abandoned, so far as possible, by Kneser t 
and Hobsont, who have constructed the expansion by using the theory of 
integral equations as a basis. 

On aesthetic grounds there is a great deal to be said for this procedure, 
because it seems somewhat unnatural to use complex variables in proving 
theorems which are essentially theorems concerning functions of real variables. 
On the other hand, researches based on the theory of integral equations are 
lable to give rise to uneasy feelings of suspicion in the mind of the ultra- 
orthodox mathematician. 

The theory has recently been made distinctly more complete by the 
important memoir of W. H. Young, who has thrown new lhght on many 
parts of the subject by using modern knowledge of the theory of functions of 
real variables in conjunction with the calculus of residues. An earlier paper 
by Filon|| which makes some parts of the analysis appreciably less synthetic 
must also be mentioned here. 


The question of the permissibility of term-by-term differentiation of the 
expansion which represents a function as a series of Bessel functions has been 
discussed by Ford{, who has obtained important results with the help of 
quite simple analysis (cf. ὃ 18°4). 

More recondite investigations are due to C. N. Moore**, who, after studying 
the summability of the expansion by Cesaro’s means, has investigated the 
uniformity of the convergence of the expansion in the neighbourhood of the 
origin, and also the uniformity of the summability of the expansion (when 
not necessarily convergent) in this neighbourhood. 


The reason why the uniformity of the convergence (or summability) of 
the expansion in the neighbourhood of the origin needs rather special con- 
sideration is that it is necessary to use asymptotic formulae for J, (Am) which 
are valid when A,» is large; and, as x approaches zero, the smallest value of 
m, for which the asymptotic formulae are significant, is continually increasing. 


* Details of necessary modifications when H+v <0 will be given in §18°3. The modification 
was also noticed by Kirchhoff, Berliner Sitzungsberichte, 1883, pp. 519—524. 

+ Archiv der Math. und Phys. (3) v11. (1903), pp. 123—133; Math. Ann: Lx111. (1907), pp. 477—524- 
{ Proc. London Math. Soc. (2) v1. (1909), pp. 359—388. 

ἃ Ibid. (2) xvi. (1920), pp. 1683—200. 

| Tbid. (2) rv. (1906), pp. 396—430. Cf. §§ 19-21—19°24. 

7 Trans. American Math. Soc. tv. (1903), pp. 178—184. 
** Ibid. x. (1909), pp. 391—435; xu. (1911), pp. 181—-206; xx1. (1920), pp. 107—156. 
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In the exposition which will be given in this chapter, the methods of the 
calculus of residues will be used to a far greater extent than has been usual 
in recent researches; this is a reversion to the practice of Hankel and 
Schlafli and (in the special case of Fourier series) of Cauchy. The advantage 
of this procedure is that it results in a great simplification in the general 
appearance of the analysis throughout the whole theory. And, although it 
seems impracticable to prove certain theorems (notably those * relating to 
fractional orders of summability) with the help of complex variables, the gain 
in simplicity is so marked that it has been possible to include in this chapter 
very many more theorems than would have been possible if the methods 
of the theory of functions of real variables had been used more exclusively. 


As an example of the simplicity produced by using complex variables, it 

may be mentioned that comparatively crude inequalities, such as 
c,exp [1 (z)| 
| J, (z)|< a. 

where οἱ is a constant, independent of z, when ν is given and exceeds — }, are 
sufficient to prove all the requisite theorems concerning convergence at a point 
(or surmmability at a point) and they are also sufficient to prove theorems con- 
cerning uniformity of summability throughout an interval of which the origin 
may be an end point. Direct proofs of theorems concerning uniformity of 
convergence throughout such an interval require more elaborate inequalities, 
but in this work the use of such inequalities is evaded by deducing uniformity 
of convergence trom uniformity of summability by an application of Hardy’s 
convergence theorem f. 

It may be stated here that the theorems of this chapter correspond exactly 
tu the theorems concerning Fourier series which are given in Modern Analysis. 

In addition to the memoirs which have already been cited, the following may be men- 
tioned: Beltrami, 2. Ist. Lombardo Rendiconti, (2) x11. (1880), pp. 327—337 ; Gegenbauer, 
Wiener Sitzungsberichte, UXXXVIII. (2) (1884), pp. 975—1003; Alexander, Trans. Edinburgh 
Royal Soc. XXx1t. (1888), pp. 313—320; Sheppard, Quarterly Journal, xxl. (1889), 
pp. 223-260; Volterra, Ann. di Mat. (2) xxv. (1897), p. 145; Stephenson, PAil. Mug. (6) 
XIv. (1907), pp. 547—549; Messenger, xxxilI. (1904), pp. 70—77, 178—182; Rutgers, 
Nieuw Archief, (2) vin. (1909), pp. 375-380; Orr, Proc. R. Irish Acad, xxvu. A, (1910), 


pp. 233-248 ; and Dinnik, Kief Polyt. Inst. (Engineering Section), 1911, no. 1, pp. 83—85. 
[Jahrbuch tiber die Fortschritte der Math. 1911, p. 492. ] 


The investigations by Alexander are mainly based on operational methods, while Orr 
dealt with expansions in which functions of the second kind are involved. 


18°11. The various types of series. 


In the special case of series of circular functions, it is necessary, as the 
reader will remember, to make a distinction} between any trigonometrical series 


ἐξα, - = (Am cos mz + by, sin mz), 
m=1 


* Such theorems have been investigated by Moore and Young. 
t Modern Analysis, § 8-5. 1 Cf. Modern Analysis, § 9-1. 
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and a Fourter series in which the coefficients are expressed as integrals, 


= = [ F(t) cos mtdt, bm = =|" J (t) sin mtdt. 


It is necessary to make a similar distinction* between the types of series 
which will be dealt with in this chapter; any series of the type 


Σ And, (jm) 


in which the coefficients am ae form a given sequence of constants, will 
be called a series of Bessel functions. 2 


If, however, the coefficients in ss series are expressible by the formula+ 


= 75), tf (t) Jy (jm t) dt, 


the series will be called the fies lt series associated with f (x). 


am = 


And if, further, the series converges to the sum f(x) for any point ὦ of 
the interval (0, 1), the series will be described as the Fourter-Bessel expansion 


of f (2). 


In like manner, the series 


Σ δ, ὦ, un x), 
m=1 


where Aj, Ay, Ay, .-. are the positive zeros of 
zd, (2) + HJ, (2), 
will be called Dinv’s series of Bessel functions. 
If the coefficients b,, are determined by the formula? 


(ον, — v2) T42 (Nan) Ὁ Nan? Ts”? (Nan)} Bon = Drag? tf (t) Jv (Xt) dt, 


the series will be called the Dini series associated with f (a). 


And if, further, the series converges to the sum f(z) for any point « of the 
interval (0, 1), the series will be described as the Dini expansion of f (a). 


Some writers have been inclined to regard Fourier-Bessel expansions as 
merely a special case of Dini expansions, obtainable by making H ~ 0; but 
there are certain distinctions between the two expansions which make this 
view somewhat misleading (cf. §§ 18°26, 18°34, 18°35). 


18°12. Special cases of Fourter-Bessel and Dini expansions. 
There are very few expansions of simple functions in which the coefficients 
assume a simple form. 


One function whose expansion has simple coefficients has already been 


* The greater part of the terminology is due to Young, Proc. London. Math. Soc. (2) xvuut. 
(1920), pp. 167—168. 

+ It is supposed that the integral is convergent for all positive integral values of m. 

{ It is supposed that the series is modified, as in § 18°34, when H+7 <0. 
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investigated in§ 15°42. Another is x”, which gives rise to the formal expansions 


= 2d y (Jm®) 
1 ‘= > ey ra 
( ᾿ " m= md v41 (jm) 
(2) a Σ 2 ,αὐ], Onn 4) 7, Am) 


m=1 An? tye vy) J? (Am) +Xr aoe AON) 


It will be seen subsequently that (1) is valid when 0 <x <1, and (2) when 
O<a<lifH+v>0. Cf. § 18-22, 18:35. 
, 


The reduction formula 
1 1 
Non? | ἐν ἈΕῚ}, (λ,, t) dt=(v+2n) Jy (Am) — Amy’ (Am) — 42 (ν +2) | ev t2n-l J, (Amt) at 
0 0 


is easily established, so that the Dini expansion of x”+2" may be determined when » is any 
positive integer. The Dini expansion of 2”+2*+1! may similarly be determined; in this 
case the general coefficient is expressible in terms of known functions and 


1 
| ἐν, (Amt) at. 
0 


In order to calculate this when ν is an integer, McMahon* has proposed to tabulate the 
function 


5 |. dt=J, (2) + Is (2) +J5 )...., 
0 


which is a special form of one of Lommel’s functions of two variables (88 16°5, 16°56). 


18:2. The methods of Hankel and Schlafu. 


The earlier investigations which were described in ὃ 181 are based on the 
analysis used by Dirichlett+ in his researches on trigonometrical series of 
Fourier’s type; this method of proceeding is obviously suggested by the 
fact that the trigonometrical series are special cases of the Fourier-Bessel 
expansion, obtained by giving ν the values + 4. 


In the case of Fourier’s theorem, to prove that 


f(@)=4Fa+ > (adn cos mz + b,, sin mx), 
m=1 


where an = : | " F(t) cosmtdt, bn => : J (ὃ sin mtd, 
it is sufficient to prove that 
f(#)= lim =" {$+ cos (x —t) 608 2 (ὦ -- ἔ) +... + cosn (5 —t)} f(é) dt,. 


i.e. that ἐῶ lim +f πὴ = ἢ κι dt 


«ὦ 2πι.. sing(c— 


* Proc. American Assoc, 1900, pp. 42---48. The tabulation is most simply effected by using 
§ 10°74(3) in conjunction with Table I. (pp. 666—697); see Table VIII. 
+ Journal fiir Math, rv. (1829), pp. 157—169. 
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In the case of the general: Fourier-Bessel expansion, the corresponding 
limit to be evaluated is 


9 κα 2) (jm) [? ; 
] Σ ; t t J, mt dt, 
n τοῦ m=1 B ieee ()m) 0 if ( ) (J ) 


and so it is necessary to investigate the behaviour of the sum 


ἃ 3, inet) Ty (jt) 
m=!1 675... (jm) 
when is large; and it is in this investigation that the use of the calculus of 
residues is more than desirable. 


In the case of Dini’s expansion, the corresponding sum which needs 

examination is 
δ ee (Am) J, (mt) 
m=1 (An? - py?) J,? (Am) + pO un) 

An application of the calculus of residues which will be described in 88. 18:8--- 
18:93 shews that the difference of the two sums is readily amenable to dis- 
cussion, and so we are spared the necessity of repeating the whole of the 
analysis of the Fourier-Bessel expansion with the modifications appropriate 
to the more general case of the Dini expansion. 


18°21. The Hunkel-Schlafli contour integral. 


We shall now begin the attack on the problem of Fourier-Bessel expansions 
by discussing properties of the function T,, (¢, 2), defined by the equation 


| " 20", (jm) Fy (jmt) 
1 {, t, = = ες τα Cl aa ee > 
( ) ( τ) m=1 J y+l1 (Jm) 


where 0<2<1, 0<t<1, and the order ν is real and is subject to the condition 


y+4>0. 
The method which will be used is due to Hankel* and Schlaflit, though 
many of the details of the analysis are suggested by Young’st recent memoir. 


The function 7, (¢, x) is obviously as fundamental in the theory of Fourier- 
Bessel expansions as is the function 
sin (n + 4) (x — ὃ 
singe) 
in the special theory of Fourier series. 


In order to obtain the formulae connected with Τ᾽, (ὁ, x) which are sub- 
sequently required it 1s necessary to express the mth term of the sum for 
Τ᾽, (t, x) as the residue at jm, of a function, of the complex variable w, 
which has poles at 7, jo, js,.--jne When this has been done, we express 

* Math. Ann. vit. (1875), pp. 471—494. 


t Ibid. x. (1876), pp. 137—142. 
1 Proc. London Math. Soc. (2) xvitr. (1920), pp. 163—200. 
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T,, (t, 4) as the integral of this function round a rectangle of which one of the 
sides les along the imaginary axis while the opposite side passes between 
Jn πα Jny,. The sides parallel to the real axis are then moved off to infinity 
in opposite directions, so that, in order to secure the convergence of the integral, 
it 1s necessary to prescribe the behaviour of the integrand as | [(w)|>o. 
There are three integrands which we shall study, namely 
(2) 2 td, (aw) Jv41 (tw) — ad, (tw) Jv41(2w)}/{((8 — 2) J,? (w)h, 
(3) ww {J,(w) Y, (aw) — Jd, (xw) Y,(w)} J, (tw)/J, (w), 
(4) ww {J,(w) Y, (tw) —J, (tw) Y, (w)} J, (ew) /J, (w). 
The first of these was the integrand studied by Schlafli; the other two are 
suggested by the work of Kneser and Carslaw which was described in ὃ 15-42. 
A study of the asymptotic values of these integrands indicates that (2) is 
suitable for discussions in which «#t and 0 < «+t < 2; (3) when* 0 <t<2<1; 
and (4) when 0<a<t<l. 
We proceed to verify that the integrands all have the same residue, namely 
2, (jm) Iv ( jmt)/ F741 (jm); 
at w= %m. ‘In the case of (2), we define the functiont g(w) by the formula 


(5) gw) = ft, (ww) Toss (tev) — οὖν (tro) Fras (0), 


and then, if w =7,,+ 0, where @ is small, we have 
J, (w)=OT, (jm) -τ 8 OI,” (jm) + ..., 
so that 
ων," (ων =O jmTe® (jm) + OTe (jm) 2.7." τ Fe! (} τ... 
It is easy to verify, by using Bessel’s differential equation, that the coeffi- 
cient of & on the right vanishes; and hence the residue of g (w)/{wd,? (w)} 


at Im 18 or ee 
9 (jm) {1 jmFy? (jm)}; 
and this is easily reduced to 
2, (jm) J, (Imt)/F*v41 (jm) 
by using recurrence formulae. 
In the case of (3), the residue at 7,, 1s 
T)m {Fv (jm) Yo (jm%) — Fe Jm&) YC jm)} Fv (Jmt)/Iv (jm) 
=— πλοῦ, (Jm2) J, (jmt) ry (jm)/Jy ( jm) 
aa 2d, (jm) J, (jmt)/J,? (jm): | 
by 88:68, and this is the expression required; the integrand (4) 1s dealt with 
in the same way. 
* This is most easily seen by writing the integrand in the form 
ἐπί { H) (w) Hy?) (aw) — HA) (cw) Hy?) (w)} Sy (ἐιο) ὧὖν (w). 


+} The results obtainable by using the integrand (2) are discussed in great detail by Graf and 
Gubler, Einlettung in die Theorie der Bessel’schen Funktionen, τ. (Bern, 1898), pp. 131—139. 
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We next take the contour of integration to be a rectangle with vertices 
at + Bi, A, + Bi, where B will be made to tend to o, and A, is chosen so 
that jn< An<Jni:- When it is desired to assign a definite value to An, we 
shall take it to be equal to (n+ ἐν + 4) 7, which lies between 7, and j κει When 
n is sufficiently large (§ 15°53). 


Now it is easy to verify that the three integrands are odd functions of w, 
and so the three integrals along the left sides of the rectangles vanish *. 


Again, if w=u+w, it may be verified that when » is large, and either 

positive or negative, while ὦ Ὁ 0, then the three integrands are respectively 
0 ( ο΄ -ατ-]0}}. 0 (e— στὸ ll), O ( e~ (ἐπ α}}0}}, 

and so, for any assigned value of An, the integrals along the upper and lower 
sides of the rectangle tend to zero as Bo when 2 and ἐ have the relative 
values which have already been specified. 

We thus obtain the three formulae 
~ [ἡ “οὐ 9 (w) dw 


aa PN ALY ETS 
1 pantet [1 26wd, (xOw) J, (t Ow) db dw 
~ Dari | Ayn-— οἱ |, J,?(w) : 
(O<2+t<2; “ὃ 
Anti 
(7) 17,0, 2) = 5. ΠΣ wid, (w) Y,(aw)—J, (aw) Y, (ay) ετσαν, 
" (O<t<a<1) 
J, 
(8) Ta(t, 2) =5- ae w {J, (w) Y, (tw) — J, (tw) Y, (w)} ρον, 
(0 «5 «ἐς-1) 


From equation (6) it is easy to obtain an upper bound for [7 (ἐ, 4}}; for 
it is evident from the asymptotic expansion of ὃ 7:21 that, when ν +} is posi- 
tive (or zero) and bounded, there exist positive constants c, and c, such that 

1 : 2 
9) Fe twy| g BERET), 7 capi ΞΡ ΤΩΣ 
when w is on the line joining ᾿ ὃν οοἵ ἴο 4, Ἑ οὦ ἡ and ἐξ 0, provided that n 
exceeds ἃ value which depends on v. Hence 
2c,? 


(ἢ - x) T(t, x) | Ss a aC? acs? ν (at) J — “exp{- 


(2—a—t)!v|} de 
so that 


| 40, 
(0 Ts -οςς τος, 
, in (62) \< ae -  -- α--ὃ Vee) 
This inequality gives the upper bound in question. 
* It is necessary to make an indentation at the origin, but the integral round the indentation 
tends to zero with the radius of the indentation. 
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It is also easy to see that 
t 

i t+, (t, 4) (8 — 2°) dt 
0 


tvti f An+oz 
oe Base {td , (ww) S42 (tw) — oF v4: (bw) J, 41 (Φ10}} — > — ah Tot 
and hence 
t a : Δοβίννι 
(11) [fe T(t, α) (ὃ -- -) dt | S$ πορά, (2 oe t) (at) : 


[Note. Theorems obtained by a consideration of integrals involving Bessel functions 
of the first kind only can usually be made to cover the origin, in view of the fact that the 
constant σι in equation (9) is independent of ¢ in the interval 0<¢¢<1. Thus (11) may be 
written. 


t 4c,2¢@+4 
4 +1 (2-22 a ΠΝ Σου he 
Ε ee 7, (t, #) (8-29) dt} <a ἢ. 


valid when 0¢7¢1, O¢t<¢1. This extension is not so easily effected when integrals 
involving functions of the second kind have been used because the simplest inequality 
corresponding to (9) is 

| ¥, (tw) | < ey’ {| te [ΠΡ log | ee | +| to [- δ} exp {| Z (tev)|}, 
and it is ἃ somewhat tedious matter to obtain a simple upper bound to the integrand in 
(8) from this inequality. ] 


Equation (6) was used hi Schlafli to prove that, when n is large, then 


sinA,(t—«) sin A,(¢+ 2) 


but, since the order of magnitude of the error in this approximation is not 
evident, we shall next evaluate some integrals involving 7, (¢, 2) by means of 
which difficulties caused by the unknown error may be evaded. 


18°22. Integrals wvolving Τ᾽, (t, x). 
The two fundamental formulae which we shall now obtain are as follows: 


1 
(1) liam | +7), (t, 2) dt =”, (0<2<1) 
n—-»od 0 
(2) lim [ tT, (t, 2) dt = 4a". (0<#<1) 
ἢ-»οοϑὦἷἦ0 


From these it is obvious that 


(3) lim [ #7, (t,x) dt = 42". (0<2<1) 


nR-eed ἃ 


In the course of proving (1) it will be apparent that 
1 
af PHT, (ta) dt» art 
0 


uniformly as n -~ 0 when ὦ lies in the interval 
θ«.«;» «1-Δ 
where A is any positive number. 
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We shall also investigate the boundedness of 
t 
[ HT, (t, 2) dt 
0 


in the interval in which 0 <i <1. 


Of these results, (1) was given by Young, Proc. London Math. Soc. (2) Xvitt. (1920), 
pp. 173—174, and the proof of it, which will now be given, is his. Formula (2) seems tv be 
new, though it is contained implicitly in Hobson’s memoir. 


It is evident that 


v+1 Σ 2J, (Im 2) 
[ tT, (t,x) dt τε sa onl i Ae Gay 
When we transform the sum on the right into a contour integral after the 
manner of § 18°21, we find that it is equal to 
1 fe? QI,(aw)dw 1 f4atri 2s, ‘a dw 
πὶ} oe WI, (w) 2πὶ wd, (w) 
In the former of these two integrals, the origin has to be avoided by an 
indentation on the right of the imaginary axis. 
Since the integrand is an odd function of w, the value of the first integral 
reduces to πὸ times the residue of the integrand at the origin, so that 
1 LoL [Ast φῦ, (ew) dw 
[: HT (t,2)dt=x ao pee a 
Now 


ἀκ το 25, (aw) dw 2c = 
1. wd, (w) «Ἐς l exp {— (1 — 2) |v} do 


ΠΕ eee 
= C,A, (1 —2)V/x’ 
and, from this result, (1) 1s evident; it is also evident that 


An- xi 


1 
αἱ | eH T(t, 2) dt— art 
0 
tends uniformly to zero as n > 2% so long as 0 «4 «Ἱ]Ἱ -- Δ. 
It will be observed that the important expansion 


(4 orth τ αἱ 3 24+ Cima) 
m= ι 7] v+1 4a) 
which was formally obtained in ὃ 18°12, is an immediate consequence of (1). 


(0 «« « 1) 


Formula (2) can be proved in a somewhat similar manner (though the 
details of the proof are rather more elaborate) by using an integrand involving 
functions of the aston kind. It is easy to see that 


[fet (aydt= ἃ ᾿5595. Gn) Jen ine 

F431 (Jm) 
aaa a _ J yay (cw) dw 
[ig To (0) Vo) — ὅν (2m) Ye (w)) TE 
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Now take 0< <1 in the last integral and substitute for the Bessel functions 
the dominant terms of their respective asymptotic expansions, valid when | w 
is large (δ 1721). The error produced thereby in the integrand is, at most, 
O (1/w*) when 0<a <1; and, as n +00, we have 


[ τ |=2=0(2) 
4,.--οἱ wi A, n/}- 


Now the result of substituting these dominant terms is 


jim [Ὁ sin. wl -- 2) sin (ew — ἐνπ — 477) 
Bro πὶ Ag— Bi w cos (w — ᾧ νπ — 4a) 


dw 


= lim 2. An+Bi cos (ὦ — }vm — Far) — cos (2aw — w— fv -- for) 
Bmw 2πὶ) 4, Ki w Cos (ὦ — ὁ νπ — 477) 


dw 


a ee An+ Bi cos (2 σιν — w—4tva— Ἐπ) 
Bead 4,-Bi WCO8(wW— ἀνπ — 4} 7) 
We shall have to discuss, almost immediately, several integrals of this general 
type; so it is convenient at this stage to prove a lemma concerning their 
boundedness as n> 0. 


dw. 


Lemma. The integral 
ἮΝ i sah SOOO Se I=) a, 
Β-"ὦ J 4,.- Bi w COS (Ὁ -- ἦνπ — far) 


18 O(1/n), as n-» aw, if -1<A<1; and the integral is bounded if 0 <A <1. 


If we put w= A, +%v, where A,, as usual, stands for (2 +4» +-}) x, the expression under 
consideration may be written in the form ὴ 


; ” cosh Av. dv : ~ vsinhaAv.dv 
2i| 4q.co8 0.--1)4.. [ ty coe oO) Ay. { ase H oaks | 


When —1<A<1, the modulus of this does not exceed 
2 [“coshrav.dv 3 I, v | sinh Av | dv 
A, Je  coshv A,? Jo cosh v 
and the first part of the Lemma is obvious. 
Again, if 0 ¢A <1 and v(1—\)=&, we have* 
0 <v(1—A) sinh Av= £ sinh (Ὁ -- ξ) < cosh », 
so the integral to be considered does not exceed (in absolute value) 


"dv "dv 
24, [ Trea λα, [ Ae 2 


and the second part of the Lemma is proved. 


It follows immediately from the Lemma that 
| "eT, (t, @) dt = ha” + O(1/n), 
0 
when 0<2<1; and this is equivalent to (2). 


* The function ἕ sinh (v — ξ) has one Maximum, at f) say, and its value there is equal to 
sinh? (v -- ξ0) /cosh (v— i) which is less than sinh (υ -- ξρ). 
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Moreover, if we close the range of values of # on the right so that 0< 2 «1, 
we infer from the Lemma that the integrals 


1 
i “PHT, (t, a) dt, | eT, (t, 2) dt 
0 0 
are bounded as π-» οὐ when 0<a il. 


Lastly we shall consider 
rt 
iT, (t, α) dt, 


and we shall prove that, when 0 <t<1 and 0< 2 <1, this integral is a bounded 
function of n, ὦ and t,as n>. 


It is easy to shew by the methods which have just been used that, when 
1—a#+t<l1,ie. when ¢ <2, then 


t 
[ +i’, (t, α) dt 
0 
_ & WT, (jm) Tvs int) 
m=1 Fund vas (Im) 
ἐντι ae J 441 (tw) 


_ {J,(w) Y, (vw) —dJ, (aw) Y,(w); 7, ζω 


: v+t (Ant Bi gin w(1 --- 4). sin (tw -- ἐνπ -- ἔπ 
= (=-)- lim “| ain (ho) al = ἀντ τ 1 πὶ ὲ Ξ re 
Brew TU JS 4,-Bi w cos (ὦ -- ἐνπ — 477) 


dw 


0 ( ] ) i ΤῈΣ ΡΣ cos (cw + tw —w το ἐνπ — 47) dw 
Ξ- ΟἹ --) -- hm : cS A td ie 4 
Bro 2TH J 4..-- Bi w cos (w — ἐνπ — ὅπ) 


lim 
i 8 -» οὦ Qrrixt 


ets [ cos (w + tw --- aw — gum -- 47) 1 
An ~ Bi w cos (ὦ — ἐ νπ — 47) 


These integrals are of the type examined in the Lemma given earlier in this 
section; and so the original integral is bounded when -l1<a2+t—I1<l 
and -1<1+t—2z<1,ie. when 0<t<ac¢l. 


To prove that the integral is bounded when 0 < a <t <1, we first shew that 
4 
| + T, (t, x) dt 
0 


= lim — 
B-wrw 2u 


yt+l fAn 2 
Fe fT (ὧν Vos (0) — Tosa (te) Ὑν, ὦ} ree 
An- Bi J, (w) 


? 


and then apply the arguments just used in order to approximate to the 
integral on the right; the details of the analysis are left to the reader. 


It has therefore been proved that, if A be an arbitrary positive number, then 
¢ 
| [ eT, @a)dt| «Ὁ, 
0 


where U is independent of n, x and t when ἃ «« «1, Δ «ἐκ. 
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These results constitute the necessary preliminary theorems concerning 
Τ, (t, 2), and we are now in a position to discuss integrals, involving 7, (ἐ, x), 
which occur in the investigation of the Fourier-Bessel expansion associated 
with an arbitrary function f(z). 


18°23. The analogue of the Riemann-Lebesque Lemma*. 


We shall now prove that, if (a, b) is any part of the closed interval (0, 1), 
such that x is not an internal point or an end point of (a, δ), then the existence 
and the absolute convergence of 


| "af (t) αἱ 


are sufficient to ensure that, as n >, 


| EF (t) T,, (t, 2) dt = ο (1), 
wheret O<a¢1. ᾿ 


The reader will observe that this theorem asserts that the only part of the 
path of integration in 


[re T, (t, 4) dt 


which is of any significance, as n ~ 2 , is the part in the immediate vicinity of 
the point x. 

10 is convenient to prove the theorem in three stages. It is first supposed 
that τὰ f(t) is bounded and that the origin is not an end point of (a,b). In 
the second stage we remove the restriction of boundedness, and in the third 
stage we remove the restriction concerning the origin. 

(I) Let ἐπ" 7 (ὃ =F (ἢ (ἢ — 2), 
and let the upper bound of | F’'(¢)| in (a,b) be X. Divide (a, b) into p equal 
parts by the points ¢,, ἕ;, ... typi, (4 =a, t, = δ); and, after choosing an arbitrary 
positive number ε, take p to be so large that 


Σ (On, — Lm) (tm — tm—1) < ε, 
m=1 


where U,, and L£,, are the upper and lower bounds of F (2) ἴῃ (tn—1, tm). 
Let | F(t) =F (tn-1) + ©m (ὃ), 

so that | @m(t)|< Um— Lm in (tm—a; tm): 
It is then evident that 


b p tm 
| if) T(t a)dt= 5 F(a) I HT, (t, 2) (Ὁ - 2) dt 


P tm 
+> tT, (t, 4) (8-22) wm (t) αἱ, 
ma=1/ tm 


* Cf. Modern Analysis, § 9°41. 
t If r=1, it is, of course, supposed that b<1. 
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and hence, by the inequalities (10) and (11) of § 18°21, 
b 8c Kp 
fre Tn (t, #) dt | «πολα. ἃ -α- γα 


Ac? P. πὶ 
᾿ ποὺ (2 — ὦ -- ὦ) jens ae Lm) ὡ 
that is to say 


[ (Ὁ Tn (t,2) dt] < ποῦ ΞῈ δ) γα ΕΞ: +e]. 


‘Now the choice of ¢ fixes p; when ε (and therefore p) has been chosen, we 
are at liberty to choose A, so large that A,>2Kp/e. That is to say, by a 
suitable choice of 4,, we may make the integral on the left less than 
8c," 
TC? (2 — x2 — δ) Vx’ 

which is arbitrarily small. Consequently the integral is 0 (1) as A, >» οὐ, and 
this is the theorem to be proved. 

(II) When F(t) is not bounded throughout (a, δ), let it be possible to 
choose r intervals μ, such that F’(¢) is bounded outside these intervals and 
such that 


Σ [ΤΡ ]άι «ε 
μϑμ 


When ἐ lies in one of the intervals μα we use the inequality 
ss 
rs me (2 -- α -- δ) Vx’ 
and hence, if K is the upper bound of | Κ΄ ({)] in the parts of (a, b) outside the 
intervals μ, by applying (1) to each of these parts, we have 

ὃ ¥ 8¢,? (r+1)Kp 

-.----- ὁ ςἝἪἬὁ -ἰΣ-----. 

ia tf (t) Τ᾽, (t, x) dt = ae wy | Te +e : 

If we take ε sufficiently small (thus fixing A) and then take A, to be 
sufficiently large, we can make the expression on the right (and therefore alsc 
the expression on the left) arbitrarily small, and this is the result which had 
to be proved. 


[ἐγ (ὃ — 2) Tn (t, 2)| 


b 
(11) If | tt f (t) dt exists and is absolutely convergent, we can choose 7 
0 


so small that 


ὲ 
t Ἴ aa ΕΝ 
and then, since we have 
: , 4h ALO 
[ tf (t) Tn (ty «) dt | Sr τῇ an | at, 
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it follows from (11) that 
b ; 8c,? (r+1)Kp 8ε 
[FO La (6,2) dt| < ας ἢν: hae een Z| : 


where K is the upper bound of | F'(¢)} in (η, ὃ) when the intervals μ are 
omitted. 


Hence it follows that the expression on the left can be made arbitrarily 
small by taking n sufficiently large, and so the analogue of the Riemann- 
Lebesgue Lemma is completely proved. 


18-24. The Fourter-Bessel expansion. 


We shall now prove the following theorem*, by means of which the sum 
of the Fourier- Bessel expansion associated with a given function is determined: 


Let f(t) be a function defined arbitrarily in the interval (0, 1); and let 
1 
| t? f(t) dt exist and (if it is an improper integral) let it be absolutely conergent. 
0 : 
2 1 | | 
_Let = ~———_ | tf (t)d.( jmt) αἱ, 
5 ἫΝ 475... (jm) I 7 (jm) 


where v +420. 


Let x be any internal point of an interval (a, b) such that 0<a<be<l and 
such that f(t) has limited total fluctuation in (a, δ). 


Then the serves Σ Andy (jm) 
m=1 


as convergent and. its sum rs 4 {f(x+0)+ f(x —0)}. 
We first observe that, by §§ 18:21, 18-22, 


Σ ἀρ Jo( ma) = [ tf (t) Ta (ts) dt 
If (e—0)+F(@ + 0)} = limo f(e—-0) | 7, (4,0) dt 


+ lim a” f(x + 0) | ‘eh Τ, (t, 4) dt. 
Hence, if 
S, (2) = | as (t-" f (t)— a” f(@ — 0)} T, (t,x) dt 
+ [ ‘en {te f(t) — a” f (x + 0)} Ty (t, x) dt, 


it is sufficient to prove that S,(z)»0 as n-»o in order to establish the 
convergence of 


Σ amd, (jm) 
m=} 
to the sum ${/f(¢+0)+/(#—0)}. 
* Hobson, Proc. London Math. Soc. (2) vu. (1909), pp. 387—-388. 
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We now discuss 
1 
| “Ἢ ἐπ’ f(t) — στὴ f (a + 0)| Τὶ ((, α) dt 


in detail, and the reader can then investigate the other integral involved in 
S,, (x) in precisely the same manner. 
The function ἐπ’ f (t) — στ’ f («+ 0) has limited total fluctuation in (a, 6), 
and so we may write* 
ἐπ" f(t) -- στ’ f(a2+ 0) = m1 (D — χα (8), 
where y, (£) and x, (¢) are bounded positive increasing functions of ¢ in (5, ὁ), 


such that 
χι (ὦ + 0) = χείς + 0) = 0. 


Hence, when an arbitrary positive number ε is chosen, there exists a 
positive number ὃ not exceeding 6 — 2, such that 
O<yi(th<¢ Οςχο() « ε, 
whenever ὦ «ἕ «ὦ ὃ. 
We then have 


[ih rf @— a fw + 0)} Tata) at 
= | if (f(t) — a fet 0) Tat) at 


τον “δ 
+ Ϊ py, (t) Tn (t, «) dt -- | +1 545 (ἢ) Ty (t, «) dt. 
x x 


We now obtain inequalities satisfied by the three integrals on the right. 
It follows from the analogue of the Riemann-Lebesgue lemma that the 
modulus of the first can be made less than ¢ by taking n sufficiently large. 


Next, from the second mean-value theorem it follows that there is a number 
& between 0 and 6 such that | 
r--é “ἐδ 
[ey © στρα, dt= (e+) [eT (ea) αι, 
x “-ξ 


and, by ὃ 18:22, the modulus of this does not exceed 2Ue; and similarly the 
modulus of the third integral does not exceed 2Ue. By treating the integral 
between the limits 0 and 2 in a similar manner, we deduce that, by taking ἢ 
sufficiently large, we can make the difference between 


Σ Amd, (jmz) and ${ f(2+0) + f(«—0)} 
m=1 
numerically less than (8U + 2) ε; and this is arbitrarily small. 
Hence, by the definition of an infinite series, we have proved that, in the 
circumstances postulated, Σ anJ, (jm) 15 convergent and its sum is 
m=1 

£{f(a+0)+f(@—9)}; 
and this is the theorem to be proved. 

* Cf. Modern Analysis, § 3°64. 
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18°25. The uniformity of the convergence of the Fourier-Bessel expansion. 


Let f(t) satisfy the conditions enunciated in § 18°24, and also let f (t) be 
continuous (in addition to having limited total fluctuation) in the interval (a, b). 


Phen the Fourier- Bessel expansion associated with f (t) converges uniformly to 
the sum f (x) throughout the interval (a + A, b— A) where A is any positive number. 

This theorem is analogous to the usual theorem concerning uniformity of 
convergence of Fourier series *; the discussion of the uniformity of the con- 
vergence of the Fourier-Bessel expansion near «= 1 and near «= 0 requires 
rather more careful consideration, in the first place because formula ὃ 18-22 (1) is 
untrue when x«=1, and in the second place because it is not practicable 
to examine the bounds of 


t 
| v7, (t,x) dt, 
0 
when 4 and ¢ are small, without using approximations for Bessel functions of 
the second kind. 


The difficulties in the case of the neighbourhood of =1 are easy to over- 
come (cf. ὃ 18:26); but the difficulties in the case of the neighbourhood of 
the origin are of a graver character; and the discussion of them is deferred 
to § 18°55. 

We shall prove the theorem concerning uniformity of convergence through- 
out (a+A, b—A) by arecapitulation of the arguments of the preceding section. 

In the first place, since continuity involves uniformity of continuityt+, the 
choice of 6 which was made in § 18:24 is independent of «x when z lies in 
(a +A, b— A). 


Next we discuss such an integral as 


| as le" f(t) — a~” f (x)} Tr (t, x) dt. 


Since 6 is independent of z, it follows from the proof of the Riemann- 
Lebesgue lemma (8 18:23) that this integral tends to zero uniformly as n > , 


provided that 
[eer -- λων} ae 
is a bounded function of z. 
Now 


eo {t— f(t)— στ’ f (a)} ae| <[las@laes στη! ἐν τ} ἀξ 


and this is bounded in (a+ Δ, ὃ -- A) since J (£) is continuous and therefore 
bounded in this interval. 


* Cf. Modern Analysis, § 9°44, 


t Cf. Modern Analysis, § 3:61. It is now convenient to place an additional (trivial) restriction 


on 6, namely that it should be less than A, in order that the interval (5 -- δ, +5) may lie inside 
the interval (a, δ). 
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Similarly the other integrals introduced in ὃ 18°24 tend to zero uniformly, 
and so 


Σ αι, (ima) —F (0) 


tends to zero uniformly as noo, and this proves the theorem stated. 


18-26. The uniformity of the convergence of the Fourier-Bessel expansion 
near x= 1. 

It is evident that all the terms of the Fourier-Besse] expansion vanish at 
the point ὦ =1, so that, at that point, the sum of the terms of the expansion 
1S Zero. 

Since uniformity of convergence of a series of continuous functions involves 
the continuity of the sum, it is evident that the condition 


fa-0)=0 
is necessary in order that the convergence of the Fourier-Bessel expansion 
associated with f(t) may be uniform near z= 1. 


We shall now prove that the conditions that f(z) is to be continuous in 
(a, 1) and that f(1) is zero, combined. with the conditions stated* in ὃ 18°24, 
are sufficient for the convergence to be uniform throughout (a + A, 1). 


The analysis is almost identical with that of the preceding section; we take 


i ἐντὶ (t-» f(t) — a” f (a)} Tr (t, x) αἱ, 


just as before, and we then divide the interval (0, 1) either into three parte 
(0, « --- δ), (ὦ -- ὃ, 7+ 8), (v +8, 1), if <1 -- δ, or into two parts (0, x— δ), 
(a — δ, 1),.if 5} πὶ δι And we then prove that the three integrals (or the two 
integrals, as the case may be) tend uniformly to zero. 


Again, when f(1)=0, we can choose 6, so that 
ja f(a)|<e, |f(«)|<e 
when 1 -- ὃ, «4 «1. 


Then the expression 
1 
f(a) — a f(a) { PHT, (t,x) dt 
0 


tends uniformly to zerot as no when ὦ [168 in (a+A, 1—6,), and the 
expression does not exceed (U+1)e for any value of πὶ when «@ lies in 


(1 — δι, 1). 


* The interval (a, δ) is, of course, to be replaced by the interval (a, 1). 
+ Because the integral involved tends to ἂν uniformly throughout (A, 1 -- δι), by ὃ 18°21. 
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Hence we can make 
1 
f (a) — αὐ f (@) | eT, (t,2) de 
“0 


arbitrarily small for all values of « in (a+ Δ, 1) by a choice of n which is 
independent of x; and this establishes the uniformity of the convergence of 


[ero T(t, x) dt 


to the sum f(z) in (a + A, 1) in the postulated circumstances. 


18°27. The order of magnitude of the terms in the Fourier-Bessel series. 


It is easy to prove that, if t#f(t) has limited total fluctuation in (a, b), 
where (a, ὃ) 1s any part (or the whole) of the interval (0, 1), then 


[: f(t) J, (at) dt =0 (3) 
as Λ,-»ΟΟ. 


From this theorem we at once obtain Sheppard’s result* that 


2d, (jm x) f} . a 1 
ΠΩΣ [πὴ at = 0 ( x) 


when 0<2z<1; this equation, of course, has a well-known parallel in the 
theory of Fourier series. 


We first observe that, as a consequence of the asymptotic expansion of §7:21, 


t 

| th, (ὃ dt 
0 

where c is a constant, independent of ¢ when ¢ lies in the interval (0, 0 ). 


Now write ¢? f(¢)= Ψ' (t) — ,(t), where vri(t) and vy, (t) are monotonic 
in (a, δ); and then a number ἕ exists such that 


| [vy (t) ἐξ J, (at) dt | =| (a) [Ὁ J, (At) dt +r, (b) | Cc J, (at) dt | 


< 2c {| (a)| + | (6) | fa? 
= Ο(λ 3). 


A similar result holds for ψ: (6), and hence the theorem stated is evident. 


< ¢, 


If it is known merely that 
b 
i tt f(t) dt 


exists and is absolutely convergent, then all that can be proved is the 
theorem that 


| "EF (t) J, (at) dt = σα IV). 


* Quarterly Journal, xx111. (1889), p. 247. 
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This theorem is due to W. H. Young*, and it may be proved in precisely 
the same manner as the theorem of ὃ 18:23. We shall write out the proof 
when [ἐξ f(t) is bounded, with upper bound K, and leave the reader to con- 
struct the proof, when the function is unbounded, on the lines of § 18°23. 

Divide (a, δ) into p equal parts by the points ft), ty, ..., tps (to = ὦ, tp = δ), 
and let the parts be so numerous that 


> (tin = bm—r) ( Om - Ln) < €, 
m=1 


where U,, and L,, are the upper and lower bounds of ἐδ f(t) in (tm_1, tm). 
Next let εὐ (ὃ Ξ (ὃ, F(t) =F (tm) + om), 


and then 


[tr@sowat| «ΚΣ | [' = ag: (at) dt + 2 ᾿ "τώ, (AL) an (ὃ | dt 


m=1\ J te. 
< 2Kcpri+ cer}, 
where c’ is the upper bound of |t+J,(¢)| in the interval (0, 2). Hence, by 
reasoning resembling that used in ὃ 18-23, the integral on the left is ὁ (λ 3), 
and this is the theorem to be proved. 

The theorems of this section can be made to cover the closed interval 
(0 «ὦ <1) in the forms 
2204S, (jm) 

“να (Im) 


This is evident when it is remembered that 


|(jmt)* Jy (jm) | < σ΄, 

Hence the general term in the Fourier-Bessel series associated with f (x) 
tends to zero (after multiplication by x) throughout the interval (0 <a <1) 
if xt f(x) has an integral which is absolutely convergent; and, if this function 
has limited total fluctuation, the general term tends to zero as rapidly as 1/Jm. 


2 snipe Oie) 
Δ), μὴ ἀν εὐ ὦν 


18:3. 7} application of the Hankel-Schlafli methods to Dini’s expansion. 


We shall now consider a class of contour integrals by means of which we 
can obtain theorems concerning Dini’s expansion, analogous to those which 
have been proved for Fourier-Bessel expansions, either in a direct manner or 
by means of the corresponding theorems for Fourier-Bessel expansions. 


The Dini expansion associated with f() 18 
Σ δι, m2) 
m=l 


where Ay, Az, Ay, --- are the positive zeros (arranged in ascending order of 
magnitude) of the function 
zJ,' (z)+ HJ, (2), 


* Proc. London Math. Soc. (2) xvm1. (1920), pp. 169—171. 
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where H and ν are real constants, and 


y+4>0 
The coefficients b,, are to be determined by the formula 


1 1 
Ben | tu. (Amt) dt = | tf (t) Jv (dant) dt 
0 0 
so that 
k 
Dn? [ὦ Se Ont) αἱ 
(Amn? — v?) S.? (Am) + Amn? Sy? (Ain) * 


Before proceeding further, we shall explain a phenomenon, peculiar to certain 


Dini expansions, which has no analogue in the theory of Fourier-Bessel 
expansions. 


bm, = 


The investigation of Dini expansions is based on properties of a function 

which has poles at the zeros of 
2 led, (2) + AS, (2)} ; 

and, when H +v=0, this last function has a zero at the origin. 

Further, if H+ is negative, the function has two purely tmaginary zeros. 

It is only to be expected that these zeros should contribute to the terms 
of the sertes, and such a contribution in fact is made. 

If # +v=0, an initial term 


1 
(1) 2v+lar{ ws fede 


has to be inserted on account of the zero at the origin. 


If H+» is negative and the purely imaginary zeros are +72, then an 
initial term 
— NPL, (A) " ᾿ 
2 στε, - πγερς τ ear ay | ἐξ() 7, (λυ) dt 
2 OFFAL? Oe) — NLT 00. O Le Oot) 


must be inserted on account of the zeros + 7A). 


These initial terms in the respective cases will be denoted by the common 
symbol 4%, (x), so that the series which will actually be considered is 


By (2) + Σ μιν ( να), 


m1 
where %,(z) is zero when H +» is positive and is defined as the expression 
(1) or (2) in the respective cases H+v=0, H+v<0. 


(Nore. The fact that an initial term must be inserted when H+» =O was noticed by 
Dini, Serve di Fourier (Pisa, 1880), p. 268, but Dini gave its value incorrectly, the factor 
2” being omitted. Dini’s formula was misquoted by Nielsen, Handbuch der Theorie der 
Cylinderfunktionen (Leipzig, 1904), p. 354. For corrections of these errors, see Bridgeman, 
Phil. Mag. (6) xvi. (1908), pp. 947-948; Chree, Phil. JMug..(6) xvii. (1909), pp. 329—331; 
and C. N. Moore, Trans. American Math. Soc. x. (1909), pp. 419—420.] 
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We now consider the function 
2wJ, (aw) J, (tw) 
J, (w) (wd, (w) + HS, (w)} 
This function has poles at 7), Jo, Js, +++) X1, Aes As, ...,( (Ὁ or + 2p). 
The residue of the function at 2. 15 


2J, (jm 2) J, (jmt) 


Jy’? (jm) 
The residue at X,, 15 
Amy Ame)So Amt) ὁ 
Sym) mde” Am) + So! Amn) + LI m)} 


Am Sy Ame) Sy (Amt) 
(Nan? — v2) Sy? (Ain) + Non? Ay? (Aan) 


The residue at the origin when H+ v=0 is 
—4(v+1)2°t. 


The residues at + 7A, when H +» is negative are both equal to 
= 29? L, (λ05) Ly (Not) 
(Ag? + v*) D4 (Np) — Ao? Ly’? (Ay) 
Now let D, be a number, which lies between X, and 2,,4,, so chosen that 


it 15 not equal to any of the numbers j7,,; and let jy be the greatest of the 
numbers 7, which does not exceed D,. 


- ᾿ : 
Let S,(t,0;H)= Σ 35εἰ ϑλον λα. (α,ἢ 
m=1 Ὁ τὰ (jm) 
_ Σ 2m® Sy (Am) Sy (Amt) 
m=1 (Am? — v*) Ty? (Ain) + Am? Sy? (An) ’ 
where .%,(«, ¢) is defined to be 0, 2 (ν. 1) “᾽ν or 
2A0? Ly (λ.2) Ly (Ave) 
(ro? + v?) 1,2 (Ag) — Ao? Ly’? (Ao) * 
according as H +» is positive, zero or negative. 


Then, evidently, 
N Ή, 1 
San Jy (jm 2) — B(2)— Σ Bin Ty me) = [ #@Sn(6.2; Hat. 
m=) m=1 


We shall now prove a number of theorems leading up to the result that, when 
0<#< 1, the existence and absolute convergence of 


1 
| tt f(t) dt 
0 
are sufficient to ensure that, as n-> οὐ, 


[ eF@Sutt25 H) dt =0 (1). 
0 
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This equation enables us to deduce the properties of Dini’s series in respect 
of convergence* from the corresponding properties of the Fourier-Bessel 
series. 


18°31. The contour integral for S,(t, x; H). 
It is evident from Cauchy’s theory of residues that 
1 fPnt7t Qw J, (xw) J, (tw) dw 
πὶ} py- οἱ J, (w) fwd, (w)+ HA, (w); 
cy he Pp ot 2wJ, (cw) J, (tw) dw 
πὶ J oi Sy (w) fwd,’ (w) + Hd, (w)}? 
where the symbol P denotes Cauchy’s ‘ principal value.’ The integrand being 
an odd function of w, the second integral vanishes, and so we have 
1 pPatet δλιυώ, (aw) J, (tw) dw 
272) »,.-- οἱ ὗν (ὦ) jw,’ (w)+ HS, (w)} 
An immediate consequence of this formula (ef. ὃ 18°21) is that 


S,(t,2; H)= 


(1) δι (ὁ, 2; H)= 


: C3 
(2) Sn (t, ©; H)| < ἢ δῦ’ 


where c,; is independent of n, 2 and t. 


Also 
prt Datei OT, (aw) Joga (tw) dw 
ΜῈ] . Ἐν ea τρις τος πο τον τ στ τς 
ik Sr ({, “ΗΝ ff) dt = Dene Dewi J, (w) fwd,’ (ὦ) rm HJ, (w)} ? 
and hence 
2 δ, tr} 


t 
vt . 
ik 18, (¢,2; H) dt Σ Q—a—t) Daya’ 


where ὁ, 18 independent of n, x and t. 


18°32. The analogue for S,(t, 2; H) of the Riemann-Lebesgue lemma. 


We shall now prove the theorem that, if (a, b) is any part (or the whole) 
of the interval (0, 1), then the existence and absolute convergence of 


| "a f(t) dt 


are sufficient to ensure that, as no , 
b 
| tO 8.6 2; H)dt=0(0), 


provided that 0<a<1. And, if b<1, the theorem is valid when 0< « «1. 
The proof has to be divided into three stages just as in the corresponding _ 
theorem (8 18:23) for 7᾽, (¢, 2). We shall now give the proof of the first stage. 
when it is supposed that ¢! f(t) is bounded and a>0. The proofs of the re- 
maining stages should be constructed by the reader without difficulty. 


* Except at the point x=1. 
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Let ἐπ" f(t)= F (ὃ, 
and let the upper bound of Κ΄ (Ὁ) in (a, δ) be K. 


Divide (a,b) into p equal parts by the points ¢,, t,,..., tpi (to =a, typ =), 
and, after choosing an arbitrary positive number ε, take p to be so large that 


Σ (Om ᾿Ξ Lm) (tm — tm-i) < €, 
m=) 


where U,,, and L,, are the upper and lower bounds of F(t) in (tm_1, tm). 


Let F(t) = F (tm_1) + @m (6), 
so that | @m(t)) < Um — Lm τῇ (tm—-1; tm): 
Then 


"tf (t) Sa (t, ©; H) dt 


m= 


Dp. ban p tm 
= § Fee) 1: pS, (t, 2; H) dt + Σ Ι ρει «,, (t) Sp (t, 2; H) dt. 


Hence, by § 18°31, 
ὃ ᾿ 1 2K pe, 
[| FO Sa: mye <@xs—hve| τα}, 


and if we now take n so large that D,ec,> 2Kpc,, we have 
[ros ies Hy δὲ econ Ὁ 
7. 2} Δ") 2 (2 -- α --- δ) να" 


and the expression on the right is arbitrarily small. Hence the integral on 
the left tends to zcro as m>0. 


When the reader has removed the restrictions concerning boundedness 
and the magnitude of a by the method of § 18°23, the theorem is completely 
proved. 


As a corollary, it should be observed that 


at | "tf (t) Sa (t, 23 H) dt 


tends uniformly to zero asn-~-oo when0<a#<1 ifb<l,andwhenO<z<1—-A 
if b<1, where A is an arbitrary positive number. 


18°33. Dini’s expansion of an arbitrary functron. 


An immediate consequence of the result of the preceding section is that 
the existence and absolute convergence of the integral 


[3 (αἱ 


are sufficient to ensure that the Dini expansion associated with f(z) behaves 
in the same manner, as regards convergence (or summability), as the Fourier- 
Bessel expansion throughout the interval (0 <#< 1). 
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For it is evident that τ 
ὅδ. (a+ Σ δ, (Amr) -- Σ α,ι,, (}υοι) 
m=} m=1 


tends to zero as n->0 when 0<2<1; and this sum (multiplied by /x) tends 
uniformly to zero when 0 «ὦ «Ἱ] -- Δ. 


Now, since the numbers A,, and 7,, which exceed |v| are interlaced 
(§ 15-23), it follows that D, may be chosen so that n— WN has the same value 
for all values of n after a certain stage. 


Therefore, since 


at Σ Om Jy (}ει2)-»Ὁ, 
=N+1 
uniformly throughout (0, 1), we have proved that 
2 B(x) ἘΣ αὐ nS v mz) — AmIy (jm®)} 
m=1 


tends to zero, as n-»oo, uniformly throughout (0, 1 — A). 
That is to say, the series 


ct By (x) + Σ αὐ (δ,., (Αφια) — Om T > (},.4}} 
m=1 


is uniformly convergent throughout (0, 1 — A) and its sum is zero. 


It follows from the ‘consistency theorems’ concerning convergent series* 
that, when the series is ‘summed’ by Cesaro’s means, or any similar method, it 
is (uniformly) summable and its ‘sum’ is zero. 


Hence, if, for any particular value of x in the interval (0, 1 — A), the serves 
Σ ahamd, (Jima) 
associated uith f(a), rs Seen (or is summable by some method), then the 
serves 
xt B(x) ἘΣ αὐ, ὧν (Ont) 


is convergent (or is summable by the same method) and the two sertes have the 
same ‘sum.’ 


And if, further, the Fourter-Bessel series (multiplied by x) 1s uniformly 
convergent (or uniformly summable) throughout an interval (a, ὃ), where 


0<a<b<l, 
then also the Dini series (multiplied by ./x) 1s uniformly convergent (or unt- 
formly summable) throughout (a, ὃ). 
In particular, if f(2) has limited total fluctuation in (a, ὃ) where 
0<a<b<l, 


* Cf. Bromwich, Theory of Infinite Series, § 100. 
W. B. FP. 20 
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then the serves 
By (x) + 2 bin Jy (Aen) 
converges to the sum 
ἐ {f(e@+0)+f(e—9)} 
at all points x such thata+OA<a<b—AJA, where A is arbitrarily small; and 
the convergence is uniform if f(x) 1s continuous in (a, ὃ). 


18°34. The value of Dini’s serves at «x =1. 

We shall now complete the investigation of the value of the sum of Dini’s 
series by considering the point <=1; and we shall prove the theorem, due to 
Hobson *, that, if f(a) has limited total fluctuation in the interval (a, 1), the sum 
of the Dini expansion at z=1 is f(1 —0). 

We first write 


Tr(t,7; H)=T, (t, 2) — Salt, x; se. 
= A, (2, + > Σ nS (Ame) ὅν (Amt) 


=1 (Am? -- νἢ) Sy? (in) + An? Ty? Am)’ 


1 [τ (w, x) J, (tw) dw 
Qari | pao; Wd, (ὦ) + A, (w)’ 
T (6, 23 H)= 5. Dat οὐφυᾧ (w, t) J, (aw) dw 

27 J »,.--οε WS, (w) + AS, (w)’ 


and then we have 


where 
φ (w, 2) = w[{wd, (w) + HS, (w)} Y, (ew) -- [w VY,’ (w) + HY, (w)} J, (aw)), 


The former representation of Τ᾽, (t,7; H) 1s valid when 0< t<a< 1, the 
latter when 0< «<t< 1. 


{[Nore. These representations of 7. ({, 2; H) are strictly analogous to the representa- 
tions of Τ᾽ (¢, ) given by § 18°21 (7) and § 18°21 (8); the fact that there is no formula for 
T’, (t, «©; H) analogous to ὃ 18°21 (6) is the reason why Dini series were discussed in ὃ 18°33 
with the help of the theory of Fourier-Bessel series. ] 


Now consider the value of 
i ‘eh T, (t,1; H) dt 

when O0<t<l. We have 
[en T,(t,1; H) dt = Jim 


rh Ἰὼς φίω, 1) J,4 (tw) dw 
wo 2πὶ D,— Bi wd, (w)+ Hd, (w) 
Se Ee Pat Be Soi (tw) dw _ 
ΠῚ 5, νὼ Tt J ρ,-ὶ wd, (w)+ AS, (ὦ) 
y+] (Drat+Bi 
eee see +O (2) dw. 


Beo Tt) p,-Bi (WI ,4,(wW) we 


* Proc. London Math. Soc. (2) v1. (1909), p. 388. 
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For any given positive value of ὃ, it follows from ὃ 18°21 that this is a 
bounded function of ¢ in the interval (5,1). When 6<t<1—6,it is 0(1/D,). 
And when ¢ = 1, it has the limit 1 when n+oo. 


It follows that 
By (1) +E bnIe on) —f(1 = 0) = [πὸ μη τὰ — 0)} Pu (1; Hae 
m= ; 0 


Since t~” f(t) -- ΚΑ - Ο) has limited total fluctuation in (a, 1) we may 
write it in the form y, (t)— x2(é), where y,(¢) and χα (ἢ) are bounded positive 
decreasing functions of ¢ such that 


Wi (1 —0)=y,(1 — 0) =0. 


Hence, given an arbitrary positive number e, we can choose a positive 
number 6, not exceeding 1 —a, such that 


θς«χι()«ε,ε O<y(t)<e 
whenever 1 —é<#< 1. 


We then have 
| eet {ef (t)- fC — 0)} Tr (ὦ, 1; H) dt 
| -[ νὰ ("7 -- α -- 0)} Τ, ((,1; A) αἱ 
0 


1 
+ [ee χι (ὃ Tn ({, 1; ff) dt -ἰ Ὁ" Xo (t) T. (t, 1; H) dt. 


By arguments similar to those used in § 18°24, the first integral on the 
right is 0(1) as no ; and neither the second nor the third exceeds 


tre 
Qe fia | | rh, (t,1; H)ae| 
0 


in absolute value (cf. § 18°24), and this expression is arbitrarily small. 


It follows that 
1 
lim | tt {t- f(t)—f'(1 — 0)} 7, (t, 1; H) dt = 0, 
n-mo υἱ 0 


and so we have proved that, in the circumstances postulated at the beginning 
of this section, 


ὅν) Σ bu 5, Om) 
converges to the sum Κ(] -- 0). 


This discrepancy between the behaviours of Dini series and of Fourier- 
Bessel series (δ 18°26) is somewhat remarkable. 
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18°35. The uniformity of the convergence of Dini’s expansion in an interval 
extending to «= 1. 


Because Dini series do not vanish identically at 2 = 1, 10 seems not unlikely 
that/the condition that f(a) is continuous* in (a, 1), combined with the 
existence and absolute convergence of 


| "tt F (ὃ dt, 
0 


and the condition that f(#) has limited total fluctuation in (a, 1), may be 
sufficient to ensure the uniformity of the convergence of the Dini expansion 
in (a+A, 1). 
We shall prove that this is, in fact, the case. 
The reason for the failure in the uniformity of the convergence of the 
Fourier-Bessel expansion (§ 18°26) near ἃ =1 was the fact that 
1 
[ ἐγτι 7, ({, x) dt 
Jo 


does not converge uniformly to a” in (A, 1), as was seen in ὃ 18°22. We shall 
prove that, on the contrary, 


1 
| ἐντὶ 7, (t, 2; Hf) dt 
0 


does converge uniformly to 2 in (A, 1), and the cause of the failure 18 
removed. 


A consideration of ὃ 18°26 should then enable the reader to see without 
difficulty that the Dini expansion converges uniformly in (ὦ + Δ, 1). 


It is easy to see, from ὃ 18:34, that 


t 
[ΠΤ (as H) dt 
0 


is the sum of the residues of 
at’! (wd, (w) + Hd, (w)} Yr (tw) — {w Y,’ (w) + HY, (w)} Jus (tw)] 
x J, (xw)/{wd, (w) + Hd, (wy), 

at A,, As, ..., An, plus half the residues at Ὁ or +7) 1f H+v<0. 


1 
Hence tvt1 Τ᾽, (t, 2; H) dt 
9 


is the sum of the residues of 
—(2/w) (H + v) J, (aw)/{wd, (w) + BS, (ω)}, 


and hence, when 0<z<l, 


»,-οἱ W {wd (ὦ) + HS, (w)}’ 


* Without restriction on the value of f (1 ~ 0). 


Dy tor 
Rawr H) d= ar ~ 7+” | J, (aw) dw 
υ 
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and the integrand on the right* is of the order of magnitude of 
expi—(1—2)|I(w)I} 
: w fax ; 
and so the integral on the right converges uniformly to zero like 1.(}, να) 
when A<az<l. That is to say 


1 
[ΔΉ Τὶ (t,0; H)de 
“0 


converges uniformly to z” in (A, 1); and we have just seen that this is a suf- 
ficient condition for the uniformity of the convergence of the Dini series 
associated with f(t) to the sum f(x) in (a + A, 1) under the conditions postu- 
lated concerning f(t). 


18°4. The differentiability of Fourier-Bessel expansions. 


In the earlier part of this chapter we obtained an expansion which, when 
written in full, assumes the form 


(1) f(®)=_& anDo(jnyv). 


We shall now study the circumstances in which, given this expansion, it 
is permissible to deduce that 


(2) 7 (@) = Σ amine Ts (Jme®). 


This problem was examined by Ford+t, and his investigation is analogous 
to Stokes’ researches on the differentiability of Fourier series¢. 


Ford also investigated the differentiability of Dini’s expansion when H= — v, but his 
method is not applicable to other values of H. 


It is evident that we can prove the truth of (2) if we can succeed in 
proving that 


(8) ῶ-- 7 --- Σ mje Toss (ύν 2); 
and the numbers j,,, are the positive zeros of 


22S κα. (2) + (ν +1) κῃ (z)}. 
Now we know that 5" (a) —(v/x) f(z) admits of the Dini expansion 


ao 


Σ δ, ἢ Clay x) 


m=1 
inside any interval in which the function has limited fluctuation, provided that 


* The term in wJ,’(w) is more important than the term in J,(w) except in the limit when H 
is infinite; this shews clearly the reason for the difference in the behaviour of the Dini expansion 
from that of the Fourier-Bessel expansion (cf. § 18-26). 

t Trans. American Math. Soc. rv. (1908), pp. 178—184. Σ Cf. Modern Analysis, § 9°31. 
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The coefficients b,, are given by the formula 
Bate [7 © —v FO) Joss met) at 


ΠΡ a ' d ν ΥΩ. vtl ᾿ 
7 “να (jm,v) ᾿ dt ie Fp} tr Sot (Jm,vt) dt 


= FG {tO Fea ine] — sme [FOI Cimat at 
=—Imv Om, - 
provided that [ FO κι (Jin, v 2], = . 


Sufficient conditions that this may be the case are 
(i) tf (t)+0 as t+0, 
(ii) #1 -0) =0, 
(ii1) f(t) is continuous in the open interval in which 0 «ἐς 1. 


These conditions combined with the existence and absolute convergence of 


: +3 d -ν α 
[: αι tf} at 
are sufficient to ensure the truth of (2) in any interval in which 


7΄ (a) -- @/2) f @) 


has limited total fluctuation. 


18°56. The summability of Fourver-Bessel serves. 


A consideration of the values of the coefficients in the Fourier-Bessel 
series associated with / (2), combined with the expression of 7’, (¢, 2) as a contour 
integral, suggests that it is no easy matter to discuss by direct methods the 
question of the summability, by Cesaro’s means, of the Fourier-Bessel expansion. 

It is, however, very easy to investigate the summability when the method 
of Riesz* is used to ‘sum’ the series, and then the summability (C1) can be 
inferred with the help of quite elementary analysis. 

The expression which will be taken as the ‘sum’ of the series by the 
method of Riesz is 

lim = ( - 25) an T (για): 
Ή τοῦ m=) n 


and when this limit exists, the Fourier-Bessel series wil] be said to be swm- 


mable (R). 
It is evident that 
2 > 1 
(1) Σ (a — 25) ἀων, (jm) = | t f(t) T(t, 5] R) dt, 
m=) n 0 


* Cf. Hardy, Proc. London Math. Soe, (2) vir. (1910), p. 309. 
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where 


3 hd mn yA (jnmx)d, (jm t) 
2 Τ᾽ t, R = > 1 χὰ J Ν 7 3 
( ) ( x | ) ey 25) ΨΩ (jm) 


and so it will be convenient to discuss the properties of 7,,(t,a|R) after the 
manner of § 18:22 before we make further progress with the main problem. 


18°51. Theorems concerning T,, (t, «| R). 


When 7, (t, «| R) is defined by equation (2) of ὃ 18°5, it is a symmetric 
function of ¢ and x, and so we shall proceed to establish the properties of the 
function on the hypothesis that 0 «ἐξα «1, and we can then write down the 
corresponding properties when 0 «ὦ <t<1 by interchanging ¢ and x in the 
results already obtained. 


We first observe that 7. (έ, 2 | R) is the sum of the residues of 


mw (1 -- 5) (J (w) ¥, (aw) — J, (ew) ¥,(w)} ee 


at ne Je» Jas wey dn- 
For brevity we write 


w {J,(w) Y, (aw) — J, (aw) Y,(w)} = ᾧ (w, 2), 


and then it is obvious that, when* ¢ < z, 


Ta(t.2|R)=5,| [Ὁ - | 10 - τ lw, 4) “5. (0) deo (tw) dew 


Ag— i — 02 J, (w w) 
Π1 pantie Je (tw) dw 
-ς  .(.-} oe) Jj, (w) 


1 [7 J, (tm) dw 
oy ot RC Φ, era 
since ® (ὦ, x) J, (tw)/J,(w) is an odd function of ων. 


We shall now obtain some upper bounds for 
| (w, 2) J, (tw)/J,(w) | 


both when w is on the line joining A, — 07 to Ay, + 1%, and when w is on the 
imaginary axis; the formulae which will be discussed are valid when 0 <2 <1 
and 0<é<1, the sign of 2 —¢ being immaterial. 


To obtain these inequalities, we shall use series of ascending powers of w 
when [10] is not large, and inequalities derived from the formulae of Chapter v1 
when [τ] is not small. 


* When ¢ > 2, the integrals taken along the lines joining + iB to A, + iB do not tend to zero 
as B-~ a. There is no need to make an indentation at the origin, because ᾧ (w, z) is analytic at 
the origin. 
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We first deal with the factor J, (tw)/J,(w). We observe that* 


Ji (tw)| ky 

α). Taw) |< ger (A -9|T(w)]} 

when w ‘is on either contour; this follows from inequalities of the type 
§ 18:21 (9) when [τ] is not small, and from the ascending series when |w| is 
not large (1.6. less than jm). 


We next consider Φ (w, x), which is equal to 
iw {H,” (w) A,” (aw) -- H,” (aw) H,” (w)} ; 
it is convenient to make two investigations concerning this function, the 
former being valid when -- ᾧ «ν « ἔ, the second when v >}. 
(I) The first investigation is quite simple. It follows from ὃ 86 and 
§ 7°33 that 
2 ke, | em ke | Cc” ἘΜ] 
(2) τ ἢ eel | (eu)| < I 


for all the values of w and x ii consideration when ~$}<v<4. Hence 
2 
(3) | (w, 2)| << exp ((1-2)1Z(w) |} 


(II) When »>} and |w| is not large, it is easy to deduce from the 
ascending series for J,(w), Y_(w), J, (aw) and Y, (aw) that 


(4) | Φ (w, x)| < ks | w| a”. 
If | w| is not small, we use the inequalities (deduced from § 7:33) 
οἷ ἡ [Ὁ 
(5) |B (uw) < BLE, | (wy |< BL 


together with the inequalities 
, | 1,0 (aw) | < ky {jw |-¥ + | ow >} |), 
©) ὉΠ ἈΠ (a) |< be {| ew 4+ |e} Le 
It fullows from ὃ 86 and ὃ 7°33 that the mequalities (6) are true whether 
|zw|is large or not. Hence, 
(7) | D(w, a) | < kyk, {wt + a” | w [85] exp [(1 — 2) | I(w) |}, 
when v > $ and [10] is large, whatever be the magnitudet of | aw |. 
If we now combine the results contained in formulae (8), (4) and (7) we 
deduce that, whether -- δ <v<} or y>}4, 
(8) | D (w, x)| < k, (at + a”) exp {(1 — x) j I (w)j}, 


* It is supposed that the numbers k,, kg, ks, ... are positive and independent of τ΄, z and t; 
their values may, however, depend on the value of », 
+ Provided of course that 0g 2 « 1. 
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when w is any point of either contour and 0<a<1. Hence, by (1), it follows 
that 


(9) | (w, ye) 


J, (w) | 


when 0<a<land0O<icl. 


< kg t-* (xt + 2”) exp ({-- (ὦ —t) | I (w) |}, 


We now return to the integral formula for 7. ({,4 1). If we replace w by 
A,+w and +vw in the first and second contour integrals respectively, we 
deduce that, when 0<t<2<l, 


2h, (ω ἢ + x”) 


| A (pm 06} 
1, (6,4 R)i< Α4,(ω--ὥὍψε " 


akg -ἰ -ν [ —~(e—t) v τις 
ΚΠ + 575) Ἐπ αὖ -Ξ 


We have consequently proved the two inequalities 
Bhs (a7 + στ) 
A, (e—tpPryt 
2k, (t~3 + t-”) 
A, (a —tPV/x 
It is to be remembered that ἄς 15 independent of x and ¢,so that we may 

make [4 -- εἰ tend to zero, if we desire to do so. 


(10) | 7, (t,0| R)|< (O0<t<w¢l), 


(11) IT, (t,7| R)|< (O<a<t<¢l). 


One other pair of inequalities is required in order to discuss the behaviour 
of T,,(t, 4} 1) when z and ¢t are nearly equal. To obtain them, we write 


,(t,0|R)= 5 [(1 =a) © (w, 2), 
when 0 <¢<<1; in this integral the contour is taken to be a rectangle with 
vertices +74,, An ttAn. 
It is easy to see that (9) 18 satisfied whether w be on the horizontal sides 
or on the vertical sides of this rectangle; and the factor 1 —(2w/A,) does not 
exceed 4/2 in absolute value at any point of the contour. 


Consequently the modulus of the integrand does not exceed 
ket * (a7? + 2) /2; 
and since the length of the contour is 6A, we infer that, when 0<t<2< 1, 
3A nk, (1 + 2*-’) 


er 


(12) | Tr(t,2| R)|< “(1 ω) 


and similarly, when 0 <2 ς«έςᾳ1, 
3A,k,(1 +07’) 
V($ tx) 


The Jast four inequalities are sufficient to enable us to discuss adequately 
the summability (R) of Fourier-Bessel series. The reader will observe that 
the consideration of small values of x has increased the length of the analysis 
to an appreciable but not to an undue extent. 


(13) |T,(t,2| R)|< 
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18°52. The analogue of Fejér’s theorem. 


We can now prove that the eaistence and the absolute convergence of 


[ὁ f(t) αἱ 


are sufficient to ensure that the Fourier-Bessel series associated with f(t) is 
summable (ft) at all points x of the open interval (0,1) at which the two limits 
J (@ £0) east. And the sum (R) of the series is 

kif (a+ 0) +f (x — 0). 
This theorem is obviously the analogue of Fejér’s theorem * concerning Fourier 
series. 


Since a series which is convergent is summable (R), it follows from § 18°35 
that, when 0 <2 <1, 


x 1 
lim [e+ Τί, (t,2| R)dt= lim | tT, ((, 4] R) dt 
0 n-»o Jz 


Ti~me 
= $2". 
Hence it follows that, when the limits f(z + 0) exist, then 


lim i pet Tn (t,x | BR) an” f(e—0)dé+ lim [ ‘pet Tr(t,2| RB) an f(@+0) dt 
Rn Ὁ ὦ Ὁ n- wwe Jz 
=4${f(~+0)+f(2—0)}. 


We are now in a position to consider the sum S,,(2| R), defined as 


. 


Σ (1-4) am Jo (jma) [oe T’,(t,@| R) x" f(a —0) dt 


m=) n 


1 
es | rT, ((, 5] Ε) a” f (+0) dt, 
and we shall prove that it can be made arbitrarily small by taking n sufficiently 


large. 


. The sum S,,(2| &) 1s equal to 
i ΝῊ {é-” f(t) -- στ’ f(a —0)} T, (ἐ, «| RB) dt 
+[en {t-" f(t) -- στ’ f(a + 0)} 1, (é, «| R) αἱ. 


Now, on the hypothesis that the limits f( + 0) exist, if we choose an arbitrary | 
positive number ε, there exists a positive numbert ὃ such that 


ES eae A sha τὸ (a<t<ax+8), 
lt" f(t) a f(w@—0)| <e, (w>t>ax~8). 
We now choose a positive function of n, say o(n), which is less than 8 for 
sufficiently large values of n, and divide the interval (0,1) into six parts by 
the points 7 Ὁ ὃ, x+a(n), x. 


* Cf. Modern Analysis, § 9-4. t+ Cf. Modern Analysis, ὃ 8°43. 
+ It is convenient to take ὃ less than z and 1 -- ἡ. 
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In the intervals (0,2—5), (c—6, #»—o(n)) and also in the intervals 
(z+a(n), « -Ὁ δ), (a+, 1) we use inequalities of the form given in § 18°51 (10) 
and (11); and in the intervals (x —o(n), x), (x, x +a(n)) we use inequalities 
of the form given in § 18°51 (12) and (13). 


It is thus found that: | S,(2| 2)! does not exceed 


2a (e+) [πὸ μα £(t) Lett a f -- 0}}} dt 
0 


A, & 


the (et +a") ie γάρ | 3A,? [5 
An -ὃ (: — t)? 2 χ-σ (Ὁ) 


4κ,ε [3A,2 [τσὴ ro at 
| dt soles 
ΕΣ Ι. oe x+oa (n) (a -- 


εἶ | Ct Πρ’ τ a fle +09} at 


ἐντὶ at| 


For any given value of ¢ (and therefore of δ), the first and last terms in this 
expression can be made arbitrarily small by taking n sufficiently large, on 
account of the convergence of 


[τ αι 


The remaining terms do not exceed 


2h, (82-4 + 2”) 1 Ε 94, σ ot 
An a(n) V2 1 
and, if we take o(n) =1/An, this is independent of n, and it can be made as 
small as we please by taking ε sufficiently small initially. 


- We can therefore make the intermediate terms in the expression for 
| S, (ὦ [8}} as small as we please by taking ε sufficiently small, and when this 
has been done, the first and last terms can be made as small as we please by 


taking n sufficiently large. 
That is to say, |S,(v|R)| can be made arbitrarily small by taking ἢ 
sufficiently large, so that 
lim S, (| &)=0. 


3, ἢ © 


Hence 


n ; x ᾿ 
lim Σ (1 - *) mJy (Jm&) = αν f(a — 0) lim | vo 7, (t,2| R) dt 
nr Ή.-» Ὁ 0 


nwo m=1 
1 
+a7* f(@-+0) lim | HT, (t, αἰ R) dt, 
nwo TL 


since the limits on the right exist. 
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Since each of the limits on the right is equal to ἔων, it has now been 
proved that 


= Amd» (jm2) 

m=1 
is summable (2) with sum ${f(x+0)+/(a—0)} provided that the limits 
J (« + 0) exist; and this is the theorem to be established. 


As a corollary, the reader should be able to prove without difficulty that, if (2) is 
continuous in (a, δ), the summability (2) is uniform throughout the interval in which 
a+A<2c<¢b- Δ, where A is any positive number. Cf. § 18-25. 


18°53. Uniformity of swmmability of the Fourier-Bessel series near the 
origin. 


We shall now examine the uniformity of the summability (R) of the 
Fourier-Bessel expansion throughout an interval of which the origin is an 
end-point. It will be supposed that the expansion is modified by being mul- 
tiplied throughout by γώ, and it will then be proved that, if ἐπ’ f(t) ts con- 
tinuous in the interval (0, δ), then the modified expansion is uniformly summable 
throughout (0, --- A), where A is any positive number. 


Given ¢, we can now choose ὃ (less than A) so that 


{{Γ" fO@—2"f(a)}|<e 
whenever «—8<t<a+6 and ¢>0, provided that a lies in (0, ὁ —A). 


Since continuity involves uniformity of continuity, this choice of ὃ may be 
taken to be independent of z. 


We now write 
1 
S, («| R) = | PO ef O — 2 ΓΤ, (t,0| B) at 


and then examine | αὐ δ, (x| R)| after the manner of ὃ 18°52. 


We express σὲ δ, (x| 11) as the sum of six integrals (some of which are to 
be omitted when 2 < δ), and we see that | 24S, (z| R)| does not exceed 
2k. νὶλ 2-6 
OL ese fe] iat 
A,& 0 


_ Qkee (att +) [ [τσ dt 3A,? [5 | 
ἐὰ An x (t—ay* /2 _ : 


Ake es | z+o(n) Γ dt | 


Ay | W232 J xto(n) (b~ x) 
ἀπ a ee 
+Z hl ler sO-2~ Fe) | 


In this formula any of the limits of integration which are negative are supposed 
to be replaced by zero. 
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Now this upper bound for | z!S, (| R)| does not exceed 
Ak, ᾿ nity Ske ( 1 3A 1,20 (2) 
ZBI τ a Fo} late FEL τ EKO 


and, since «~" f(x) is bounded (because it μι continuous), this can be made 
arbitrarily small by a choice of x which is independent of «. 


Consequently «δ. (α #) tends to zero uniformly as n-—» 0. 
Now it has already been shewn (ὃ 18°22) that 


1 
xh | ἐγ Τὶ (t,x) dt 
9 


is uniformly convergent in (0, 1 -- Δ), and so, since uniformity of convergence 
involves uniformity of summability, 


1 
ai» f (2) | eT, (t,¢| R) dt 
0 
tends uniformly to 2! f(x) in (0, b— A). 
Hence, since 23 δ. (ὦ RB) tends to zero uniformly, 


1 
a | tf (t) Τὶ (t, | R) dt 
0 


tends uniformly to at~” f(z) | yh Τ᾽, (t, 7 | R) dt, 1.6. to x} f(#) in (0, ὃ — A). 
It has therefore been ne that 
| Σ An tt 9), (jm) 
is uniformly summable (Ὁ) in (0, b—A) with sum 2? f(zx), provided that 
[eroae 


exists and is absolutely convergent, and that t~”f(é) is continuous in (0, 6). 


18°54. Methods of ‘summing’ Fourier-Bessel serves. 


We shall now investigate various methods of summing the Fourier- Bessel 
series * 
ἐρὶ ΄ 
Σ Amxt I, (jm) 
m=0 
on the hypotheses (i) that the limits f(a + 0) exist, (11) that 


[ἐγ αι 
ὦ 9 


exists and is absolutely convergent, and (111) that the series 15 summable (#). 
It conduces to brevity to write fin (x) in place of a2? J, (j,,2), So that 7}, (2) 
tends uniformly to zero (ὃ 18:27) as m2 when 4 lies in (0, 1). 


* The factor x? is inserted merely in order that the discussion may cover the investigation of 
_ uniformity of summability near the origin. 
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Consider first the limit 
lim > (1 — 7) fy) 
no mal Jn 
which gives the most natural method (of Riesz’ type) for summing the series. 
Since (jn/An)—1, it is evident that 
lime Σ (fori “1: fn (@) 
NO mu} In 


exists and is equal to 
im § (1d) face) 
ee Σ 0 An Jm Y) 


Again, since f, (x) =0(1), it is easy to see that 


Σ ΓΝ (x) ΞΞῸ (n), 
so that ἢ 


and therefore 


lim = (1 (a - 12) fa (@)= lim > ᾳ- de) fn (0); 


Nn», Dom=} NO m=] 


the limit on the right exists in consequence of the hypotheses made at the 
beginning of the section. 


Again, since 
ip πο 0 (1 
In ἢ ᾿ () ‘ 
whether m be o(n) or O(n), it follows that 
lim Σ (: 1 7) fin () = O, 
n> 00 m=1 
and so 


lim = (1-™) fa (2) lim + (ι- J) fn (2). 


2-e oO m=) RPO m= 


Consequently the hypotheses that the limits f(a +0) exist (0<a<1) and 
that the integral 


1 
[are 
exists and is absolutely convergent are sufficient to ensure that 
Σ κ᾿ 2S, (jm2) 


is:summable (C1) with sum tal {f(a+0)+f(a—0)}. 


By the same reasoning, if /(«) is continuous in (a, δ), the summability (C 1) 
is uniform in (a+ Δ, ὃ -- Δ); and, if a=0 and ἐπ" f(¢) has a limit as ¢ > 0, the 
summability (C1) is unzform in (0, ὃ — A). 
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18°55. Uniformity of convergence of the Fourter-Bessel expansion near the 
origin. 


We can now prove, by using Hardy’s convergence theorem", that, of tt f(t) 
has limited total fluctuution in (0, δ), while f(t) is also subject to the conditions 
of § 18°53, then 


Σ dmatd, (jm) 
m=1 


is untformly convergent in (0, b— A) with sum 24 f(x). 


Let A(t) be an auxiliary function defined to be equal to f(t) in (0, δ) and 
equal to zero in (ὖ, 1); and let the Fourier-Bessel series associated with h(t) be 


= Amd, ( jm). 
Then, by ὃ 18°54, Σ Amxt J, (jmx) is uniformly summable (C1) throughout 
m=1 


(0, ὃ -- Δ) with sum σὲ f(x), and, by Sheppard’s theorem (§ 18°27), am/VWjm 18 
O(1/m), while {2.4} J,(jmx) is a bounded function of « and m. Hence, by 
Hardy’s convergence theorem, 


Σ yet dT, (2.5) 
m=1 


is uniformly convergent throughout (0, b— A), with sum a4 f(z). 
Again 
n 1 
Σ (Gm — tn) αὐ 7, just) = 2h | tf(t) T(t, “) αἱ, 
m=1 b 


and this tends uniformly to zero in (0, ὃ — A) as n-»o by an analogue of the 
Riemann-Lebesgue lemma (8 18°23). 


Hence Σ Anxt J, (jm) tends uniformly to the sum 2? f(x) in (0, ὃ -- A) as 
m=} 


-n->2; and this is the theorem to be established. 


18:56. Swnmability of Din series. 
Except when # = 1, the summability (C 1) of the Dini series associated with 
f(t) may be inferred by combining the results of § 18:38 and § 18°51—18°53. 


The summability (C1) may, however, be established independently + for 
all points ὦ such that 0<a<1 by replacing A, and the functions J, (w) and 
Y, (ὦ), which occur in ὃ 18:5, by D, and the functions wJ,’ (w) + HJ, (w) and 
ΟὟ, (w) + HY, (ὦ) respectively; the details of the analysis may be left to the 
reader, and he will find that when « =1 the expression ὁ { f(# +0) + f(a — ΟΣ 
must be replaced by f(1 — 0). | 


* Cf. Modern Analysis, §8°5. 
+ Of course on the hypotheses concerning f(t) which were assumed in ὃ 18°53. | 
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The uniformity of the summability in the interval (a+ A,1) when f(z) 
‘is continuous in (a, 1) may be dealt with in the same way as the uniformity 
of convergence was dealt with in § 18°33, 18°35. 

The summability of Dini series (and of Fourier-Bessel series) by a modifi- 
cation of Abel’s method is of some physical importance. Thus, in Fourier’s* 
problem of the Conduction of Heat in an infinite solid cylinder of radius unity, 
the temperature v at distance r from the axis satisfies the equation 

αὐ ἢ (i iat 
αὐ {dr? νυ drj’ 
with the boundary condition 


du 
as = (), 
Ε ‘i Ho | 


if the initial distribution of heat is symmetrical. 


Normal solutions of the differential equation satisfying the boundary 
condition are 
Jy (Am?) exp (— ἀλ,β(), 


and so the temperature v is given by the series τ 
Σ ome. o (Amr) exp (— ὅλ," ), 
where the coefficients ae to be determined from the consideration that 
Σ BnTo nr) 
m=1 


is the Dini series associated with the initial temperature f(r). It is evident 
that the initial temperature is expressible as 
him Σ Ondo( Amr) exp (— An? τ); 
t—»>+0 m=1 
and this limit exists when the Dini series is summable (R). 


18°6. The uniqueness of Fourier-Bessel series and Dini series. 


It has been shewn by Youngt that the existence and the absolute con- 
vergence of 


| a “θαι 


are sufficient to ensure that τ all the coefficients dm of the Dini series (or the 
Fourter- Bessel series) associated with f(t) are zero, then the function f (t) must 
be a null-function. 


* La Théorie Analytique de la Chaleur (Paris, 1822), §§ 306—320. Cf. Rayleigh, Phil. Mag. (6) 
xu. (1906), pp. 106—107 [Scientific Papers, v. (1912), pp. 388—339]; and Kirchhoff, Berliner 
Stizungsberichte, 1883, pp. 519—524. 

+ In this physical problem, H > 0, and so there is no initial term to be inserted. 

+ Proc. London Math, Soc, (2) xvi. (1920), pp. 174—175. 
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To prove this theorem we observe that, when p =0, 1, 2, ..., we may write 


tet S Gath J, int), 
m= 
where the coefficients @,, are determined by the formula 
1 
and the series on the right converges uniformly in (0, 1 — A) and oscillates 
boundedly in(1—A,1). It is therefore permissible to multiply the expansion 
by ἐξ f(t) and integrate term-by-term. 


It follows that 


[ ere SOdt= = ἄς [Ὁ Jy (jmt) dt 


= (. 
Since all the integrals 


1 
| prterts £(t) dt (p=1,2,3,...) 
0 


are zero, it follows that ἐπ" f(t) is a null-function, by Lerch’s theorem *, and 
the theorem stated is proved for Fourier-Bessel series. The theorem for Dini 
series can be proved in precisely the same way, and it is theoretically simpler 
because the Dini series associated with t’+” does not fail to converge uni- 
formly in (1 — A, 1). 


It 15 possible to construct a theory of series of Bessel functions of the types 
= And, (Im 2), Σ bin J, (Am x), 
m= m=1 


(where the coefficients a, and b,, are any constants) which resembles Riemann’s 
theory of trigonometrical seriest. 


Such a theory is, however, more directly associated with Schlomilch’s 
series of Bessel functions, which will be discussed in Chapter x1x; and it 
seems convenient to defer the examination of the series 


Sandy (jt), Σ Ym Tr (Aine) 
man} meal 


by Riemann’s methods to ὃ 19-7, when the discussion of the series forms a simple 
corollary to the discussion of Schlémilch series. 


* Lerch, Acta Mathematica, xxvit. (1903), pp. 345—347; Young, Messenger, xu. (1910), 
pp. 37—43. Cf. § 12-22. 
t Cf. Modern Analysis, §§ 9°6—9-632, 


CHAPTER XIX 
SCHLOMILCH SERIES 


19°1. Schlémilch’s expansion of a function of a real variable. 


In Chapter xviii we dealt with the expansion of a function f(x) of the 
real variable « in the form 


I (2) ΞΣ Am Jy (jm &); 
where j,, is the mth positive zero of J,(z), so that, for large values of m, 
jm = (m ἐν -- 3) 7 + O(1/m). 
That is to say, the argument of the Bessel function in a term of high rank in 
_the series is approximately proportional to the rank of the term. 
In this chapter we shall discuss the series in which the argument of the 


Bessel function in each term is exactly proportional to the rank of the term. 
By choosing a suitable variable, such a series may be taken to be 


> Om Jy (mx). 
m=1 


It will appear subsequently that it is convenient to add an initial term 
(§ 19°11; cf. §18-33); and the analysis is simplified by making a slight modi- 
fication in the form of the coefficients in the series (§ 19°2). 

Series of this type were first investigated by Schlémilch*. They are not 
of such great importance to the Physicist as Fourier-Bessel series, though 
Rayleigh+ has pointed out that (when »=0) they present themselves 
naturally in the investigation of a periodic transverse vibration of a two- 
dimensional membrane, if the vibration is composed of an unlimited number 
of equal one-dimensional transverse vibrations uniformly distributed in direction 
through the two dimensions of the membrane. 


Apart from applications the series present various features of purely 
mathematical interest; and, in particular, it is remarkable that a null-function 
can be represented by such a series in which the coefficients are not all zero 
(§ 19°41). 

In some respects the series are more amenable to analysis than Fourier- 
Bessel series, but the two types of series have many properties in common; 
and the reader will be right when he infers from a comparison of the 
arguments πιῶ and mx that the relevant range of values of 2 is (0, 7) for 
Schlémilch series, corresponding to the range (0, 1) for Fourier-Bessel series. 

* Zeitschrift fur Math. und Phys. τι. (1857), pp. 155—158 ; Schlémilch considered only the 


special cases y=0 and »=1. 
+ Phil. Mag. (6) xx1. (1911), pp. 567—571 [Scientific Papers, v1. (1920), pp. 22—25}. 
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19°11. Schlémilch’s expansion in a series of Bessel functions of order 
zero. 


We now state and prove the expansion theorem discovered by Schlémilch. 
The theorem is concerned with the expansion of an arbitrary function f(x) 
of the real variable z, and, with modern terminology, it is to the following 
effect : 


Let f(x) be an arbitrary function, with a derivate f’ (x) which is continuous 
in the closed interval (0, +) and which has limited total Jluctuation in this 
enterval. 


| *Lhen f(a) admits of the expansion 
(1) J (#) = $a)+ dn Jy (m=z) 


where 

ay = 2. (0) += |" [uf (usin φ) dgdu, 

(2) ee 

| [am == [" [uf (usin ) cos mu dpdu; (m > 0) 
WJo Jo 


and this expansion is valid, and the series is convergent, throughout the closed 
interval (0, 77). 


Schlémilch’s investigation is based on a discussion of the integral equation — 
2 pi 
(3) f(a)=" | g (a sin 6) ἀθ, 
Jo 
of which he proved that a continuous solution is 
ἐπ : 
(4) g(x) =f) +2] SF («sin φ) ἀφ. 


We proceed to verify that the function g(a) defined by (4) actually is a 
solution of (3); we substitute the value given by (4) in the expression on the 
right of (3), and then we see that 


ἀπ 
5 [Ὁ (“ sin θ) dé = =f | 400) + # sin 6 ( 510 6 sin φ) ἀφ᾽ dé 


= f(0) 2 in Eg (asin Osin φ) sin 6 ἀφαθ. 
WT 0 


Now replace θ by a new variable y defined by the equation 


sin vy =sin θ sin d 
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and change the order of the integrations. We deduce that 


af" g (asin θ) αθ — f (0) = =f " [7 (wsin Osin $) sin 9 ἀφαθ 


_ 2a sin 9 cos y dy dé 
=f" [fe ox X) 7(sin® 0 — sin’ x) 


_ Qa fe [ἐπ : sin θ cos x αθ dy 
aad [°F (sin x) Fegan coat) 


Qx fit. . feos ΘᾺ 7ὲπ 
=e | : J (ὦ 81ὴ yx) | arc sin (2) | cos x dy 


x 
ἐπ 
= 2 f’ (asin x) cos ydy 
0 
= f (x) -- f (0), 
and so, when g(a) is defined by (4), g(x) is a solution of (3). 


Now it is easy to verify from (4) that, when Κ᾽ (2) is a continuous function 
with limited total fluctuation in the interval (0, 7), so also is g(x); and 
therefore, by Fourier’s theorem, g(a) is expansible in the form 


g(@)=4a)+ Σ Gm COS M2, 
m=1 
where 


On = Ξ | "9 (u) cos mudu 
πο 


= =[" ΩΣ u 3 (u sin φ) 4] cos mudu, 


and this series for g(#) converges uniformly throughout the interval (0, 7). 


Hence term-by-term integrations are permissible, and so we have 
ἀπ 
f(o)=={ g (a sin 6) d@ 
WO 
2 fi © ᾿ 
= =| {ba + > dn 008 (mar sin 8)} dé 
TsO m=1 


= ξα, Σ Amd (ma), 
m=1 


and this is the expansion to be established. It is easy to verify that the 
values obtained for the coefficients a, are the same as those given by 
equation (2). 


When the restriction concerning the limited total fluctuation of / (4) 
is removed, the Fourier series associated with g(x) is no longer necessarily 
convergent, though the continuity of 7, (4) ensures that the Fourier series 
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is uniformly summable (6 1) throughout (0, 7); and hence, by term-by-term 
integration, the series 


A+ XY Am Jo (ma) 
m=1 

is uniformly summable (6 1) throughout (0, zr), with sum f(z); an application 

of Hardy’s convergence theorem* then shews that the additional condition 


Om = O(1//m) 


is sufficient to ensure the convergence of the Schlémilch series to the sum 
Jf (ὦ) when z lies in the half-open interval in which 0 < 2 <7. 


For further theorems concerning the summability of Schlémilch series, 
the reader should consult a memoir by Chapmant. 


(Nore. The integral equation connecting J (ὦ) and g (x) is one which was solved in 1823 
by Abel, Journal fiir Math. 1. (1826), p. 153. It has subsequently been investigatedt by 
Beltrami, Ist. Lombardo Rendiconti, (2) x11. (1880), pp. 327, 402; Volterra, Ann. di Mat. 
(2) xxv. (1897), p. 104; C. E. Smith, Trans. American Math. Soc. vit. (1997), pp. 92——106. 


The equation 
3.5 f ἐπ [ * (α ἴῃ Osin φ) sin 9 dpdé=f (2) —f(0) 
7/0 0 


is most simply established by the method of changing axes of polar coordinates, explained 
in ἃ 3°33 ; this method was used by Gwyther, Messenger, XXX111. (1904), pp. 97—107, but 
in view of the arbitrary character of J (#) the analytical proof given in the text seems pre- 


ferable. In connexion with the changes in the order of the integrations, cf. Modern Analysis, 
ὃ 4°51. 


19°2. The definition of Schlémilch series. 


We have now investigated Schlimilch’s problem of expanding an arbitrary 
function into a series of Bessel functions of order zero, the argument of the 
function in the (m+ 1)th term being proportional to m; and the expansion is 
valid for the range of values (0, π) of the variable. 


Such series may be generalised by replacing the functions of order zero by 
functions of arbitrary order ν; and a further generalisation may be effected by 
taking the general term to contain not only the function J, (mz) but also a 
function which bears to the Bessel function the same kind of relation as the 
sine does to the cosine. The latter generalisation is, of course, suggested by 
the theory of Fourier series, and we are thus led to expect the existence of 
expansions valid for the range of values (— 7, π) of the variable. 


The functions which naturally come under consideration for insertion are 


* Cf. Modern Analysis, § 8 δ. 

+ Quarterly Journal, xu. (1911), p. 34. 

+ Some interesting applications of Fourier’s integral theorem to the integral equation have 
been made by Stearn, Quarterly Journal, xvit. (1880), pp. 90---104. 
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Bessel functions of the second kind and Struve’s functions; and the types of 
series to be considered may be written in the forms*: 


$y © Om J, (mx) + bm Y, (mz) 


P@rl) 2 Gmay SS 
Fay © Om dy (max) + by H, (ma) 
Γ(ν- 1) (ν + 1) m=1 (4 mz)” 


Series of the former type (with v= 0) have been considered by CoatesT; 
but his proof of the possibility of expanding an arbitrary function /(#) into 
such a series seems to be invalid except in the trivial case in which f(x) 1s 
defined to be periodic (with period 27) and to tend to zero as > "οὐ. 


Series of the latter type are of much greater interest, and they form a 
direct generalisation of trigonometrical series. They will be called generalised 
Schlomilch serves. 


Two types of investigation suggest themselves in connexion with general- 
ised Schlémilch series. The first is the problem of expanding an arbitrary 
function into such a series; and the second is the problem of determining the 
properties of such a series with given coefficients and, in particular, the 
construction of analysis (resembling Riemann’s analysis of trigonometrical 
series) with the object of determining whether a generalised Schlémilch 
series, in which the coefficients are not all zero, can represent a null-function. 


Generalised Schlémilch series have been discussed in a series of memoirs by Nielsen, 
Math. Ann. ται. (1899), pp. 582—587; Nyt Tidsskrift, x. B (1899), pp. 73—81; Oversigt 
K. Danske Videnskabernes Selskabs, 1899, pp. 861—665 ; 1900, pp. 55—60; 1901, pp. 
127—146; Ann. di Mat. (3) vi. (1901), pp. 301—329. 


Nielsent has given the forms for the coefficients in the generalised 
Schlémilch expansion of an arbitrary function and he has investigated with 
great detail the actual construction of Schlémilch series which represent 
null-functions, but his researches are of a distinctly different character from 
those which will be given in this chapter. 


The investigation which we shall now give of the possibility of expanding 
an arbitrary function into a generalised Schlémilch series is based on the 
investigation given by Filon§ for the case y= 0 in his memoir on applications 
of the calculus of residues to the expansions of arbitrary functions in series of 
functions of given form. It seems to be of some importance to give such an 
investigation|| because there is no obvious method of modifying the set of 


* The reason for inserting the factor x” in the denominators is to make the terms of the second 
series one-valued (cf. § 19-21). 
+ Quarterly Journal, xx1. (1886), pp. 189-190. 
+ See e.g. his Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 348. 
§ Proc. London Math. Soc. (2) tv. (1906), pp. 396—430. 
| It has to be assumed that -- ᾧ -ν « 4. The results which will be proved in 88 19-41—19°62 
suggest that it is only to be expected that difficulties should arise for other values of ν. 
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functions J, (mz), H, (mz) so as to obtain a set which is a normal orthogonal 
set for the interval (— 7, 3); and consequently there is no method of obtaining 
the coefficients in a Schlémilch expansion in so simple a manner as that in which 
the coefficients in a Fourier-Bessel expansion are obtained (§ 18:1). 


The investigation, which forms the latter part of the chapter, concerning 
the representation of null-functions by generalised Schlémilch series, is of 
exactly the same character as the exposition of Riemann’s researches on 
trigonometrical series given in Modern Analysis, δὲ 9°6—9'632. 


19°21. The application of the calculus of residues to the generalised 
Schlémilch expansion. 


We shall now explain the method* by which it is possible to discover the 
values of the coefficients in the generalised Schlémilch expansion which 
represents an arbitrary function f(x), when the order ν of the Bessel functions 
les between — 4 and $. When this has been done, we shall not consider the 
validity of the processes by which the discovery has been made, but we shall 
prove directly that the Schlémilch series in which the coefficients have the 
specified values actually does converge to the sum /(z). 


This is analogous to the procedure which is adopted im-Dirichlet’s proof of Fourier’s _ 
theorem : in the expansion 


F(x) =4a9+ Σ (am CO8 M2 + By, SiN m2) 
m=1 


the values of the coefficients are discovered by multiplying the expansion by cos mz and by 


sin mz, and integrating, so that the values of a, and 8,, are taken to be given by the 
equations 


om== | Ft @ cos mide, β.-Σ |" J (ὃ) sin mtd. 


We then take the series in which the coefficients have these values, namely 


1 π 1 ὦ π 
r= 70 ἐμ». Ἐπ [Τὼ cos m (Ὁ -- δ) dt, 
and prove that it actually converges to the sum f(x). 


It conduces to brevity to deal with the pair of functions 
J, (mz) +71 H, (mz) 
(¢ mx) 
instead of with the pair of functions 
J, (max)/(imzy, H,(mz)/(¢mz)’. 


We shall write 


J, (2) + 7H, (z) = 
(1) (4 Ζ)" τ΄ d, (z), 


* Apart from details of notation, the following analysis is due to Filon; it was given by him, 


in the memoir just cited, for the special case »=0, but the extension to values of » between +4 
presents no difficulty. . 
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so that* ¢,(z) is analytic and uniform for all finite values of the complex 
variable z; and evidently 


We now observe that (—)™ , (mz) is the residue at z= m of the function 
Ty (xz) 
sin πΖ 
where m=0, +1, +2, ...; and so we shall consider the integral 


1 F(z yee) (xz) ἐς 


πὶ sin ΤΖ᾽ 
in which the contour C is a circle, of radius M+ ὁ, with its centre at the 
origin, and JM is an integer which will be made to tend to infinity. 


The function Κ΄ (2) is assumed to be one-valued throughout the z-plane, 
and to be analytic at infinity (cf. §19°24); its only singularity in the finite 
part of the plane is an essential singularity at the origin. 


By Jordan’s lemma, the integral tends to zero as M tends to infinity, 
provided that v > — ἐ. 


It is evident, by calculating residues, that 
E (—)™ [F (mn) $y (mar) + P(— πὸ φν(-- ma) 


is equal to the residue at the origin of 


—~F(z yee ν (22) 


SIN “ΤΖ 


> 


that 15 to say 


ὦ E(—)"{F (mm) φ, (ma) + F (— πὸ , (— ma)} 
[p(y Thea. 


510 72 


The problem of expanding an arbitrary function f(x) into a generalised 
Schlémilch series is consequently reduced to the determination of the form of 
F(z) in such a way as to make 


differ by a constant from f(z). 


* The insertion of the factor (}z)” in the denominator makes φ, (2) amenable to Cauchy’s 
theorem when the contour of integration completely surrounds the origin. 
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19°22. The construction of the function F(z). 
We uow take the contour integral 


ἐς τς} RE see, 


Qerz 810 σπΖ 


2 


and, in order to calculate it in a simple manner, we shall suppose that F(z) is 
expansible in a series of Filon’s type* 


= Pn Vn (Z 
(1) F(2y= = Pa¥2@), 
where Ψ (2) denotes the sum of those terms in the expansion of π΄} sin rz 
whose degree does not exceed n, and the coefficients p, will be defined later. 
The reader will observe that 
Vi (z) = Ya (2) =2, 
Ws (2) = Wa (2) =2— J 22, 


ορφροδθοοφροοονθοδοδουφθοοθοφοφφουφοοσφο 


With this definition of F(z), it is evident that, for small values of |z|, 
P(e) fe) — & p, {Bee 
=1 


sin ΤΖ ΖΡΕΙ gin az 


| $. (xe) 


= 1 cos $n + 0 (2) 
᾿ς ἠ ἘΞ 7 (n+ 1)! sin wz Φν (22). 


a= 


It follows immediately that 
(0+) 
(2) 1 | F(z) TH» (x2) 


ὥπι sin πΖ 


2 Dnt" cos4nr Ὁ in (4 10)" 
“FOS ς τ τ τς ee Fi) 
and consequently we proceed to identify 
_$ Ῥε(ξ 15)" 
ol Gntilgnty+l) 
with f(«)—/(0). For this purpose we have to assume temporarily that I (2) 


has differential coefficients of all orders at the origin, and then we define the 
coefficients p, by the equation | 


(3) Ff (0) _ Pn (4 ὃ" 


“al ~"PGnthtg@ntvtt =12,3,...). 


We next transform this equation defining p, in such a way that the sum 
of the series, by which F(z) is defined, is expressible in a compact symbolic 
form ; the transformation of the series for F(z) can be effected by expressing 


* This type of series is fundamental in Filon’s theory, and is not peculiar to Schlémilch 
expansions; thus, in hie work on Fourier-Bessel series, sin xz is replaced by z~"J, (2) and y,, (z) 
denotes the sum of the terms whose degree does not exceed πὶ in the expansion of that function. 
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the coefficients p, in a form which involves » only as an exponent. For this 
purpose we make use of Eulerian integrals of the first kind, and, in order 
that they may be convergent, we shall find that it is necessary to suppose that 
—}$<v<4. We then have 
_—— YG) Gatyt+)) (n) 
Pa= 1: C(4n+4) 7 (0) 


= -- ‘Shana Sf (") (0) " (1 = )γν ἐπ Ύ2ν-- dt 


. ΓΑ) opr ὦ [ων US (tu) 
" τος [( τῶῦν 4! αἰ | κι 


and so we obtain the symbolic formula 


(4) pens Pay 5). [ a- ey 5 | D Fitu)| x 


where D stands for d/du. 


Now, if we arrange the series 


Wn (5) Ὁ" (2). 
ΣΤΟΝ 


in descending powers of z, it 1s easy to verify that 
ς » ()}" _ sinh 7D 


= an gntl ar (12 — DY’ 


and therefore 


(6) F@=p τὸν | Ke - γεν 4 | εν ee wD τ γὼ} dt. 


Again, a consideration of (2) shews that we need to sum the series’ 


Ὁ Dn 7” COS 4 NI 
ani (161 ’ 
and we are able to effect our purpose by making use of formula (4), whence 
we find that 


2 Pat” cos ἐππ 
(6) Σ (n+ 1)! 


--π aes { α-- ry G {anh ne © i feu) | _ ἀἱ, 


We have now obtained symbolic expressions for all the coefficients in the 
generalised Schlémilch expansion of f(x), but it is necessary to transform 
these expressions into more useful forms, by finding the significance to be 


attached to the symbolic operator a both for general values of z and 


for the value zero of z. 
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19°23. The transformation of the symbolic operators in the generalised 
Schlémilch expansion. 
We proceed to obtain an interpretation* of the symbolic expression 


LeDo Fe) | 


D + f (tu) 18 


The usual interpretation of 


om | π᾿ f (tv) dy, 

where a is a constant of integration ; and therefore 

sinh 7D sinh 7D 

= = (Daa say (te u)= |e [ve e~ 2” F (tv) 4] 
= eu sinh x τω [΄ 6 ἴξυ 7 (tv) dy. 
Now, by the symbolic form of Taylor’s theorem, we have 
et"? x (u)=xX (ut π), 

where y (u) is an arbitrary function of u; and hence it follows that 


Ee =n Dit )), " -(= more) [" ot” f (tv) do 
ἐ = | en { ἐν e-= £(tv) dv 


— ore [ee F(t) do | Γ 


U= 


uU= 


that is to sayt | 
(1) Boss sinh ἘΞ ω}} ᾿ - τ’ [ee Fo) dy 


+ sete [ + Γ᾽ e—* f (tv) dv. 
The second term on the right has simple zeros at all the points at which 
z=0,+1, +2,.... 
Therefore, so far as the calculation of residues of 
F(z) = Thy (x2 (xz) 


sin πΖ 


* The interpretations of numerous expressions involving symbolic operators of the types under 
consideration have been discussed by Gregory, Cambridge Math. Journal, 1. (1839), pp. 22—32 and 
by Boole, Differential Equations (London, 1872), chapters xvi and xvir. 

+ The expression for F(z) which is derived from this formula does not appear to have a 
singularity at the origin unless a is infinite or is a function of z; but it seems unreasonable to be 
perturbed by this when we consider the nature of some of the analysis which has already been 
used in the course of this investigation. 
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at 0, +1, + 2, ... 1s concerned, we may omit the second term on the right in (1), 
and calculate the residues of 
B (oy THe 22) 


sin πΖ 


where F (2) is defined by the formula 


= COS πΖ Ἰ d Pee 
a a  ἐκοοντ στοςς — f?)-3-» _ | #2 —tZ0 
(2) F(z) Sv) FG) [ (1 —#) FF [ Γ 6 ἣν F (tv) ae] dt 
nen from § 19:22 (6) and equation (1) of this section we have 


®) n=1 “(n+ 1)! ~ Ta-v) { qa-é- dt dt 
' ai» ὦ ov 7 
7 ee eal, {π ππτ E [πα] dt. 


The first term on the right in (3) is equal to Γ ( + 1) f(0), except when * 
y=Q; when v= 0, the value of the term in question 18 zero. 


2 


We thus obtain the expansion 
(4) f(x) Ξ φν(0) Κ (0) + Σ (- [F (m) φν (max) + F (—m) φν (-- may} 
In the special case in 5 ν ΞΞ (0, the modified form of (3) shews that an 
additional term f(0) must be inserted on the right in (4). 


When we change the notation to the notation normally used for Bessel 
functions and Struve’s functions, the expansion becomes 


$A, = Im, (mx) + bm H, (mx) 
ὩΣ te dey 
where t 


(6) |on= ra=oTwh a ae al [ J (to) cos modo | dt 


[bm = τα - τῷ [ (Ι -- 5 Ἐν αι Alaa ek sin modo | dt. 


This is the generalised form of Schlémilch’s expansion. 


19-24. The boundedness of F(z), as |\z|-» ὦ. 


We shall now prove that, when the function f(2) is restricted in a suitable manner, 
the function 2 (2) is bounded when |z|-»o, whatever be the value of argz. The reader 
will remember that the assumption that Κ΄ (2) is bounded was made in ὃ 19°21 to secure 
the convergence of the contour integral. 


We take the series of ὃ 19°22 (1), by which F’(z) was originally defined, namely 
Σ ἤιε 12) mn Vn (z) 


ey ~ gatk 3 


* When » is negative it is necessary to use a modified expression for the integrals; cf. § 19-3. 
+ When v=0, the expression for ag has to be modified by the insertion of the term 2f (0), in 
consequence of the discontinuity in value of the expression on the right of (3). 
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and divide it into two parts, namely the first V terms and the remainder of the terms, 
where J is the integer such that 
Δ «π͵|:) «- V+1. 


When ἡ <W, the terms of ψ, (2) do not exceed π'- 1] 2} 5,5}, and therefore, when n<V, 


Vn(@)| mmr ρα). mo 
gett [2 }5Ὁ1 ~ fej.(m—1)!" 


When 1 > J, we have | a (2) <2 ~! sinh π [2], and therefore 


, 1. ΨΦΊΡ,[πῆΠ1 sinha]z! © |p. war 
Fz hero S n n+N+4+1 
| F(z) ΙΖ πὶ (n—1)! wisi tt yey [2]}" 


sinh rr | z| 


tends to zero as [2|-- οο, it is evident that a sufficient condition for 27 (2) to be bounded 
as !z|-» o is that the series 


2 | Pa| 
n=l 
should be convergent ; and this is the case if f(x) is such’ that 


= nvth| £0) | 
n=] 


is convergent. 


19°3. The expansion of an arbitrary function into a generalised Schlémilch 
serves. 


Now that the forms of the coefficients in the generalised Schlémilch 
expansion have been ascertained by Filon’s method, it is an easy matter to 
specify sufficient conditions for the validity of the expansion and then to 
establish it. 

The theorem which we shall prove* is as follows: 

Let v be a number such that ~4 <v<4; and let f(x) be defined arbitrarily 
in the interval (— 7, 7), subject} to the following conditions: 

(1) The function h(a), defined by the equation 

h(a) = ὃν f (a) +af" (2), 
exists and 15 continuous wn the closed interval (— 1, 7). 
(II) The function h(x) has limited total fluctuation in the interval (— 1, 7). 


(IIT) If v ts negatwet the integral 
[ qelieP (F@-F Ode 


1s ubsolutely convergent when A is a (small) number either positive or negative. 


* The expansion is stated by Nielsen, Handbuch der Theorie der Cylinderfunktionen (Leipzig, 
1904), p. 348; but the formulae which he gives for the coefficients in the expansion seem to be 
quite inconsistent with those given by equation (2). 

+ The effect of conditions (I) and (II) is merely to ensure the uniformity of the convergence 
of a certain Fourier series connected with h(z). . 

+ If » is positive, this Lipschitz condition is satisfied by reason of (II). 
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Then f (x) admats of the expansion 


_ $M "Om, (ma) + baH, (mx) 
= ΓΟ τ ἘΠ ter may 
where 
(2) [an = -Γ [motown ἀφ [sin® d { f(usin d)—f(0)}]cosmud¢du, 
[em = ff Payee a [sin” φ { f(wsin d)—f(0)}]sin mudddu, 


when m>0; the value of a, is obtained by inserting an additional term 
20 (v +1) f(0) 
on the right in the first equation of the system (2). 


We shall base the investigation on a discussion of the integral equation 
ἐπ 
cos” 0g (asin θ) dé ; 


2 
PO"TesDT Ds 
it will be proved that a continuous solution is given by the formula 


(4) g(e)=T(v+1)f(0) 
+ Tay ᾿ sect! d i [sin” @ { f(xsin φ) -- [(0}}} ἀφ. 


[Notz. The (absolute) convergence of the integral contained in this formula is secured 
by condition (III). It should be observed that the aggregate of terms containing f (0) in 
equation (4) may be omitted when » is positive in view of the formula 


ἐπ ω, ἀδἰηϑ» > ,, ΨΤΓ(ν-Ἐ 1)Γ( --ν) 
[ Ν᾽ ἀμ" Δ, 


which is valid only when ν is positive. ] 


We proceed to verify that the function g («) defined by (4) actually is a 
solution of (3), by taking g («) to be defined by (4), substituting in the expres- 
sion on the right of (3), and reducing the result to f(a). 


The result of substitution 18 

_ SHE | 7 i cost θ sec”? ᾧ i (sin” φ { f(x sin 6 sin Φ) — f(0)}] ἀφ αθ 
+ f (0). 

Hence we have to prove that 

[ | "cos θ sec” tb ἘΞ [sin”  { f(#sin θ sin φ) -- 23(0)}}} ἀφ 4θ 


=f ὦ —f (9). 
Replace ¢ on the left by a new variable y defined by the equation 


2 cos vir 
T 


sin y =sin @sin ¢, 


change the order of the integrations in the resulting absolutely convergent 
integral, and then replace @ by a new variable y defined by the equation 


cos 6 =cos χ sin yy. 
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We thus deduce that 


dn ῥὲπ d.. . . 
| A | eee θ sec” ᾧ Ὁ dé [sin” $ { f (ὦ 5ἰπθ βίη φ) — [(0}}} doce 


ἐπ sin 8 cos” @ 
=!" Jo (sin? 6 — sin? y)"*4 dy © [sin’ »x {f(xsin x) ~f£(0)}] dydé 


ἐπ (ἐπ φῃ @ cos’ 8 
εἰ "Ὁ dy Ln” χ 1F (win x) —f(0)}] dOdy 


Ρ tan™ ψάψ'. δ [sin™ χ [fGesin x) -- (0}}} dy 
=W+HTE-(f@-fO), 


and hence the formula to be established is evident; and so, when 4 (x) 18 
defined by (4), then equation (3) is satisfied. 


Now, by Fourier’s theorem, 
g(x) =4a,+ ΟΣ (An cos ma + by sin mz), 
m=) 
where 


1 (τ 
fe ae [" 9 (u) cos δι; 


(5) | τ [Ὁ (u) sin mudu; 


and it is easy to verify that when f(«) is a continuous function with limited — 
total fluctuation in the interval (—7, 7) so also is g(x), and therefore the 
expansion for g (x) is uniformly convergent when -- π᾿ Ἐ ὃ «ὦ «π θ-- δ, where ὃ 
is an arbitrarily small positive number. 


Replace x by xsin @ in the expansion of g(x), multiply by cos” 6, which 
has an absolutely convergent integral, and integrate term-by-term; we deduce 
at once that 

δα 2 And, (mz) + ὃ, ΕἸ, (mz) | 
x + Σ ane? CC 
TO" Tost) * may 


and this expansion converges uniformly when —7r+8<a<7—6. 


The values of a,, and 6, given by formula (5) are easily reconciled with 
those given by formula (2). 


It should be noticed that, by the Riemann-Lebesgue lemma, «,, and bm 
are both Ο (1/m) when m is large. This seems to be connected with the fact 
that when we come to deal with any Schlémilch series (§ 19°62) we are 
unable to make any progress without assuming that =b,,/m is convergent (or 
some equivalent hypothesis); this assumption will appear in § 19°62 to be 
necessary because the differential equation which Struve’s function satisfies 
is not homogeneous, so that Struve’s function is not of a type which occurs in 
solutions of Laplace’s equation or the wave equation; there would conse- 
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quently seem to be reasons of a physical character for the limitations which 
have been placed on f(a) in order to ensure the existence of the Schlémilch 
expansion. 

[Note. Just.as in ὃ 19°11, if condition (11) concerning the limited total fluctuation of 
2v f(x) +zf' (5) is not satisfied, then all statements made in this section up to this point 
about convergence of series have to be replaced by statements about summability (C 1). ] 

There is one important consequence which follows from the fact that a, 
and b, are both O (1/m) when 2vf (5) +f" (2) has limited total fluctuation 
in (— 7, 7), namely, that in the neighbourhoods of —7 and 7, the general 
term of the Schlémilch expansion is Ο (1/m’t?), and so the expansion repre- 
sents a continuous function; hence the expansion converges (uniformly) to 
the sum f(«) throughout the interval (— 7, 7). 


19°4. Special functions represented by Schlémitch series. 


There are a few problems of Mathematical Physics (other than the problem 
mentioned in ὃ 1911) in which Schlémilch series occur in a natural manner, 
and we shall now give an account of various researches in which Schlémilch 
series are to be found. 


A very simple series 1s 


1+ 2 em J, (mp); 
m=1 


this series is convergent when p and z are positive, and, if p and z denote 
cylindrical-polar coordinates, it 15 a solution of Laplace’s equation at all points 
of space above the plane z= 0. 


Various transformations of the series have been given by Whittaker *; 
thus, by changing to Cartesian coordinates (2, y, z) and using ὃ 2:21, we have 
= 1 [* du 
1 -me J, (mp)=5~ | Jae | 
(1) + Σ 6 0 (mp) Qer | ΗΒΡΙ 1 exp {— (z + ix COS U+ iy an u)} Σ 
When 2? + γ᾽ -Ὁ 22ς1, the integrand may be expanded in ascending powers 
of z+ ἠῶ 605 τ -᾿ ty sin u. 
If this is done, we gett 
Beasts “ΝΒ du 1 
[5 ὦ set een) Qar Ἢ Z+ 1 COSU + Ly SIN U τ 2 


1 2 (- τ" Bm - 


᾿Ξ "amyl | is (2 + ἐξ cos u+ty sin u)"— du 
1 1 - co aa B ue wnt) . 
=— +5 ἘΣ (Om): rn ἢ κι. (cos 8), 


where (r, 9) are the polar coordinates corresponding to the cylindrical-polar 
coordinates (p, 2), and B,, B,, B;, ... are Bernoulli’s numbers. 


* Math. Ann. Lvir. (1903), pp. 341—342. 
+ Cf. 8 48 and Modern Analysis, §§ 7:2, 18-31. 
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Another transformation of the series, also given by Whittaker, is obtained 
from the expansion for 1/(1 —e~‘) in partial fractions ; this expansion is 


2 1 
ee aes [ἀππε τ τταππὶ 


1- οὐ t 2 mar (t-—2mmt = t+2mm)’ 
whence we deduce that 
(3) 1+ Σ σοῦ (mp) = = τὰς 


ἘΞ | eeattapre Seer le 
It follows that the series represents the electrostatic potential due to a 


set of unit charges (some positive and some negative) at the origin and at a 
set of imaginary points. 


The reader may find it interesting to discuss the Lipschitz-Hankel integral 
of § 13:2 as a limiting form of a series of Whittaker’s type. 


Some other series have been examined by Nagaoka* in connexion with a 
problem of Diffraction. One such series is derived from the Fourier series for 
the function which is equal to 1/,/(1 — 2*) in the interval (— 1, 1). 


The Fourier series in question is 


1 
νᾷ -- αὖ 
and it converges uniformly throughout the interval (-- Ἰ Ὁ Δ, 1 -- Δ), where A 
is any positive number. | 


) 


——— =trtn = J, (mm) cos mira, 


Multiply by e* and integrate, and we then obtain the formula (also due 
to Nagaoka) 
1 cert [1 = ἃ COS πα; — MI sin marx 
ὦ) 2] sare = ee E ΤΟΣ OO es ge -- ? 
The series on the right in (5) converges uniformly throughout the interval 
(— 1, 1) and so we may take — 1 and 1 as limits of integration. 


Hence, for all values (real and complex) of a, 


(6) Rioja πη}: +20 Σ ed 
pane m? tr? 
A more general result, valid when R (ν + $) > 0, 1s 


βίη αὶ (4a)” (a (—)"™ J, (m7) 
Oe Rea Feessy ἜΣΘ 3 SG55) 


* Journal of the Coll. of Sci., Imp. Univ. of Japan, tv. (1891), pp. 301—322. Some of Nagaoka’s 
formulae are quoted by Cinelli, Nuovo Cimento, (4) 1. (1895), p. 152. 


W.B.F. 21 


684 THEORY OF BESSEL FUNCTIONS [ CHAP. ΧΙΧ 


oe) 


f partial 
al as a sum of pa 


This expansion is also obtainable by expressing — 
fractions *. 


Various representations of the integral on the left of (5) were obtained by Nagaoka ; 
the formula quoted seems to be the most interesting of them. 


Finally we shall give the formulat 


2 J, {((2m—1)a} π' [6] Ἂ 
(8) Σαρα πὸ σ᾽ (--π--. « 7) 


This is deducible from the Fourier series 


cos(2m—1)a _ τ 
ao (2m — 1} g (7 —2|a|), 


by replacing # by x sin @ and integrating with respect to 6 from 0 to ἐπ. 


(—-w<a<T) 


As an example of the calculation of the sum of a Schlémilch series when 
the variable lies outside the interval (— 7, 7), we shall take π᾿ < ᾧ « 2a, and 
then, if f(a) denotes the sum of the Fourier series, we see that 


= Jo{(2m—1)a} 2. (τ : 
ΕΣ ~ (Qm—1y¥ = 5 I(x sin 0) dé 
arc sin (7/2) ἀπ 
=2{f +| | f(wsin 6) dé 
arc sin (7/z) 
arc sin (2/z) 
εἰν (α- 2x sin 0) dé 
ἜΣ a 7 (22 sin -- 31) dé, 


WT J arcsin («/z) 8 


so that, when 7 < x < 277, we have 


« Jo {[(2m—1) a} . π 
(9) Ra (Im - ἢν - γί (x? — 1°) — 4a — Tare cos (=) + 


oo ἢ, 


19°41. Null-functions expressed as Schlémilch series. 
We shall now prove the remarkable theorem that 


(1) at Σ ()" J, (max) = 0, 


provided that 0< <7; the series oscillates when «=0 and diverges to 
+o when z=7. 


This theorem has no analogue in the theory of Fourier series, and, in fact, 
it 1s definitely known{ that a Fourier cosine-series cannot represent a null- 
function throughout the interval (0, 7r). 


* Cf. Modern Analysis, ὃ 7.4. 
+t This was set as a problem in the Mathematical Tripos, 1895. 
+ Cf. Modern Analysis, 88 9°-6—9-632. 
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It is easy to prove (1) by using Parseval’s integral; when M is a large 

integer, we have 

Le Sor, -ΣΓΊΣῸΣ m int) d 

gt =) o (mx) = — 13 + Σ a) cos (mx sin t)} dt 

Gs ἘΠ eee (M+ δ) a sin ¢} 
wT Jo cos (ἐπ sin ὁ) 

=O f cos (M + })u du 
a Jo cosdu ‘f(a? — u?) 
=o(1), 


as M +o, by the Riemann-Lebesgue lemma*, which is applicable because 
the integral 


dt 


| τς: δ ς 
ο 605 Fu. γα -- u?) 
exists and is absolutely convergent when 0 « x « π. 
Hence we have proved that 
lim E + Σ (- κυ, (ma) | = 
M->w πες 
when θ < « «πὶ and this is the theorem stated. 
It 1s easy to prove in a similar manner that 
ς (—)"J, (mz) 
= rer ὦ απὸ τὸ 
(i) when —4<v<¢} and 0<a<z7, (11) when ν » ὁ δὰ 0 «ὦ « π. 
By using Poisson’s integral we have (since ν» -- 4) 
bX Os, (me) 
ΓΙ) m-1 ($m) 9 (LM 
= ΓΟΈΡΓΦ Ι: 5+, + 2 Ae oe (mz sin 0) cos” ἑαΐ 
(—) [ = cos ὯΙ +4)u 
= POETS cus $ u 
=o0(1), 
as M - Ὁ, provided that the integral 
[΄ (2? —_— u2)y 
0 cos fu 


. (a? — u?)rt du 


exists and is absolutely convergent; and this is the case when 4 and » satisfy 
the conditions stated. 
The truth of (2) 1s now evident. 
If n is a positive integer, and if ν is so large that ν — 2n > — 4, the operator 
— Ὁ ἢ + ον 
* Cf. Modern Analysis, ἃ 9°41. 
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may be applied times to equation (2). The effect of applying the operator 
once to the function J, (mx)/(4mz)” 1s to a ἐν the function by — m*; and 
therefore, when 0 « «<7, 


& (—4miyn(—)" J, (me) 


= 0, 
m=1 (3 mx)” 
that is to say, 
οΌ —. )ηι ω" (mx) 
3 = Se) = Q, 
( ) mar (4max)-™ 
provided that either 


(i) —$<v—2n<} and O<ga<r7, or (ii) -- 2n>$ and O<ae¢r. 


The formulae given in this section are due to Nielsen*, Math. Ann. Lit. (1899), 
pp. 582—587 ; two other papers by Nielsen on this subject were published at about the 
same time, ἣν yt Tidsskrift, x. B (1899), pp. 73—-81; Oversigt K. Danske Videnskabernes 
Selskabs, 1899, pp. 661—665. In the first two of these three papers integral values of ν 
only were considered, the extension to general values of ν being made in the third paper. 


Shortly afterwardst Nielsen gave a formula for the sum of the series in (2) when #>>r ; 
this formula is easily obtained from the integral of Dirichlet’s type 


by considering the behaviour of ie integrand at w=, 37, ὅπ, .... 
It is thus found that, when 7 is positive and q is the integer such that 
(2g—-l) e<ar<(2q4+1) π. 
then : 
= m Sy (mr 2r q 2 — 1)? 2) ¥— 

ime ryt a Fay | = rere p-' = } 

The importance of Nielsen’s formulae les in the fact that they make it 
evident that, when a function f(a) is defined for the interval (— 7, zr), if the 
function can be represented by a Schlomilch series throughout the interval 
(except possibly at a finite number of points) the representation is not unique 
and there are an unlimited number of Schlémilch series which are equal to 
the function f(x) throughout the interval, except at a finite number of points, 
namely the points already specified together with the origin and (when 
—4<yv<}) the end-points + 7. 


The converse theorem, that the only Schlémilch series with non-vanishing 
coefficients which represent null-functions at all points of the interval 
—aw<a<m, (whent —4<v <4) except the origin are constant multiples of 


} 2 (—)™ J, (ma) 
for. ἄπ Ὁ 


* Formula (1) was rediscovered by Gwyther, Messenger, xxx111. (1904), p. 101. 

+ Oversigt K. Danske Videnskabernes Selskabs, 1900, pp. 55—-60; see also a later paper by 
Nielsen, Ann. di Mat. (3) vx. (1901), pp. 301—329 for more complicated results. Cf. § 19-4(9). 

+ The theorem is untrue when »>$; ef. formula (3). It would be interesting to know whether 
any Schlémilch series other than the one given can represent a null-function when 4<»<3. 
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is, of course, of a much deeper character, and it seems that no proof of it has 
yet been published. We shall now discuss a series of propositions which lead 
up to this theorem; the analysis which will be used resembles, in its main 


features, the analysis*, due to Riemann, which is applicable to trigonometrical 
series. 


19°5. Theorems concerning the convergence of Schlémilch series. 


We shall now discuss the special type of Schlémilch series in which v = 0, 
and in which Struve’s functions do not appear; the object of taking this par- 
ticular case is to avoid the loss of clearness due to the greater complication 
in the appearance of the formulae in the more general case. With a few 
exceptions, the complications in the general case are complications in detail 
only; those which are not matters.of detail will be dealt with fully in 
§§ 19-6—19°62. 


The series now to be considered is 
(1) λα, ἘΣ dm J, (ma), 
m=) 


in which the coefficients a,, are arbitrarily given functions of m. 


We shall first prove the analogue of Cantor's lemmat, namely that the 
condition that Gm J,(mx) +0 as m -» οὦ, at all points of any interval of values 
of x, ἐδ sufficient to ensure that 

Am = 0(/m). 
[Nors. If the origin is a point of the interval in question, then the theorem that 


Am =0(1) 
is obviously true. | 


Take any portiont of the interval which does not contain the origin, and 
let this portion be called ἢ. Let the length of I, be 1... 


Throughout J, we have (cf. § 7.3) 


2 . 
dm Jy(miz) = am 5 /(—=-) .[P (ma, 0) cos (ma — ἃ π)-- Ὁ (mer, 0)sin (me — 4); 
and, as m—>0o, 
P(mz,0)>1, Q¢mz2,0)—0. 
Hence, for all sufficiently large values-of m, (say all values exceeding m,) 


P(mx,0)>4, |Q(ma,0)| <4 
at all points of J,. 


Now suppose that a, is not 0 (/m); we have to shew that this hypothesis 
leads to a.contradiction. 


* Cf. Modern Analysis, 88 9°6—9°632. + Ibid. § 9°61. 
+ Sinee Jy (mz) is an even function of z, the portion may be supposed to be on the right of 
the origin without loss of generality. 
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If a» 18 not o(/m), a positive number e must exist such that 
| Om | > €/m 


whenever m is given any value belonging to a certain unending sequence * 
M,, Ms, M3,.... Let the smallest member of this sequence which exceeds both 
m, and 2¢/Z, be called m,’. 


Then cos(m, «— 47) goes through all its phases in J,, and so there must 
be a portion t of 7,, say J,, such that 


| cos (m,' # — far) | > ὁ 4/3, | sin (m,'a — }1π)] <3} 
at all points of J,. If LZ, is the length of J,, then LZ, = 42r/m/. 


Next let the smallest member of the sequence m, which exceeds both m,’ 
and 2e/L, be called m,’. 


Then cos (mz, ὦ -- 47r) goes through all its phases in J,, and so there must 
be a portion of /,, say J;, such that 


| cos (πηι; ὦ; — ζπ} ἃ ν 8, | sin (m,'a@—j1r)| <4 
at all points of J;. If Z, is the length of J;, then L, = 3ar/m,’. 


By continuing this process, we obtain a sequence of intervals J,, Iz, J;,... 
such that each is contained in its predecessor; there is therefore a point X 
which lies inside all these intervals, and at this point we have | 


| cos (mX -- 1π}}} ὁ νϑ8, |sin (mX — }π)} « ἐ, 
when m has any of the values m,’, m,’, Πιχ,.... 


For such values of m we consequently have 


am J,(X)|>| Om, /(=y) 
x (P(mX,0).|cos (mX — 5}π)} —|Q(mX,0) |.) sin (mX — ζπ)} 


> / (ex): 


and this is inconsistent with the hypothesis that a,,J,(m) tends to zero at 
all points of J,. 

The contradiction which has now been obtained shews that a,, must be 
0 (/m). 

The next theorem which we shall prove is that, af the Schlémilch serves 
converges throughout any interval, then the necessary and sufficient condition 


* It is supposed that m,<m,<m3<.... 
+ There are, in fact, at least two such portions of 7,; in order that Jz may be uniquely deter- 
mined, we take 15 to be that portion which lies on the left of the others. 


ae 
N 
-ς 
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that the serves should converge for any positive value of « (whether a point of 
the interval or not) is that the serves 


ES Am af (| cos (max — far) + —— sin (maz — n)| 


should be convergent for that value of zx. 


This theorem is evident from the fact that the general term of the 
trigonometrical series differs from a,, J, (maz) by a function of m which is 


Ὁ (anm-!) = 0(m-*); and Xo(m-*) is a convergent series. 


19°51. The associated function. 
Let the sum of the series 


$a, + > a, J (mx), 
m=1 
at any point at which the series is convergent, be called f(z). 
Let 
(1) F (2) = ayer Σ Smee), 


Then F(z) will be called the function associated. with the Schlomilch 
series whose sum is f(z). 


It is easy to see that, tf the series defining f(a) converges at all points 
of any interval, then the series defining F (a) converges for all real values 
of x. 

For adm J(mx)->0 as m-> oo at all points of the interval, and therefore 
( 19°5) 

Am = 0 (4/m). 

Again, by ὃ 2.5 (5), for all real values of a 


| J, (max) | <1; 


and consequently | 


Am Jy (πα) o(5). | 


m? mi 


ΕΙΠΕ. 


is convergent, it is obvious that the series on the right in (1) must be 
convergent. 


Since 


It is evident, moreover, not only that the convergence is absolute, but also 
that it is uniform throughout any domain of values of the real variable a. 
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19°52. Lemma I. 


We shall now prove that, if F(a) 1s the function associated with the 
Schlémilch series whose sum is f (x), and uf 


(1) G(x, a) = SA OF Cv Pa) FO“ ΤῸ Pa) 


then 
(2) lim G (a, a) = xf (a) 
α-»0 
at any point x at which the series defining f(x) 18 convergent, provided that* 
Am = 0 (mM). 
It is easy to deduce from (1) that 


G (x, a) = faye — Σ ΟΝ 
χ[(ὦ + a) J, (πα + 2ma) + (ὦ -- a) J, (mx — 2ma) — 2: ὦ (mza)]; 


and, from |’Hospital’s theorem, it follows that 


him im (a or [(5 + iy J, (ma + 2ma) + (ὦ — a) Jo (ma — 2ma) — 2xJ,(mzx)] 
= lim Fa im 5 [Jo (ma + 2ma) — J, (mx — 2ma) 
+ 2m (ὦ +a) J, (ma + 2ma)— 2m (a — a) Jy (ma — 2ma)] 
= 2 J," (mx) + J (max)/m 
=— x£J,(mz). 


Consequently the limits of the individual terms of the series defining G (x; a) 
are the individual terms of the series defining af (2). 

It is therefore sufficient to prove that the series for @(a#,a) converges 
uniformly with respect to a in an interval including the point a=0 when « 
has any value such that the series for f(x) 1s convergent. 


It may be assumed, without loss of generality, that « 1s positive}, and we 
shall then take [α so small that it does not exceed tz; we shall now prove 
that the series for G(x, a) converges uniformly when — } <¢a< fa. 

By observing that 
a? 
xta—J/{[a(a + 2a)}} =——————_———_———- 

= v(x (a + 2a)} atat+n{x(ax + 2a)} 
< ξαϑ(α, 
and that the series 
2 On J, (mx + 2ma) 
mam [atat/{x(x +t 2a)}] 

* Since we are not assuming more than the convergence of f (x) at a single point, it is not 
permissible to infer from § 19-5 that a,, must be ὁ (,/m). 

+ The functions under consideration are even functions of 2; and since @ (0, a)=0, the special 
case in which z=0 needs no further consideration. 
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is uniformly convergent (upper or lower signs throughout being taken), we 
see that G (2, a) differs from 


2 Am ΝΜ ὦ 
ξαια Ν =, 4m’ a 


[/(a + 2a). Jo (ma t+ 2ma) + (a — 2a). SJ) (ma — 2ma) — 2/2. J, (ma)] 
by the sum of two series, each of which is uniformly convergent. 


It 18 therefore sufficient to establish the uniformity of the convergence of 
the last series which has been written down. 


Now take the general term of this series, namely 


~ ave 


lV (@ + 2a). J o (ma + 2ma) + f(x — 2a). J, (ma —2ma) —2 fx. J,(mzx)), 


and write it in the form 


oe /(22) neyo eH] ny 


re ./(*) cos (mx — ar) sin 2ma 
™ mi] ᾿ 8m (a — 4.3) ᾿ ma 


| 22\ sin (ma — [πὸ cos 2ma 
~ Om) (=) Fee ae 
+ dmy/ (2). eee Φ (ma + 2ma) — ᾧ (mz — ane), 


mir 4m? a2 


where ® (y) is defined by the formula 
®(y)={P(y,0)—1} cos (y— ἀπ)--ἰ ξ + Q(y, 0) sin -- 3x) 


The general term is thus expressed as the sum of four terms, and we 
proceed to prove that each of the four series, of which these terms are the 
general terms, is uniformly convergent. 


The first two series are proved to be uniformly convergent, in connexion 
with the theory of trigonometrical series*; and the third is obviously 
uniformly convergent from the test of Weierstrass. 


To deal with the fourth series, we observe that, by the first mean-value 
theorem, numberst @ and 6, exist such that 


-1<6<1, -1<6 <1, 


* Cf. Modern Analysis, §§ 9°62, 9-621. It has been the general (but not invariable) custom to 
obtain various properties of the series without establishing the uniformity of their convergence. 
The convergence of the series for f(z) is required to deal with the first series; the second series 
can be dealt with in consequence of the less stringent hypothesis that a,,=0(./m). 

+ The number @ is a function of a variable ¢ which will be introduced immediately. 
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for which 
2D (max) — B (ma + 2ma) — Ὁ (ma — 2ma) 
1 
= 2ma | {Φ' (ma — 2mat) — Φ' (ma + 2mat)} dt 


0 
1 

= —2ma [ 4mat Φ΄ (mx -- 2mabt) dt 
: 7 


=.— 42a? bd” (ma — 2ma,). 
Since ©” (y) = 0 (1/y*) when y is large, it 1s evident that 
Σ Φ΄ (ma -- ϑηιαθ,) 
m=1 
is uniformly convergent with respect to a. | 
Hence G (ὦ, a) is expressed as the sum of six series each of which converges 
uniformly with respect to α when -- }«<a< ζω; and therefore 
lim G (a, a) 


α-»0 
is equal to the sum of the limits of the terms of the series for G(a, a), Le. it 
is equal to xf (x), provided that the series for f(«) is convergent ; and this 18 
the lemma. to be proved. 


19°53. Lemma IT. 


We shall next prove that, with the notation of § 19°51, 19°52, the condation 

that Am =0(/m) is sufficient to ensure that 
lim (2 +a) F (2+ 2a) + (ὦ -- α) Ἑ' (ὦ -- 2a) — 20F () 
α-»Ὁ a 

for all values of «. 

As in ὃ 19°52, we need consider positive values of # only; and we express 
the series for a G(x, a) as the sum of six series each of which is easily seen to 
be uniformly convergent when — }2<a< 4a, by applying the theorems con- 
cerning trigonometrical series which were used in § 19°52. 


0, 


Hence 
lim [a G@ (a, a)] 
α-ῦὉ 
. Se ἐς Cie ies 
ap} (#204) ᾿ς ae ua 4m?a l(a + a) J es: ama) 


+ (a —a) Jy (ma — 2ma) — 2xJ, (ma)] 
= 0, 
and this is the lemma to be proved. 
19-54. The unalogue of Riemann’s theorem* on trigonometrical serves. 


We can now prove that, if two Schlémilch series of the type now under 
consideration (ie. with v= 0, and with Struve's function absent) converge 


* Cf. Modern Analysis, § 9°63. 
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and have the same sum-function throughout the interval (0,7), then corre- 
sponding coefficients in the two series are equal. The formal statement of 
the theorem is as follows: 

Two Schlémilch series, of the special type, which converge and are equal at 
all points of the closed interval (0, 7), with the possible exception of a finite 
number of points, must have corresponding coefficients equal, unless the end- 
points 0 and π᾿ are buth exceptional pornts. 

If these points are exceptional points, the two series may differ by a constant 
multiple of the serves 


$+ Σ (—)™ J, (ma). 
meal 
Let the difference of the two series be 
$0) + On Jo (mz), 
m=1 


and let the sum of this series be f(a), so that f(a) converges to zero for all 
values of # between 0 and 7, except the exceptional values. 

Let £,, & be any points (except the origin) of the interval (0, 7), such 
that there are no exceptional points inside* the interval (&,, &,). 

We proceed to prove that, if F(x) is the function associated with the 
Schlémilch series for f(x), then F(x) is a linear function of log # in the 
interval (£,, &). This is the analogue of Schwarz’ Jemmaf. 

If 0 =1, or if 6 =— 1, and if 


φω = 6 [F(2)— FE) — BCD og) - F 6) | 


of, ¢ . log (a/E) pp _ 
δὲ E ξι log (Ex/és) 8); 


then ᾧ (4) is continuous when £, <a ς &,, and 


$ (ξ,) = φ (ξι)ΞΞ 0. 

If the first term of φΦ (x) is not zerot throughout the interval (ξ;, &), there 
will be some point ὁ at which it is not zero. Choose the sign of 6 so that the 
first term of φ (0) is positive at c, and then choose ὦ so small that ᾧ (6) is 
still positive. 

Since ¢(x) is continuous in (&,, &), it attains its upper bound which is 
positive since ᾧ (6) is positive. Let it attain its upper bound at οι, so that 
ἕξ, « αι « &. 

Now by Lemma I (§ 19°52) 

1j (c, +a) Φ (c, + 2a)+(c, — a) Φ (6ι — 2a) — 20,6(G) | he 
1m -——?___ ++ fh, 
α-»0 4a? 

* The points £,, themselves may be exceptional points. 


t+ Cf. Modern Analysis, § 9.681. 
+ If it is zero throughout (é,, &), then F(z) is obviously a linear function of log x. 


644 THEORY OF BESSEL FUNCTIONS [ CHAP. XIX 


But ¢ (¢, + 2a) < φ (ο,), φ (οι, — 2a) < (c,), so the limit on the left must be 
negative or zero. This contradiction shews that the first term of ᾧ (2) must 
be zero throughout (ἕξι, &,), that is to say that F(«2) must be a linear 
function of log x; and this is the theorem to be proved. 


Hence the curve whose equation is y = F (x) consists of a set of segments 
of logarithmic curves with equations of the type 
y= A logr+ B. 
Now, by § 19°51, F(z) is continuous in (0, 77), and so these logarithmic curves 


are connected at the exceptional points; and the curve y = F(z) cannot have 
an abrupt change of direction at an exceptional point, because, by Lemma II, 


ira (e+) EHF EO p_ gy FO=2 E29) 
a>) wa | a 
even when € is an exceptional point; that is to say 
EF (E+0)=£F -- 0) 
Hence the constants A and B cannot be discontinuous at the exceptional 


points, and so they have the same values for all values of z in the 
interval (0, 7r). 


bd 


Consequently, when 0 < «<7, 


μι SM) _ Aigo 
ee m 
Make «0; the series on the left has a limit, namely 
m=) 1? 


because it is uniformly convergent. Therefore A loga+B has a limit when 
x —»Q, and so A 15 zero. 


Consequently, when 0 <a <7, 
> AmnJo (m2) _ = Δα," -- B; 
m=1 m 
and the series on the left converges uniformly throughout (0, 77), so integrations 
term-by-term are permissible. 


Replace x by xsin θ, multiply by sin 0, and integrate from 0 to ἔπ. Then, 
by § 12:11, 


egg f : ; 
qa,v?-B= Σ τι | «7, (πα sin θ) sin 6d0 
m=1 0 
_s An SIN MZ 
m=1 mene © 
Hence, when 0 <2 77, 
| © Am SIN Mx 
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Multiply by sin mz and integrate from 0 to π᾿; it is then evident that 
Tm Ta, WBR-D5T? 
Ime =" ΕΥ ener : 
Since a,, 18 given to be 0(./m), this equation shews that 
B= τ παν, n= (—)™ αν. 


Hence we must have 
f (2) = a E + 3 (—)™ J, (me) : 


From the results contained in ὃ 19°41 concerning the behaviour of the 
series on the right at c=0 and at «= 77, it is evident that f(a) cannot be a 
convergent Schlémilch series at either point unless a, 1s zero; and this proves 
_ the theorem stated at the beginning of this section. 


19°6. Theorems concerning the convergence of generalised Schlémilch serves. 


We shall now study briefly the series 


$d, 2 Amd, (mx) + bm H, (ma) 
ἡ TerD ta my 


We shall first prove that, when v < 4, the condition that the (m+ 1)th term of 
the series tends to zeroas m-> © at all points of any interval of values of x 
is sufficient to ensure that 


m= o0(m’tt), bi, = 0 (mt). 


[Note. If the origin is a point of the interval in question, then the theorem that 
| Ay=o (1) 
is obviously true. } 

Since the series under consideration is unaffected by a change in the sign 
of x if the signs of all the coefficients b,, are also changed, no generality is 
lost by considering an interval on the right of the origin. 


We call this interval J,; and, at all points of J,, we have, by § 10°41 (4), 


Conde ne) _ daeyrgel (mx, v) cos (ma — 4u7 — far — Qn) 


— Q (mz, v) sin (ma — ἐνπ -- ἔπ -- η..}} +6,.0(m™), 
where Qm=CmCOS9m, 0m = Cm SIN Nm- 
We now suppose that a, and b,, are not both o(m”*?); we have to shew 
that this hypothesis leads to a contradiction. 
If a, and b,, are not both o(m”*tt), a positive number e must exist such 


that 
Cm > emt 


whenever m is given any value belonging to a certain unending sequence 
M,, Ms, Msz,...- 
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We now prove, exactly as in §19°5, that, at some point X of ἢ, the 
inequalities 
P(mX,v)>4, |Q(mX, v)| <4, 
|cos(mX — ἐνπ — for — nm) | ὁ ν 8, |sin(mX — ἐνπ — Far — Hp) | «ἢ 


are satisfied whenever m has any value belonging toa sequence (m, ) which 
is a sub-sequence of the sequence (m,). 


For values of m which belong to this sub-sequence we have 
And, (mX) + bm, (mX ) | ς {ε (ν8 —1) 

(4mX)’ ? (EX yt ar 

and, since ν — ᾧ 1s negative, the expression on the right cannot be arbitrarily 
small. This is the contradiction which is sufficient to prove that a,, and b,, 


must both be o(m’tt) if the (m+1)th term of the Schliémilch series tends to 
zero at all points of J,. 


—e.O(m’-t) 


The reader may now prove (as in ὃ 19°5) that, when v < 4, if the generalised 
Schlémilch series converges throughout any interval, the necessary and sufficient 
condition that τὲ may converge for any positwe value of x (whether a point of 
the interval or not) 18 that the serves 


Σ E ν (aaa) {cos (ma — ἐνπ — ἐπ — Mm) 


_ 47-1 
Smx 


should be convergent for that value of x. 


. bmn (4ma)y” 1 
sin (ma — ἦνπ — tr -- nm) + γι᾿ το τσὶ 


19°61. The associated function. 


Let us take —4<v< 4, and let the sum of the series 


$y + Σ Om J, (mz) + by ἘΞ, (mz) 
Γί(ν- 1) mai (ἐ μια)" 


at any point at which the series is convergent be called /, (2). | 


Let 
Ay x? 2 and, (mt) + bm H, (ma) 
1 F, -------- ----Ὁ--ς---.--- 
.) περ τὰ yom. may 
Then F, (zx) will be called the function associated with the Schlimilch series 
_ whose sum 15 f, (2). 


It is easy to prove that, if the series defining f, (x) converyes at all points 
of any interval, then the series defining Ἐ', (x) converges for all real values of 2. 


The only respect in which the proof differs from the analysis used in 
§ 19°51 is that the additional theorem that H,(«)/2” is a bounded function of 
the real variable x has to be used. 
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Again, let 
(2) G,(a,a)=4[(@ + 2va+a)F, (x + 2a) 
+ (x -- 2να —a) FP, (ὦ — 2a) — 22 F, (α)]}} αἱ. 
Then, just as in ὃ 19°52, we may prove that* 
bmn 
lim @,(«,@)=9f(@)- DEE HPQ) Aan 
at any point x at which the serves defining f,(x) ws sce provided that 
An, and by, are both o (m+) and that the series > b,,/m 1s convergent. 
m=1. 
Further we may prove that 
lim [a G, (a, a)|=0, 
α-»0 


provided only that dy and by, are both o(m’t4), whether the series Σ bn/m is 
m=1 


convergent or not. 


19°62. The analogue of Riemann’s theorem. 


We can now prove that, of two generalised Schlémilch serves of the same 
order v (where -- ὁ «ν « 4) converge and have the same sum-function at all 
points of the closed interval (-- π, 7) with the possible exception of a finite 
number of points (it 1s supposed that the origin and the points + 7 are not all 
exceptional points), and if the coefficients of the terms containing Struve's func- 
tions in the two series are sufficiently nearly equalt each to each, then all 
corresponding coefficients in the two series are equal. 

Let the difference of the two series be 

ἔαρ Σ ἀν ὑν(πια) + bm HL, (ma) 

Pr (y ἘΠ 1) m=1 (4ma)” 
and let the sum of this series be f,(x), so that the series for f, (2) converges 
to zero at all points of the interval (— π, πὸ with a finite number of exceptions. 


The convergence of the series for f,(«) nearly everywhere in the interval 
(— π, 7) necessitates the equations 
Om = 0 (mt), Om = 0 (m’*4), 
The statement that the coefficients of the terms containing Struve’s func- 
tions in the two series are to be sufficiently nearly equal is to be interpreted to 
: 2 Dy, 
mean that b,, > Ὁ as m-—»o in such a way that Σ πὸ is convergent. 
m=1 
We now discuss the function F, (5) associated with the Schlémilch series 
for f, (a). It can be provedt that if the interval (&,, &) is such that the origin 
* The presence of the series on the right is due to the lack of homogeneity in the differential 
equation satisfied by Struve’s function. 


+ This statement will be made definite immediately. 
+ It seems unnecessary to repeat the arguments already used in § 19-54. 
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and the exceptional points (if any) are not internal points of the interval, then 
F(x) is a linear function* of «~” in the interval. It may then be shewn 
that the exceptional points do not cause any discontinuity in the form of ἘΝ, (z), 
and hence we deduce that 


F, (x)= Ax-™ + B, (0 «« «πὶ 
Ῥ, (ω)Ξ 42" +B, | (0» ΦῈ -- πὴ) 
where A, B, A’, B’ are constants. 


Now take the equation 


ΠῚ ρα 2 Amd, (mz) + bm H, (mz) 
Fe@)= 8 (v+2) mai τι". (ἐ πιὰ)» ᾿ 


replace x by xsin@, multiply by sin”*' 6/cos” 6, (which has an absolutely 
convergent integral) and integrate from 0 to 47. The series for F,(xsin 0) 
converges uniformly in this interval of values of 6, so term-by-term integra- 
tions are permissible. 


It is thus found that 
sin”*1@ do = 5.35 ΠΕ ΞΕ 
οΟ05370 8Γ (ν - 2)|0 cos”é 
ΟΣ { ἐπα ι ὦ], (mz sin 0) + by», H, (mz sin 0) sin’t'@ 


ἀπ 
| F, (xsin 6) 
0 


m=1/0 m. (4 ma)’ ᾿ cos” @ 
_%eT(t—v) Γ( --ν)ὴ & ansin mae + b,, (1 — cos mz) 
ἢ) τῶ μι ae 


When we substitute for F, (asin θ) we deduce that 
S&S Am 810 MZ + by (1 — cos max) _ a  Aa'-* Γ (8) _ 
CY ges ix TGay os eee 
when 0<¢a<7; and a similar equation may be obtained when ΟΣΩΣ -- π. 
Since a», and 6, are both o (m”*4), it is permissible to differentiate (1) twice 
term-by-term when 0>vy>-—4; but it may only be differentiated once if 
O<v<h. | | 


If we differentiate, twice or once as the case may be, the resulting series 
on the left tends to a limit as «> 0, but the resulting expression on the right 
fails to do so unless A is zero. 


We infer that A =0, and in like manner A’ must be zero; the continuity 
of F, (x) at the origin then shews that B and B’ must be equal. 


It now follows from (1) that 


τ Om sin m2 + bm(1—cosmaz) ἀραὶ 
(2) 2 m* " 19 ἿΝ 


when -- πξαςπ. 


Bal (v+1) 


* When » is zero τον has to be replaced by log z. 
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Multiply (2) by cos mz and integrate from —7 to 7; and then 
(3) bn = 0. 
Again, multiply by sin mz and integrate; and then 
(—)™ Gm = dy + m? {2BT (ν + 1) — faye}. 
This equation is inconsistent with the fact that a, is o(m’t) unless 
2B (ν +1) = fa, 7, 

and then Am = (—)™ ap. 

Hence the series for f,(2) must reduce to 

“leet 3, Gay | 
Now at least one of the points 0, 7, —7 is not an exceptional point ; and 


the series for f, (x) cannot converge at that point unless a, is zero, so that a, 
is also zero. 


We have therefore proved that, if the series {,,/m is convergent all the 
coefficients Gn and by, must vanish; that is to say, the two Schlémilch series 
with which we started must have corresponding coefficients equal. And this 
is the theorem to be proved. 


We have therefore established for Schlémilch series in which —}<v<} 
theorems analogous to the usual theorems concerning the representation of 
null-functions by trigonometrical series. 


19°7. Theorems of Riemann’s type concerning series of Bessel functions and 
Dini’s series of Bessel functions. 


We shall now give a very brief sketch of the method by which the series 
discussed in Chapter XVIII, namely 


| Σ An J, (jm), Σ bm J, (Am2), 
m=1 m=1 


(in which v > — }) may be investigated after the manner of Riemann’s investi- 
gation of trigonometrical series. 


The method is identical with the method of investigation of Schlémilch 
series Just given in § 19-6—19°62, though there are various points of detail *, 
which do not arise in the case of Schlémilch series, due to the fact that j,, 
and X,, are not linear functions of m. 


* These points of detail are very numerous and there is no special difficulty in discussing any 
of them ; but it is a tedious and lengthy process to set them out in full, and they do not seem to 
be of sufficient importance to justify the use of the space which they would require, The reader 
who desires to appreciate the details necessary in such investigations may consult the papers by 
C. N. Moore, Trans. American Math. Soc. x. (1909), pp. 391—485; x11. (1911), pp. 181—206 ; 
χχι. (1920), pp. 107—156. 
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In the first place, it is easy to prove by the method used in §19°5 that 
if the series 


Σ din Je (Imi), Ein ὦν Aan) 
converge throughout any interval of values of 4, then 
dm =o(vm), by=0(mn). 
Next we consider the associated function; we write 
J (a) = Σ dmd, (jm), 
m=1 
and then the function associated with f(@) is defined by the equation 


"nya Σ ὅπ Je (Ima) 
᾿ (x) = 2 } 2 a” i 
It may be proved that, when « has any positive value for which the series 
defining f(x) is convergent, and if the expression 


is arranged as a series in which the mth term has a,, for a factor, then the 
latter series is uniformly convergent with respect to ain an interval containing 
the point a =0, and that its limit when a0 is -- αὐ τ’ f(a). 


It may also be proved that, whether the series for f(z) converges or not, 
the condition that a,, = 0(/m) is sufficient to ensure that 


{τ + Qva+a) F(a + 3α)-- ὃ. F(a) + (ὦ ~2va—a) Γ(ε.-- 2a)] 
tends to zero with a. 
The proofs of these theorems depend on a number of lemmas such as the lemma* that 
Ξ sin?j,414 βἰπδληνα 
mat! 72 ταὶ Pina 


is a bounded function of a; proofs of the lemmas can be constructed on the lines of the 
proofs in the special (trigonometrical) case in which ν τε ἐ. 


_ It now follows in the usual manner (cf. § 19°54) that, when f(«) is a null- 
function throughout the interval (0, 1), then F(x) satisfies the differential 
equation 


efi) 


dF (x) _ 
ae Ξὸ 


+ (2v + 1) —, 
and sot ann =A+ Ba, 
where A and B are constants. This equation is valid when 0< 2 <1. 


* Cf, Modern Analysis, § 9-62. 
t+ When »=0, F(x) =A +B’ log z. 
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Now since »y>—4, J,(jm@)/(jmt)” is bounded when 0<2<1 whatever 
be the value of m; and so, when* ν < 3, the series 
Om Jy (me) 
m=1 ane (jm2)” 
converges uniformly when 0 «ὦ <1, by the test of Weierstrass. 


Hence Κ᾽ (4) is a continuous function of x in the closed interval and so B 
is zero when ν is positive; and B’ is zero in the case v= 0. 

For any assigned value of n multiplying the series for F(x) by a**! J,(j, x) 
does not destroy the uniformity of its convergence; and, when we integrate, 
we find that 


1 , ‘ 
dn. 7,5) = Fat | (Aa® + Ba) «J, (jax) dex 
0 


_. Pp (4}ὼ»" ee 
-}8. ΤῸ) —(A+B)J, Gia) 


I Gwl~a/ (=). 


and so the formula just obtained for a, is inconsistent with the equation 
a, = 0(/n) when v > — ὁ unless both A + B and B are zerot; and then a, is 
zero. 


Now, when n is large, 


Hence a series of Bessel functions (in which v > — 4) cannot converge to 
the sum zero at all points of the interval (0,1), with the possible exception of 
a finite number of points (the origin not being an exceptional pointt when 
vy > ἀν), unless all the coefficients in the series are zero. 


We infer that two series of Bessel functions, in which »y > —4, cannot 
converge and be equal at all points of the interval (0, 1), with the possible 
exception of a finite number of points, unless corresponding coefficients in the 
two series are equal. 


Diny’s series ὃ 


f(2)= Σ δῦ, (Xn 2) 


may be dealt with in the same manner. The associated function is defined 
by the equation 


3 bm Syme) 
oa) τ ΣΙ Am «" 


* When ν >4, the convergence of the series for 7 (x)/x” atx=O0 is sufficient to ensure the 
uniformity of the convergence. 

+ An exception might occur when » -- 1- —4; but this is the trigonometrical case. 

+ The series divided by x” then has to converge at the origin. 

§ It is supposed for the present that H+»>0, so that no initial term is inserted. 


b 
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and it is inferred that when f(a) is a null-function throughout (0, 1), then 
constants A and B exist such that 


F(x2)=A+ Ba, 
2 1 
bn (1 -2 | J2 (dn) + Jy? O)| 2,2 i (Aa? + Bar) 2d, dns) de 
and B=0 when v2>0. 


min | AFen a) +B {APIS — Jah 
Now, when ἢ is large 


() 
(1-5) Jn) τυ On) a 


πλῃ 
να (An) = ΟΟ ἢ), ὅκα Qn) = Ο An), 
so that, if B 0, 
7 - ἼΣ Br, 
"2 (y)’ 
and this is inconsistent with the equation 
b, = 0 (/n), 


since py > — 4. 
Hence B is zero, and therefore 


v , 
ba [( - 2) Je Oa) + Ji Oa) | = Arado Or) 
This equation is inconsistent with the equation 
by, = 0 (/n) 
unless A is zero, since J,,; (Ay) 15 not zero; and then ὦ, 18 zero. 
We next consider what happens when H Ἔν 18 zero or negative ; in these 


cases Dini’s series assume the forms 


δια» + Σ bind Am), 
m=1 


byL, (Apt) + Σ Omd, (Amx), 
m=1 
respectively. 
In the second of the two cases the previous arguments are unaffected by 
the insertion of an initial term; the first of the two cases needs more careful 


consideration because the initial term to be inserted in the associated 
function is 


b, 22 
“4{(ν +1)’ 
and hence, when n> 1, 
bad? (An) = An? Ἕ ΤΣ: + ----; ----- - τῶτ 7) + Ba- +} 2nd) dx 


_ (1 λ.}" bod, (An) 
δὲ 2By | ve J Oa) Ἐν ΕἸ) 
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Since ὃ, = 0 (/n) we infer first that B=0, by considering the term in 
(42,)”, and then that ὃν =0; and so b, =0 for all values of n. 


We infer also that, as in the limiting case of series of Bessel functions, 
Dimi's series of Bessel functions cannot represent a null-function throughout 
the interval (0, 1), and that if two of Dini’s series (with the same ν and H) 
converge and are equal at all points of the interval (0, 1), with the exception 
of a finite number of points, then corresponding coefficients in the two series 
are equal. 


CHAPTER XX 


THE TABULATION OF BESSEL FUNCTIONS 


20°1. Tables of Bessel Functions and associated functions. 


It is evident from a consideration of the analysis contained in Chapters VII, 
vit and xv that a large part of the theory of Bessel Functions has been con- 
structed expressly for the purpose of facilitating numerical computations 
connected with the functions. To the Mathematician such computations are 
of less interest and importance* than the construction of the theories which 
make them possible; but to the Physicist numerical results have a significance T 
which formulae may fail to convey. 


As an application of various portions of the Theory of Bessel Functions, 
it has been considered desirable to insert this Chapter, which contains an 
historical account of Tables of Bessel Functions which have been previously 
published, together with a collection of those tables which seem to be of the 
greatest value for the present requirements of the Physicist. 


The reader will not be concerned with the monotony and technical irrele- 
vance of this Chapter when he realises that it can be read without the efforts 
required to master the previous chapters and to amplify arguments so ruth- 
lessly condensed. 


The first Tables of J,(x) and J,(#) were published by Bessel himself in 
his memoir on Planetary Perturbations, Berliner Abhandlungen, 1824 [1826], 
pp. 46—52. These tables give the values of J,(#) and J,(2) to ten places of 
decimals for a range of values of # from «=0 to ὦ = 3:20 with interval 0-01. 


A short Table of J,(x) and J,(a) to four places of decimals was constructed 
by Airy, Phil. Mag. (3) χνιπ. (1841), p. 7; its range is from «= 0 to = 100 
with interval 0°2. Airy had previously constructed a Table of 2d, (#)/2, of 
the same scope. 


The function J; (x)/# was subsequently tabulated to six places of decimals by Lommel, 
Zeitschrift fiir Math. und Phys. xv. (1870), pp. 164—167, with a range from x:=0 to r=20°0 
with interval 0°1; this Table, with a Table of J,?(x)/z*, was republished by, Lommel, 
Miinchener Abhandlungen, xv. (1886), pp..312—315. 


* Cf, Love, Proc. London Math. Soc. (2) x1v. (1915), p. 184. 

+ Cf. Lord Kelvin’s statement ‘‘I bave no satisfaction in formulas unless I feel their arithmetical 
magnitude—at all events when formulas are intended for definite dynamical or physical problems.” 
Baltimore Lectures (Cambridge, 1904), p. 76. 

+ Trans. Camb. Phil. Soc. v. (1835), p 291. A Table of 27, (x)/x and its square, to four or five 
places of decimals, in which the range is from 0 to the circular measure of 1125° (with interval 15°). 
was given by Schwerd, Die Beugungserscheinungen (Mannheim, 1835), p. 146. 
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In consequence of the need of Tables of J, (a) with fairly large values of 
n and x for Astronomical purposes, Hansen constructed a Table of J, (x) and 
Ji (a) to six places of decimals with a range from «=0 to x=10°0 with 
interval 0'1; this was published in his Ermittelung der absoluten Stédrungen 
tn Ellipsen von beliebiger Excentricitat und N ergung (Gotha, 1843). Hansen’s 
Table was reprinted by Schlémilch* and also by Lommel + who extended it 
to x= 20. 

These tables, however, are superseded by Meissel’s great Table of J,(«) 
and ὦ}, (4) to twelve places of decimals+, published in the Berliner Abhand- 
lungen, 1888; its range is from #=0 to « = 15°50 with interval 0°01. 


Meissel’s Table was reprinted in full by Gray and Mathews, A Treatise 
on Bessel Functions (London, 1895), pp. 247—266, and an abridgement of it 
is given in Table I infra, pp. 666—697. 

A Table of J, (x) and J, (4) to twenty-one places of decimals, from 2 = 0 
to =6°0 with interval ΟἽ, has been constructed by Aldis, Proc. Royal Soc. 
LXVI. (1900), p. 40. 

A Table of Jo (nm) to six places of decimals for n=1, 2, 3, ..., 50 has been computed by 
Nagaoka, Journal of the Coll. of Sci. Imp. Univ. Japan, τν. (1891), p. 313. 


The value of Jy (40) was computed by W. R. Hamilton from the ascending series, Phil. 
Mag. (4) xiv. (1857), p. 375. 


A Table of J, (4) to six places of decimals from x=20'1 to x=41 with interval ΟἽ or 
ΟΖ has been published by Steiner, Math. und Naturwiss. Berichte aus Ungarn, xt. (1894), 
pp. 372—373. 


The earliest table of functions of the second kind was constructed by 
B. A. Smith, Messenger, xxvi. (1896), pp. 98—101; this is a Table to four 
places of decimals of Neumann’s functions Y (x) and Y(z). Its range 1s 
from z=0 to «=1-00 with interval 0:01 and from z=1-0 to « = 10-2 with 
interval 01. 


A more extensive table of these functions is given in the British Asso- 
ciation Report, 1914, pp. 76—82; this is a Table to six places of decimals 
whose range is from «=0 to «= 15°50 with interval 0°02; a year later a table 
was published, zbid. 1915, p. 33, in which the values of Y (x) and Y ὦ (4) 
were given to ten places of decimals for a range from «=0 to « = 60 with 
interval 0°2 and from x = 6:0 to «= 16-0 with interval 0°5. 


Shortly after the appearance’ of Smith’s Table, an elaborate table was con- 
structed by Aldis, Proc. Royal Soc. LXvi. (1900), p. 41, of Heine’s functions ὃ 
G(x) and G,(x) to twenty-one places of decimals; the reader should be 


* Zeitschrift fir Math. und Phys. τι. (1857), pp. 158—165. 

t Studien tiber die Bessel’schen Functionen (Leipzig, 1868), pp. 127—135. 

¢ Meissel’s Table contains a misprint, the correct value of J, (0°62) being +0-90618..., not 
+0°90518..... An additional misprint was made in the reprint of the Table by Gray and Mathews. 

§ These functions were also tabulated by B. A. Smith, Phil. Mag. (5), xiv. (1898), pp. 122— 
123 ; the scope of this table is the same as that of his Table of Y( (xz) and Y@)(.r). 
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reminded that these functions are equal to —4$7Y,(#) and -- ἐπ Y, (2) re- 
spectively. The range of Aldis’ Table is from «= 0 to 2 = 6:0 with interval ΟἽ]. 


Another table of these functions with a smaller interval was published in 
the British Association Report, 1913, pp. 116—130; this table gives the 
functions to seven places of decimals for a range from ὦ =0 to z = 16:00 with 
interval 0°01. The Report for 1915, p. 33, contains a table to ten places of 
decimals from a = 6'5 to # = 15°5 with interval 0°5. 

The functions Y, (x) and Y, (2) are tabulated to seven places of decimals 
in Table I infra; this table has an appreciable advantage over the British 
Association Tables*, in that the auxiliary tables make interpolation a trivial 
matter; in the British Association Tables interpolation is impracticable. 


By means of the recurrence formulae combined with the use of the tables 
which have now been described, it is an easy matter to construct tables of 
functions whose order is any integer. Such tables of J,,(x) were constructed 
by Hansen and reprinted by Schlémilch and Lommel after their Tables of 
J, (x) and J, (a). Subsequently Lommel, Miinchener Abhandlungen, xv. (1886), 
pp. 315—-316, published a Table of J,,(x) to six places of decimals, in which 
n=0, 1, 2,..., 20, and «= 0,1, 2,...,12; this Table is reprinted in Table IV 
infra, pp. 730—731. A Table of J, (a) of practically the same scope was also 
published by Meissel, Astr. Nach. cxxviu. (1891), col. 154—155. 


A much more extensive Table of ὦ (2) was computed by Meissel, but it 
seems that he never published it. He communicated it to Gray and Mathews 
for publication in their Treatise, pp. 267-279. This table gives Jn(x) to” 
eighteen places of decimals when n=0, 1, 2,..., 60, and «= 0, 1, 2,..., 24. 


Some graphs of J;, (x) were constructed, with the help of the last-mentioned 
table, by Hague, Proc. Phys. Soc. XX1X. (1917), pp. 211—214. 

The corresponding Tables of functions of the second kind are not so ex- 
tensive. 


The British Association Report, 1914, pp. 88—86 contains Tables of G, (x) 
to five places of decimals fort n=0, 1, 2,...,13 for the range 2 =0 to 6:0 
with interval 0°1 and ὦ = 6:0 to 16-0 with interval 0°5. 


Similar Tablest of Y™ (4) to six places of decima!- (with the intervals 
in the earlier part equal to 0:2) appeared in the Report for 1914, pp. 34—36. 


Some values of Hankel’s function ¥,(z) had been given previously by 
Nicholson, Proc. London Math. Soc. (2) X1. (1913), pp. 113—114. 


A Table of Y,(#) to seven (or more) significant figures is contained in 
Table IV infra. This has been computed from Aldis’ Table of G, (5) and G, (x). 


* In the course of computing Table I, a small part of the British Association Table of Go (z) 
and G, (x) was checked, and the last digits in it were found to be unreliable in about 5°/, of the 
entries checked. 

+ For the larger values of n the functions are not tabulated for small values of :x. 
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Tables of logy [ν(ἐ πα). H,” (x)|] to eight significant figures are given 
in the British Association Report, 1907, pp. 94—97. The values assigned 
ἴον are 0, 3, 1, 1}, ..., 64, and the range of values of x is from «=10 to 100 
(interval 10) and 100 to 1000 (interval 100). For this range of values of “, 
the asymptotic expansion (§ 7°51) gives so rapid an approximation that the 
Table is of less value than a table in which the values of x and the intervals 
are considerably smaller. 


Functions of the first kind with imaginary argument have been tabulated 
in the British Association Reports. The Report for 1896, pp. 99—149, con- 
tained a Table of J,(«) to nine places of decimals, its range being from a= 0 
to «= 6100 with interval 0001. A Table of I, (x) of the same scope had been 
published previously in the Report for 1893, pp. 229—279; an abridgement 
of this (with interval 0:01) was given by Gray and Mathews in their Treatise, 
pp. 282—284. 


Tables of I,(#) and I, (2) to twenty-one places of decimals have been con- 
structed by Aldis, Proc. Royal Soc. LxIv. (1899), p. 218. The range of these 
Tables is z= 0 to «= 6-0 with interval 01; Aldis also gave (ibid. p. 221) the 
values of ἢ. (5) and I, (a) for « =7, 8, 9, 10, 11. 


Extensive tables connected with J,(x) and J, (x) have been pubhshed by 
Anding, Sechsstellige Tafeln der Bessel’schen Funktionen imagindren Arguments 
(Leipzig, 1911). These tables give log, J, (x) and logy {J,(x)/x} from 2=0 
to «= 10:00 with interval 0°01. They also give the values of the functions 


ν(Ζπα). 655 I, (x), f(2ara).e-*T, (x), Ἰοριοίνα . Ly («)} and logy {Va. 1, (a)} 
for values of « from #=10°0 to «= 50-0 (interval 0:1), #=50 to x= 200 
(interval 1), « = 200 to «= 1000 (interval 10), and for various larger values of z. 


Table II infra, pp. 698—713, gives the values of e~*J,(a) and e~* J, (x); 
these have been computed, for the most part, by interpolation in Aldis’ Table. 


The earliest tables of functions of the type K,,(«) were constructed by 
Aldis, Proc. Royal Soc. Lxiv. (1899), pp. 219—221. These give K,(a) and 
K,(a) to twenty-one places of decimals for values of x from «=0 to =6-0 
with interval 0-1, and also to between seven and thirteen significant figures 
from «x = 5°0 to #=12°0 with interval ΟἽ. 


The values of e*K,(x) and eK, (x) in Table II infra were computed with 
the help of Aldis’ Table, like the values of e-*I, (2) and e-*/, (a). 


By means of recurrence formulae, J;,(x) has been tabulated to twelve signi- 
ficant figures for n= 0, 1, 2,..., 11 over the range of values of x from ὦ =0 
to =60 with interval 0:2. These Tables of J,(2) were published in the 
British Association Report, 1889, pp. 29—32, and reprinted by Gray and 
Mathews in their Treatise, pp. 285—288. An abridgement (to five significant 
figures) of these Tables has been given by Isherwood, who added to them 
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Tables of Καὶ n() to five significant figures for n=0, 1, 2,...,10 over the range 
of values of z from x =0 to 2=6°0 with interval 0°2. Isherwood’s Tables were 
published in the Mem. and Proc., Manchester Int. and Phil. Soc., 1903—1904, 
no. 19. 


Tables of e-*Z,(x) and Α΄, (4) to seven places of decimals are given in 
Table IV infra, pp. 736—739. 


The earliest Tables of Bessel functions of large order were constructed by 
Meissel, who has calculated J,(n) to twelve significant figures for n= 10, 
1]1,...,21, Astr. Nach. cXx1x. (1892), col. 284; Meissel also calculated J, (1000) 
to seven significant figures for n= 1000, 999, ..., 981, zbed. cxxvuil (1891), 
col. 154—155. The values of J,(n), Jn_1(n), VY" (n), Y"-"(n), Gr(n), Gaa(n) 
to six places of decimals for values of n from n=1 to n=50 (interval 1), 
n=50 to n=100 (interval 5), »=100 to n= 200 (interval 10), n= 200 to 
n= 400 (interval 20), n = 400 to n = 1000 (interval 50), n = 1000 to ἡ = 2000 
(interval 100) and for various larger values of n, are given in the’ British 
Association Report, 1916, pp. 93—96. 


Tables of Jn(n), Jn’(n), Yn (4), Yn'(n) to seven places of decimals are given 
in Table VI infra, pp. 746—747. | 

The functions ber (x), bei (x), ker(#) and kei (a) have been extensively 
tabulated on account of their importance in the theory of alternating currents. 


A brief Table of ber (a) and bei (a), computed by Maclean, was published 
by Kelvin, Math. and Phys. Papers, 11. (1890), p. 493. Tables of J) (a νὼ 
and /2.J,(x./1) to twenty-one places of decimals have been constructed 
by Aldis, Proc. Royal Soc. Lxvi. (1900), pp. 42—43; their range is from 
c=0 to x=60 with interval 01. These are extensions of the Table of 
7. (ὦ 4/1) to nine places of decimals for the range from 2=0 to x =6°0 with 
interval 0°2 published in the British Association Report, 1893, p. 228, and 
reprinted by Gray and Mathews in their Treatise, p. 281. 


Tables of ber(z), bei(x), ker(#) and [καὶ (4) to four significant figures for 
x=1,2,3,...,30, have been published by Savidge, Phil. Mag. (6) x1x. (1910), 
p. 53. 

The functions ber (x), bei (x), ber’ (4) and bei’ (#) are tabulated to nine 
places of decimals, from 2=0 to 2=10°0 with interval ΟἽ in the British 
Association Report, 1912, pp. 57—-68; and a Table of ker (x), kei (2), ker’ (a) 
and kei’ (x) of the same scope (except that only six or seven significant figures 
were given) appeared in the Report for 1915, pp. 36—38. Tables of squares 
and products of the functions to six significant figures from 7=0 to «= 10-0 
with interval 0:2 were given in the Report for 1916, pp. 118—121. 


The functions J+ (,+4)(@) have been tabulated to six places of decimals by 
Lommel, Miinchener Abh. xv. (1886), pp. 644—647, for n=0, 1, 2,...,6 with 
c=1, 2,...,50, and (in the case of functions of positive order) n = 7, 8,..., 14 
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with «=1, 2,...,20, and n=15,...,34 with smaller ranges of values of x; see 
Table V infra, pp. 740—743. A Table of the same functions to four places of 
decimals with n=0, 1, 2 and from «=0 to «= 8-0 with interval 0:2 is given 
by Dinnik, Archiv der Math. und Phys. (8) xx. (1913), pp. 288—240. 

Functions related to J+ (+3) (2) have recently been tabulated in the British 
Association Reports. The notation used is 

Vga). ὕκᾳ (5): 5. (ὦ), (— ΥλἈὺὈπν(ᾷ πα). J n-4(#) = Cr (2), 
E,, (@) =|C, (v7) +78, (2) |, 

and the functions tabulated are S, (x), Οὗ, (ω), En? (x), 5, (x), Cn’ (x), En’? (x), 
and their logarithms. In the Report for 1914, pp. 88—102, the functions are 
tabulated to seven significant figures for n = 0, 1, 2, ...,17 and « = 1, 2,3,..., 10, 
and in the Report for 1916, pp. 97—107, for n=0, 1, 2,...,10 and #=17°1, 
1. .ν}0 

Functions of order + 4, + ξ, have been tabulated by Dinnik, Archiv der 
Math. und Phys. (3) Xv. (1911), pp. 337—338, to four places of decimals ; 
the functions tabulated are Γ( + 4)J3,(x), ΓΑ + 3) Ja; (a) from c=0 to 
«= δ with interval 0°2; and Dinmik has also tabulated J, (4), 7.5. (a), tbhid. 
(3) xxi. (1914), pp. 226—227 and «4, (4), Jay(x), tbid. (8) χχι. (1918), 
pp. 324326. All these tables have the range x=0 to 2 =8°0 with interval 
02. The Tables of ['(1 + 4)J44(&) are less extensive than Table III infra, 
pp. 714—729; but, with the exception of Dinnik’s tables, there exist no 
tables of functions of orders ὃ, + and ὃ. 

In connexion with functions of order + }, Airy’s Table of his integral 


im cos ἐπ (w* — mw) dw 
0 


must be mentioned; Airy calculated by quadratures and by ascending series 
the values of this integral for values of m from — 5°6 to - 5°6 with interval 
02; a seven-figure Table from m=— 4 to m= 4 is given in the Trans. Camb. 
Phil. Soc. VI. (1838), p. 402, and a five-figure Table from m = — 5°6 to m = 5:6, 
tbid. VIII. (1849), p. 599. 

Apart from the work of Euler described in ὃ 15:5 the earliest computation 
of the zeros of J,(z) and J, (a) is due to Stokes, Trans. Camb. Phil. Soc. 1x. 
(1856), p. 186 [Math. and Phys. Papers, 11. (1883), p. 355]. Stokes gave the 
values of the first twelve zeros (divided by πὸ) of J, (x) and J, (x) to four places 
of decimals. In the same memoir he gave the first fifty zeros of Airy’s integral, 
and the first ten stationary points of this integral. 

The first nine zeros of J,(x), Ji(), ...,J;() were computed by Bourget, 
Ann. sci. de Ecole norm. sup. 111. (1866), pp. 82—87. Bourget’s results are 
given to three places of decimals; some corrections in his Tables have recently 
been made by Airey*. 


* Phil. Mag. (6) xxxu1. (1916), pp. 7—14, 
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Bourget’s Tables have been reprinted so frequently that their authorship has been 
overlooked by the writers of the articles on Bessel Functions in the Encyclopédie der 
Math, Wiss. and the Encyclopédie des Sct. Math. 


The first five zeros of «ἢ (5) and J,(x) were given to six places of decimals 
by Lommel, Zeitschrift fiir Math. und. Phys. Xv. (1870), p. 167 and Miinchener 
Abhandlungen, Xv. (1886), p. 315. 


The first ten zeros of J, (x) were computed to ten places of decimals by 
Meissel, Berliner Abhandlungen, 1888. 


The first fifty zeros (and their logarithms) of J,(x) were given to ten places 
of decimals by Willson and Peirce, Bulletin American Math. Soc. 111. (1897), 
pp. 153—155; they also gave the values of J,(x) and log {J,(2)| at these 
zeros to eight and seven places of decimals respectively. 


The first fifty zeros of J,(~) and the corresponding values of J,(«) were 
compnted to sixteen places of decimals by Meissel*, Kiel Programm, 1890 ; 
this Table is reprinted by Gray and Mathews in their Treatise, p. 280. 

Tables of roots of the equation 

Jn (x) Vy, (kx) — Jy (kx) Yn (x) =0 
have been constructed by Kalahne, Zeitschrift fiir Math. und Phys. ταν. (1907), 
pp. 55—86 ; the values taken for & are 1°2, 1°5 and 2:0, while n is given the 
values 0, 3, 13 ὃ, 2, §. 

Dinnik in his Tables of functions of fractional order mentions the values 
of a few of the zeros of each function, while Airey, Phil. Mag. (6) x11. (1921), 
pp. 200—205, has computed the value of the smallest zero of J, (a) ‘for small 
fractional values οὖν by Euler’s method. 


Rayleigh, Proc. London Math. Soc. x. (1878), pp. 6—7 [Scientific Papers, 
1. (1899), pp. 363—364], has calculated that 


(1 — 2) “1, (x)/Iy (x) 
has a maximum when 2? = 0°4858. 


Airey, Archiv der Math. und Phys. (3) Xx. (1913), p. 291, has computed 
the first ten zeros of 3aJ,(x) — 2], (#) and of 2zJ,(«) — J, (a) to four places 
of decimals. 

In his memoirs on Diffraction, Miinchener Abhandlungen, xv. (1886), 
_ Lommel has published tables connected with his functions of two variables, 
but these tables are so numerous that a detailed account of them will not be 
given here. His Table of Fresnel’s integrals (p. 648) to six places of decimals 
from z=0 to «=50°0 with interval 0°5 (with auxiliary tables for purposes 
of interpolation) must, however, be mentioned, and with it his Table of the 
first sixteen maxima and minima of these integrals. 


* Jahrbuch tiber die Fortschritte der Math. 1890, p. 521. In consequence of the inaccessibility 
of Meissel’s table, the zeros of J, (1) were recomputed (to ten places of decimals) for insertion in 
Table VII, p. 748. | 
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Lommel’s form for Fresnel’s integrals was 


[Ju ae; 


a different form was tabulated earlier by Lindstedt, Ann. der Physik und 
Chemie, (3) XVII. (1882), p. 725. 


Defining the functions M (a) and NW (x) by the equations 
i : cos ἐξα = M (x) cos 2? — N (2) sin 22, 


| sin @dt = M (a) sin 2? + N (x) cos 2°, 


and writing ὦ = {(y+ 4) πὶ, Lindstedt tabulated M (a) and N (4) to six places 
of decimals from y = 0 to y= 9Ὸ with interval ΟἽ. 


The function J (x) defined as 
al. 


ΕΞ 
has been tabulated to four places of decimals by Struve, Ann. der Physik und 
Chemie, (3) XVII. (1882), pp. 1008—1016, from 2 = 0 to 40 (interval 0:1), from 
2: = 4 to 7-0 (interval 0:2) and from 2 = 7 to 11 (interval 0°4). 
A table of values of the integral 


ἘΌΝ 


in which the limits are consecutive zeros (up to the forty-ninth) of J, (x), has 
been published by Steiner, Math. und Naturwiss. Berichte aus Ungarn ΧΙ. 
(1894), pp. 366—367 ; this integral occurs in the problem of Diffraction by 
a Circular Aperture: 


No Tables of Struve’s functions seem to have been constructed before the 


Table of Hi, (z) and H, (x) which is given on pp. 666—697. 


20°2. Description of the Tables contained in this book. 


Preliminary considerations on the magnitude and character of the tables 
to be included in this book led to the following decisions: | 


(I) That space did not usually admit of the inclusion of more than seven 
places of decimals in the tables. | 


(II) That the tables should be so constructed as to minimise the difficulty 
of making interpolations. In particular, it was decided that a table with a 
moderately large interval (such as 0-02), together with an auxiliary table to 
facilitate interpolation, would be more useful than a table with a smaller 
interval (such as 0°01), occupying the same space as the first table and its 
auxiliary, in which interpolation was impracticable. 
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(III) That in computing tables, calculations should be carried to ten 
places of decimals in order to ensure that the number of cases of inaccuracy 
in the last figure of the published results should be trivial*. This does not 
apply to the auxiliary tables of angles which are entered in Tables I and III. 

In order to obtain seven-figure accuracy, it 15 not sufficient to tabulate to 
tenths of a second of arc, because the differences per minute of arc in a seven- 
figure table of natural sines may be as large as 0°0002909; on the other hand, 
an error of a hundredth of a second does not affect the value of the sine by 
more than 0:00000005. Hence, for seven-figure accuracy, it was considered 
adequate to compute to nine places of decimals the sines (or cosines) of the 
angles tabulated and then to compute the angles from Gifford’s Natural Sines 
(Manchester, 1914); these are eight-figure tables with an intervalt of 1”. 

The angles tabulated may consequently frequently be in error as to the 
last digit, but, in all probability, the error never exceeds a unit (1.6. a 
hundredth of a second of arc). 

“We now proceed to describe the tables in detail. 

Table I consists primarily of Tables of J, (x), Y,(«), J;(#) and Y, (z) from 
2=Q0 to 16:00 with interval of 0°02. The values of J,(#) and ὦ, (4) up to 
15°50 are taken from Meissel’s Tablet, while the values of Y,(x) and Κ᾽, (5) 
were computed partly by interpolation in Aldis’ Table of G, (x) and G, (x) and 
partly from the asymptotic expansions of J,?(x)+ Y,?(#) and J,?(a) + Y,? (a) 
given in ὃ 7°51. 

The auxiliary tables§ give the values of | H, (#)| and arg H,," (x) for 
n=0 and n=1. In these tables the first differences are sufficiently steady 
(except for quite small values of 2) to enable interpolations to be effected 
with but little trouble on the part of the reader; thus, when « is about 10 
the second differences of | H," (x)| do not exceed 00000009. 


The values || of | H,,” («)j and arg H,," (4) can consequently be computed 
by the reader for any value of x less than 16, with the exception of quite 
small values. The corresponding values of J,(#) and Y,(#) can then be 
calculated immediately by the use of seven-figure logarithm tables. 


* The tables were di.,erenced before removing the last three figures, and it was found that the 
ten-figure results were rarely in error by more than a unit in the tenth place ; so it is hoped that the 
number of errors in the last figure retained does not exceed about one in every thousand entries. 

+ No tables with a smaller interval have been published; the use of any tables with a larger 
interval and a greater number of decimal places would have very greatly increased the labour of 
constructing the auxiliary tables of angles, and the increased accuracy so obtained would be of no 
advantage to anyone using the auxiliary tables for purposes of interpolation. 

+ I must here express my cordial thanks to the Preussische Akademie der Wissenschaften zu 
Berlin for permitting me to make use of this Table. 

§ The idea of constructing the auxiliary tables grew out of a conversation with Professor Love, 
in the course of which he remarked that it was frequently not realised how closely Bessel functions 
of any given order resemble circular functions multiplied by a damping factor in which the rate 
of decay is slow. 

|| The remarks immediately following of course presuppose that n is 0 or 1. 
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The relation between the various functions tabulated may be expressed 
most briefly by regarding | H,," («)| and arg H,," (#) as the polar coordinates 
of a point in a plane; then the Cartesian coordinates of this point are J, (x) 
and Y,,(x). Thus, from the entry for ὦ = 8:00, 


+ 01716508 = 0°2818259 cos 412° 28’ 40-60, 
+ 0°2235215 = 02818259 sin 412° 28’ 40°60. 


Table I also contains the values of Struve’s functions H, (x) and Hy, (2). 
These functions are included in Table I, instead of being contained in a 
separate Table, to facilitate interpolation; by § 10°41 (4), the difference 
H,, (x) — Y,(2) is a positive monotonic function, and it varies sufficiently 
steadily for interpolation to be easy when z is not small. 


The Tables of Struve’s functions were computed by calculating the values of Hi, (x) 
and EX, (x) directly from the ascending series when r=1, 2, 3,..., and then calculating 
Hi,” (x), Hy” (x),... for these values of x from the differential equation ἢ 10-4(10) and the 
equations obtained by differentiating it. 


A few differential coefficients are adequate to calculate Hl, (x) and Hy’ (x) by Taylor's 
theorem for the values 0°5, 0°6, 0°7, ... of z. Interpolation to fiftieths of the unit is then 
effected by using Taylor’s theorem in the same manner. This process, though it seems at first 
sight to be complicated and lengthy, is, in reality, an extremely rapid one when a machine* 
is used. It is very much more effective than the use of asymptotic expansions or the 
process suggested in the British Association Report, 1913, p. 116. As an example of the 
rapidity of the process, it may be stated that theavalues of e~* J) (x) and e~* J, (x) in Table ΤΙ 
took less than a fortnight to compute; of course the time taken over this tabulation was 
appreciably shortened by the use of Aldis’ Table as a framework for interpolation. 


Table II consists of Tables of e~* I, (5), e~* J, (a), 65 Ky(a), and e* K,(.), 
and a Table of 65 is inserted, in case the reader should require the values of 
the functionst J,(«), 1, (4), K,(x) and K,(«#); the functions are tabulated 
from 0 to 16:00 with interval 0:02. 


Interpolation by differencing is easy in the case of the first four functions 
throughout the greater part of the range. 


The Table of δ᾽ was constructed with the help of Newman’s Table of e7*, 
Trans. Camb. Phil. Soc. x11. (1883), pp. 145—241. Unlike the other Tables 
in this book, the Table of e* is given to eight significant figures}, and care 
has been taken that the last digit given is accurate in every entry. Interpo- 
lation in this Table is, of course, effected by multiplying or dividing entries 
by exponentials of numbers not exceeding 0°01; such exponentials can be 
calculated without difficulty. 


* The machine on which the calculations were carried out is a Marchant Calculating Machine, 
10 x 9 recording to 18 figures. 

+ These functions were not tabulated because tables of them are unsuited for interpolation. 

+ Nine figures are given in parts of the Table to avoid spoiling its appearance. 
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Newman’s Table gives e-* to a large number of places of decimals, but the actual 
number of significant figures in the latter. part of the Table is small; and less than half of 
the Table of e was constructed by the process of calculating reciprocals ; the rest was con- 
structed from Newman’s Table by using the values of e!* and 66 given by Glaisher*, and 
the value of e~15-6. given by Newman in a short table of e~* with interval 00]. These ex- 
ponentials were employed because the tenth significant figures in all three and the eleventb 
significant figures in the first and third are zero. 


Table III consists of Tables of ὦ (4), Yy(x),! Hy” (#)| and | arg Η μὴ (x) 
of the same scope as Table I, and interpolations are effected in the manner 
already explained. A Table of e* K,(a) is also included. These Tables are 
of importance in dealing with approximations to Bessel functions of large 
order (§ 8:43), and also in the theory of Airy’s integral. 

᾿ The reader can easily compute values of J_, (a) from this table by means 
of the formula 


J_, (a) =| Hy" (x) | cos {60° + arg Hy, (x)}. 


Table IV gives the values of υ, (4), Yn (x), eI, (#) and K, (2) for various 
values of 2 and n. The values of J,,(a) are taken from Lommel’s Tablet, with 
some corrections, but the remainder of Table IV, with the exception of some 
values of Α΄, (2) taken from Isherwood’s Tablet, 1s new; they have been con- 
structed in part by means of Aldis’ Tables of functions of orders zero and unity. 


Table V is Lommel’s Tablet of Jii.+3)(v) and Fresnel’s integrals with 
some modifications and corrections. 

Table VI gives the values of J, (x), Yn(n), Jn’(n), Yn’ (nm) and niJ, (n), 
n¥,,(n), dS,’ (n), nb VY,’ (n) for n = 1, 2, 3,...50. Interpolation in the tables 
of the last four of the eight functions is easy. 

Table VII gives the first forty zeros of Jn (x) and Y,, (x) for various values 
of n; part of this Table is taken from the Tables of Willson and Peirce f. 
Forty zeros of various cylinder functions of order one-third are also given. 


Table VHI gives the values of 
| Jo (t) dt, 6 Y, (ὃ dt, 
- 0 


from z= 0 to 50 with interval 1, together with the first sixteen maxima and 
minima of the integrals. The former table of maxima and minima can be 
used to compute the coefficients (cf. § 18°12) in certain Fourier-Bessel series 
for which v = 0. 


* Trans. Camb. Phil. Soc. x11. (1883), p. 245. 

+ I must here express my cordial thanks to the Bayerische Akademie der Wissenschaften zu 
Miinchen, to the Manchester Literary and Philosophical Society, and to the American Mathe- 
matical Society for permitting me to make use of these Tables. The non-existence of adequate 
trigonometrica) tables of angles in radian measure has made it impracticable to check the last 
digitsin the entries in the greater part of Table V. 
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J o(*) 


+ I*O0000000 


+ 0:9999000 
+ 0:9996000 
+ 0:9991002 
+ 0:9984006 
+ 0°9975016 


τ 0'9964032 
+ 0°9951060 
+ 0°9936102 
+ O'9919164 
+ 0:9900250 


+ 0:9879366 
+ 0:9856518 
+ 0:983171 
+ 0:980495 
+ 0:9776262 


0°9745034 
0"97130 I 
0:9678615 
ο9042245 
0°9603982 
0°9563838 
0:9521825 
0-9432242 
94 

οὐ βλδ68 


0°9335339 
0°9204179 
0923123 
0-917651 
0-9120049 


00-9061 843 
O-QOOIQI 

0-8940292 
0:8876982 
0-8812009 


0°8745391 
0:8677147 
Bae μι 
re) 68 
0 


t++teet +ttte FHFHEHt FHttet +4444 


*8402874 


+ 0:8155711 
+ 0°8075238 


+ 0°7993339 
+ 0-7910039 
0:7825361 
9°7739332 
0°7051977 


+++ 
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Table I. Functions of order zero 


Yo (*) 


— cs 


2°563955 
2°121900 
1°8626264 
1-67802 34 
1°53423°7 


1°4161969 
1°3158701 
1°2284710 
ae hed 100 
I-O811053 
- 1°0175412 
~ 09591221 
— 0°9050T33 
~ 0°8545676 
- 0°8072736 


bit d od 


- 0°7627204 
- 0°7205732 
~ 0°6805558 
— 0°6424376 
- 0°6060246 


- 0°5711520 
= 0°5376789 
- 0°5054836 
- 0°4744608 
- 0°4445187 


- 0°4155768 
- 0°3875042 
- 0°3604182 
— 0°3340833 
~ 0°3085099 


- 0°2836537 
= Gol celes 
0°23593%3 
- O-2130113 
0'1906649 


0:1688729 
O°1476114 
0°1268587 
0°1065950 
0:0868023 


~ 0°0674640 
- δια δ οἷ: 
- 0°0300917 
- ΟΟΙΖΟ,ΙΙ 
+ 0°0056283 


+ 0°0228974 
+ 0:0397860 
+ 0:0563032 
+ pied Fel he 
+ 0°0882570 


ΙΗ (x)| 


οο 


2°7520297 
2°3455622 
2°1136647 
1-9525811 
1-8299993 


1:7315984 
1:6497727 
1+5800007 
I+5193772 
1:4659257 


I-4182414 
1*3752907 
1°3362914 
I-3006375 
*2678500 


μὶ 


1:2375444 
1169 1078 
11831788 
111586436 
I-1356190 


I-§I139500 
"0935036 
1-0741648 
0538337 
10384231 


1-0218560 
1-0060645 
0-990908 4 
9:976573 

0:9627727 


eed a 
0°936841 

0:9246378 
0-9128976 
0-901 5920 


με 


0:8906945 
0-8801807 
0-870028 
0:860216 
0°8507273 


0°8415424 
0°8326455 
0°8240231 
0-8156598 
0°8075434 


0-7996618 
0°7920038 
0°7845590 
9°7773177 
0-7702706 


(1) 
arg Η, (x) 


eo 90° 


= 64° 46’ 


- 49° 14’ 
— 47° 31 


68° 41’ 42716 
31773 
61° 47’ 28429 
59° 14’ 52770 
56° 58’ 10779 
54. 52’ pd 
52,54, 7295 
0732 

, 37705 
4*89 


a 


°o 


- 45° 50° 44763 
- 44. 13° 6341 


— 


ς 4, 27°57 
39° 32 53732 


38° 2° 51°54 
36° 34’ 12742 
35. 0" 47725 
33° 40° 28714 


- 32° 15’ 8%97 


Ped Ft tf tottdo ot ttt '& tb tg 


21° 19’ 
20° 


30° 50’ 44727 
20 27° Q*25 


23° 59’ 49:07 


ο 


22° 39’ 28742 
, 36741 
ο΄ 16794 
18° 41’ 22710 


17° 22’ 52716 
16" 4° 45735 
14,47, 9552 


13° 29’ 36767 


12° 12’ 3178 


10° 55° 45°35 
9° 39’ 16705 
8° 23’ 3703 

‘4 


oO , 


τς 38, 26%96 
52° 457 

Ὁ 6 πιὸ 
4° 

6° 34’ 45767 


Paid AGL oA. Sega ee οὐρα de 


H, (7) 


0:0000000 


+ 0°0127318 
+ p04 34203 
+ 0:0381819 
+ 0°0508934 
+ 0:0635913 


+ ied 2725 
+ 00 

+ O°1015697 
+ O°1141796 
+ 0:1267590 


+ Θ 30 100 
+ ΟἼ5ΙΒΙ131 
+ 0°1642813 
+ a 7056 
+ 0:1890829 


+ deen 1699 
+ 0°2136834 
+ 0°2258999 
+ 0°2380565 
+ 0°2501497 


+ 0°2621765 


+ 0:2741336 
+ οἰΖέδοτϑο 
+ 0°2978265 
+ 0°3095559 


+ 0°3212033 
+ 0°3327655 
0°3442396 
0°3556226 
0-3669114 


0°3781032 
0°3691950 
0-4001841 
0°4110675 
0°4218424 


0°4325061 
0°44305 38 
0°453 

oO 
oO 


°4739944 


0-4840616 
0:4940018 
0°5038124 
0°5134909 
0°5230350 


0°5324422 
"5417103 
5508368 
*5598197 


oO 
fe) 
ο 
0:5686566 


89328 | 


μή 
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Table I. Functions of order unity 


1) 1) 
x ΗΟ 1] are Hy) | Bit) 

oO . - 0 00 - 90° 0°0000000 
0°02 | + 0:0099995 | — 31°8598128 | 31°8598144 | — 89° 58’ 55726 | + 0-0000849 
0-04 | + 0:0199960 | — 15:9643089 | I 5-9043214 - 89° 55’ 41764 | + 0:000339 

0-06 | + 0:0299865 | - 10°6758314 | — 89° 50’ 20764 | + 0°:000763 

0-08 | + 0°0399680 | “-- 8-0377690 [ — 89° 42” 54734 | + 0°0013575 
O10 | + 0°0499375 | -- 6°4591441 | — 89° 33’ 25%29 | + 0°0021207 
O12 | + 0°0598921 | — 5°4094402 | 5°4097717 -- 89° 21’ 56738 | + 0:0030528 
o'14 | + 0:0698286  -- δεῖ δε, 2-662 082 | - ἘΝ 8’ 30°73 + 56011850 
o-16 | + 0°0797443 | - 4°1030 4°1038295 | — 88° 53’ 117 + 0:0054232 
o 78 | + 0-0 eee - 5 6606047 3°6706983 | - 88° 36’ 2765} + Sock rage 
0°20 | + 0°0995008 | - 3°3238250] 3°3253140 | - 88°17’ 7°17] + 0:0084657 
0-22 | + 0°1093358 - 3°0416730 | 3°0436375 | - 87° 56’ 28°81 | + 0-0102377 
0:24 | + O-IIQI381I | - 2°8071277 para 7] - 87° 34’ 1171 | + 00121762 
0-26 | + 0°1289046 | - 2-6091059| 2°6122 ὃ - 87° 10’ 17763 | + 0°0142806 
0:28 τ 0°138632 5 — 2°4396971 | 2°4436328 | — 86° 44’ 51787 | + 0°0105 502 
0°30 | + 0°1483188 | -- 2-2931051 | 2-2978968 | - 86° 17’ 57728 | + 0:0189843 
0°32 | + 0°1579607 | — 2:1649866 | 2°1707415 | -- 85° 49’ 37722 | + 0-0215820 
0°34 | + 0°1675553 | — 2:0520233 | 2°0588527 | -- 85° 19’ 55700 | + 0°0243427 
0°36 | + 0°1770997 - 1°9516372} 1°9596561 | — 84° 48° 53780 | + 0-0272 32 
0°38 | + O-1865911 | -ὀ 1°8617949 | 1°8711218 | — 84° 16’ 36772 | + 0:0303489 
0-40 | + 0°1960266 | -- 1°7808720 | 1-°7916282 | — 83° 43’ 6778! + 0-0335925 
0-42 | + 0°2054034 - 1°7075549| 1°7198647 | - 83° 8’ 26786] + 0-0369952 
0°44 | + O°21471 - 1°6407704| 1°6547603 | — 82° 32’ 39776 | + 0°0405559 
0°46 | + 0:2239699 | - 1°5796331 | 1°5954320 | — 81° 55’ 48°18 | + 0:0442733 
0°48 | + 0°2331540 - 1°5234063] 1°5411449 | — 81° 17’ 54769 | + 0°0481463 
0°50 | + 0°2422685 | — 1°4714724| 1°4912830 | — 80° 39’ 1779 | + 0:0521737 
0°52 | + 0°2513105 | - 1°4233094] 1°4453258 | -- 79° 59’ 11785 | + 0:0563542 
0°54 | + 0°2602774 -ὀ 1°37 4737 1*4028308 | ~ 79° 18’ 27716 | + 00800865 
0:56 | + 0°2691665 | — 1°336585 I°3634193 | — 78° 36’ 49%90 | + 0:0651691 
0°58 | + 0°27 79752 - 1°2973191 | 1°3267657 | -- 77° 54’ 22718 | + 0:0698006 
0°60 | + 0°2867010 | -- 1°2603913 | 1°2925880 | - 77° 11΄ 5700] + 0:0745797 
0°62 | + 0°2953412 | — 1°2255572 | 1°2606415 | -- 76° 27’ 3726] + 0-0795046 
0°64 | + 0°3038932 | - 41°1926026| 1:2307120 | — 75° 42’ 15781 | + pee 39 
0°66 | + 0°3123547 | — 1-°1613400|] 1-2026122 - 74° 56’ 45741 | + 0-0897860 
0°68 | + 0°3207230 | - 11316043 1°1761767 -- 74° 10’ 33773 | + 0-0951392 
0°70 | + 0°3289957 | - 1°1032499] 1°1512595 | - 73° 23’ 42738 | + 0°1006317 
0:72 | + 0°3371705 | -- ΓΟΟΤ ΤΟ 1 1277312] -- 72° 36’ 12487 | + 0-1062619 
0-74 | + 0°34524 - 1:0501828 | 1-°1054763 | — 71° 48’ 6768 | + 0-1120279 
0°76 | + 0°3532164 | — 1°0252532 | 1:0843920 | -- 70° 59’ 25722 | + 0°1179279 
0-78 | + 0°3610829 | - 1°0012677| 1-0643861 | — 70° 10’ 9780] + 0-1239601 
0-80 | + 0-3688420 | ~ 9°-9781442 | 1°0453758 | -- 69° 20’ 21°73 | + 0°1301225 
0-82"} + 0°3264916 - 0°9558093 | 1°0272864 - 68° 30’ 2720] + 0°1364131 
0°84 | + 0°3840292 -- 0-9341970] 1:-0100507 | — 67° 39’ 12739 | + 614287200 
0°86 | + 0°3914529 | — 0°9132475 | 0:9936077 | — 66° 47’ 53°42 | + 0-1493710 
0°88 | + 0°3987603 | — 0-8929069 | 0°9779022 | — 65° 56’ 6135] + 0°1560343 
0-90 | + 0°4059495 | — 0°8731266 | 0-9628837 | - 65° 3’ 52721 | + 0°1628175 
0-92 | + 0°4130184 | - 0°8538622 | 0°9485066 | — 64° 11’ 11797 | + 0°1697186 
0°94 | + 0°4199649 | - 0°8350735 | 0:9347290 | — 63° 18’ 6757 | + 0-176735 

0-96 | + 0°4267871 | — 0°8167241 | o-g2I 8170 - 62° 24’ 36784 + 01936026 
0°98 | + 0°4334829 -- 0°7987806 | 0-9088223 | -- 61° 30’ 43779 + ΟἼΟΙΙΟ7Ο 
I-00 | + 0°4400506 | — 0°7812128 | 0°8966259 | — 60° 36’ 28%10 | + 0°1984573 
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Ὁ μ᾿ μα 
0 OO N 


+ 0°7563321 
+ 0°7473390 
+ 0°7382212 
+ 0°7289813 
+ 0:7196220 


+ ΟἼΙΟΙΔ46Ι 
+ 0°700 3504 
+ 0°6908557 
+ 0:6810469 
+ 0:6711327 


+ 0°6611163 
+ 0°6510004 
+ 0:6407880 
+ 0:6304822 
+ 0°6200860 


0°5770576 
0-5668551 


05559807 
0°5450370 
0°5349209 
0°5229579 
0°5118277 


0°5006415 
0:4894026 
0°4781143 
0-4667797 
0°4554022 


0-4439850 
0°4325313 
0°42 τοληὉ 
0°4095280 
+ 0°3979849 


+ @ 350s) 
+ 0°3740932I 
+ 0°3632292 
+ 0°3536128 
+ 073399864 


+ 0:3283532 
+ 0°3167166 
i: Ooo a bb 

0°2934400 
+ 0-287 8286 


ἘΞ Ἐπ +tett tHttte +44 


+ 0°2702008 
+ 0°2585959 
+ 0°2470071 
+ 0°2354376 
+ 0'2238908 


TABLES OF BESSEL FUNCTIONS 


Table 1. Functions of order zero 


Y 0(*) 


Τ orrebrss 
+ 0°1335943 


+ 0°1480406 
+ 0°1621632 


+ 0"1759070 
+ 01894567 
+ 0°2026367 
+ eae eae 
+ 0°2280835 


+ 0°2403577 


+ 0°2523369 © 


+ or2040243 
ΞΕ ΘΖ ΖΘΑΣΣ 
+ 0°2865354 


+ 0°2973645 
+ 0°3079127 
+ 0°31 168} 
+ 0°328175 

+ 0°3378951 


+ 0°3905639 
+ 0°3984176 
+ 0°4060116 
+ 0°4133476 
+ 0°4204269 


+ 0°4272512 
+ 0°4338219 
+ 0°4401404 
+ 0°4462083 
+ 0°4520270 


+ 0°4575979 
+. 0°4629223 
+ 0:4680019 
+ 0°4728378 
+ 0°4774317 


+ 0°4817849 
+ ee et 
+ 0°4897751 
+ 0°4934149 
+ 0°4968200 


+ 0°4999917 
+ 0°5029315 
+ he ee a 
+ 0°5081220 
+ 0°5103757 


(1) 
[FZ (*)| 


0:7634092 
0°7507255 
0°7502120 
0°7438614 
0-7376671 


0°7316228 
0°7257225 
ee π οας 
0°71 43317 
0:7088309 


0°7934533 
0°6951944 
06930499 
0°68801 57 
0:6830879 


0:6782630 
070735372 
0:6689073 
0:6643701 
0°6599226 


0:6555618 
0:6512850 
ahs hee 
0°642972 

0°6389325 


0:6349662 
0:6310717 
ah al αν 
0°6234898 
0°6197983 


0-6161706 
0°6126049 
0:6090994 
0°6056526 
0°6022627 


0°5989282 
0°5950477 
0°592419 

0:5892429 
0:5861159 


0°583037 

O- eaaaeet 
0°5770210 
0-5740809 
0°5711845 


0°5683310 
0°5655192 
0°5627481 
0-5600168 
9°5573243 


ο 
75 
Io? 


11? 
125 


13° 
15° 
16° 


I ο 
7§° 


19° 
21° 
22° 
23° 
24° 


27° 


31° 
33° 
35° 
30° 


37. 
40° 
419 
42" 


43° 
4 

40° 
4 ο 
48° 


49° 


55° 
506° 
30. 
60° 
61° 
62° 
63° 
65° 
66° 


48’ 27°80 
2’ 1768 
15’ 2716 
28” 40708 
41° 57*I0 


55, 1*20 

γ᾽ 58758 
20° 49°49 
33, 34°20 
40° 1202 


58’ 45:88 
11΄ 13730 
23° 3513 
35, 52°2 


48° 4122 


ο΄ {τ 10 
12΄ 13:86 
24’ 11788 
515 
55 Ὃ 


59° 4015 
Ir’ 2210 


22’ 59782. 


34° 33790 
40° 4°43 


57, 31750 

3° 95.9.24 
20 15:74 
31’ 33710 
42° 47742 


53, 58°77 
5, 7:26 
16’ 12795 


27° 15794 
38° 16730 


49’ 14°10 


43) 27714 
54 11-00 
4° 52°75 
15. 32°45 
26° 10714 
36" 45:88 
47, 19°73 
57, 517] 
21:89 

18’ 50732 


+ 0°577 

+ 03658842 
+ 0°5942706 
+ 0:6025028 
+ 0°6105787 


+ 0:6184965 
+ 0°6262544 
+ 0°0338304 
+ 0°641282 

+ 0°6485500 


+ 0°6556502 
+ 0°6625319 
+ 0°6693434 
+ 06759334 
+ 0°6823503 


+ 0°6885928 
+ 0°6946595 
+ 0°7005492 
+ 0°7062606 
+ O°7117925 


+ 0°7171439 
+ 0°7223136 
+ 0°7273008 
+ 0°7321043 
+ 0°7307235 


+ 0°7411573 
+ 0°7454051 
+ 0°7494662 
+ 0°7533398 
+ 0°7570255 


+ td bara 
+ 0:76338306 


+ 0°7669493 | 


+ 0:7698781 


+ 0°7726168 © 


+ 0°7751652 
+ O°7773230 
+ lH ee 
+ 0°7816666 
+ 0°7834523 


+ 7250474 
+ 0:786451 

+ ΟἾ 7 ζθθ 5. 
+ 0°7886897 
+ 0°7895236 


+ 0°7901680 
+ 0:7906233 
+ 0°7908898 
+ 0:7909681 
+ 0:7908588 
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Ji(*) 


+ 0°4464882 
+ 0°4527939 
+ 0°4589660 
+ 0°4650027 
+ 0°4709024 


+ 0°4 700034 
+ 0°4822840 
+ 0°4877629 
+ 0°4930984 
+ 0°4982891 


+ 0°5033330 
+ 0°5082305 
+ 0°5129786 
+ 0°5175766 
+ 0°5220232 


+ 0°5203174 
+ 0°5304500 
+ 0°5344439 
+ 0°5302741 
+ 0°5419477 


+ 0°5454038 
+ 0°5488215 
+ 0°5520200 
+ 0°5550586 


+ 0°5579365 


+ 0°5606532 
+ 0°5632079 
+ 0°565600 
+ 0°567829 
+ 0°5698959 


+o 5717984 
+ 0°573536 

+ 0°5751108 
+ 0°5765204 
+ 0°5777052 
+ 0°5788453 


+ 0°5 797004 
+ 0°5805107 


+ 0:5810962. 


“+ 0°5815170 


+.0°5817731 
+ ΧΟ 
+ 0°5817926 
+ 0°5815566 
+ 05811571 


+ 0°5805946 
+ 0°5798695 
+ 0°5789825 
+ 90°5779341 
+ 0°5767248 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order unity 


Y, (4) 


— 0°7639930 
= Ὁ 1} 8: 
- 0°7304904 
- el hae ta 
- O'6Q9811I9 


0:6823011 
0°6667078 
0-651 3248 
0°6361385 
0°6211364 


0:6063070 
0°5916398 
0°5771253 
0:5627546 
0°5485197 


079344033 
0°5204287 
0°506559 
— 0:492800 
04791470 


04655936 
0°4521367 
0°4387723 
0°4254973 
0°4123086 


tered t 


03992036 
0-3861800 
0°3732356 
oO: 3735088 
0°3475780 


0-3348619 
0°3222 194 
0° 309649 

0°2971522 
0:2847262 


111! 


0°2723716 
oboe 81 
0°2478757 
0°2357345 
0:2236649 


0°2116671 


0:1997416 
οἸδηβᾶοι 
o°1 761102 
0°1644058 


0°1527766 
- 0°1412236 
- 0°1297478 
- 0°1183504 


- 0°1070324 


|H') (x) | 


eave 1. 
0°8735987 
0°8627154 
0°8522205 
0°8420926 


0°8323117 
0°8228591 
0°8137178 
0°8048715 


0°7903055 |. 


oe 
0°77995°9 
0°7721533 
0°7045772 
0°7572200 


0°7500717 
0°7431229 
0°7303047 
0°72978 

0°7233873 


0°7171528 
o°7110785 
0°7051370 
0°6993840 
0:6937518 


0°688255 
06828806 
0°677649 
0°672529 
0°6675267 


0°6626355 
0°6578524 
0°0531 734 
0°648594 

0°6441131 


0°6397250 
0°6354274 
0°6312171 
0-6270914 
0°6230473 


0°6190823 
0°6151939 
0:6113796 
0:6076371 
0°6039642 


ieee 588 
0:5968189 
0°593342 
0°589927 
0°5865726 


4a. Pas I OAS ee, OR “SRS ee De Sis, Sd abe Be 


arg He (x) 


59° 41” 50°60 
58° 46° 52703 
57. 51, 33712 
56° 55, 54755 
55° 59° 50799 


Ὁ 3. 4110 
53° 10’ 16756 
52° 13’ ΟἿἿΟ 
15° 45°57 


50° 18’ 6148 
20’ 1273 
48° 22" 315 
23° 40°70 
46° 25’ 4°12 


26’ 14°26 


ο 7 a” 
Φ 


28' 59°54 
39° 28’ 5810 
38° 28° 4577 
37° 28 23711 
36° 27’ 50730 


27° 7765 
26° 15744 
ς 25, 13793 
32° 24 3139 
31° 22 44105 


25° 11’ 56*41 
9” 41785 
7’ 20721 
4’ 51768 
21° 2’ 16743 


19° 59° 34763 
18° 56° 40245 


Ό ? ” 
es 


14° 44° 3301 
13° 41° 15:22 
12° 37, 51793 
II° 34’ 2372 
10° 30° 4973 


+ 
+ 
+ 
+ 
+ 
+ 
+ 0°5521021 
+ 
+ 
+ 
+ 
+ 
+ 


H, (*) 


+ 0°2059142 
+ 0°2134753 
+ 0°2211352 
+ 0°2289005. 
+ 0°2367597 


Ἔ ΠΤ Ὁ 
+ 0:2527589 
+ 0°2608939 
+ 0°2691 157 
+ 0°277421 


+ 0°2858095 
+ 0°2942761 
+ 0°3028I191 
+ O°3114357 
+ 0°3201231 


0°4195719 
0°4288924 
0°4382471 
0°4476330 
0°4570472 


04664869 
+ 0°4759490 
+ 0°4854300 

0°4949288 

0°5044407 


0°5139633 
0°5234937 
0°53302569 
0°5425661 


0°5616342 
ΟἿ 159 
0°580674 
0°5901775 
0°5996645 


0-6185800 


0:6373982 
0°6467637 


+ 
+ 0°6280027 
+ 
+ 


670 


J (#) 


+ epee et! 
+ 0°2008776 
+ 0-1894177 
+ O°1779931 
+ 0°1666070 


"1552625 
-1439626 


"1215095 


0:0992720 
0:0882416 
ο 


+ 0:0447786 
+ 0°0340921 
+ 0°0234828 
+ 0°0129538 
+ 0°0025077 


- taal el 
- O-0181247 
- 0°0283057 
~ 0:0383929 


- 0:0483838 | 


I 


0°0582758 
0:0680664 
— 0°0777531 
— 0°0873334 
— 0:0968050 


Ι 


- 0°1061654 
~ O1154123 
~ 0°1245434 
~ 0°1335565 
~ Ο1424494 


- O-1512198 
~ 0°1598658 
- 0°1683852 
‘i ed LOY 

0:1850360 


[ 


0-19314636 
00-2011 568 
0°20901 37 
0°2167325 
0'2243115 


0:2317491 
0°2390434 
0°246193I1 
0°2531964 
0°2600520 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


Y 9(*) 


0°5124038 
0°5142080 
0°5157900 
Ο5171513 
0°5102937 


O°5192190 
0°5199289 
0°5204252 
0°5207097 
0°5207843 


0°5206508 
0°5203112 
0°5197675 
O-5190215 
0°5180754 


O'5169311 
0°5155908 
0°5140565 
0°5123304 
0°5104147 


0°5083116 
0°5060233 
. 0°5035522 
0*5009004 
0:4980704 


"4950045 
-4918851 
"4885347 
"4850157 


ἘΤῚ FHF Ht FHHHeH FHttte FH 


Oo 
Oo 
O 
O 
O 


"4774820 
"4734724 
"4693043 
*4649805 
"4605035 


0°4558761 


+++ Ἐπ τ: τ᾿ +4+4+4+4 ¢4 
o0o0000 


+ 0°4359160 


+ 0°4395772 
+ 0°425104 
+ 0°419500 
+ 0°4137689 
+ 0°4079118 


+ 0°4019323 
+ 0°3958334 
+ 0°38961381 
+ 0°3832893 
+ 0°3768500 


(1) 
ΙΗ΄, (*)| 


0°5546698 
0°5520523 
0°5494710 
0°5469250 
0°5 444137 


0°5419362 
0°5394917 
0°5370796 
0°5340991 
0°5323496 


0°5 30030 
0°527740 

0°5254°903 
0°5232482 
0°5210439 


0°5188670 
0-5167167 
0°5145926 
0°5124942 
0+5104209 


0508372 
0°500347 
0°5943471 
0°502 3696 
0°5004149 


0°4984826 
0°4965 152 
0°4940834 
0°49281 34 
0°49096 


0°4891422 


0°4873357 
12 


0°4803025 
0°4785907 
0°4708970 
0°4752209 
0°4735021 


0°4719204 
0°4792955 
0-4686871 
0:4670950 
0°4655187 


0:4639582 
sd ie ee 
0°4608831 
0°45930381 
0°4578678 


arg H i (x) 


67° 29’ 17702 
68° 39° 4205 


71° 
72° 10’ 47°47 


73° 21’ 6718 
74. 31° 23741 


9° 12’ 18715 

0° 22’ 28745 
81° 32’ 377 
82° 42’ 45720 
83° 52’ 51°71 
85° 2° 57ἴΟΙ 
86° 13’ tae 


94° 22’ 58 
95° 32’ 54740 


96" 42° 48%04 
97, 92, 42°52 
99° 2° 35°17 
100° 12’ 26790 
1O1° 22’ 17774 


102° 32’ 7*69 
103° 41° 56777 
"ὦ Ἢ 51" 4501 
106° 1% 32741 
107° I1’ 1900 


108° 21’ 4779 
109° 30” 49780 
110° 40° 34%04 
1110 507 17753 
113° ο΄ 0727 


1145 9’ 42729 
115" 19’ 23759 
T16° 30, 720 
11 “44712 
118° 33° 23736 


1105 58’ 1%9 
121° 7’ 3018 
122° 17° 17715 
123° 26’ 53782 
124° 36’ 29°87 


H, (*) 


+ 0°7905626 


+ 0°7900800 
+ 0-7894119 
+ 0°7885590 
+ 0°7875222 


+ 0-7863025 
+ 0°7849006 
+ 0°7833178 
+ 0°7815550 
+ 0°7796135 


+ 0°7774943 
+ 0°7751986 
t+ 0°7727279 
+ 0°7700834 
+ 0°7672665 


+ 0°7642787 
+ o'7611214 
+ 0°7577962 
+ ΟΣ ΑΣΟΑΣ 
+ 0°7506485 


+ 0°746829 
+ 0:442848% 
+ 0:7387088 
+ 0°7344112 


+ 0°7299577 


+ 0°7253504 
+ 0°7205912 
+ 0°7156821 
+ 0°7106251 
+ 0°7054223 


+ 0*7000759 
+ 0°69 5880 
+ 0°6889609 
+ 0°6831967 
+ 06772977 


+ 0°6712664 
0:6651050 
0°6588160 
spree 
0°6458646 


+ 
+ 
+ 
-+}- 
+ 0°6392073 
+ 0°6324323 
+ 0°6255420 
+ 0°6185392 
+ 0°6114264 


+ 0:6042062 
+ 0°59 outs 
+ 0°509 

+ eo eaiasse 
+ 0°5743061 


x 


+ 0°5753554 


+ 0°5738207 


+ 0°5721393 
+ 0°5702942 
+ 0°5682921 


+ 0°5433841 
+ 0°5398725 


+ 0°5362170 
+ 0°5324190 
+ 0°5284801 
+ 0°5244016 
+ 0°5201853 


+ 0°5158327 
+ 0°5113456 
+ 0°5067256 
+ 0°5019745 
+ 0°4970941 


+ 0°4920863 
+ 0°486952 
+ ie prec 
+ 0°476316 
+ 0°4708183 


+ 0°4652020 
+ 0°4594700 
+ 0°4536245 
+ 0°4476676 
+ 0°4416014 


+ 0°4354281 
+ 0°4291500 
+ 0°4227693 
+ 0°4162882 
+ 0°4097092 


+ 0°4030346 
+ 0°3962667 
+ 0°3894079 
+ 0°3824607 
+ 0°3754275 


+ 0:3683108 
+ 0°3611130 
+ 0°3538368 
+ 0°34643846 
+ 0°3390590 
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0°0957951 
0:0846398 
0°0735077 
0:0625801 
0:0516786 


0:0408645 
0°0301393 
0°0195045 
0:0089616 
+ 0:0014878 


+ 0:0118422 
+ 0°0220999 
+ 0°0322594 
+ 0:0423191 
+ 0°0522773 


+ 0:0621 324 
+ 0°071882 

+ 0°0815267 
+ 0°:0910627 
+ 0°1004889 


+ 0°1098039 
+ O:1I90059 
+ 0°1280934 
+ ΟἼὝΞΤΟΘΑΥ 
+ O-1459181 


+ 0°1546522 
+ 0°1632654 
+ ay bee 
+ 0°1801226 
+ 0°1883635 


+ 0°1964774 
+ 0°2044627 
+ 0°2123179 
+ 0°2200416 
+ 0°2276324 


+ 0°2350890 
+ 0°2424099 
+ 0°2495937 
+ 0°2566393 
+ 0°2635454 


+ 0°2703106 
+ 0°2709339 
+ 0°2834140 
+ 0°2897497 
+ 0°2959401 


+ 0°3019839 
+ 0°3078802 
+ 0°31 362381 
+ 0°3192264 
+ 0°3246744 


0°5832757 
0°5800353 
0°5768497 
0°5737174 
0°5700370 


0°5676071 
0-5646262 
0°5616930 
0°55880604 
0°5559050 


0°5531678 
0°5594135 
0°5477011 
0°5459295 
0°5423977 


0°5398047 
0°5372496 
0°5347315 
0°5322494 
0°5298025 


0°5273901 
O°5250I111 
0°5226650 
0°5203599 
0-5180682 


0:5158160 
0°5135938 
0°5114009 
0°5092 366 


0°507I003 


0°5049913 
0-5029092 
0°5008534 
0°49882 32 
0-4968182 


0:4948378 
0°4928876 
0°4909490 
04890395 
0°487152 


0°4852883 
0°4834456 
0°4816243 
0°4798240 
0°4780443 


0°4762847 
0°4745449 
0-4911232 
"47 
0:4694406 


(1) 


1 (5) 


- 9° 27’ 10%3 
- 8° 23’ 2613 
. 19° 37°51 
- 5° 11' 45759 
- 4° 7, 42°76 
3.15. 35,48 
-ιῖνῪΝΚ59΄ 23% 8 
-—- oO 55 . 
0° 9’ 11798 


ss a at 
βο 16’ rotb6 


ο ’ 


17° 26’ 48757 
18° 32’ 6793 
19° 37’ 28712 
20° 42’ 52°08 


21° 48’ 18776 . 


28° 21’ 5309 
29° 27° 37739 
30. 33, 24°03 
31, 39, 12°95 
32° 45 +471! 


335 500 248 
Oat ates 

8’ 50739 
14’ 52°17 


39° 20° 55796 
40° 27° 1772 
41 33° 9742 
42° 39’ 19%02 
43° 45° 30750 


, 
/ 
/ 
, 
’ 


0:7470008 
0°7557890 
0°7645117 
0-7731661 
0-781 7498 


0-7902603 
wa sai 50 
0:38070514 
0°8153272 
0°8235198 


+ 0:8707993 
+ 0°8783453 
+ 0°8357900 
+ 0°8931314 
+ 0°9003674 


+ 0:9074958 
+ 0°9145148 
+ 0°9214224 
+ 0°9282167 
+ 0°9348957 


+ 0°941457 
+ 0°947900 
+ 0°9542233 
+ 0:960423 ὃ 
+ 0°966499 


+ 0°9724504 
+ tL Β2730 
+ 0:9339687 
+ 0:9895333 
+ 0°9949663 


000266 
"005431 


0153547 


+1 
+1 
ἜΣ 
+ 1 
+ I'°O0201096 
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02667583 
0°2733140 
0:2 TS 
0°2859083 
0°2920643 


Δ, 30 see α 
ο'30378δ4 
0°3094142 
0-314881T 
0-3201882 


0°3253345 
0-3303193 
0°3351416 
0+3398009 
0°3442963 


0°3486272 
0°3527931 
0°3567934 
0:3606277 
0°3642956 


0°3677907 
0'3711306 
0°3742972 
0°3272903 
0°3801277 


0°3827914 
0°3852873 
- 0°3876155 
- 0:3897760 
— 0°3917690 


— 0°3935947 
— 0°3952533 
— 0°3967452 
- 0°3980707 
- 0°3992302 


Pe? heheh ee Sp! bee 


J 


— 0°4002242 
— 0°4010532 
- O-40171 Ἰὰ 
- 0°4022187 
— 074025564 


0°4027318 
0°40274 3° 
0°4025986 
0:4022918 
0-4018260 


0°401202 
0°40042I 
0°3994854 
— 0°398394 
- 0°397149 
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Table I. Functions of order zero 


+ 0°3793933 
+ 0°36360522 
+ 0°3568997 
+ 0°3500489 
+ 0°3431029 


+ 0°3360648 
+ 0°3289376 
+ 0°3217245 
+ 0°3144207 
+ 0°3070533 


+ 0°2996013 
+ 0°2920760 
+ 0°2844806 
+ 0°2768182 
+ 0°2690920 


+ 0:2613052 
+ 0°2534609 
+ 0°245 9024 
+ 0°237612 

+ 0°2296153 


+ 0°2215732 


"1393962 


Oo 
ο 
0°1227424 
ο 
ο 


+ 0:0977426 
+ 0:0894167 
+ 0°0810994 
+ 0°0727939 
+ 0°0645032 


+ 0°0562303 
+ 0:0479782 
+ 0-0397498 
+ 0°0315481 
+ 0°0233759 


+ 0°0152362 
+ 0°0071319 
— 0°0009343 
- 0°0089594 
-, 0°0169407 


0°4563820 
0°454910 
0°453452 
0*4520090 
0°4505787 


0°4491618 
0°4477581 
04463673 
0°4449893 
0°4436239 


0°4422708 
0*4409300 
0°4396011 
0-4 hase 
0°4309787 


0°4356849 
0°43440923 
0°4331310 
0:4318706 
0°4306210 


0°4293822 
0-4281539 
0°4269360 
0°425728 
0°424530 


0°4233432 
0°4221655 
0°4209974 
0°41983 9 
0°4186898 


O°4175501 
0°4164195 
0°4152980 
0°4141855 
0°4130817 


0°4119867 
0°4109003 
0°409822 
0°408752 
0°4076915 


0°4066383 


0°4055933 


0°4045501 
0°4035269 
0°4025054 


O'40149I5 
0:4004853 
03994865 
0°3984951 
0°3975 IIo 


arg H',’(x) 


131° 33’ 53780 
132° 43’ 25:82 
133° 52° 57731 
2° 28°27 


130° 11’ 58*71 


137° 21’ 2816 
138° 30’ 5810 
I 39° 40° 27°02 
140° 49° 55°47 
141 59 23°45 


143° 8’ 50%95 
144° 18’ 18%00 
145° 27’ 44%59 
146° 37) 10°74 
147 40° 36%44 


148° 56’ 1771 
150° 5’ 26456 


154° 43° 1782 
155. 52° 24:63 
157. 1΄ 47%05 
11΄ ΟἽἽΟ 
159° 2ο΄ 30777 


160° 29’ 52706 
161° 39’ 12799 
162° 48° 33756 
163° 57, 5378 
165" 7° 13765 


166° 16’ 33717 
Wks 25° 52736 
16 ᾿ 35° 1121 
169° 44° 29174 
170° 53 47°93 


172° 3° 5781 
173. 12’ 23:37 
174. 21" 40°63 
175. 3°) 57°57 
176° 40° 14722 


177° 49” 30756 
I fo 58’ 36220 
180° 8’ 2116 
181° 17’ 17786 
182° 26’ 33705 


+tttt Ft tte FEttt τ τι HEHE He Feet 


0-5665900 
0°5 he hea 
0°5508877 
0°5429073 
0°5348444 


0:5267021 
0°5184831 
O0-5101905 
0°5018270 
0°4933957 


0:4848996 
0°4703415 
0°4677245 
0°4590516 
0°4593257 


0°4415499 
0°4327272 
0°4238607 
ὉΠ 222. 
0:4060080 


°3979279 
*3830161 
"3789757 
30990953 
-360820 


oO0000 


O°3517124 
0°3425876 
0°3334492 
0°3243003 
0°3151440 


+ 0°3059833 
+ 0°29682I1 
+ 0°2876605 
+ 0°2705044 
+ 0°2693559 


+ 0°2602179 
+ 0°2510933 
+ 0°2419852 
+ O25 70004 
+ 0:223829 


+ 0°2147883 
+ 0°2057749 
+ 0°1967923 
+ 0°1878435 
+ 0°1789312 


+ 0°1700582 
+ 0°1612273 
+ 0°1524412 
+ 0+1437027 
+ 0°1350146 
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0 MORN 


J1(#) 


+ 0°3315626 
+ 0°3239979 
+ 0°3163677 
+ 0°3086746 
+ 0°30092I1 


+ 0°2931100 
+ 0°2852440 
+ 0°2773257 
+ 0°2693579 
+ 0°261 3432 


+ 0°2532845 
+ 0°2451844 
+ 0°2379457 
+ 0:2288711 
+ 0°2206635 


+ 0°2124255 
+ 0°2041599 
+ 0°1958696 
+ 0°1875574 
+ 0°1792259 


*1708779 
"1625163 


0°1289892 
+ 0°I1206010 
+ O-1122159 
+ 0°1038365 
+ 0°0954655 


+ 0:0871059 
+ 0:0737602 
+ 0:0704312 
+ 0°0621215 
+ 0°0538340 


+ 0°0455712 
+ 0°0373359 


+ 0°0291 307° 


+ 0:0209582 
+ 0°0128210 


+ 0:0047218 
~ 0°0033369 
- 0°0113524 
— 0°0193223 
- 0°0272440 


- 00351151 
- 0°0429330 
- 0:0506953 


- 0°0583995: 


~ 0°06604 33 
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Table I. Functions of order unity 


Y,(%) 


0°329971I2 
0°3351158 
0°3401076 
0°3449457 
0°3496295 


0°3541583 
0°3585314 
0°30274 3 
oO 
O° 


ἘΞ τ τι ++ttt 


+ 0°3908045 
+ 0°3935906 
+ 0°3962292 
+ 0°3987021 
+ O'4010153 


+ 0'4031689 
+ 0°4051628 
+ 0°4069973 
+ Ὁ 4000124 
+ O°4101884 


+ 0°4115455 
+ 0°4127440 
+ 0°4137543 
+ 0°4146667 
+ 0°415391 


t+ 0°41§9599 
+ 0°4163716 
+ i ced 5 
+ 0°4167282 
+ 0°4166744 


+ 0°4164668 
+ 0°4161062 
+ 0°4155934 
+ 0°4149293 
+ 0-4141147 


+ 0°4131506 
+ 0°4120381 
+ 0:4107780 
+ 0°4093717 
+ 0°4078200 


+ tose 
+ 0°404285 

+ 0-4023056 
+ 0-4001851 
+ 0°3979257 


| (x)| 


0°4677763 
0°4661301 
0°4645016 
0°4628904 
0:4612963 


0°4597190 
0°4581582 
0°4566135 
0°4550847 
0°4535710 


0°4520738 
0°45059I1 
0°4491233 
0°4476701 
0°4462312 


0:4448064 
0°4433955 
0°4419983 
0°4406145 
0°4392439 


0°4378863 
0°4365415 
0°4352093 
0°4338895 
0°4325819 


sy ese 
0°430002 

0°4287305 
0°4274699 
0°4262206 


0°4249824 
Ὁ 2273}. 
0°4225397 
0°4213329 
0°4201376 


0°4189527 
0°4177779 
0-4166131 
0°4154502 
0°4143131 


0°4131776 
0°4120516 
0°4109349 
04098274 
0:4087290 


0°4076396 
0°4065590 
0°4054971! 
0°4044238 
0°40336901 


arg H' (x) 


44° 51’ 43781 
45. 57, 59°93 
aia 1; 15782 
45. 10 34°45 
49° 10° 547δ0 


Bo aor notes 
; 40° 

52° 30’ 5:8 
53. 42° 3217 
54° 49’ 1725 


55. 55, 31729 
5ζο 2° 2:86 
58° 8' 35:02 
59. 15 10°45 
60° 21΄ 46743 


61° 28’ 23784 
62° 35’ 2765 
63° 41’ 42785 


67° 1°51 
68° 8’ 36798 
69° 15° 23°75 


ο ’ ” 
. 


72° 35, 51751 
73. 42, 43°18 
74. 49° 36704 
75. 56, 30:05 
77 3° 25121 


78° 10’ 21750 
$2. 17° 1879 

0° 24’ 17738 
81° 31’ 16794 
82° 38’ 17757 


83° 45° 19723 
84° 52’ 2179 

85° 59’ 25766 
He 6’ 30737 
88° 13’ 36707 


89° 20’ 42775 
g0° 27’ 50738 
οις 34; 587906 
92° 42’ 8517 

ο ᾽ τὰ 
93° 49΄ 18789 


94° 56’ 30722 
96° 


ς 3, 42744 
97. 10’ 55754 
98° 18’ 9%50 
99° 25’ 24733 


FH t tH FAH HH FHHHEH FHEEHH HEHEHE FEE FHHEH FHHHEH Ftttte Fett 


1-0456765 
payee 21 
T*0539409 
110503124 
T°0595303 


1-0630001 
1-0660211 
ΠΡΟΣ i 
1-O71614 
ΤῸ 41864 
1-0766072 
Ι Ὃ 88770 
T°0609955 
1-0829624 
10847774 


1:0864406 
10879516 
1-:0893106 
I*0905175 
1:0915723 


1°0924752 
10932264 
1'0938260 
1°0942743 
1-0945716 


1-0947183 
1-0947147 
1-0945614 
1-0942589 
1°0938077 


1°0932084 
1:0924617 
1-091 5683 
1°0905289 
10893444 


10880156 
1-08654 3 

1-08492 ἑ 
1°0831727 
1-081 2762 


1°0792403 
1-0770662 
1°0747551 
1°0723082 
I ᾿ 
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TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


arg H' (x x) H, (+) x 
4°02 | — 03957530 | - 0°0248755 | 0°3965340 | 183° 35° 47%96 | + 0-1263794 | 4:02 
4°04 | — 0°3942053 | — 0°0327610 | 0-3955643 | 184° 45° 2162 : 01177998 | 4°04 
4°06 | — 0-3925079 | -- 0°0405944 | 0°3946015 185, 54. 16799 | + 0-1092784 | 4:06 
4°08 | — 0°:3906622 | -- 0-0483732 | 0°3930457 δῆς 3 3° 31711 |  ΟἼΟΟϑΙ79 | 4:08 
4°10 | — 0°3886697 | - 0-0560946 | 0°3926967 186° 12’ ᾿ 796 | + 0°0924208 | 410 
4°12 | — 0°3865318 | - 0:0637561 0°3917540 189° 21 5815 4 | + οἫοοδϑ4οϑδοῦ | 4°12 
4°14 -- 0°3842500 | -- o- 070713350 03908191 190° 31’ 11 Ba + 0:0758269 | 4Ὶ 
4°16 | — 0°3818259 | -- ογδ 9 | 0°3898903 1015 40° 24705 + 0°0676351 4 
4°18 | — 0°3792610 | - 0°-0863551 | 0°3889680 192° 49’ 37°7 + 0°0595166 | 4: 
4:20] -- 0°3765571 | - 0°0937512 | 0°3880522 | 193° 58’ 50736 | + 0°0514740 
4°22  -- Ο’ 3737137 — 0°1010748 | 0:3871428 | 195° 8’ 2°71 | + 0:0435095 | 4°22 
4°24 | -- 0°3707386 | - 0°1083234 | 0°386239 ae 17’ 14°81 | + 0°03560255 | 4°24 
4°26 | — 0°3676276 | — 0°1154947 | 0°385342 ς 26" 20°67 | + O° "0278243 4°20 
4°28 | — 0°3643845 | — 0°1225863 | 0°3844522 . 35, 38: 31} + Ὁ ΌΖΟΙΟ 4:28 
4°30 -- ΟΞΟΊΟΙΙΙ | -- 0°1295959 | 0°3835676 199° 44° 49°71 | + 0:0124793 | 4°30 
4°32 -- 0°3575093 | - 0°1365213 | 0°3826891 200° 54° 0788 | + 0:0049399 | 4°32 
4°34 - 0°35 48810 - 0°1433602 | 0°-3818166 | 202° 3’ 11*83 - eee ee 4°34 
4°3 - δι 28 - OI501104 | Ο᾽3809.499 203" 12° 22°56 | — 0:0098616 | 4:3 
4°38 | - 0°3462527 ~ 0°1567699 | 0°3800891 204° 21’ 33 108 - O-OI71IIQ7 | 4°38 |. 
4°40 -- 0°342250 - 01633365 | 03792341 | 205° 30’ 43737 | -- 0°:0242798 | 440 
4°42 | -- 0°338142 - 0:1698081 | 0°3783848 20; 39, 53 145 - 0°0313400 | 4°42 
1.47: O3330110 | τοι a ard 0°3775411 207. 40 233 | - 0°0382984 | 4°44 
4°40 | — 0°3295666 - 24583 | 0°3767030 58’ 12%99 | - 0°0451530 | 4°46 
4°48 | - 0°3251095 | - "᾿ 1886330 ©°3758705 210° 7° 22. 145 -- 0°0519019 4°48 
4°50 | ~ 0°3205425 | — 0°1947050 | 0°3750434 | 211° 16’ 31770 | — 00585433 | 4°50 
4°52 | — 0°3158678 | -- 0:2006723 | 0°3742217 | 212° 25° 40°76 | - 0°0650755 | 4°52 
eo alee 3110877 | -- 0°2065332 | 0°3734053 | 213° 34’ 49762  - 0:0714966 4:54 
45 - 0°3062045 | -- ΟἾ2122 89 0°3725943 214° 43’ 58°28 | - 0:0778050 | 4°5 
4°58 |] - O30) 7 204 ~ 0°2179287 | 0°371788 ὃ 215° 53, 6%75 | - 0:0839990 4°58 
4°60 | -- 0°296137 - 02234600 | 0°370987 217° 2’ 15%03  - 0:0900771 | 4°60 
4°62 | - 0-2909591 | -- 0-2288780 | 0°370192 218° Ir’ 23712 | - Ο’ 0960376 | 4°62 
4:04 - 0:2856866 | -- 0-2341813 | 0°369401 219° 20’ 31%03 | — 0-1018790 401 
46 - 0:2803228 | — 0-2393683 | 0°3686164 220° 29’ 38775 | - 0-1075998 | 406 
4°68 | -- 0°2748700 | -- 0:2444376 | 0°3678359 221° 38° 46729 | - 0-1131987 | 4°68 
4°70 -- 0:2693308 | — 0:2493876 | 0°3670603 | 222° 47’ 33765 - 0-1186742 | 4°70 
4°72 | - pene Tah ~ 0°2542172 | 0°3662896 | 223° 57’ 0783 | - 0-1240251 | 4°72 
4°74 | — 0:2580029 | — 0:2589248 | 0-3655237 | 225° 6’ 778 - 0°1292500 | 4°74 
4°70 | — 02522193 | -- 0:2635093 | 0°3647625 | 226° 15’ 1468 | - 0:1343477 | 4°70 
4°78 — 072463592 | - G20 7008) 0°3640061 shee 24" 21734 | ~— 0°1393170 4:8 
4°50 | - 6°2404253 | — 0°2723038 | 0°3632543 33° 27784 | — 01441567 | 4°80 
4°82 | -- 0°2344201 | - 0°2765116 | 0°3625071 229° 42’ 34°17 - 0-1488659 | 4°82 
4:84 -- 0°2283462 | -- 0:2805Q915 | 0°3617645 230° 51” 40°33 | - 0°1534435 4°34 
4°8 - 0°2222062 | -- Ο’ 2845 0°3610265 232° οἵ 46°33 — 0°1578884 | 4:8 
4°88 | -- 0°2160027 | -- 0°2883 Ὁ 5: οΟ᾽3602929 233° 9’ 52717 | — 01621997 | 4°88 
4:90 | — 0°2097383 | — 0°2920546 | 0°3595637 | 234° 18’ 57°85  - 0-1663766 | 4-90 
4°92 | — 0°2034158 | — 0:2956136 | 0°3588389 | 235° 28° 737 | — 0-1704182 | 4°92 
4°94 | -- 0:1970377 | — 0°2990401 | 0°3581185 | 236° 37” 8774 | -- Ο’ 0°1743238 4:94 
4°96 | -- 01906067 | -- 0°-3023335 | oO 3514933 237. 46° 13°95 - 0925 | 409 
4°98 | - Ο’ ‘1841255 - ο’ 305 4928 | 0°356 3 55, 19% ὯΙ | - ovr 17237 4°98 
5°00 | -- 0°177596 - 0°30 85176 δ. πο88 2405 4’ 2393  - 0°1852168 | 500 


CII ὦ «ὦ ὧι δι ὧν AMUN AbDDD BP 
COORN δοῦν COGAN Son WD OMORN O 


6 60 Go Go Go 


OO bv 


ULAAA AAAAA AAAAA AAAAA ARAAA AAAAA HAASE 


ὁδός 


71() 


- 0°0736243 
- ΟὈδΙΙ4ΟῚ 
- 0°0885884 
- 0:0959669 
~ ΟἹΟ32733 


- O'I105054 
~ 0°1176609 
- 0°1247378 
— 0°1317339 
~ 0°1386469 


~ Ο1454750 
- 0°1522160 
- 0°1588679 
~ Orr 0542 7 
-- 0°1718966 


— 0°1782695 


- 0°2027755 


0:2086467 
O-2144125 
0°2200710 
0°2256209 
0°2310604 


0°2363882 
0°2416027 
0°2467026 
O-2 510 004 
0°256552 


Γ11μ4| 


0-261 3006 
0°2659284 
0°2704352 
0°2748196 
0°2790807 


0-28321 
0-82 2286 
0-2911133 
0.20 45707 
0°2904999 


0°3019999 
0°3053702 
0-3080098 
O-3117182 
0°3146947 


~ 0°3202495 


- 0°3228269 


— 0°3252702 
- 0°3275791 


03175386 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order unity 


Y,(%) 


3955287 
*3929956 
3903277 
3875267 
"3845940 


-3815313 
"3783401 
°3750222 
°3715792 
3082528 


eocoo00 00000 


"3643248 
"3605171 
°3505914 
"352549 
"348393 


"3441256 
°3397472 
°3352606 
3306677 


HEHEHE FHEEEHE FHEHtte Ftttte ++ ttt 


90000 900000 90000 


+ 0'2957202 
+ 0°2903542 
+ 0°2849015 
+ 0°2793644 
+ 0°2737452 


+ 0°2680464 
+ 0°2622702 
+ 0°2564190 
+ 0°2504952 
+ 0°2445013 


+ 0°2384397 
+ 0°232312 
+ 0°2261230 
+ 0°2198730 
+ 0°2135652 


-1746 
τὰ 449 


ΙΗ (2)| 


0°4023226 
074012845 
0°4002545 
0°3992325 
0°3982185 


0°397212 
0°396213 

0°3952229 
0°3942396 
0°3932038 


0°3922953 
0°3913340 
0°3903799 
0°3894328 
0:3884928 


0°3875596 
0:3866333 
0:3857136 
0°3848007 
0°3838942 


0°382994 
0°382100 
0°3812136 
0°3803327 
0°3794579 


0°3785893 
0°3777267 
0°3768700 
0-3760193 
0°3751744 


0°3743352 
0°3735018 
0:3726740 
0°3718517 
0*3710350 


0°3792237 
0°3094177 
0°3686171 
0°3678218 
0-3670317 


0-366246 
0-365 é68 
0°3640919 
0°3639221 
0-3631571 


0°362397I1 
Ὁ. 218 
0°3608913 
0°3601456 
 0°3594045 


arg H’ "ᾳ) 


100° 32’ 40%00 
IOI” 39, 56749 
102° 47° 13781 
103°, 54, 31°94 
105° 1’ 50787 


106° 9’ 10759 
τος 16’ 31:08 
108° 23’ 5273 
109° 31’ 14°3 
110° 38’ 37712 


111° 46’ 0°62 
ο 4 δ΄ 
112. 53, 24°85 
114. Ὁ. 49°79 
115° 8 15745 
1165 15’ 41*80 


ye 23° 878 
118° 30% 3675 
1195 38’ 4796 
120° 45’ 34702 
121° 53° 3774 


123° 0’ 34710 
124° 8’ 5%1r0 


128° 38’ 15:34 
129° 45, 49°42 
130° 53, 24:09 
132. 0, 59733 
133° δ΄ 35*1 


134° 16’ 11759 
135. 23° 48756 
136° 31° 26:09 
137° 39 4117 
1389 46’ 42:80 


’ 


143° 17° 22*60 
144° 25° 3785 


145. 32” 45°61 
146° 40’ 27°87 
147. 48’ 10°62 
148° 55° 53786 

3 37°59 


151° 11’ 21779 
152° 19’ 0:17 
153° 26° 51°01 
154° 34, 37°22 
155° 42° 23728 


150° 


Ei, () 


I-0670119 
I Ὁ041053 
ΙΌὍΘΙΙ1881 
1:0580818 
10548479 


1°0514880 
1-0480034 
1°04.43959 
1-040 on 
1-0368186 


1°0328522 
1-0287695 
1*0245724 
1°0202627 
1-0158422 


1-O113128 
1-0066764 
I*0019350 
+ 0°9970906 
+ 0°992145I1 


+ 0°:9871006 
+ 0°9819591 
+ 0:9767229 
+ 0°9713939 
+ 0°9059744 


+ sare taken 
+ 0°9540724 
+ 0°9491944 
+ 0°9434347 
+ 0°9375956 


+ 0°9310793 
+ 0:9256883 
+ 0°9196249 
+ O°9134914 
+ 0°907290I1 


Ἐ1Ὶ ttttet t+ttte +444 


+ 0:9010236 
+ ay oe 
+ 0°88 3042 
+ 0°88185 3 
+ 0°875352 


+ 0°8687963 
+ a eset 
+ 0°955533 

+ 0-888 30 
+ 0°8420890 


+ 0°8353045 
+ 0-8284820 
+ 0°-8216241 
+ 0:8147332 
+ 0°8078119 


WHNHNHN 
Ὁ OAR N 


Ῥω 
0 OO Ν 


ARLE 
0 AO N 


ok 


WADA 


0 OO νΝ 
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OOO N 
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TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


(1) 
ΙΗ΄, ΟἹ 


ES | ey | ΔΑΝ ΠΝ | airs ΜμμσεοοωοέΕΩᾷῥΏΠᾳΒρΕΒβέΕέΕὃ8Ε ΡΒ | i ΡΠ ΌΡΝΥ 


Ne ΜΗ ΜΗ 
0 OOF N 


WNNNN 
0 OOF N 


BWWWW 
O COO N 


σι 
0 OOD N 


0 OOF N 


NN WADA 
OSA DN 


OOO Comme oni 
COORD COON OOANN 


ΘΟ 


DRAMA WAAR AM WM NA NG CU σι τον συν ὧι νοι 
ὥ QurimnUwn 


0°1710232 
0:1644075 
0°1577524 
O°1 51060 

0°1443347 


0°1375776 
0°1307919 
0°1239803 
O-1171456 
O-1102904 


0:1034176 
0°0965297 
0:089629 
0:082719 
0:0758031 


0:0688822 
— 0:0619598 
— 0°05 30386 

O-0481211 
0-041 2101 


ι. 1.1.1} 


Ι 


0-034 3082 
0:0274180 
0°0205422 
0:01 36 

0-0088430 


— 0°0000266 
+ 0:0067661 
+ 0°0135315 
+ 0°0202673 
+ 0°0269709 


+ 0°0336398 
+ 0°0402716 
+ 0°0468638 
+ 0:053414I1 
+ 0°0599200 


+ 0:0663792 
+ 0°0727894 
+ sel oe be 
+ 0°0954533 
+ 0°0917026 


+ 0:0978937 
+ 0°104024 
+ O-110092 
+ 0°1160964 
+ 0°1220334 


+ 0:1279015 
+°0°1336987 
+ 0°1394230 
+ 0°1450725 
+ 0°1506453 


~~ 


| 


] 


Robt Ee BB Soe od Se ie ie ee eT 


! 


— 


_— 


_— 


0-311 4072 
0-3 Τά 009 
ο’310η784 
0°3192590 
0°3216024 


0°3238083 
0°3258764 
se han 
0°329597 

0°3312509 


0°3327054 
0°3341413 
0°3353785 
0°3364772 
0°3374373 


0°3382591 
0-3 389428 
0°3394586 
03395969 
0°3401679 


0°340302I 
0°3402999 
0°3401619 
0°3398886 
0°3394806 


0+ 3389385 
0-3382631 
0°3374550 
0°3365151 
0°3354442 


0°3342432 
0°3329130 
0°33145 

0°329 a3 
03281571 


0°3263203 
0°3243597 
0°3222763 
0°3200715 
0°3177464 


0°3153025 
O°3127411 
0°3100636 
0°3072714 
0°3043659 


0-301 3488 
0:2982215 
0°2949856 
0°2916428 
0:2881947 


0°3552793 
973343799 
0°353°9047 
0°3531934 
0°3525062 


0:3518230 
0°351 1437 
0°3504 4 
0°349796 

0°349I12901 


0°3484652 
0°347 ΟἿΣ 
Ο.3471457 
ο:3464959 
0°3458469 


0°3452014 
0°3445595 
0°3439212 
0°3432863 
0°3426550 


0°3420271 
0°3414027 
0°3407816 
0-3401639 
03395496 


0°3389385 
03383307 
0°3377262 
0°3371249 
0°33652607 


0°3359317 
0°3353399 
0°3347511 
0°334105 
0°333582 


0°3339033 
0°332420607 
Ο.331 822 
0°331282 
0-330714 


0°3301498 
oaz05e 8 
0°3290286 
0°3254723 
0°327918 


O- 3273081 
0-3268201 
0°3262749 
0°3257324 
0°3251925 


241° 13’ 28°68 
242° 22’ 33730 
2 
4 40 42" 
245° 49’ 46728 


246° 58’ 50732 

΄ 54722 
249° 16’ 57°98 
250° 26’ 1°61 
251° 35° 5711 


252° 44° 8347 
253° 53° 11°70 
255° 2’ 14%80 


258° 29’ 23°32 
259° 38’ 2591 
260° 47° 28°37 
261° 56’ 30°72 
263° 5° 32°95 


264° 14° 35705 
265° 23° 3704 
260° 32’ 38101 
267° 41’ 40°66 
268° 50’ 42730 


269° 59’ 43783 
271° 8’ 45:24 
272° 17° 46754 
273, 267 47743 
274° 35° 48781 


275° 44° 49°79 
276° 53” 50765 
278° 2° 51741 
279° 11’ 52707 
280° 20’ 52762 


? 


282° 38’ 53742 
283° 47°. 53707 


287° 14’ 5318 
288° 23’ 5316 
289° 32° 53744 
290° 41’ 53711 
291° 50’ 52°68 


292° 59’ 52716 
294° 8" 5114 
295° 17΄ 50:84 
296° 26’ 50705 
297° 35° 49716 


~~. 


— 


0°1977971 
0:2005919 


0:2032458 
0°20 7486 
0°2081 301 
0°2103600 
02124483 


ΟἿΖΣ 43048 
0*2161998 
0:2178630 
0:2193846 
0°2207647 


0°2220035 
02231013 
0°224058 
0224874 
0°2255513 


0:2260882 
0:2264860 
0°2267451 
0°2268662 
0-2268499 


0°2266969 
0°2264079 
02259836 
0°2254249 
0°2247327 


0-2239078 
0°2229512 


— 0°2218639 


_— 


0°2206469 
0-2193014 


0-2178284 
0-2162291 


0°2085942 
0°2063827 
0°204052 
0°201605 
0°1990435 


was 1 ba 
0°19357°7 
0°1906794 


0-187671I. 
0°1845553 | 


Φο GIYYY YAAAA GUTH BEARER BWYWH WNHNDHDNH NAH 
COORD N COAARN CHARN COHOORNH OCHODORNH CHOTA NH DOTA N DODADN 


SOS 
COO-R ν 


WHNHHN 
Ὁ OO N 


WWW W 
0 OOF N 


DUAN ἀκ 


Sook Ὁ 0 OO N 


ὁ ὀοζοὐούο BIIGG Gadde 
δῶσ δ ὃ Θ᾿ 


Ο OOP N 


SH5606 
6 OOK ND 


7.0) 


- 0°3297533 
- 0°3317925 
- 0°3336963 
- 0°3354646 
- 0°3370972 


- 0°3385940 
- 0°3399550 
- 0°3411802 
— 0°3422695 
— 0°3432230 


~ 0°3440409 
— 0°3447234 
~ 0°3452707 
— 0°3456831 
~ 0°3459608 


— 0°3461043 
- 0°3461140 
~ 0°3459903 
- 9°345733 
- 0°345344 


- 0°3448242 


~ 0°3441725 
— 0°343390 
— 0:342478 
~ 0°3414382 


— 0°3402696 


— 0°3389739 
- 0°337551 


8 
= 0°3300045 


~ 0°334332 


— 0°3325379 


- 0°3306208 


- 0°3285826 


— 0°3264245 
- 0°3241477 


— 0°3217534 
~ 0°3192429 
1 - Ὁ ete he 
- 0°3138787 
- 0°3110277 


— 0°3080661 


— 0°3049952 


— 0:3018166 


— 0:2985318 


~— 0'2951424 


~ O*2916501 
- 0:2880563 


— 0°2843629 
- ser 4s 5 
39 


— 0°:2766 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order unity 


57 
1137364 


+ 0:1068504 
+ 0°0999502 
+ 0:093038 
+ 0-086117 
+ 0°0791903 


+0: 
+ 0° δ 
+ 0°127455 
+ 0-12000 

+ 0° 


+ 0°0722592 
+ 0°0653269 
+ 0°05 3938 
+ 0°0514685 
+ 0:0445476 


+ 0:0376356 
+ 070307331 
+ 0°02384385 
+ 0:0169784 
+ 00101273 


+ 0°0032975 
— 0:00350 


3 
- sane eal ΤῸ 


- 0°01703 
- 0°0237582 


- 0°0304443 
= et hie a) 
— 0°0437062 
— 0°0502 

- o-on68056 


— 0:0632886 
- 0°:0697241 
- 0°0761099 
- 0°0024437 
— 0°0887233 


— 0:0949466 
-- OIOIIII5 
— 0°1072157 
~ 0°1132573 
- O°1192341 


— O°1251442 
~ 0°1309955 
- 0°1367560 
— 0°1424539 
— 0°1480772 


- 0°1536240 
— 0°1590925 
— 0°1644309 
~ 0°1697874 
— 0°1750103 


ΤΥ 


0-3586680 


0°3579362 
0°3572088 
0°3564859 
0°3557675 


0°35509534 
0°3543437 
073536383 
0°3529371 
0°3522402 


Oe ob tgs 
0°3500597 
0°3501742 
0°3494930 
0-3488171 


03481446 
0°3474759 
0°3468112 
0°3461503 
0°3454933 


0°3448400 
0°3441904 
0°3435445 
0°342902 
0°342263 


0°3416288 
0°3499975 
0:3403696 
0°3397452 
0°3391243 


0°3385069 
0°3378928 
0°3372821 
0-3366748 
0°3360708 


0°3354700 
0°3349725 
0°3342752 
0°3336871 
0°3330991 


0°3325143 


0°3319326 
0°3313540 
0°3307784 
0°3302059 


0°3296363 
0°3290697 
0°3285061 
0°3279453 
0°3273°75 


arg H' (x) 


156° 50° 9:80 
157. 57, 56775 
1595. 5 4415 
160° 13’ 31°99 
1619 21’ 20°26 


162° 29’ 8*96 
163° 36° 58708 
164° 44. 47761 
165° 52) 37750 
167° οἵ 27%92 


168° 8’ 18768 


190° 46° 32739 


1019 54’ 30771 


196° 26’ 27715 
197° 34) 27704 
1056 42 27°23 
199° 50’ 27:22 
200° 58’ 28752 
202° 6’ 29760 
203° 14’ 30798 
204° 22’ 32765 
205° 30° 3401 
206° 38’ 36785 


207° 46° 39737 
209 | 54, 42°17 
210° 2 ὃ 25 
211° 10’ 48760 
212° 18’ 52 


H, (7) 


+ 0°8008629 
+ 0°7938886 
+ 07868916 
τ οἰ 770 8745 
+ 0°772839 


+ 0°7037902 
+ 0°7587281 
+ 0°7516562 
+ 0°744577° 
+ 0°737493°9 


+ 0°7304068 
+ 0°72332I11 
+ 0°7162382 
+ 0+7091607 
+ 0*7020912 


+ 0°6950321 
0°6879861 
0°680955 

0°673942 

0-6669506 
0°6599812 
06530372 
0°6461209 
0°6392347 
0°6323810 


0°6255623 
6187805 
0°6120390 


ocoaaet 


0°592074 
0°585513 
2 2.281 
*57254 
0°5661472 


0°5598038 
0°5535201 
0°5472981 
+ 0°5411399 
075350476 


0°5290231 
0°52306 

oO: δ: τὰ 
0°5113768 
0°5056434 


0°4999876 
0:4944I1TI 
0-4859157 
0-48 35031 
0°4781753 


t+ttt F++ttte Ftttte t++t+t+ ++4++ 


+teet +ete+ τ 


WHNHNN 
0 OO N 


AWWWW 
0 OOF N 


ΑΔ 
COOMA N O&A Ν᾿ 


ἡ δ δ δὰ ὦ DARA 
OOO ἢ 


SI IYI 
0 OOF N 


‘© 60 Go Go Oo 
0 OR N 


COO ν 


SOOO 


ND = μι "ν᾽ μὲ 
0 OO YN 


AWWWW WHANNN 
OWORNH OMODRN COOAN 


UDA D 


SOOe NK 


Oo BOA N 


c00000 οὐ. SADA 
Oo OO N 


DADRA ADADD AAMAD APAMAD σασσσ gaqgag gaqagg aaqag aqage 
0 aOA DN 


COO6S Co 
6 OOS N 


J o(*) 


"1561393 
‘1615527 


+ 0:1873484 
+ O-19224I1I 
+ 0°1970413 
+ 0'2017472 


+ 0°2063574 
+ O°210 £23 
+ 0°215284 

+ O0°2195991 
+ 0°2238120 


+ 0°2279222 
+ 0°2319283 
+ 0:2358292 
+ 0°2396237 
+ 0°2433106 


+ 0:2468888 
+ 0°2503573 
+ 0°2537151 
+ 0:2569612 
+ 0°2600946 


+ 0°2631145 
+ 0°2660201 
+ 02688106 
+ 0°2714853 
+ 0°2740434 


+ 0°2764843 
+ 0°2788074 
+ 0:2810122 
+ 0:2830081 
+ 0°2850647 


+ 0°2869117 
+ 0°2886385 
+ 0°2902449 
+ 0°2917307 
+ 0°2930956 


+ 0°2943394 
+ 0°2954620 
+ 0°2964633 
+ 0°2973434 
+ 0°2981020 


+ 0°2987395 
+ 02992557 
+ 0:2996510 
+ 0°2999254 


+ 03000793 | 
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Pia A A 1 1 1 Ὁ 00 0.0 ὉΠ sie a 04 


Pris to ood tt dt 


Table I. Functions of order zero 


Yo(*) 


0:2846430 
0-2809893 
0°2772350 
0°2733935 
0°20694349 


02653917 
0°2612556 


0°25702 ζ 
0:252712 
0°2483100 


0°2438221 
0°2392513 
0°2345990 
0°229869I1 
0°2250617 


0°2201798 
0°2152253 
02102005 
0°2051075 
01999456 


0°1947259 
0-1894417 
er eke 
0°1786977 
0°1732424 


0:1677348 
0-1621770 
0°1565714 
0°1509204 
0°1452262 


0°1394913 
pene EN ha ies 
0°1279085 
0'1220655 
ΟἼΙΟΘΙΟΙΙ 


ee Ὁ: 
0°1043582 
0°0984043 
0°0924287 
0-0864339 


0°0804221 
0°0743958 
0°0683573 
0°062 3092 
0°0562537 


0°0501933 
0°0441 303 
0:0380671 
0°0320062 
Q°0259497 


(1) 


|Z, (*)| 


0°3246553 
0°3241208 
0°3235889 
0°3230596 
0°3225328 


0°3220087 © 


0°3214870 
0°3209679 
0°3204513 
0°3199371 


0°3194255 
0°3189162 
0-3184094 
03179050 
0°3174029 


0*3169032 
0°3164059 
O°3 159109 
0°3154182 
0°3149278 


0°3144396 
0°3139537 
0°3134701 
0-3129887 
0°3125094 


0°3120324 
0-31 13378 
0°31 1084 
Se aia 
O°310145 


0°3096795 
0°30921 52 
0:°3087530 
0-3082929 
0:3078348 


0-3073788 
0: 3069248 
0:3064727 
0°3060227 
0°3055746 


0°3051285 
0-3046843 
0°3042421 
0-3038017 
0°3033633 


0°3029268 
0°3024921 
0°3020593 
0°3016283 
03011992 


arg Η' "ᾳ) 


298° 44’ 4811 
299° 53° 4711 


301΄ 2° 45%9 
3027 11΄ 44°74 
303° 20° 43743 


310° 14’ 33°22 
311 23° 317 

312° 32’ 29%90 
313. 41" 27°85 
314° 50° 25773 
315. 59, 23752 


° 


321° 44’ 11736 
322° 53° 8: 

324° 2 
325° 11’ 
326° 20’ 


327° 28° 57738 
328° 37) 54°37 
329. 40° 51729 
330, 55” 48714 
332 4 44°93 


333. 13’ 41765 
334° 22’ 38730 
335. 31° 34758 
336. 40° 31 ae 
337° 49° 27786 


338° 58’ 24725 
349° 7 τε τὴ 

ἐδ eine. 
342 25 130 
343° 34’ 911 


344° 43, 5726 
345. 52, 1127 
34. ο, 57:22 
348° ο΄ 53712 
349° 18’ 48795 


350° 27’ 44°73 
351° 30° 40745 
352. 45° 36710 
353, 54’ 31770 
355 3° 27725 


Hy (*) 


0'1813339 
01780085 
0°1745809 
0-1710529 
0°1674264 


0°503.7933 
0°1598854 
0°1559740 
01519730 
0°1478824 


0°1437950 
0°1394427 
(0°1359977 
-0°1306719 
0°1261676 


fitted 


0°1215867 
O-1169316 
O-1122043 
0°1074071 
0°1025422 


0°0976117 
0-0926181 
0°087 5634 
0°0824500 
0:0772802 


- 0°072056 
- 0-0b67807 
- 070014556 
- 0:0560834 
- 0:0506665 


- 0°0452073 
~ 0:03970380 
- 0°03417II 
- 0°0285990 
— 0:0229940 


- 0:0173587 
- O°0116953 
- 0°:0060063 
- OEY te 
+ 0°00543°9 


+ O-OIII903 
+ E enoooge 
+ 0°0227386 
+ 0°0285306 


+ 0°0343315 


+ 0°0401 386 
+ 0°0459497 
+ 0°0517624 
+ 0°0575743 
+ 0°0633830 


Noe et ee 
0 BOR N 


διδιδ δι Dann APPEAR RWWWW WNHNNH 
COORD COORD δδοσδ ιν οδοοῦδιν οοσῶν OOOLN 


οὐ σ ON 


Οοοσν 


N 


DAR ADBDAR AAAAD APPA σοσσο gagag gaaqg gaagqgea aqagg 


OOO Ὁ 000m 


o 
Xe) 
do 


= 
9 
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TABLES OF BESSEL FUNCTIONS 679 
Table I. Functions of order unity 


(1) 


5 7.0.) Υ1(5) ΙΗ (#)| arg H, (4) Fi, (7) x 
6-02 | - 0°2727017 | - ree tee 0'3268325 | 213° 26’ 56712 | + 0°4729337 | 6:02 
6:04 | — 0°:2686269 | -- 0°1851985 | 0°3262804 | 214° 35” 0727 | + 0-4677800 | 6-0 
6:06 | — 0°2644612 | — 0-1901605 | 0°3257311 | 215° 43’ 4769 | + 0°-4627160 | 6:0 
6:08 | — 0:2602066 | — 0°1950322 | 0°3251846 | 216° 51° 9737 | + 0°4577431 | 6:08 
6-10 | — 0°2558648 | — 0-1998122 | 0°3246409 | 217° 59’ 14731 |. + 0°4528629 | 6-10 
6-12 | — 0°2514378 | - 0:2044989 | 0°3240999 | 219° 7’ 19*%50 | + ee ed 00 6°12 
6-14 | -- 0°2469275 + 0:2090908 | 0-3235616 | 220° 15’ 24794 | + 0°4433866 | 6-1 
6:16 | -- 0°242335 - 0°2135865 | 0°3230261 | 221° 23’ 30764 | + 0°43 7938 6-1 
6-18 | - 0°:2376649 | - 0°2179846 | 0°3224932 | 222° 31° 36759 | + 043429 6:18 
6:20 -- 0°2329166 | -- 0:2222836 | 0°3219630 | 223° 39’ 42778 | + Ο'4299040 | 6:20 
6-22 | - 0°2280930 | - 0:2264824 | 0°3214354 | 224° 47° 49721 | + 0°4256104 | 6°22 
6:24 | — 0:2231961 | - 0:2305796 | 0°3209104 | 225° 55. 55789 | + 0-42I14192 | 6°2 
6:26 | — 0-2182281 | — 0:2345740 | 0°3203880 | 227° 4° 2781 | + 0-4173317 | 6:2 
6:28 | - ΟΣ ee — 0°2384643 | 0°3198682 | 228° 12΄ 9797 | + 0:4133490 | 6°28 
6°30 | — 0-2080869 | -- 0°2422495 | 0°3193509 | 229° 20’ 17735 | + 0°-4094724 | 6°30 
6:32 | -- 0:2029180 | -- 0°2459284 | 0°3188362 | 230° 28’ 24°98 | + 0°4057028 | 6°32 
6-34 | - 0:1976865 | — 0°2494998 | 0°3183239 | 231° 36’ 32783 | + O-4020415 
6:30 ] — 0°1923944 | - 0°2529629 | 0°3178142 | 232° 44” 4o%QI | + 0°3984894 
6°38 | - 01870440 | — 0°2563166 0°3173009 233° 52° 49722 | + 0°395047 
6-40 | — 0-1816375 | — 0°2595599 | 0°3168020 | 235° 0’ 57775 | + 0°391716 
6-42 | - 0-1761771 | — 0-2626920 | 0-3162996 | 236° ο΄ 6751 | + 0-3884978 
6-44 -- 0°1706650 | -- 0:2657119 | 0°3157996 | 237° 17° 15*48 | + 0°3853919 
6-46 -- 01651035 | — 0°2686190 | 0°3153020 | 238° 25’ 24768 | + 0°3823996 
6°48 | ~ 0°1594949 | - 0°2714123 | 0°3148067 | 239° 33% 34%09 | + 0°3795218 
6°50 | - 0°1538413 | — 0°2740913 | 0°3143138 | 240° 41” 43°72 | + 0°3767591 
6:52 | - She eee: ~ 0°2766551 | 0°3138232 | 241° 49’ 53756 ] + 0°3741123 | 6°52 
6°54 -- 0°1424086 | - 0°:2791032 | 0°3133350 | 242° 58’ 3761 | + 0°3715819 6°54 
6:56 | — 0-1366341 | — 0°2814349 | 0°3128490 | 244° 6’ 13786 | + 0°3691685 | 6°5 
6°58 | — 0:1308238 | — 0°2836498 | 0°3123653 | 245° 14’ 24733 | + 03668728 6°58 
6:60 | — 0:1249802 | — 0°2857473 | 0°3118839 | 246° 22’ 35700 | + 0°3646951 | 6°60 ( 
6:62 -- o-1191054 | — 0°2877269 | 0°3114047 | 247° 30’ 45788 | + 0°3626360 | 6:62 
6-64 | - 0°1132019 | -- 0°2895883 ἌΡ Ἀρα 248° 38’ 56796 | + 0°3606958 a: 
6:66 -- 0-1072720 | — 0°2913310 | 0:3104529 | 249° 47’ 8724 | + 0°3588749 | 6°6 
6°68 | -- 0-1013179 | — 0°2929548 | 0°3099804 250° 55° 19°71 | + 0°3571737 | 6°68 
6°70 | ~ 00953421 | -- 0°2944593 | 03095099 | 252° 3° 31738 | + 0°3555923 | 6°70 
6:72 | — 0:0893469 | — 0°2958444 | 0°3090417 | 253° II’ 43725 | + 0°3541310 | 6°72 
6-74 | — 00833346 -- 0-2971008 | 0°3085756 | 254° 19° 55731 | + 0°3527901 | 6-7 
6°76 | -- 0:0773076 | — 0°2982554 | 0°3081116 | 255° 28’ 7756 | + 0-3515096 6-46 
oe - 0°0712681 | — 0-2992811 | 0°3076497 | 256° 36’ 20701 | + 03504696 a hs 
6:80 | - 0:0652187 | -- 0:3001869 | 0-3071899 | 257° 44’ 32764 | + 0-3494901 | 6°80 
6°82 | — 0-0591615 | -- 0°3009727 | 0°3067322 | 258° 52” 45745 | + 0-3486313 ἰ 6°82 
6°84 -- 0°0530989 | - 0°3016 85 0:3062765 | 200° ο΄ 58745 | + δ 1 30 6°84 
6-86 | — 0:0470332 | — 0°3021846 | 0°3058229 | 261° 9’ 1164 | + 0°3472751 | 6.86 
6-88 | - 0:0409669 | -- 0°3026109 | 0°3053713 | 262° 17’ 2501 | + 0°3467775 | 6.88 
6-90 | -- 0:034902I1 | — 0-3029176 | 0°3049217 | 263° 25’ 38756 | + 0°3464001 | 6-90 

+ 6:92 | -- 0:0288412 | — 0°-303105I1 | 0°3044741 | 264° 33’ 52729 | + 0°3461426 | 6:92 
O-94 — 0:0227866 | -- 0°3031734 Beebe 205° 42’ 6719 | + 0:3460047 | 6°9 
6-9 - 0:0167404 |, — 0°3031230 | 0°3035849 | 266° 50’ 20727 | +0: 3450862 6-06 
6:98 | — 0:0107051 | — 0°3029541 | 0°3031432 | 267° 58’ 34753 + 0°3460867 | 6:98 
7:00 | ~ 0°:0046828 | -- 0°3026672 | 0°3027035 | 269° 6’ 48796 | + 0°3463057 | 7-00 


O ODF b& 0 OOF bv 


ΩΣ ONNNNN NININN™NE ONIN 
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MEDEA PRWWWW WNHDARKN 


0 OO N 0 COR N 0 Oo ιν 


OOOOO Ὁ CSMOO COSNNNN σαι, DN oi 
0 OO NY 


Se ee ee ee ee oe ee ee ee ΧΕΙ 


Oo OO N 


Jo(*) 


+ 0°3001128 
+ 0°3000264 
+ 0°2998204 
+ 0°2994953 
+ 0°2990514 


+ 0°2984893 
+ 0:2978096 
+ 0:2970128 
+ 0:2960996 
+ 0°29£0707 


+ 0:2939268 
+ 0°2926686 
+ 0°2912970 
+ 0:2898128 
+ 0:2882169 


+ 0:2865103 
+ 0°2846939 
+ 0:28276 ζ 
+ 0:280735 

+ 02785962 


+ 0'2763512 
+ 0'2740018 
+ 0:2715492 
+ 0:2689947 
+ 0°2663397 


+ 0:2635853 
+ 0°2607329 
+ 0°2577839 
+ 0°254739 
+ 0°251001 


+ 0:23089I10 
+ 0°2271400 
+ 0°2233081 
+ paar 
+ 0°215407 


+ 0°2113430 
+ 0°2072042 
+ 0°2029932 
+ 01987118 
+ 0:1943618 


+ 0°1899452 
+ 0°1854639 
+ 0°1809198 
+0 
+O 


t++t+et+ +t+t+t+ F+444 
o0o0000 
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Table I. Functions of order zero 


Y(*) 


— 0°:0199002 
- 0:01 38600 
- 0:0078314 
- o-001816 
+ 0:004181 


+ O-OIOI6I 
+ O-O16120 
+ 0:0220568 
+ 0:0279674 
+ 0:0338504 


+ 0:0397036 
+ 0°0455247 
+ O-0513115 
+ 0:0570620 
+ 0°:0627739 


+ 0:0684451 
+ 0°0740734 
+ 070790509 
+ 0:0851934 
+ 0:0906809 


+ 0:0961173 


+ 0*1015007 


+ 0:1068292 
+ O-II21007 
+ 0°1173133 


"147249 
1349088 
‘1566751 
"1612765 
‘1658016 


oO 
oO 

0-1789029 
0-1831070 
0-1872272 
+ 0°1912620 
+ O-1952I101 
+ 0-1990701 
+ 0°2028408 
+ 0°2065209 


+ O-2101093 
+ 0°2136046 
+ 0'2170058 
+ 0:2203118 
+ 0°2235215 


(1) 
[FT 4 (#)| 


0°3007719 
0°3003464 
0:299922 
0*299500 
0:2990806 


0°2986622 
0-2982456 
0°2978307 
0°2974175 
0°2970060 


0:2965962 
0:2961881 
0°2957817 
0°2953709 
0:2949738 


0°294572 
0:294172 
0°2937743 
0°2933777 
0:2929827 


0:2925893 
0°2921975 
Ὁ ΟΤΤΟΙ: 
O°2914185 
0°2910313 


0°2906457 
0°2902616 
0:2898790 
0:2894979 
02891183 


| 0°2868715 


0°286502I 
0-2861341 
0°2857676 
0:2854024 


0°2850386 
0:2846763 
0:2843152 
0°2839556 
0°2835973 


0-283240 

0-2828848 
0:2825305 
0:2821776 
0:2818259 


arg H') (x) 


350° 12’ 22774 
357 21’ 18717 
358) 30° 13% 

359° 39° 3:86 
360° 48’ 4712 


367° 41° 34757 
368" 50° 29:46 
369° 59° 24730 
371, 2 Υ 

372° 1γ΄ 13783 


373. 26’ 8%52 
374, 35, 3716 
375. 43° 
376. 52° 5 
378 


379, 10’ 41%22 
3 


8’ 19709 


43° 57°75 
2°29 
1’ 46°78 


ο 
°o 


0° 19’ 35°61 


381° 28’ 297906 
382° 37’ “Ὁ 
383° 46’ 18752 
384° 55’ 12772 
38 ο 55, 
387° 13" 
388 


6:88 
21° 5507 


389° 30’ 49%09 


396° 24’ 12730 
397. 33, 602 
39 


41’ 59170 


399. 50, 53°33 
400" 59° 46192 


402° 8' 40:4 
403° 17° 3310 
404. 26° 27745 
405° 35, 20°87 
406° 44’ 14726 


407° 53, 7°61 
409° 2 
410° 10’ 54719 
411° 19’ 47.41 
412° 28’ 4οΐθο 


΄ 


ΟἿΌ2 


H, (*) 


+ 0°0691861 
+ eed Gad 
+ 0°0807662 
+ 0°0805385 
+ 0:092295 


+ 0:0980360 
+ 0°1037565 
+ 0°1094553 
+ O-1151299 
+ 0°1207782 


"1263979 
"1319868 


+ 0:2058008 
+ 0°2106753 
+ 0°2154865 
+ 0°2202325 
+ 0°2249115 


+ 0°2295219 
+ 0°2340620 
+ 0°23905299 
+ 0°2429241 
+ 0°2472429 


+ O°251 oar 
+ 0°2550482 
+ 0°2597315 
+ 0°2637334 
+ 0°2676524 


+ 0°2714870 
+ 0°2752358 
+ 0°2788977 
+ 0:2824711 
+ 0:2859549 


+ 02893479 
+ pzeatane 
+ 0°2958566 
+ 0°2989700 
+ O-3019881 


ἂν ν ὃν 
NS & 
© 0 


WNHNN DN 
0 OO N 


> WW GoW 
Oo OOF N 


QQ NAGDAG DARA Wp Bp 
δοῦν CWMBRAN COORN OC ODRN 


© 00000 OIG 
0 MOOR N 


GVA SAINI SNS OSS OS OSes 


666680 
6 OORN 


0 OOh & 0 OOF N 0 OOF N 


Sa a Sa SAS Ss A 
0 OD N 


ΘΟ Dinan ALPS LWWWW WHNN ND 


0 OS Nv Oo OO 


O OO N 


es ἣν ἦν ee 
ὁφφφΨ ὁ σού οὐ ἡ .}.} 


O ODS WN 


Ji (*) 


+ 0:0013241 
+ 0°0073134 
+ 0°013282 

+ 0°0192302 
+ 0:0251533 


+ 0:0310498 
+ 0°0369177 
+ 0°0427547 
+ 0:0485 286 
+ 0°0543274 


+ 0:0600589 
+ 0°06575I11 
+ 0°0714017 
+ 0:0770089 
+ 0:0825704 


+ Ὁ ΠΟΘΙ 
+ 0°09354 

+ 0:0989617 
+ 0°10432I11 
+ 0:1096251 


0-1148718 
*1200593 
"1251857 
"1302494 
"1352484 


ΙΊΟΙΒΙΙ 
1450456 
1498404 
1545030 
"1592138 


o0o00 


o0o0000 


1637892 
1682883 
"1727096 
ay Che 
‘1813127 
0:1854916 
0-1895868 
0°1935979 
0°1975208 
0°201 3569 


209000 


lat aa 
0:2087611 
0°21232067 
0*2157999 
0°2191794 


ΟἸΈ1101: 
+ 0°2256533 
+ 0°2207457 
+ 0°2317403 
+ 0°2346363 


+ tFttte FHttte Ftt+tt FF+He F+tHt 
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Table I. Functions of order unity 


Y;,(%) 


- 0°3022627 
— 0°30174I11 
— 0:3011029 
— 0°3003486 
~ 0°2994789 


— 0:2984943 
~ 0°2973957 
- 0°2961837 
- 0°2948590 
— 0°2934226 


0°2918752 
0°2902177 
0:2884511 
0:2865763 
0:2845944 


0°2825063 
— 0°2803132 
- 02780161 
— 0°2750163 
— 0°2731149 


— 0°2705132 
- 0°2675812 

— 0°26501 4 
— 0°2621187 
— 0°2591285 


1 tf Jett 


- 0°2560446 
- 0-2328084 
- 0°2496015 
- 0°2462451 
- 0°2428010 


— 0°2392706 
— 0°2356555 
= ig fet 
- 0°22817 

- 0°2243185 


— 0°2203810 
- pie ee 
~ 0:2122788 
0-2081175 
- 0°2038851 


- 0°1995834 
- 01952143 
~ 0°1907797 
- 0°1862813 
- O-1817211 


O-1771010 
0°1724229 
0-1676888 
0°1629007 
0-1580605 


|Z, (x)| 


0°3022656 
0:3018297 
O°3013957 
O° 3009636 
0°3005333 


0*3001049 
0°29967 4 
0°299253 

0-2988307 
0-2984096 


0°2979903 
0°2975727 
0°2971569 
0°2967429 
0:2963306 


0:2959200 
0°2955112 
0°295 ey 
0°2946986 
02942948 


0°2938927 
0°2934923 
0°2930935 
0°2926963 
0:292 3007 


0:2919068 
0°2915145 
0°2911237 
0°2907345 
02903469 


02899609 
wir sedi 
0°2691935 
0-2888120 
0°2884321 


0288053 
0:287676 
0:2873014 
0°2869274 
0°2865549 


0°2861839 
0°2858143 
ἘΞ ΠΑΡ 
0:2850795 
02847142 


0:284350 
ο.28:0 878 
0°2836267 
0:2832670 
0°2829087 


arg H (x) 


270° 15° 3 56 
271. 23 18°33 
272° 31τ' 33727 
273. 39° 48737 
274° 48° 3165 
275° 56’ 19%08 
277. 4° 34769 


, 4 


ο 


281° 37’ 38769 
282° 45° 5509 
283° 54’ 11°65 
285° 2’ 28736 
286° 10’ 45:22 


’ 
4 
/ 
΄ 


287° 19’ 2723 
288° 27’ 19:40 
289° 35° 36771 
290° 43° 5411 
291° 52” 1177 


293° ο΄ 29754 
294. 8° 4714 
295. 17, 5: 
290° 25, 23707 
297° 33° 4200 


298° 42’ 0746 
299° 50’ 19707 
300° 58% 37782 
302° 6’ 56770 
303" 15° 15772 


304° 23° 34787 
305° 31° 5416 
300° 40’ 13758 
307% 48’ 33°13 
308° 56’ 52°82 
310° 
311° 13° 327: 
312° 21’ 52°65 
313° 30° 12785 
314° 38° 33°17 


315° 46° 53762 
316° 55’ 14720 
τς 3, 34759 
31 I 55°7 

320° 20’ 16766 


5° 1276 


a Ὑ 


321° 28’ 37°72 
322° 36” 5800 
323° 45° 20720 
324° 53° 41762 
326° 2’ 3716 


+ 04 


H, (7) 


πππΠΊ ͵ῚοοοΤΤΠΤΤτστΘῷῈ1}ςτἫπτ τ ρ οα ene! beens beens mnie es ππτισττο 1... 


+ 0°3466429 
+ 0°3470978 
i 0°3470099 
+ 
+ 


+ 0°3500830 
+ O°3511175 
+ 0°3522659 
+ 0°3535275 
+ 0°3549013 


+ 0°3563867 
+ 0°3579825 
+ 0°3596880 
+ 0°3615021 
+ 0°3634239 


+ 0°365452 

+ Ὁ. 6. a 
+ 0°3698244 
+ 0°3721659 
+ 0°3746094 


+ 0°3771537 

+ 0°3297978 

+ 0°3825396 

+ 0°3853786 
ὃ 

+ 0°3883131 


+ 0°3913417 
+ 0°3944630 
+ 0°3970756 
+ 0°4009779 
+ 04043684 


+ 0°4078456 
+ 0°4114078 
+ 0°41 50535 
+ O-41878I11 
+ 0°4225888 


+ 0°4264750 
+ 0°4304379 
35 0°4344758 
+ 0°4305070 
+ 0°4427696 


+ 0°4470219 
+ 0°4513419 
+ 0°4557279 
+ 0°46017380 
+ 0°4646902 


+ 0°4692627 
+ 0°473893 
+ 0°478580 
3221 


+ 9°4881160 


ὁ Οὐ οῶ BDIYVYY YGGAR Ouunn Uber RWUWWW WHHKHDS HAHAHA 
COON ORDER N ὅοομν Οὐ ν οὐσῶν OCWOOLN OCMODADND 


eee ee ον ee ee ee ee ee ee: Se Se γανν ὅν 
0 OORN 


οφῴφ Φ 
ὥδδοδι ν 
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ee (need lanier (ete in 


ὁ GIS YADDA qQuuunwn UDA BW 
δῶσιν CBOORN COBBAN ον DCWOTAN CO 


920000 HDD. GG0G00000 DOMMm DHMMH MHMHH MM 


© ®OWd 
ὁφιῤῴῴ ὁ 
ὁ OOS N 


0-1669299 
0°1621542 
0°1573255 
0°1524459 
O°1475175 


0°1170375 
0-1118256 
oO: 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 0°1065816 


+ O°1013077 


+ 0:0960061 


-+ 0:0906789 
+ 0:0853282 
+ 0°0799563 
+ 0°0745652 
+ 0°0691573 


+ 0:0037345 
+ 0:0582992 
+ 0°0528534 
+ 0°0473994 
+ 0°0419393 


+ 0:0364752 
+ 0°0310094 
+ 0°0255440 
+ 0:0200812 
+ 0-0146230 


+ 0:0091717 
+ 0:0037293 
— 0-00I17019 
-- 0°0071200 
- 0°0125227 


— 0:0179081 
- 0°0232739 
- 0:0286182 
~ 0°0339388 
— 00392338 


- 0°044501I1 
- 0:0497387 
—~ 0°0549445 
— 00601167 
- 0°0652532 


— 0°0703522 
— 0:0754116 
— 0°0804295 
- 0:0854042 
— 0:0903336 
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+ 0°2266339 
+ ipa (os 
+ 0°2325628 
+ 0°2353770 
+ 0°2380913 


+ 0°2407033 
+ 0°2432126 
+ 0°2456187 
+ 0°2479207 
+ 0:2501180 


+ 0'2522I10I1 
+ 0°2541963 


1 + 0°2560762 


+ 0°2578492 
+ 0°2595150 


+ 0°2610730 
+ 0°2625230 
+ 0°2638647 
+ 0°2650977 
+ 0°2662219 


+ 0°:2672370 
+ 0°2681430 
+ 0°2689397 
+ 0°2696271 
+ 0°270205I1 


+ 0°2706738 
+ 02710333 
+ 0°2712837 
+ 0°2714251 
+ 0°2714577 


+ 0:2713818 
+ 0°2711977 
+ 0°2709056 
+ 0°2705060 
+ 0°2699992 


+ 02693857 
+ 0°2686660 
+ 0:2678405 
+ 02669100 
+ 0°2658749 


+ 0°2647360 
+ 02634939 
+ 0°2621493 
+ 0°2607030 
+ 0°2591558 


+ 0°2575085 
+ 0°2557620 
+ 0°2539172 
+ 0°2519751 
+ 0°2499367 


|Hy (2)| 


0:2814756 
0°2811266 
0:2807789 
0°2804 324 
0°2800873 


0'2797434 
0°2794007 
0°2790594 
0:2787192 
0:2783803 


0°2780427 
0°2777062 
0°2773710 
0°2779370 
0°2767042 


0°2763725 
0:2760421 
0°2757128 
0°2753847 
0°275957 


0°2747321 
0°2744975 
0°2740840 
0°2737017 
0°2734495 


0°2731204 
0:2728015 
0:2724836 
0°2721669 
0°2718513 


0°2715368 
0:2712233 
0:2709109 
0°2705999 
0°2702894 


0:2699803 
0:2696722 
0:2693651 
0:2690591 
0°2687541 


0:2684502 
0:2681473 
0:2678454 
0°2075445 
02672446 


0:2669458 
0°2666479 
0:2663510 
0:2660552 
0:2657603 


413° 37° 33°75 
414. 40° 26%87 


ο ’ » 
e 


419° 21’ 58795 
420° 30’.51787 
421° 39’ 44776 
422° 48’ 37762 
423° 57° 30743 


425° 6’ 23721 
426° 15’ 15796 
427° 24° 867 
428° 33, 1735 
429° 41 53°99 


430° 50° 46759 
431° 59° 39716 
433, 8° 31770 
434. 17° 24121 
435° 26’ 10768 


441° 10’ 38753 


442° 19’ 30780 
443° 28” 23704 
444° 37, 15125 
445° 46" 714 
440° 54° 5915 


448" 3, 51769 
449° 12°. 43777 
450° 21° 35:83 
451° 30° 27785 
452° 39’ 19784 


453. 48’ 11780 
454. 57, 3°73 
450. 5° 55°64 
457. 14" 47751 
458° 23° 39°35 


459° 32° 31°17 
460" 41, 22:05 
401. 50° 14771 
462° 59° 61:44 
464° 7° 58°14 


465° 16’ 49*81 
466° 25° 41745 
467. 34) 33°07 
468" 43° 2466 
469° 52’ 16722 


ο 
ο 
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0-30490908 
0°3977342 
0-3104602 
0°3130870 
0-3156137 


0:3180394 
0°3203635 
0°3225852 
0°3247030 
0°3267183 


0°3286286 
0°3394339 
0°3321337 
0°3337274 
0°3352147 
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0-3378684 
0°3390341 
0° 3400920 
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0°3444644 
03440550 
0°3447373 
0°3447114 
0°3445775 


0°3443357 
0°3439805 
0°3435301 
0:3429669 
0°3422972 


0°3415216 
0°3406404 
0°3390543 
0°338563 

0°3373094 


0-3360719 
0°3346718 
0°3331700 
0°3313072 
0°3298642 
sees et ace 
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+ 0°3220669 
+ 0°3198760 
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+ 0°2374329 
+ 0°2401291 
+ 0:2427241 
+ 0°2452173 
+ 0°247607 


+ 0°2498950 
+ 0°2520782 
+ 0°2541570 
+ 0°2561306 
+ 0°2579986 


+ 0°2597605 
+ O°2614159 
+ ΘΞΟ:Ο044 
+ 0°264405 

+ 0°2657393 


+ 0°2669651 
+ 0°2680829 
+ 0:2690924 
+ 0°2699936 
+ 0°2707863 


+ 0°2714704 
+ 0°2720460 
+ 0:2725131 
+ 0°2728717 
+ 0°2731220 


+ dE γ20 40 
+ 0°2732981 
+ 0°2732244 
+ 0:2730432 
+ 0°2727548 


+ 0°2723590 
| + 0°2718580 
+ 0°2712504 
+ 0°2705372 
+ 0°2697190 


+ 0°2687964 
+ 0°2677699 
+ 0°2666402 
+ 0°2654079 
+ 0:2640737 


+ 0°262638 
+ O°261102 
+ 0°2594677 
+ 0°2577339 
+ 0°2559024 


+ 0°2539740 
+ οὐ) β 02 
+ 0°2498306 
+ 0°2476176 
+ 0°2453118 


+ 0:03 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order unity 


Υ (4) 


- 0°1531702 
— 0°1482318 
- 0-1 382191 
— 0°1331488 


— 0°1280386 
— 0°1228906 
— 0°1177069 
~ 0°1124896 
— 0°1072407 


- O-1019624 
- 0°:0966569 
~ 0°091 3261 
- 0°0859723 
- 0°0805975 


- 0°0752040 
- 0:0697937 
- 070043090 
— 0°0559319 
— 0°0534°045 


— 0:0480290 
- 0°0425676 
~ 0:0371023 
~ 0°0316353 
— 0°0261687 


- 0°0207046 
— 0°0152452 
— 0°0097926 
- 0°0043488 
+ 0-0010840 


+ 0°:0065038 
+ O-O1190 4 
+ 0°017295 

+ 0:0226640 
+ 0-02801T0 


+ 0°0333346 

B2348 
+ 0°0439037 
+ 0°0491453 
+ 0°0543556 


+ 0°0595326 
+ 0:0646744 
+ 0°0697790 
+ 0°074 11 
+ 0:0798694 


+ 0:0848513 
+ 0:0897886 
+ 00946795 
+ 0°0995220 
+ 0°1043146 
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0°2825517 
o-2821961 
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0:2814889 
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eed bl 
0:2804381 
0-2800905 
0°2797441 
0°2793991 


0°279055 
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0°2783716 
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0°2773554 
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0°2724373 
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0:2668691 
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328° 18’ 46758 
329° 27’ 8:46 
330° 35” 30746 
331 43 52°57 


332° 52, 14°79 
334. 0 37% 
335. 8° 59756 
330° 17 22°11 
337° 25° 44778 


. 34, 7:55 
339. 42, 30742 


347° 41' 13751 
348° 49 


378° 28° 27710 
329, 36, 53°30 
350. 45, 19°59 
381° 53, 45796 
383° 2° 12741 
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0°4929604 
0°4978531 
0°5027922 
0°507 7750 
0°5128012 


0°5178671 
0°522971I1 
o-5281111 
0°5332850 
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0°5972476 
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- 0'0952160 
- 0°1000496 
- 0°1048325 
-, 0°1095629 
— 0'1142392 


— 0°1188596 
— 07123422 
0°127925 
— 0°1323684 
— 0'1367484 


0°1410642 
0°T 453143 
0°1494972 
0°1530113 
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-0°16552605 
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0°1739999 
0°1767716 
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O-IQ7III7 
0°2002092 
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0°2117244 
0°2143797 
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O-2194I161 
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- θ᾽ Ξ 4001 
- 0°2262730 
- 0°2283698 
- 0°2303710 
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Table I. Functions of order zero 


+ 0°2478029 
+ 0:2455748 
+ 0°2432536 
+ 0°2408402 
+ 0:2383360 


+ 0°2357420 
+ 0°2330595 
+ 0°230289 

+ 0:2274341 
+ 0°2244937 


+ 0°2214700 
+ Θ᾽ Στ 2044 
+ 0°2151782 
+ O*21IQI30 
+ 0°2085701 


+ O°2051510 
+ 0°2016573 
+ 0°1980905 
+ 0°1944522 
+ 0°1907439 
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O°171 2106 
o-16711 
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oO 
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‘1501801 
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0°1413982 
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0°1 324268 
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0°1232810 
+ 0°1186475 
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+ 0°0852597 
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483° 38’ 32186 
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488° 13” 57759 
480° 22’ 4 i 
490° 31” 39°80 
491° 40° 30°87 
492° 49° 21792 


493° 58, 12795 
495. 7, 3194 
490. 15, 5402 
497. 24" 45°87 
498° 33° 36780 


499° 42’ 27770 
500° 51’ 18758 
502° ο΄ 974 
503° 9’ 072 
504° 17’ 51°08 


505° 26’ 41787 
506° 35) 32765 
5°97, 44, 23°49 
505. 53, 14°12 
510° 2’ 4°82 


511° 10" 55:49 
512 19’ 46715 
513° 28° 36779 
514° 37° 27:40 
515° 40’ 1800 


516° 55, 8257 
518° 3° 59°12 
519. 12. 49°65 
520. 21 40°15 
521° 30% 30764 
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523° 48’ I 1756 
524,57, 1799 
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+ 0° 
+ O° 
+o 
+ 0° 
+ O- 
+ 0°1639615 
+ Oo: 
+ O° 
+ 0° 
+ O° 
+ 0° 


H,(*) 


Ce mannan a Ce Ne eel 


0°3175904 
O-3152111 
0°3127393 
O°-3101761 
0°3075226 


+++4+ 


+ 0°3047800 
+ 0°3019495 
+ 0°2990324 
+ 0°2960300 
+ 0°2929435 


+ 0°:289774 
+ 0°286523 
+ 0°2831934 
+ 0°2797845 
+ 0°2762985 


+ 0°2727370 
+ o-269I1014 | 
+ 0°2053933 
+ 0°2616143 
+ 0°2577059 


+ 0°2538498 
+ 0°2498 73 
+ 0°245820 

+ O'24171I2 
+ 0°2375406 


+ 0°2333107 
+ 0°2290231 
+ ion ee 
+ 0°2202821 
+ 02158322 


+ 0°2113319 
+ 0:2067829 
+ 0°2021871 
+ 0"r97 3404 
+ 0°19280625 


1881375 
1833732 
1795715 


1088037 


1590296 
1540700 
1490647 
1449757 


1390449 
+ 0°1339943 
+ 0°1289259 
+ 0°1238417 
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TABLES OF BESSEL FUNCTIONS . 685 


Table I. Functions of order unity 


(1) 


(1) 

x | 160) Yule) | IAG) ] arg Ηἷ Ο) x 
9°02 | + 0°2429143 + 0°1090553 | 0°2662713 | 384° 10’ 38794 | + 0°7532504 | 9-02 
9°04 | + 0°2404263 | + 0°1137425 | 0°2659740 | 385° 19’ 5756] + 0°7579051 | 9-0 
9:06 | + 0°2378489 | + 0°1183744 ἀξ eas Che 386° 27’ 32726 | + 0°7625048 | 9-0 
9°08 | + 0°2351833 | + 0°1229495 | 0°2653823 | 387° 35’ 59704 | + 0:7670477 | 9-08 
Q'IO | + 0°2324307 | + 0°1274059 | 0:2650879 | 388° 44’ 25%90 | + 0°7715322 | 9-10 
Qg:I2z] + 0°2295025 + 0°131922I | 0°2647945 | 389° 52’ 52784 | + 0°7759567 | 9:12 
9.14 + 0:22660698 | + 0°1363164 | 0°264502I | 391° τ΄ 1986 + 0°7803195 | 9-1 
9°10 | + 0°2236640 | + 0°1406474 | 02642107 | 392° ο΄ 46795 | + 0-7846192 | 9-1 
9°18 | + 0°2205765 | + 0°1449133 | 0°2639202 | 393° 18’ 14712 | + 0-4888540 9°18 
9°20 | + 0:2174087 | + O-1491128 | 0°2636307 | 394° 26’ 41737 | + 0°-7930226 | 9:20 
Q°22 | + 0°2141618 | + 0°1532443 | 0°263342I | 395° 35’ 8770 | + 0°7971234 | 9-22 
9°24 + 0:2108375 ὁ 0°1573063 | 0:2630545 | 396° 43’ 36711 | + 0-8011549 | 9-2 
9°26 | + 0°2074370 | + 0°1612974 | 0°2627679 | 397° 52” 3759 | + 0°8051156 | 9:2 
9°28 | + 0°2039620 | + 0°1652162 | 0:2624822 | 399° 0’ 3171 +- 0°8090043 | 9°28 
9°30 | + 0°2004139 | +.0-1690613 | 0:2621974 | 400° 8’ 58778 | + 0°8128195 | 9°30 
9°32 | + 0°1967943 | + 0°1728314 | 0°2619135 | 401° 17’ 26749 | + 0°8165598 | 9:32 
9°34] + 0°2931047 + 0°1765251 | 0°2616306 | 402° 25’ 54727 | + 0:8202240 | 9:3 
9°30 | + 0°18934 + O-1801413 | 0°2613486 | 403° 34’ 22713 | + 0°8238107 | 9-3 
9°38 | + 0°1855221 | + 0;1836785 | 0-2610075 | 404° 42’ 50706 | + 0°8273187 | 9:38 
9°40 | + 0°1816322 | + 0°1871357 | 02607873 | 405° 51’ 18706 | + 0-8307469 | 9-40 
9°42 | + 0°1776789 | + 0-1905116 | 02605080 | 406° 59’ 46714 | + 0-8340939 | 9-42 
9°44 + 0°17 30037 + 0°1938050 | 0-2602297 | 408° 8’ 14728 | + 0-8373587 9°44 
9°46 | + 0°16958 4 + 0-1970150 | 0°2599522 | 409° 16’ 42750 | + 08405401 | 9-46 
9°48 | + 0°1654548 | + 0°2001403 | 0°2596756 410° 25’ 10°79 τ 0°8430371 9°48 
9°50 | + O-1612644 | + 0°2031799 | 0°2593999 | 411° 33’ 39715 | + 0°8466485 | 9:50 
9°52 | + O°1570192 | + 02061329 | 0:2591250 | 412° 42” 7758 | + 08495735 9:52 
9°54 | +:0°1527208 | + 0-2089982 | 0-2588511 | 413° 50’ 36708 | + 0-8524110 9°5 
5.32 + 0°1483711 | + 0:2117749 | 0:2585780 414. 59° 4764 | + 0°8551601 gee 
9°58 | + 0°1439718 | + 0°-2144621 | 0°2583058 | 416° 7’ 3128 + 0°8578198 | 9°58 
9°60 | + 0°1395248 | + 0°2170590 | 0:2580344 | 417° 16’ 1499 | + 0:8603894 | 9-60. 
9°62 | + 0°1350319 | + 62705046 0°2577639 | 418° 24’ 30776 | + 0-8628679 | 9-62 
9°64 | + 0°1304950 | + 0°2219783 | 0°2574943 | 419° 32’ 59761 | + 0°8652546 | 9°64 
9°66 | + O°1259159 | + 0°2242992 | 0°2572255 | 420° 41’ 28752 | + 0-8675487 | 9°66 
9°68 | + 0-1212965 | + 0-2205267 | 0:2569576 | 421° 49’ 57749 | + 0°869 495 | 9°68 
9°70 | + 0°1166386 | + 0-2286600 | 0°:2566904 | 422° 58’ 26753 | + 0-8718563 | 9:70 
9°72 | + O-1119443 | + 0°2306986 | 0:2564242 | 424° 6'55764 | + 0°8738685 | 9-72 
9°74 + 0°1072154 | + le er Fy 62561585 425° 15" 24782 | + 0°8757855 9:74 
9°76 | + 0°1024537 + 0°2344889 | 0:2558941 | 426° 23’ 54706 | + 08776066 | 9:76 
9.1 + 0:0970613 | + 0°2362395 | 0°2556303 aay 32” 23736 | + 0°8793314 | 9°78 
9°80 | + 0°0928401 | + 0°:2378932 | 0°2553673 | 428° 40’ 52773 | + 0-8809594 9-80 
9°82 | + 0:0879920 | + 02394495 | 0-2551052 | 429° 49’ 22716 | + 0-8824901 | 9-82 
9°84 + 0:0831189 | + pa ect 70 0°2548438 | 430° 57’ 52766 | + 0-8839230 | 9-84 
9°86 | + 0°0782229 | + 0°2422681 ΟΣ 1185 432° 6' 2122 + 0°8852579 | 9-86 
9°88 | + 0°0733059 + 0°2435297 | 0°2543235 | 433° 14’ 50784 | + 0°8864944 | 9-88 
9°90 | + 0°0683608 | + 0°2446924 | 0-2540646 | 434° 23’ 20752 | + 0°8876322 9°90 
9°92 | + orate? + 0°2457560 | 0°2538064 | 435° 31’ 50727 | + 0°8886710 | 9-92 
9°94 + 0°0584484 | + 0°2467203 | 0°2535491 | 436° 40’ 20708 | + 0-8896106 9°9 
9°96 | + ores 34070 + 0°2475850 .0:2532925 437, 48’ 49795 | + 0°8904508 9-96 

798 + 0°0494745 | + 02483501 | 0-2530367 | 438° 57’ 19788 | + 0-8911914 | 9:98 

: 10-00 


+ 0°0434727 | + 0°2490154 | 0°2527816 | 440° 5’ 49%87 | + 0-8918325 


686 


itertetietids: tb ttre 


I 


Jo(*) 


02467551 
0°2474743 
0°248093I 


0°2486116° 


0*2490297 


0°2493474 
0°2495949 
0°2496822 
0°2496996 
0°2496171 


0°2494359 
0°2491536 
0:2487732 
igieae ks 
0:2477168 


0°2470416 
0:2462690 
0°2453994 
0°244433 
0°243371 


0°2422148 
0°240963 3 
0°239617 

0°2381792 
0°2366482 


0°23509255 
0°2333120 
0:231508 
0'229615 
0°2276350 


0°2255670 
0°2234127 
0°2211732 
0°2188495 
0°2164427 


0°2139539 
0:2113543 
0:2087349 
0:2060071 
0°2032020 


0°2003208 
0°1973650 
ee 
ὁ. ΕΒ ΟΣ ΟΣ 


0°1848208 
ΟἼΒΙΒΙΙ5 
0°1781356 
0°1746947 
01711903 


TABLES OF BESSEL FUNCTIONS 
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+ 
+ 
+ 
+ 


+ 
+ 
+ 
+ 
+ 


+- 


trope) d & tt tt tt td 


 {{{{ι{| 


"ΕΠ {|| 


-- 


-- 


— 


Table I. Functions of order zero 


Y (+) 


9:05068 30 
0:0456886 
0:04068 38 
0:0356728 
0:0306574 


0°0250397 
0:0206216 
0°01 56052 
0-0105924 
0°0055852 


0:0005856 
00044044 
0:00938 3° 
0:0143481 
0:0192978 


0-0242303 
0:0291 435 
0°0340355 
0°038904 5 
0°0437456 


0:0485659 
070533548 
0:0581128 
0:0628386 
0:0675304 


0:0721862 
0°0768043 
0-081 3830 
g 38 
0°0859205 
0°0904152 


eer 
0:0992089 
0-1036247 
01079309 
O-1121859 


0:1163881 
0°1205360 


- sar 5: 


0°1286627 
0°1326384 


0°1305537 
0-1404073 
O°3441977 
0°1 479234 
O-1515832 


O°1551757 
0-1586996 
0-1621537 
071033307 
0°1688473 


| Hy (#)| 


0*2519069 
0°2510504 
0°251406 

0°2511578 
0-2509096 


0°2506622 
0°2504154 
0°2501694 
0°2499241 


0°2496795 


0°2494357 
02491925 
0°2489501 
0°2487084 
02484674 


0°2482270 
0°2479874 
0°24774°4 
0°2475102 
0°2472726 


0°2470357 
0-2467995 
0:2465640 


0°2463291 


0°2460949 


0°2458614 
0°2456285 
0°2453903 
0°245164 

0°2449339 


0°2447037 
0°2444741 
0°244245!I 
02440168 
0°2437891 


0°2435621 
0°2433357 
0*2431099 
0°2428847 
0:2426602 


0'2424363 
0°2422130 
0°2419903 
B34) 7084 
0°241546 


0°2413260 
0°2411057 
0:2408861 
Ὁ᾽ ΤἸΟΒΟΤΙ 
0°2404486 


arg H : (x) 


528° 23” 33715 


529° 32° 23749 
530 41° 13°82 
531° 50. 4713 
532° 58" 54741 


534. 7, 44768 
535, 10. 3479 
530. 25, 2511 

537. 34,15:37 
538° 43 5.50 
539° 51° 55? 

541° ο’ 43768 
542° ο΄ 36702 
543°. 18 26713 
544° 27° 16723 


546° 44’ 56737 


549° 
550° 11’ 26744 


551° 20’ 16743 
5 52° 29’ 6741 
553. 37, 50736 
554. 40° 46730 
555 55 30°22 


55. 4΄ 2612 
558° 13’ 16700 
559° 22’ 5:87 
500° 30° 55*72 
501° 39° 45755 


568° 32’ 44720 
569° 41’ 33791 
570° 50’ 23761 
571° 59’ 13730 
573 8" 2797 


574" 16’ 52:62 
575. 25° 42726 
576° 34° 31788 
577, 43° 21748 
578° 52΄ 11407 


EI, (*) 


+ 0°11 36338 
+ O-10 5142 
+ 0°1033867 
+ 0:0982533 


+ 


0°0931162 


+ 0°:0879771 
+ 0-0848452 
+ 0:0777014 
+ 0:0725687 
+ 0:0674420 


+ 070023234 
+ 0°05721 
+ 0:0521181 
+ eet ache 
+ 0°04196384 


+ 0:0369192 


+ 
+ 
+ 
+ 


+ 
+ 
+ 


Ppt, eR Ri “Sea eB 


— 


0°0318896 
0°0268817 
0:02 a 
0:0169381 


0°0120062 
0-0071034 
0:0022315 
0:0026077 
0°0074123 


0-O121806 
00169108 
0-0216012 
0°0262499 


0°0308553 


0°0354157 
0°039929 

athe 
0:0488103 
0:0531741 


0:0574847 
0-061 7406 
0-0659402 
0:0700821 
0:0741646 


pli lee 
0:0821461 
0:0860421 
0:0898731 
0°0936378 


0°0973349 
0*1009630 
0°1045209 
0°1080073 
O-I114210 


10°92 
10°9 
10°9 
10:98 
II-0o0 


Ji(*) 


+ 0:0384638 
+ 0°0334497 
+ 0°0284322 
+ 0°0234135 
+ 0:0183955 


+ ΟΘΕΘΟΙ 
+ 0°0033694 
+ 0°0033652 
— 0°0016305 
- 0:0066157 


- 0:0115886 
ener Lie 
0°0214895 
phen gee! 
0°031317 


0-0362001 
0°0410586 
0°0458914 
ie ageay 
0°055472 


0°0602176 
0:0649296 
0:0696068 
0°0742475 
0-0788500 


Pfr ttt @¢@ ttt 


0:0834125 
0°0879333 
se eel 
0:096 481 
0:1012287 


0°1053059 
O:109 332 
O-1140889 
O-1182715 
- 0°1223994 


- eaten ae 
- 0°1304852 
- 0°1344401 
~ 0°13563343 
- 0-1421060 


- 0°1459354 


| - 0°1496394 


~ 0°1532774 
- 0°1568479 
— 0°1603497 


- 0°1637815 
— 0°1671422 
~ 0°1704305 
— 0°17360452 
~ 0°1767853 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order unity 


Y, (4) 


+ 0:2495809 
+ 0°2500465 
+ ph sate 
+ 0°2506782 
+ 0°2508444 


_+ O°-250QIII 


+ 0°2508783 
+ 0°2507464 


+ 0°2505154 
5 


+ 0°25018 


02497578 
0-2492319 
+ 0°2486082 
+ 0°2478874 
+ 0°2470699 


+ 0°2461 562 
+ 0°2451468 
+ 0°2440423 
+ 0.2425434 
+ 0°241550 


+ 0°2401646 
+ 0°2386862 
+ 0°2371162 
+ 0°2354552 
+ 0°2337042 


+ 0°2318640 
+ 0°2299355 
+ 0°2279195 
+ 0:2258171 
+ 0°2236293 


+ 0°2213570 
+ O-2IQO0I3 
+ 0°2165633 
+ O°214044I1 
+ 0°2114448 


+ 0°:2087666 
+ 0°2060107 
+ 0°2031783 
+ 0°2002707 
+ 0-197289I1 


+ 0°1942349 
+ O-IQIIOQ 
+ 0°187913 
+ 0°1846498 
+ 0°1813185 


+ 0°1779215 
0°1744602 


[A (x)| 


0°2525274 
0°2522739 
0°2520212 
0°2517692 
0:2515180 


0°2512676 
0°2510179 
0°2507690 
0°2505208 
0°2592733 


0°2500266 
0°2497806 
0°2495353 
0:2492907 
0°2490469 


0°2488038 
0°2485614 
0°2483197 
0°2480787 
0°2478385 


0°2475989 
0°2473600 
0°2471218 
0°2468843 
0°2460475 


0°2464114 
0-2461760 
0°2459412 
0°2457071 
0°2454730 


0°2452409 
0:2450088 
0°2447773 
0°2445465 
0°2443164 


0°2440869 
0:2438581 
0°2436299 
0°2434024 
0°2431755 


0°2429492 
0°24272 30 
0°2424986 
0°2422742 
0°2420505 


soy peak 
0°241604 

0-241 3829 
O°241 1616 
0°2409410 


arg H',’ (2) 


441° 14’ 19793 
442° 22’ 50704 
443. 31° 20721 
444° 39° 50744 
445° 48° 20773 
446° 56° 51*%08 
448° 5° 21749 


ο , 


449° 13 51705, 


450° 22’ 2274 
451° 30’ 53706 


452° 39’ 23°69 
453. 47, 54°39 
454. 50) 25714 
450° 4° 55794 
457° 13’ 26*80 


458° 21’5 ee 
459° 30’ 28769 
400° 38° 59771 
401° 47° 30:79 
462° 56’ 1793 


464° 


465° 13’ 4736 


469° 47, 9785 
479 55, 44°35 
472° 4’ 12%91 
473. 12,,44°52 
474° 21’ 16718 


475. 29” 47789 
476° 38° 19°65 
477. 49) 51°46 
478, 55, 2313? 
480° 3°55'23 


481° 12’ 2719 
482° 20’ 59:20 
483° 29° 31725 
484" 38" 3°36 
485° 46° 35751 


486° 55) 7171 
488° 3” 39796 
489° 12’ 12726 
490° 20’ 44761 
491° 29’ 17*%00 


492° 37, 49743 
493. 40) 21:02 
494. 54) 54745 
490° 3) 27'03 
497° 11΄ 59:65 


4° 33712 


Hi, (*) 


+ 0°8923738 
+ 0°8928155 
+ 0°8931 574 
+ 0°893399 

+ 0°8935423 


+ 0°8935856 
+ 0:8935295 
+ 0°8933744 
+ 0°8931204 
+ 0°8927679 


+ 0°8923172 
+ οἰϑοιγδθε 
+ 0-8911224 
+ 0°8903793 
+ 0°8895395 


+ 0:8886036 
+ 0°8875722 
+ 0°8864459 
+ 0°8852252 
+ 0°8839107 


+ 0°8825033 
+ 0°8810035 
+ 0°8794122 
+ 0°8777301 
+ 0°8759580 


+ 0°8740969 
+ 0°8721475 
+ 0°8701I09 
+ 0:8679879 
+ 0°8557796 


+ 0°8634870 
+ o-861IIIO 
+ 0:8586529 
+ 0:8561136 


“+ 0°8534944 


+ 0°850796 
+ 0°848020 
+ 0°8451689 
+ 0°8422418 
+ 0°8392408 


+ 0°8361673 
+ 0°8330226 
+ 0°:8298080 
+ 0°8265250 
+ 0°8231749 


+ 0°8197592 
+ 0°8162792 
+ 0°8127366 
+ 0°8091 327 
+ 0°8054691 


687 


᾿ψ 


688 TABLES OF BESSEL FUNCTIONS 
Table I. Functions of order zero 


(1) 


| 7.0) γ9 5) | [ΗΝ] [ὅτ η5 6) | Hole) x 
11-02 | — 0-1676238 | — 0°1720845 | 0°2402308 | 585° 45" 8%29 | -- 0°1147608 | 11-02 
11:04 | — 0°1639968 | -- 0°1752470 | 0°2400135 | 586° 53’ 57777 | — 0°1180257 | II-o 
τι 00 -- 0°1603109 | — 0°1783338 | 0°2397908 | 588° 2’ 47723 | — O-1212144 | 11Ὃ 
1108} - 0°1565075 ~ 01813437 | 0°2395807 | 589° 11’ 36769 | “- 4244200 11-08 
11 Ὃ1ἸΟ] — 0°1527683 | — 0:1842758 | 0°2393652 | 590° 20’ 26713 | - 0°1273593 | 1110 
11:12] - ΟἼΔΘΌ1η0 - ΟἹδ71289 | Ο2391503 | 591° 29 15755᾽] -- 0°1303133 | 1112 
1114 -- 0°1450089 | -- 0-1899021 | 0°2389359 | 592° 38’ 4796 | -- ΟἽ331870 111 
111] -- O°1410520 | — 0:1925944 | 0°2387222 | 593° 46’ 54735 -- 0°1359795 | III 
11-18 | — 0°1370458 | — 0°1952050 | 0:2385090 | 594° 55’ 43773 | — 0°1386899 | 11-18 
11:20] — 01329919 | — 0°1977329 | 0°2382963 | 590° 4’ 33709 | -- 0°1413173 | 11-20 
11:22] — 0°1288922 | — 0:2001772 | 0:2380843 | 597° 13’ 22°44 | — 0°1438608 | 11°22 
11:24 - 5171} — 0°2025372 | 0:2378728 | 598° 22’ 11°78 | -- 0°1463196 | 11°24 
11:26] -- 0-120561 ~ 0°2048121 | 0°2376618 | 599° 31’ 1ΙἿΊΟ -- 0°1486929 | 11:26 
11:28] -— ov 103346 — O'207001I | 0°2374514 | 600° 39’ 50741 - 0°1509799 | 11:28 
11°30 | — O-1120685 | — 0:2091034 | 0:2372416 | 601° 48’ 39770 | — 0-1531801 | 11-30 
11°32 | — 0°1077650 | -- O-2111185 | 0°2370323 | 602° 57’ 28798 | -- 01552926 | 11°32 
11:34] — 0°1034261 | — 0°2130457 | 0°2368236 | 604° 6’ 18725 | -- 0°1573169 | 11°53 
11:36) — 0°0990535 | — 0°214884 0°2300155 605° 15" 7751 | -- 071592522 | 113 
11°38 | — 00946491 | — 0°2166338 | 0-2364078 | 606° 23’ 56775 - o-1610982 | 11-38 
1140] — 0:0902145 | — 0°:2182937 | 0°2362008 | 607° 32’ 45797 | - 0°162854I1 | II-40 
11°42 | — 0°0857517 | — 0°2198634 0°2359942 608° 41’ 35718 | ~ 0°1645196 | 11°42 
11°44 | ~ 0°0812623 | -- 0:2213425 |'0-2357882 | 609° 50’ 24738 | - ὁ ΤΟ θη Σ 11:44 
11°46 | -- 0°0767484 | -- ΟἸΖ227306 | 0°2355828 | 610° 59’ 13756 | -- 0°1675773 | 11°46 
11°48 | -- 0:0722117 | — 0°2240273 | 0°2353779 | 612° 8’ 2752 - 016826 7 | 11°48 
11°50 | — 0:0676539 | -- 0°225232I1 | 0°2351735 | 613° 16’ 51789 | ~ 0-1702681 | 11°50 
11:52 - peor af Ue — 0:2263449 | 0°2349696 | 614° 25’ 41%04  -- 0°1714749 |. 11°52 
11:54} -- 0°05 4 30 | -- 0°2273052 | 0°2347663 | 615° 34’ 30717 | - O-172589Q1 | II'5 
11°56 | — 0'0538735 -- 0°2282930 | 0°2345635 | 616° 43’ 1972 — 0°1736103 | II°5 
11°58 -- 0°0492505 | -- 0°2291278 | 0°2343612 | 617° 52’ 8739 | — 0°1745384 | 11°58 
II‘60 |] -- 0°0446157 | — 0:2298697 | 0°2341595 | 619° 0°57%48 | -- 0°1753731 | 11°60 
1162] — 0°039971I | — 0:2305185 | 0°2339582 | 620° 9’ 46756 | — 0-1761144 | 11:62 
11-64 | — 0°0353184 -- 0°2310740 | 0:2337575 | 621° 18’ 35763 | - 0-1767622 | 11°64 
11°66 | — 0:0306597 | — 0°2315362 | 0°2335573 | 622° 27’ 24768 - 0°1773103 11:66 
11°68 -- 0:0259967 | -- 0°2319050 0°2333570 623° 36’ 13°72 | — 0°1777768 | 11°68 
11:70} - 0:0213313 -- 0°2321806 | 0-2331584 | 624° 45’ 2775 | - ταν hes 11:70 
11°72 | — 0:0166653 | -- 0°2323629 | ο:2329598 | 625° 53' 51776 | -- ΟἹ γ84169 [11:72 
11:74} — 0:0120006 | — 0°2324520 | 0°2327616 pale 2° 40°77 | — 0:1785968 | 11:74 
11°76 | -- 0°:0073391 | ~ 0°2324481 | 0-2325639 | 628° 11’ 29775 | -- 0-1786832 | 11:76 
11°78 | — 0:0026825 | - - 


0°2323513 0°2323668 | 629° 20’ 18773 


0:1786765 | 11°78 
0°232161 ᾿ 768 


0°17857 


0°1783843 |-11-°82 
0°1780994 | 11°8 
0°1777222 | 11-8 
01772532 | 11°88 
0:1766928 [11’90 


11-80 | + 0°0019672 0°2321701 | 630° 29’ 7°70 
11°82 | + 0:0066082 | — 0°2318798 | 0:2319740 | 631° 37’ 56765 
11°84 | + 0-0112388 | -- 0°2315056 | 0-2317783 | 632° 46’ 45759 
11°86 | + 0°0158571 | — 0°2310396 | 0°2315 δὶ 633° 55΄34152 
11.088 + 0-0204612 0:2304820 | 0°2313884 | 635° 4° 23744 
1190} + 0:0250494 0°2298332 | 0°2311942 | 636° 13’ 12734 


Ι 
Γ1{|{ 


ΟἾ76Ο413 | 11:92 
0°1752992 [110 


1192} + 0-0296200 
1194} + ore 361 710 
1106] + 0°0387007 
11:98 | + 0-0432074 
12:00 | + 0:0476893 


0°2290937 | 0°2310005 037. 22’ 1124 
0:2282638 | 0°2308073 | 638° 30’ 50712 
02273441 | 0°2306146 | 639° 39’ 38799 | - 0°:1744669 | 1109 

0°2263351 | 0°2304223 | 640° 48’ 27784 01735451 | 11°98 
0°2252373 | 0°2302306 | 641° 57’ 16769 | ~ 0°172534I1 | 12°00 


ftletdt 
1 i tt 


--Ξ:Ξ--.ΨἝΞζ5  --ςἱὦςΞτ | SEIT - "-ὧἱὦ«.Ἅ-σ τ »πταῳὁ ον -ἶτπεπὰπτπσττοὶ σπιιτοπυποτκον κα τ σετυκοποκετς κα αοτς τες τς ἢ ἀπππονς τ αρτ ας τουυν κατκιομακοι ἢ παὶοτττττο τ του τουτ Ἰνιαναν αν τῶκλταια ἢ σππππτσσταττ τ ποξατι............... 0.0... 


0:1798496 

Teka 
0°1857467 
01885774 
0°1913283 


0°193998 
0-196586 
0-1990926 
O*2015150 
0:203853 I 


0°206106 
0-208273 
0°2103549 
0°2123488 
0°2142550 


{111 


[ἦν 1- ae ee | 


0-2160729 
0:2178019 
0°2194415 
0-2209912 
0°2224506 


b’ttd 


0:2238192 
0°2250966 
0°2262825 
sagt 700 
0°2283786 


0°2292883 
0:2301055 


0°2314617 
0-2 320005 


0°2324463 
0°2327992 
0°2330591 
0°2332261 
0°2333002 


110} 


0°2332817 
0°2331797 
0:2329674 
psi 5:0 750 
0°2322847 


Pet tit 


0:2318060 
0:2312361 
0-2208243 
4 
0°2289832 


0°2280528 
— 0°2270334 
— 0°2259255 
~ 0°2247299 
~ 0°2234471 


0-2308300 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order unity 


Y,(*) 


+ 0:1600021 
+ 0°1562419 
+ 0°1524266 
+ 0°1485578 
+ 0°1446371 
+ o°1406661 
+ 0°1366465 
+ 0°1325799 
+ 0°1284681 
+ 0°1243127 
+ 


O°1201154 
+ 0-1158779 
+ O-1116021 
+ 0°1072896 
+ 0°1029422 


+ 0:098561 
+ 0°094149 
+ 0:0897083 
+ 0:0852391 
+ 0°:0807440 


+ 0°0762247 
+ 0°0716830 
+ 0°0671209 
+ 0°0625402 
+ 0°0579425 


+ 070533299 
+ 0:0487042 
+ 0°0440671 
+ 0:0394206 
+ 0°0347665 


+ 0°:0301065 
F 025447 
+ 0°020776 

+ O-O161106 
+ 0°0114460 


+ agent 
+ 0:0021289 
— 0:0025199 
— 00071598 
~ O-O117890 


- etn ne tl 
- ΟὈΖΙΟΟδῚΙ 
- 0°025594 
— ΟὍ3ΟΙ62 
— ΟΌ347115 


- 0°0392388 
- 0°0437430 
- 0'0482223 
- Ο526749 
- 0°0570992 


0°2407209 
0°2405014 
0°2402826 
0°2400643 
0°2398466 


0°2396296 
0°239413I 
0°2391972 
0°2389819 
0°2387671 


0°2385530 
0-2383394 
0-2381264 
0°2379140 
0:2377021 


0°2374909 
0°2372801 
0*2370700 
0°2368604 
0°2366513 


0°2364428 
0:2362349 
0:2 360275 
0°2 358207 


0°2350144 


0:2354086 
0°2352034 
0:2349987 
0°2347946 
0°2345910 


0°2343879 
0-2341854 
0-233983 
0°233781 
0°2335809 


0-2 333804 
02331804 


0°2329810 
0:2327821 
0°2325837 


0°23238 
ο: 735388, 
0°2319915 
02317951 
0°2315993 


0-231 4039 
0°2312090 
O°2310146 
0:2308207 
0°2306273 


498° 20° 32°32 
499° 29° 5703 


500° 37° 37°79 


501. > 46) 10% 59 
502° 54° 43°44 


504° 3° 16734 
505° 1X’ 49227 
ae 20’ 2212 
hare ae 
30 “37,2 135 


509° 46’ I 126 
510° 54° 34101 
512° 3° 7*81 
513° 11’ .41’ *05 
514° 20° 14733 


515° 28" 47°65 
516° 37° 21 ὯΙ 


517° 45’ 54542 


521° 11’ °3 *89 
522° 20’ 146 
523° 28" 421 "07 
524° 37.151 172 
525. 45. 49741 


520° 54° 23714 
528° 2° 56%91 
529° II’ 30°72 
530° 20° 
531° 28° 3 “47 


532° 37, 12339 
533. 45, 46236 
534.54’ 20° 131 
530° 2 ,5Ά.,41 

537° 11΄ 28149 


538° 20’ 2°61 
539. 28" 36°77 
540° 37) 10796 
541° 45. 45°19 
542° 54° 19746 


544: 2" 53°77 
545. 11’ 28711 
546° 20° 2749 
Ὁ . 28° 3601 

° 37’ 11736 
549° 45, 45585 


550° 54” 20737 
552. 254793 


553. 11. 29753 


554. 20΄ 4716 


158 


ὝἼΟΤΩΘΟΙ 


0°7400442 
+ 0°7350155 
+ 0°7311573 
+ 0°726671 
+ 0°722159 


+ 0°7176241 
+ 0°7130661 
+ 0°7084877 
+ 0°7030907 
+ 0°6992769 


+ O° 6573035 
+ 0°6526236 


+ 0°6479472 
+ 0°6432761 
+ 0°6386122 
+ 0°6339572 
+ 0°6293131 


+ 0°6246815 
+ 0°6200643 
+ 0°01 54033 
+ 0°6108802 
+ 0°6063169 


+ 0°6017751 
+ oO 9972505 
+ 0°592762 

+ 0°5882959 
+ 0°5838573 | 


689 


690 


a ee ead tenes eee) nee eel 


J o(*) 


+ 0°052144 
+ 0:056571 

+ 0:0609690 
+ 0°0653346 
+ 0:0696668 


+ 0:0739640 
+ ete So. ὃ 
+ 0°082446 

+ 0:0866292 
+ 0°090770I1 
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Table I. Functions of order zero 


Y(*) 


0°224051 
0°222777 

0°2214173 
0°2199706 
0°2184384 


0:2168214 
O-2151204 
0°2133362 
0:2114698 
0°2095218 


0°2074933 
0:2053852 
0:2031985 
0°2009341 
0°1985931 


0°1961765 
0°1936855 
O-IQII210 
0-1884844 
0-1857766 


0-1829990 
0-1801527 
0°1772390 
O°1742591 
O-1712143 


0-1681060 
0°1649354 
0-161 7040 
0-1584131 
0°1550641 


0°1516585 
0-1481976 
0°1446830 
ΟἼΔΙΙΙΘΙ 
0°1374984 


0"1338314 
O-130116 

0°1203559 
071225504 
o-1187019 


0°1148120. 


0-1108823 
O-106914 
0-102909 
0:0988704 


0°0947977 
0-09069 34 
0:0865592 
0:082 3968 
0:0782¢C79 


ΗΠ (x)| 


0°2300393 
0°2298485 
02296581 
0°2294682 
0°2292788 


0:2290899 
0:2289014 
0°22871 34 
0:2285259 
0:2283388 


0:2281522 
0-2279660 
0:2277803 
0°2275959 
0°2274102 


0°2272258 
0°2270419 
0°2268585 
digas 
0°226492 


0°2263107 
0-2261290 
0°2259477 
0°2257669 
0:2255865 


0'2254065 
0°2252270 
0:2250479 
0:2248692 
0°2246909 


0°2245131 
0°2243357 
0°2241587 
0°2239821 
0:2238059 


0°2236302 
0°2234548 
0°2232799 
0°2231054 
0:2229313 


Ὁ. 2221370 
0:2225843 
O:2224114 
0:2222389 
0:22206068 


0:2218951 
0°2217238 
0°2215529 
0°2213824 
0°2212123 


arg H'y (x) 


644° 14° 54°35 
43°16 


648° 50’ 9152 
649° 58° 58%29 
051. 7.470 
652° 16’ 35:7 
653° 25° 24751 


654° 34’ 13723 


660° 18’ 16°67 
661° 27’ 5732 
662° 35° 53796 
663° 44’ 42760 
664° 53’ 31722 


666’ 2’ 19783 
667° 11’ 8143 
668° 19’ 57:02 
669° 28° 45160 
670° 37° 34°17 


671° 46’ 22773 
672° 55° 11728 
674° 3° 59782 
675° 12 48730 
676° 21’ 36°86 


683° 14’ 27776 
684° 23’ 16721 
685° 32” 416 
686° 40’ 53 Ὃ 
687° 49’ 41750 


688° 58’ 29%91 
690° 7’18731 
691° 16’ 6770 
692° 24’ 55708 
693° 33° 43°45 
694° 42° 31°81 
695° ἦτ’ 2076 
097. ο΄ aes 
698° 8’ 56:85 
699° 17" 45°17 


H, (*) 


~ 071714348 
— O°8 702475 
~ 0°1689731 
- 0°167612I 


— 
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rdettd 


O-1661654 


0°1646336 
ὈΙΤΟΊΘΥΤΣ 
O-1613180 
0°1595359 
0°1576720 


O°155727 
0°153702 
O°T515994 
0-1494180 
01471598 


0°1448257 
0°1424169 
0°1399344 
0°1373794 
0°1347532 


0:1 320567 
0-1292914 
ΘΟ ΣΟΊΟΕ 
0°123558 

0°1205943 


01175659 
O°1144750 
ΟἾΙ13230 
ΟἼἾἿΟΒΙΙ12 
0:1048412 


O-1015142 
0:0981318 
00940953 
0:091 2064 
0:0876664 


0:0840769 
0-0804 395 
0°0767556 
0°0730269 
0°0092549 


070054413 
0°0615876 
0°0576954 
0°0537665 
0°0498024 


0:0458049 
0°0417755 
0:0377160 
0:0336280 
0'0295133 
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J 1(%) 


- 0°2220777 
— 0°2206225 
— 0°2190821 
— 0°2174574 
0°2157490 


0°2139578 
20846 


00-2120 
0-210130 
0:208095 
0°2059820 


0:2037900 
0°2015206 
0°1991749 
01907540 
0°1942588 


0°1916907 
0-1890506 
0°1863397 
0°1835591 
0-1807102 


0°1777942 
0°1748122 
0°1717656 
pear ey 
0°165483 


0°1622513 
0°1589594 
0°1556097 
0°1522036 
0°1487423 


0°1452276 
0-1416606 
0-1380431 
0°1343765 
0°1 306622 


0-1 269019 
0°123097I 
0-1192494 
ΟἾΙ53 4 
O-II1431 


[ΛΜ͵{| 


0°1074646 
0°1034612 
— 0°0994229 
— 9°0953513 
0°0912483 


0:0871153 
ΟΌΘΤΟΛΗΙ 
3 
I 


0°:07876 


0°07455 
- 0°07031 


Υ (%) 


— 0°0614935 
- 0°0658561 
- 0°0701853 
— 0°0744794 
— 0°0787369 


— 0:0829561 
~ 0°0871355 
~ 0°0912733 
- 0°0953682 
- 0°0994184 


0°1034226 
0-1073791 
O-1112866 


O-1151435 
ΟἽ reese 
0°1226999 
0-1263966 
0-1 300372 
0°1 336202 
0°1371444 


0-1406084 
O-I4401II 
0°91 473511 
ΟΣ 500 25 
0°1538333 


0°1569831 
0°1600606 
0-1630696 
0-166009g91 
0-1688779 


Prtt tt tttbt traudad 


0°1716752 
0°1743998 
0°1779509 


o-1b21286 


— 0°1845534 
- Oo: 1869012 
- O:1891710 
- O-1913621 
— 0°1934738 


— 0°1955954 
- 0°1974561 
— 0°1993253 
— O-2011125 
— 0'2028170 


~ 0:2044382 
— 0:2059758 
- 0°207429I1 
- 0°2087978 
- 0°2100814 


ΙΗ} 


penned eee ened beeen lem, en 


0°2304 343 
0°2302419 
0-2 300499 
0°2298584 
0°2296674 


0°2294769 
0°2292868 
0°2290973 
0:2289082 
0:2287195 


0°2285313 
0°2283436 
oe 
0°227969 

0°2277833 


0°2275974 
0°2274120 
0°2272270 
0°2270425 
0:2268585 


0:2266749 
0°2264917 
0°2263090 
0°2261267 
0°2259449 


02257635 
0°2255826 
0°2254020 
0-2252220 
0°2250423 


0°2248631 
0°2246843 
0°2245059 
0°2243280 
0°2241505 


0°2239734 
0°2237967 
0°2236204 
O83 4449 
0°2232692 


0:22 30942 
0°2229196 
0°2227454 
0°2225716 
0:2223982 


0°2222253 
0°2220527 
02218 93 
0°221708 

0°2215374 


arg H',’(x) 


555. 28, 38783 
556° 37’ 1373 
957, 45,49°27 
558° 54. 2304 
500° 2’ 57784 


aor 11’ 32°68 
562° 20° 7755 
563° 28° 42746 
564° 37. 17740 
565° 45° 52738 


566° 54° 27*39 
568° 3° 2743 
569° 11” 37750 
570° 20° 12°61 
571° 28° 47°75 


572° 37, 22793 
ΤΌΠΩΙ 
574: 54° 33° 

576. 3. ἜΣ 
577° 11" 43795 


578° 20’ 19728 
379, 28° 54765 
5 


ο ’ 
Ό 


300 
581° 46° 5:48 


584° 3° 16743 
585° 11° 51795 
586° 20’ 27751 


388° 37, 3871 


589° 46° 14735 
590° 54” 50703 
592° 3° 25°74 
593. 12, 1147 
594° 20° 37724 


595. 29° 1304 
596° 37, 48786 
39%, 46° 24°72 
598° 5 0*60 
600° 3’ 36751 


605° 46’ 36751 


606° 55, 12*60 
Bese 3 δ τὰς 

O12 245) 
610° 21” 1%02 
611° 29’ 37722 


H, (7) 


+ 0°5794489 
+ 0°5750722 
+ 0°5707290 
+ 0°5664209 
+ 0°5621495 


+ 0°5579164 
+ 0°553723 
+ 0°549571 
+ 0°5454634 
+ 0°5413995 


+ 0°5373819 
+ 0°533411I9 
+ 0°52949II 
+ 0°5256209 
+ 0°5218027 


+ 0°5180381 
+ 0°5143282 
+ ead ὲ 
+ 0°5070786 
+ 0°5035415 


+ 0°5000646 
+ 0°4966492 
+ 0°4932964 
+ 0°4900076 
+ 0°4867839 


+ 0°4836265 
0°4805365 
0°4775151 
0°4745632 
0°4716820 


0°4688725 
0°4661 356 


0°4634724 
0-460853 
074583706 


0°4559337 
+ 0°4535740 
+ 0°4512923 
+ 0°4490893 
+ 0°4469659 


+ 0°4449226 
+ 0°4429602 
+ 0°4410794 
+ 0°4392607 
+ 0°4375047 


+ 0°4359320 
+ 0°4343 3° 
+ 0°4329183 
+ 0°4315383 
+ 0°4302435 


+ +++¢+ F444 
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+ 0:2082899 
+ 0°2095684 
+ O'2107612 
+ O:21I 079 
+ 0°2128882 


+ 0:2138219 
+ 0:2146687 
+ 0°2154284 
+ O*2161009 
+ 0'2166859 


+ 0:2171835 
+ 0°2175935 
+ 0°2179159 
+ 0'2181508 
+ 0:2182981 


+ 0:2183579 
+ 0:2183304 
+ 0:2182156 
+ 0°2180138 
+ 0°2177252 


+ a 6. 
+ 0°2168884 
+ 0°21634¢9 
+ 0°2157076 
+ 0°2149892 


+ 0:2141858 
+ 0°2132981 
+ 0°2123263 
+ O-2112712 
+ 0'2101332 


+ 0:2089128 
+ 0°2076107 
+ 0°2062276 
+ 0°2047641 
+ 0:2032208 


+ e201 see 
+ 071998982 
+ 0:1981203 
+ 0°1962659 
+ 01943356 


o'1812145 
1 8280. 
0°1762777 
ο 
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— 0°0739941 
— 0:0697573 
— 0°0654990 
- O'0612211 
- 0:0569253 


0°0526132 
0:0482867 
0°0439475 
0°0395973 
0°0352379 


0°:0308710 
0:0264983 
0-022121 
0:017742 
0-01 33034 
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0:0171605 
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t+ F+tet F+ttet Fert 
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Ἔ pled an es 
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"1134294 
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*1238321 
-1271926 
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0:2208732 
0°2207043 
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0°2203676 
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0°2200324 
iene 
0°2196987 
0°2195325 


0:2193666 
0:2192010 
0°2190359 
0-2188711 
0:2187067 


0:2185427 
0-2183790 
0:2182158 
0°2180528 
0-2178903 


02177281 
0°2175662 
0°2174047 
O-2I 72430 
0-2170829 


0°2169225 
0:2167624 
0°2166027 
0°2164434 
0:2162844 


0:2161257 
02159074 
0°2158095 
0°2156519 
0°2154946 


0°2153377 
O'2151811 
0:2150249 
0-2148690 
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0°2145582 
021440 

ὁ τ ἢ 
ΟἼΖΙ40Ο045 
0°2139407 


0°2137871 
0°21 36339 
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0°2131762 


700° 26’ 33748 
7015 35° 21°79 
702° 44’ 10708 
703° 52° 58°37 
705 1° 46°05 
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707° 19’ 23718 


oO 
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ha WS doa 
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ο ’ 
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745° 9° 51*01 


746° 18’ 38799 
747. 27° 26796 


’ 
, 
[4 


752° 2° 38776 
753. Ir’ 26770 
754, 20) 14763 
755,29, 2°54 
758° 37 50°45 


- 0°0253735 
- O'O2I2104 
— 0:0170257 
~ o-oI282II1 
- 0:0085984 


— 0°0043592 
- 0:0001054 
+ 0°0041614 
+ 0°0004 393 
+ 0°0127268 


+ 0°0170219 


+ 0°0213229 


+ 0:0256282 
+ 0°0299359 
+ 0°0342443 


+ 070385517 
+ 0°0428564 
+ 0°0471565 
+ 0°0514504 
+ 00557363 


+ 0:0600126 
+ 0°0642775 
+ 0°0685292 
+ 0°0727662 
+ 0:0769866 


+ 0:0811889 
+ 0°0853714 
+ 0:0895324 
+ 0°:0936702 
+ 0°0977532 
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- 0:0660609 
~ 0:0617841 
- 0'0574892 
- 0'0531781 
- 0:0488525 


- 0°0445140 
- 0°0401645 
~ 0°0358056 
— 0°0314391 
— 0:0270667 


- 0°0226902 
- 0:0183113 
— 0°0139317 
— 0°0095532 
— 0°0051775 


— 0°0008063 
+ 0°0035587 
+ 0°0079157 
+ 0°0122630 
+ 0°0165990 


+ 0°0209219 
+ 0°0252301 
+ 0:0295218 
+ 0°0337954 
+ 0°0380493 


+ 0°0422817 
+ 0°04649II1 
+ 0°:0500758 
+ 0°0548341 
+ 0°:0589646 


+ 0°0630655 
+ 0:0671353 
+ 0°0711725 
+ 0°075175 
+ 0-0791 42 


+ 0:0830728 
+ 0:0869640 
+ 0-:0908150 
+ 0:0946243 


*IO2TII21I 


“1129955 
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"1267995 
"1301156 
9°1333752 
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Y,(%) 


- 0°2112796 
- 0°2123920 
- 0°2134183 
- 0°2143582 
~ O'2152115 


- 0°2159780 
— 0°2166575 
— 0°2172499 
- 02177551 
— 0°2181729 


— 0°2185034 
— 0°2187466 
~ 0°2189025 
~ 0:2189712 
- 0:2189527 


- 0-2188473 
- 0°2186550 
— 02183761 
— 0°2180108 
τ ΟΖΙ75595 


— 0°2170223 
~ 0°2163997 
— 02156920 
0°2148996 
— 0°2140229 


- 0°213062 
- ΣΙ χα 
- mp σον σας 
— 0°209683 

0°2083936 


— 0°2070225 
- 0°20557I1 
— 0°2040400 
-- 0°2024302 
- 0°2007421 


- 0°1989768 
— 0°1971349 
— 0°1952173 
- 1952242 
- O-I9QI11585 


- Oo: 18g0I19Q9I 
~ 0:1868077 


| - 0°13845252 


- 0-1821726 
τ O1797510 


- 0°177261 
~ O°174704 
~ 0°1720824 
= 0 1093954 
— 0°166644 


(1) 
[ΗΠ (#)| 


0°221 3665 
0°2211959 
0°2210257 
0:2208559 
0°22063866 


0°2205176 
0°2203490 
0°2201807 


0°2200129 . 


0°2198455 


02196784 
O-21Q5117 
0°2193454 
O°2191795 
0:2190139 


0°2188487 
0°2186839 
0:2185195 
0:218355 
o-2181g1 


0-2180285 
0°2178655 
02177029 
ΟἸΖΙ7ΟΔΟΥ͂ 
0°217378 


0°2172174 
0:21 70562 
0-2168954 
0°2167350 
0°2165750 


0°2164153 
0-2162559 
0°2160969 
0°2159382 
0°2157799 


0°2156220 
0-2154644 
0°2153071 
O°2151502 
0:2149936 


0°2148374 
0°2146815 
0°2145260 
0:21 43708 
O°2142159 


0°2140614 
0°21 39072 
0°213753 
0°213599 
0°2134466 


(1) 
arg ΗἿ (x) 


46’ 49771 


618° 21’ 14799 
619° 29’ 51738 
620° 38’ 27780 
621° 47’ 4124 
622° 55’ 40771 


624° 417721 


629° 47’ 20708 
630° 55, 5673 
632 I 
633° 13’ 10712 


641° 13° 27775 
642° 22’ 4:66 
643° 30° 41759 
644° 39° 18754 
645° 47° 55752 


646° 56’ 32752 
648° ’ 9" 


652° 39’ 37789 
653° 48° 15704 
° 50’ 52721 
5° 29741 
657° 14’ 6162 


658° 22’ 43786 
659° 31’ 21712 
660° 39 58741 
661° 48’ 35772 
662° 57’ 13705 


664° 5’ 50740 
665° 14" 27778 
660° 23’ 5718 
667° 31’ 42°60 
668° 40’ 20%04 


+ 0°429034I1 
+ 0°4279106 
+ 0°4268732 
+ 0°4259222 
+ 0°4250579 


+ 0°4242805 
+ 0°4235900 
+ 0°4229868 
+ 0°4224709 
+ 0°4220422 


+ 0°4217010 
+ 0°4214472 
+ 0°4212807 
+ 074212014 
+ 0°4212094 


+ 0°4213044 
+ 0°4214062 
+ 0°4217547 
+ 0°4221096 
+ 0°4225507 


+ 0°4230776 
+ 0°42360901 
+ 0°4243876 
+ 0°4251699 
+ 0°4260365 


+ 0:4269869 
+ 0°4280206 
+ 0°429137I1 
+ 0°4303358 
+ 0°4316161 


+ 0°4329775 
+ 0°4344191 
+ 0°4359404 
+ 0°4375400 
+ 0°4392190 


+ 0:4409748 
+ 0°4428071 
+ ne pi ας 
+ 0°4466981 
+ 0°4487550 


+ 0°4508850 
+ 0°4530871 
+ 0°4553603 
+ 0°4577036 
+ 0°4601 160 


+ 0°4625965 
+ 0°46051439 
+ 0°4677571 
+ 0°4704350 
+ 0°4731766 


693 
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Jo(*) 


1683739 
-1656108 


oO 
oO 
0°1627855 
oO 
oO 


0°1539481 
0:1508861 
0°1477681 
oO 
fe) 


0'13809014 
0°1347629 
0°1313851 
0°1279390 
0°12440977 


0-1209709 
O-1174107 
0:11 3808 
O'IIO165 
0-1064841 


0:1027650 
0-O0990100 
+ 0°0952206 
+ 0°0913984 
+ 0°0875449 


+ 0:0836617 
+ 0°0797504 
+ 0°0758127 
+ 0:0718500 
+ 0:0678641 


te Fett t F+ttt Fttgte Fett 


+ 0°063856 
+ Ὁ ΟΣ 58 
+ 0:055782 
+ 0°051719 
+ 0°0476418 


+ 0°0435593 
+ 0°0394470 
+ 0°0353334 
+ 0°03I2113 
+ 0°0270823 


+ 0'0229481 


+ o:0188102— 


+ 0°0146704 
+ 0°0105303 
+ 0°0063915 


+ 0°0022558 
- 0:0018753 
— 0°0060002 
- OOIOII7I 
— 0°0142245 
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Table I. Functions of order zero 


Υ (5) 


01461449 
01490909 
O°1519731 
0°1547905 
01575421 


0°1720147 
0°1748790 
0-1770701 
O°1 791575 
0°1812302 


0°1946095 
0°1961530 
+ 0°1974163 


+ 0°1985989 
+ 0°1997005 
+ 0:2007208 
+ 0°2016595 
+ 0°2025163 


+ 0°2032910 
+ 0°2039834 
+ 0°2045933 
+ 0°2051206 
+ 0°2055652 


+ 0°2059270 
+ 0°:2062060 
+ 0°2064022 
+ 0°2065157 
+ 0:2065464 


+ 0°2064946 
+ 0°2063603 
+ 0'2061436 
+ 0°2058449 
+ 0°2054643 


ΙΗ (x)| 


0'2130243 
0°2128727 
O-2127214 
0-212570 
0°212419 


0*2122695 
O°2121195 
o'2119699 


O:2118205 | 


O'2116715 


O°2115227 
0°2113743 
O°-2112262 
0°2110784 
0°2109310 


0:2107838 
0:2106369 
0°2104904 
0°2103441 
O-2101982 


0°2100525 
0-2099072 
0-2097621 
0:2096174 
0°2094729 


0:2093288 


0:2091849 


0-2090414 
0°2088981 
0°2087552 


0:2086125 
0°:2084701 
0:2083280 
0-2081862 
0°2080447 


0°2079035 
0:2077626 
0°2076219 
0:2074816 
0°2073415 


0:2072017 
0°2070622 
0°2069229 
0°2067840 
0°2066453 


0°2065069 
0:2063688 
0°2062 309 
0:2060934 


0-2059561 


(1) 
arg 1, (*) 


757. 46° 38736 
758. 55° 26725 


763° 30° 37°76 
764° 39’ 25762 


a” 
Φ 


769. 14. 36799 
770° 23΄ 24781 
771° 32° 12:63 
772. 41΄ 0744 
773° 49’ 48724 


° 58’ 3610 
774. 98, 30593 


786° 26’ 33°61 
781: 35, 21°33 
783° 44° 9705 
789° 52° 56776 
791° 1° 44*46 


792° 10’ 32715 
793. 19° 19°84 
794. 28" 7552 
795. 36° 55%20 
790° 45° 42787 


797. 54, 30753 
99° 3° 18*19 
00° 12’ 518 

801° 20’ 5374 

802° 29’ 41°12 


809° 22’ 26781 
810° 31° 14740 
811° 40’ 1799 
812° 48° 49°57 
813° 57° 3714 


Hy, (*) 


+ 0°1756839 
+ es 868i 
+ ΟἼΘΙΟΘΟ44 
+ paar eae 
+ 0°1880687 


+ OIQIOI43 
+ 0°1938974 
+ 0°1967169 
+ 0°1994718 
+ 0'2021610 


+ 0°2047836 
+ 0°20733 ὃ 
+ 0:209824 

+ 0°2122416 
+ 0°2145880 


+ 0°2168632 
+ 0°2190663 
+ 0°2211964 
+ 0°2232530 
+ 0°2252351 


+ 0°2271421 
+ 0°2289733 
+ 0°2307281 
+ 0°2324058 
+ 0°2340059 


+ 0°2355279 
+ 0°:2369710 
+ 0°2383350 
+ 0°2396194 
+ 0:2408236 


+ 0°2419474 
+ 0°2429903 
+ 0°2439521 
+ 0°2448324 
+ 0°2456309 


+ 0°:2463475 
+ 0°2469820 
+ 0°2475341 
+ 0°2480038 
+ 0°2483909 


+ 0°2486955 
+ 0°2489173 
+ 0°2490565 
+ 0°2491132 
+ 0°2490872 


+ 0:2489788 
+ ο.2487881 
+ 0°2485152 
+ 0°248160 
+ 0°247723 
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Table I. Functions of order unity 


| (x)| 


695 


eel pee) bettie enn] tm tetris en ῤᾶἔὔὅὺὥ7ῚΔὦὦ 5... 1... 6... 


15°00 


0°1365770 
0°1397201 
0°1428030 
14 55245 
0°1487844 
0°1516805 
0°1545122 
0°1572785 
0°1599783 
ο 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 0°1626107 


"16517 

T7605. 
*1700940 
"1724475 
"1747291 


"1769380 
"1799734 
"IS11346 
"1831209 
"1850317 


o-1868661 
0-18862 37 
0°190303 

0-1919059 
0°1934295 


"1948 
+ o-1962589 
+ 


00000 00000 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


+ 0°2008956 
+ 0°2018572 
+ 0:2027371 
+ 0°2035352 


+ 02042513 | 


+ 0:2048851 
+ 0°2054365 
+ 0°205905 
+ 0206291 
+ 0°2065956 


+ 0°2068167 
+ 0°2069553 
+ 0°2070113 
+ 0:2069849 
+ 02068762 


+ 0:2066853 
+ 0°2064124 
+ 0°2060577 
+ 0°2056215 
+ 0°2051040 


~ 0°1638320 
- 0°1609579 
- 0°1580240 
— 0°1550314 
- O°1519813 


- 0°1488752 


" — O°1457142 


— 0°1424998 
— 0°1392332 
— O°1359159 


0°1325491 
O°1291344 
0°1256731 
0°1221667 
o-1186166 


0°1150243 
O-1L13912 
- 0°1077189 
- 0:1040089 
— 0°1002626 


- 0:0964816 
- 0°:0926676 
- 0°:0888219 
~ 0°0849462 
- 0°0810421 


- oO7711III 
— 0°0731549 
- 0°0691749 
- 0°0651730 
- 00611506 


— 0°0571093 
- 0°0530509 
- 0°04 9709 
- 0:0448890 
- 0:0407888 


- 070300779 
— 0:0325580 
- ΘΌΞΟ ΟΣ 
- 0°024297 

- 0°0201607 


- ΟΟΙΘΟΖ2ΖΙ2 
-- ΟΟΙ18809 


— 0°0077415, 


~ 070030045 
+ 0°0005283 


+ 0:0046553 
+ 0°00 325° 
+ O-OI2 33 
+ 0:016985 

+ 0°'0210736 


0°2132937 
RES 1 
0°2129889 
0°2128370 
0:2126855 


0°2125342 
0°2123833 
0°2122327 
0:2120824 
0°2119325 


0°2117828 
0°2116335 
0211484 
0°211335 
O°2111874 


O'211039 
ΟἾΖΙΟϑΟΙ 

0°2107442 
0-2105971 
0:2104502 


0°2103037 
O°2101575 
O*2IOOIIO 
0-2098660 
0°2097207 


0°2095757 
0°2094310 
0°2092866 
0°2091425 
02089987 


0°2088552 
02087120 
0:2085691 
0°2084265 
0°2082842 


0°2081 422 
0°2080004 
0°2078590 
0°2077178 
0°2075769 


0°2074303 
0°2072960 
0°2071560 
raed rhe 
0:206876 


aoe Σ᾽ 
0°20659 

0°2064602 
0-2063219 
0-2061838 


669° 48° 57751 
670° 57, 35700 
ole. 6’ 12751 
73. 14” 50°04 
674° 23’ 27760 


675° 32΄ 5°17 
676° 40° 42°77 
Clee 49. 20739 
678° 57’ 58703 
680° 6’ 35*69 


681° 15’ 13738 
682° 23’ 51:08 
683° 32’ 28:81 
684° 41" 6755 
685° 49’ 44732 


686° 58’ 22711 
688° 6’ 59:92 
689° 15΄ 37775 
690° 24’ 15*60 
691° 32° 53747 


002. 41, 3137 
6093. 50. 972 
694 58° 47%22 
696° 7’ 25718 
697° 16’ 3716 


698° 24’ 41714 
699° 33’ 1971 
700° 41" 5711 
701° 50° 35*23 
702° 59° 13731 


704° 7° 51740 
705° 16’ 29751 
700° 25° 7764 
707” 33) 45:80 
708° 42° 23°97 


709° 51’ 2716 
710° 59’ 40736 
7129 Ὁ 1800 
713° 16΄ 56784 
714° 25’ 35710 


721° 17’ 2509 
722° 26’ 3749 
723° 34’ 41%90 
724 43, 20°33 
725° 51° 58°79 


+ 0°503 


+ 0°4759804 
+ 0°4788455 
+ 0°4817705 
+ 0°4847542 


+ 0°4877954 


+ 0°4908927 
+ 0°4940449 
+ 0°4972506 
+ oO: 3003085 

172 


+ 0°5071753 
+ O'5105814 
+ 0°514034I 
+ 0°5175320 
+ 0°5210736 


+ 0°5 240375 
+ 0°5282821 
+ 0:5319460 
+ 0°5350477 
+ 0°5393°57 


eve 
4 

"5508016 
"3540091 
"5585651 


0-5624879 
0°5664361 
0-5704080 
0°5744019 
0°5784163 


+ 0 
+O 

+0 

+ 0 

+O 

+ 

+ 

+ 

+ 

+ 

+ 0°5824496 
+ 0°5865001 
+ 0°5905662 
+ 0°5940403 
+ 0°5987387 
+ 0:6028418 
+ 0:6069539 
+ 0°61 10734 
+ 0°6151987 
+ 0°6193280 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


0°6234599 
0:6275926 
0°631724 
0°635853 
0°6399791 


ord A008 7 
0°6482109 
0°6523142 
0-636 4008 
0°6604873 


696 
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ΓΡῚ{| 


-- 
-- 
-- 
-- 
-- 


{ι|͵͵᾿|ἐ{ϊτπ:ΠΙπ᾿77᾽ΌϑθΠΠΓΕΓἅΓἘΌὈ-ὃὡὠ{[1ὲϊ| 
99900 99900 


he € SP 


oe ΤῸ 


0°0183207 
0°0224042 
0:0264732 
0:0305263 
0°0345619 


0°0385782 
0°0425738 
0°0405472 
0:0504967 
0:0544208 


0:0583180 
0:0621868 
0°0660256 
0:0698330 
0:07 36075 


ΘΟ 773477 
00810521 
0:0847192 
0°0883477 
0°0919362 


0:0954833 
οὐδοῦ ας 
0-1024478 
0°1058626 
0*1092307 


1125507 
1158215 
1190418 
1222103 
1253260 


99000 


1283875 
131303 

1343438 
1372363 
I 400702 


ie 
"1455593 
"148210 
150799 
1533257 


1557872 
1581832 
1605130 
1627757 
1649705 


1670966 
1691532 
1711396 
1739551 
1748991 


29000 


TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


"1959795 
*1946367 
1932268 
"IQI7415 
‘IQOI8I5 


"1885475 
-1868403 
*1850607 
-1832093 
-1812872 


"1792950 
1772338 
"175104 
*172907 
"1706449 


+ 0°1683167 
+ 0°1659242 
+ θαι οἷς 
+ 0°1609506 
+ 0°1583715 


+ 0°1557325 
+ 071530346 
+ 0°1502790 
+ 0:1474668 
+ O-1445992 


+ O°1416775 
+ 0°1387029 
+ 0°1356766 
+ 0°1326000 
+ 0°1294742 


+ 0:1263006 
+ 0°1230805 
+ O-1198153 
+ O°-1165064 
+ O-1131550 


+ 0°1097626 
+ 0°1063305 
+ 01028603 


+ 0°0993533 
+ 0-0958I10 


0:2058I191 
0°2056823 
0°2055459 
0°2054097 
0°2052737 


0°2051381 
0°2050027 
0°2048675 
0°2047327 
0:2045981 


0°2044638 
0°2043297 
0°2041959 
0:2040624 
0°2039291 


0:2037961 
0-2036633 
0°2035308 
0:2033986 
0°2032666 


0°2031349 
0°2030034 
0°2028722 
0°2027412 
0°2026105 


0:2024801 
0°2023499 
02022199 
02020902 
0:2019607 


0:2018315 
0:2017026 
0:201 5739 


0°2014454 
0°2013172 


o-201 1892 
O:2010615 
0°2009340 
0°2008067 
0°2006797 


0°2005530 
0:2004264 
0°2003001 
0-2001 747 
0°2000483 


0-1999227 
0°1997974 
0°1996723 
0°199547 
0:199422 


813° 32° 4773 
819° 41’ 34793 


820° 50’ 22747 
821° 59’ 10%01 
823° 7/5755 
824° 16’ 4510 
825° 25° 32°57 


826° 34’ 20708 
827° 43’ 7458 
828° 51’ 55708 
830° ο΄ 42758 
831° 9’ 3007 


832° 18’ 17755 
833° 27" 5703 
834° 35” 52750 
835° 44’ 39706 
830° 53° 27:42 


838° 2’ 14°87 
839° 11’ 2132 
840° 19’ 49776 
841° 28’ 37:20 
842° 37° 24°63 


843° 46’ 12°06 
344,54, 5974® 
846° 3΄ 46%389 
847° 12’ 34%30 
848° 21’ 21°71 


[4 


849° 30’ ΟἿἿΙ 
850° 38’ 50,20 
851° 47’ 43189 
852° 50’ 31727 
854° 5° 18765 


855° 14’ 6%02 
850" 22" 53°39 


857° 31” 40775 |. 
8589 


40΄ 28111 
859° 49’ 15746 


860° 58’ 2781 
862° 6’ 50*1 
863° 15’ 37% 
864° 24’ 24*81 
865° 33’ 12714 


866° 41’ 59746 
ue 50° 46%78 
868° 59’ 34%09 
870° 8’ 21739 
871° 17’ 8160 


+ 0°2472058 
+ 0°2466066 
+ 0°2459265 
+ 0°2451659 
+ 0°2443252 


+ 0:2434048 
+ 0°2424052 
+ 0:2413268 
+ 0°2401701 
+ 0°2389357 


+ 0°2376242 
+ 0°2362361 
+ 0°2347721 
+ 0°2332329 
+ 0:2316191 


+ 0°2299315 
+ 0:2281707 
+ 0°2263377 
+ 0°224433I1 
+ 0:2224578 


+ 0°2204127 
+ 0:2182987 
+ 0-2161166 
+ 0°2138674 
+ 0°2115520 


+ 0°2091715 
+ 0°2067269 
+ 0°2042I19E 


+ 0°2016493 


+ O-1990185 


+ 0°1663866 
+ 0°1631163 
+ 0°1598009 
+ 0°1564420 
+ 0°1530407 


+ 0°1495986 
+ O-1461170 
+ 0°1425972 
+ 0°1390409 
+ 0°1354493 


Tie) 


+ 0°2045057 
+ 0°2038267 
+ epee tel ες 
+ 0°2022286 
+ 0:2013102 


+ 0°2003130 
+ 0:199237 

+ Boson ἢ 
+ 0°1968530 
+ 0°1955454 


0-1941618 
0:192702 

O1or 468s 
0'1895608 
0:1878794 


0-186125 
0°184299 
0°1824032 
0:1804363 
0°1784003 


0-1647812 
0:1622868 
0°1597310 
O°1571149 
0°1544396 


0:1517062 
Oi g8o166 
0°1 460700 
0°1431695 
O0°1402157 


"1214444 
"1181532 


ο 
ο 

O-1148192 
O°II1 4436 
0°1080279 


+ 0°1045735 
+ ΟἼΟΙΟΒΙ 

+ 0°0975542 
+ 0:0939922 


+ 0°0903972 | 


WwW. B.F, 
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Y,(*) 


+ 0°0251476 
+ 0°0292062 
+ 0°0332478 
+ 0°0372707 
+ 0°0412735 


+ 0:0452546 
+ 0°0492124 
+ 0°0531454 
+ 0°0570521 
+ 0:0609309 


+ ee he 
+ 0:0685990 
+ 0°0723853 
+ 0:076137 


+ 0:0798551 


+ 0°0835358 
+ 0:0871785 
+ 0:0907816 
+ 0°0943440 
+ 0:0978642 


+ 0-101 3409 
+ pales LEY 
+ 0-10 1584 
+ O'II1496 

+ O-1147861 


+ 0:1180258 
+ O-I2I2142 
+ 0°1243503 
+ 0°1274329 
+ 0°1304608 


+ 0°1334329 
+ 0°1363480 
+ 0°1392052 
+ 0°1420033 
+ 0°1447413 


"1665207 
-1686064 


0°1706224 
0:1725680 
O°1744424 
0°1762450 
0°1779752 


[HT (x) | 


0:2060460 
0:2059085 
0°2057713 
0°2050344 
0°2054977 


0°2053613 
0°2052252 
0°2050893 
0°2049537 
0°2048184 


eae: 
0°2045486 
0°2044141 
0°2042798 
0°2041459 


02040121 
0:2038787 
0°2037455 
0°2036125 
0°2034799 


0°2033475 
0°2032153 
0°2030834 
0°202951 

0°2028204 


0°2026892 
0°202558 
0°202427 
0°2022974 
0°2021673 


0°202037 
0°20190 
0°2017734 
0:2016493 
0°201 5204 


0°2013918 
0'201 2634 
0°2011353 
sae 
0°200879 


0°2007524 
0°2006252 
0°2004983 
0°2003717 
0°2002452 


O:200I1I9gO0 
0°199993I 
01998674 
0°1997419 
0°1996167 


arg H' (x) 


727° 0° 37725 
729° 9, 15°74 
729° 17° 54725 
730° 26° 32°77 
731° 35° 11°31 


732° 43’ 49787 
733, 52, 28745 
735, 1 7° 
736° 9 45°65 
737° 18' 24728 


738° 27, 2793 
739° 35, 41759 
740° 44° 20:27 
741° 52° 58797 
743 1° 37769 


744° 10’ 16:42 
745, 18755717 
746° 27’ 33404 
247..30, 121) 
748° 44’ 51752 


752° 10 


755. 39° 44°67 
750. 45, 23759 
757, 541, 2:52 
759. 2° 41747 
760° 11° 20743 


761° 19’ 59741 
762° 28° 38741 
793° 37, 17°43 
704° 45) 56%46 
795° 54° 35°50 


767" 3° 14756 
568° 11’ 53°64 
700, 20,37 543 
770. 29’ 11784 
771° 37’ 50796 


772° 40’ 3010 
773,53, 9525 
775, 3,48.423 
776° 12΄ 27761 
777° 21" 6*81 


778° 29° 46%03 
A49,, 35,85. 
780° 47, 4550 
781° 55° 43°76 
783° 4° 23*04 


Fi, (7) 


0°6645540 
0°66 Bose 
06726395 
rap ae rt 
0:6806508 


0°6846246 
0:6885753 
0°6925011 
0-6964006 
0°7002724 


0-7041148 
0°7079263 


O°7117056 | 


O°7154512 
O-7191616 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

Ἕ 

+ 

+ 

+ 

+ 

+ 

+ 0°7228353 
+ 0°7264711 
+ 0°7300674 
+ 0°7336229 
+ 0°7371363 
++ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

-+ 

+ 

+ 

+ 

+ 


7 
‘7839140 


-8012712 
+ 0°8034880 
+ 0°8056365 
4+- 0°8077161 


+ 0°8097259 
+ 08116653 
+ 0°8135336 
+ 0°8153300 
+ 0°8170541 


697 


23 


698 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


IT*OO000000 


a aracea el 
0°961173 

0°9426123 
0°9245939 
0°9071009 


o:8901 162 
0°8736233 
08576062 
0°8420496 
0°8269386 


0°8122587 
0°7979961 
0°784137 
0-770669 
0°7575806 


OTA 7e 
0°7324896 
0°7204648 
0°7087725 
0°697 4022 


oes 
0°6755870 
0:6651228 
0°6549419 
0°6450353 


0°6353945 
o-62601IT 


0°6168773 
0°6079851 
0°5993272 


0°5908962 
0°5826853 
0°5746875 
0:5608963 
0°5593955 


0°5519089 
0°5447006 
0°5376748 
05308260 
0°5241489 


0°51 76383 
0°5112892 
075050967 
0:4990561 
0'4931630 


0°4874128 
0-481801 
0°47632 
0°4709788 
0°4657596 


0°0000000 


0:0098025 
0-:0192196 
0°0282657 
0:0369 542 
0°0452904 


0:053311II 
0°0610043 
0°0683899 
0°0754 92 
0°0822831 
0:0888122 
0-0950766 
O-:IOIO861 
o:1068501 
0°1123776 


0°1170774 
O°1227579 
0°1276272 
0°1322931 
0-1 367632 


O°1410447 
0°1451446 
0°1 490697 
0°1528263 
0°1564208 


0°1598592 
0°1631473 
0:1662906 
0-1692946 
0°1721644 


O°174905I1 
0°1775214 
o: 1800181 
01823995 
0°1846700 


0:1868337 
01888946 
0:1908567 
0°1927235 
0°1944987 


0‘1961857 
eee 
0°1993093 
0°2007502 
O°2021165 


0'2034101 
0°2046336 
meee EE 
0°2008813 
0'2079104 


a 1098370 
3°4727993 
3°1142387 
2°867991I1 
2'6823261 


2°5344522 
2°4123173 
2:30 7074 
2: 2192980 
2°1407573 


2°0709767 
2°0083522 
1-9516748 
I-QOOOII4 
1-8526273 


1-8089345 
1:7684552 
1*73079061 
1°6956301 
1°6626821 


1°6317188 
1°6025406 
15749758 
1°5458754 
1 5241094 


1°5005638 
1°4781381 
1-4567432 
1*4363000 
1-4167376 


1°3979927 
1°3800080 
1:3627320 
1°3461180 
1°3301237 


I*3147102 
1°2990425 
1285488? 
1:2716174 
1°2582031 


*2452202 
"2320455 
"2204575 
"2086362 
"1971634 


-1860217 
“1751953 
*1646692 
°1544294 
1444031 


μι μὲ μι bet 


μι» et μι μὶ 


50-9638701 
25°9404241 
17°5879738 
13: 4048206 
10°8901827 


9°2102792 
8-0076794 
7°1036124 
6-3987260 
5°8333860 


5°3290274 
4°9821285 
4°6533504 
4°3797591 
4°1251578 


3°9096449 
3°7189398 
3°5489328 
3°3963772 
3°2586739 


3°1337176 
3°0197845 
2°91 54495 
2°8195242 
2°7310097 


2°6490599 
2°5729537 
eaten 
24358821 


2°3739200 


2°3157825 
2°2611160 
2°2096099 
2°1609894 
21150113 


2°0714590 
2°0301 393 
I-9908791 
1°9535227 
1°9179303 


18839752 
1-8515429 
1°-8205294 
1°7900 399 
1-7623882 


1 7350054 
1-7088892 
110837033 
1:659476 

1-63601535 


I-O000000 


ΤΌ ΞΟΤΟΤ, 
‘040810 

pepe ee 
-0832871 
"1051709 


"1274969 
1502738 
*E735109 
‘197217 
"221402 


μιν μι με 


μι μ "μὴ 


1:246ογ767 
1:2712492 
1 2ΟΘ6Ο3ΟΙ 
1:3231208 
1:3498 588 


1:3771278 
1:4049476 
1°4333294 
1°4622846 
14918247 


I°5219616 
ΤΡ 2ΤΟΤ2 
1 55ὅ40740 
I1-6160744 
1-6487213 


16820276 
1:7160069 
I*7506725 
εἰν Γ02:1 
1-822118 
1-8589280 
1-8964809 
1°9347923 


1:9738777 
2°0137527 


2°0544332 
2°0959355 
2°1382762 
2°1814723 
2°2255409 


2°2704998 
2°3163670 
2°36316007 
2°4108997 
2°4590031 


2°5092904 
2°559981 4 
2°61 16965 


ἀιγελλβτα 
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Table II. Functions of imaginary argument, and e* 


x δ᾽. Ὁ T(x) ο. 7, (x) ev K(x) eX K(x) et Ζ 
I-02 0:4606636 0:2088796 1°1347579 1°6136817 2°7731948 1-02 
ΤῸ 0°4556871 0°2097912 I°I 253024 1°5920135 2: 8292170 1-04 
ΤῸ 0°4508266 0°2106473 I*1160860 1*5711046 28863710 I-06 
1-08 0°4460788 O'2114501 i se aoe I°550Q141 2°9440796 1:08 
1-Io 0°4414404 O°2122016 1°0933303 1°5314038 3:0041660 IIo 

0-4369082 0°2129039 1°0897726 I°5125382 3-0048542 12 
0°4324792 0°2135587 1-0814169 1°4942846 3°1267684 
0°4281504 0°2141680 1°0732553 1°4766120 3°1899333 
0°4239190 | 0°2147335 | I-0052602 | 1°4594919 | 3°2543742 
0-4197821 0°2152569 1°0574845 1°4428976 3°3201169 
1" 0°4157371 0°2157398 : Paes 1-4268038 3°3871877 , 
1: O°4117813 0°2161838 I°04240 1.4111872 3°4556135 . 
1 0°4079123 0°2165905 1°0351082 I-3960258 3°5254215 . 
Ι" 0°4041277 O*2169613 I'0279662 1-3812990 3°5966397 : 
1:30 Ο᾽4004249 0°2172976 1°0209732 1°3669873 3°6692967 -30 
1:32 0°3968018 0°2176008 I-0141239 1°3530725 3°7434214 1:32 
1:34 0°3932561 oe ele 1°0074136 1°3395375 3°38190435 1:34 
1.36 0°3897 37 O-21381129 1°0008375 1-3263660 3:8961933 1:36 
1.38 | 0°3863885 | 0:2183243 | 0°9943910 | 1:3135429 | 3°9749016 | 1:38 
I-40 0°3830625 0°2185076 0°9880700 I*3010537 4'0552000 1:40 
1:42 0°3798057 0-2186638 ooo 1-2888849 4°137120 I-42 
1:44 0°3766162 0°2187941 0:9757881 1:2770235 4°220695 1:44 
1:46 | 0:3734922 | 0°2188994 | 0°9698197 | 1:2654575 | 4°3059595 | 1-40 
1-48 | 0-3704319 | 0:2189809 | 0:9639615 | 1°2541752 | 4°3929457 | 1-48 
1:50 0°3674336 02190394 O-9582I0OI | 1°2431659 4°4816891 1:50 
1:52 0°3644956 0*2190759 0°9525622 1°2324190 4°5722252 1:52 
1.54 0°3616163 0-2190913 0:9470148 I°2219249 4°0045903 1°54 
15 0°35879041 0°2190865 0:9415648 I-2116741 4°7588212 1:56 
1:58 0°3560275 0°2190623 0°9362095 I°2016578 4°8549558 1:58 
1-60 0°3533150 O°2190195 0:9309460 1°1918676 4°9530324 I-60 
1°62 0°3506552 pat σε 0°9257717 1-1822954 5°05 30903 1:62 
164 0°3480467 . Or2188812 0°9206842 1-1729335 5°1551690 1-64 
1-66 0°3454881 0-2187872 0'9156810 1-163 748 5°259310 1-66 
1:68 0°3429782 ΓΖ ΟῚ 0°9107597 I'1548123 5°3055560 1-68 
1-70 | 073405157 | 0°218552 O-GO5QI8I | 1°4460392 | 5°4739474 | 1°70 
1:72 0°3380993 0°2184138 O-QOII541 r'1374494 55845285 1:72 
1:74 0°3357279 0°2182610 pasar eee 1-1 29036 5°60973434 1:74 
1:76 0°3334003 0°2180952 0°8918506 1°1207955 5°5124374 1:76 
{75 0°3311153 0°2179167 0-8873072 r-1127201 5°9298504 1-78 
1°80 0°3288719 0°2177263 0°8828335 I°1048054 6:0496475 1-80 
1-82 0°3266691 0°2175244 seen 17: 10970461 6°1718584 1:82 
1°84 0°3245058 O-2173115 0:87408382 1:0894376 6°2905383 1°84 
1-86 0°3223810 | 0-2170881 0:8698132 1:0819752 6°423736 1-86 
1°88 0°3202938 0-2168548 0°8656012 1°0746544 6°5535049 1-88 
1:90 0°3182432 o-2166119 0°861 4506 10674709 6-6858944 1:90 
1:92 0°3162282 0°2163599 0°8573599 1:0604208 6°8209585 1:92 
1.94 0°3142481 0°2160993 0°8533277 I'0535000 69587510 Ὁ 
196 0°3123020 0°2158304 0°8493526 1-0467048 7°0993271 τος 
1-98 0:3103890 0°21555360 0°8454332 10400316 7°2427430 1-98 
2-00 0:3085083 0°2152693 0:8415682 1°0334768 7 80056: 2°00 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and 65 


6. J, (x) 


0°3066592 
0°3048408 
0°3030525 
0°3012935 
0°2995631 


0:2978606 
0:2961855 
0:2945369 
0°29291 44 
02913173 


0:2897451 
0:2881970 
0:2866727 
0°2851715 
0:2836930 


0:2822366 
0:2808018 
0°2793881 
0°2779951 
0'2766223 


0°2752693 
0°2739350 
0:2726209 
0°271 3246 
0°2700404 


0-2687860 
0°2675429 
0°2663168 
0:2651072 
0:2639140 


0°2627367 
See Vs 
0:2604285 
0°2592970 
0°2581801 


0°2570776 
0°2559092 
0°2549146 
0°2538534 
0°2528055 


0:2517706 
0:2507484 
0°2497387 
0°2487412 
0°2477557 


0:2467820 
0°2458198 
0°2448690 
0:2439292 
0°2430004 


e-* I, (#) 


0°2149779 
0°2146797 
0°2143750 
0°2140643 
0°2137477 


panne 
02130933 
0°2127660 
0°2124291 
0°2120877 


O°2117422 
0°2113927 
ee 90 
0°2106829 
0'2103230 


0*2099600 
0°20959041 
0°2092256 
0°2088545 
0-2084811 


0°2081055 
0°2077279 
0°20734°5 
0°2069674 
072065846 


0*2062005 
O-2058151 
0°20542 
0:205040 
0°2046523 


0°2042628 
0°2038727 
0°2034820 
02030907 
0°2026991 


0:2023071 
0°2019148 
0°2015224 
0*2011299 
0°2007374 


0*2003450 
0°1999527 
01995606 
0-1991688 
0:1987773 


0:1983862 
0°1979955 
0°1976053 
O°1972157 
0:1968267 


e* K(#) 


0°837756 
0°833990 
0°8302 

Ὁ. 82 6626} 
0°8230172 


0°8194537 
0°8159366 
08124650 
0°8090377 
0:8056540 


0:8023128 
0°79901 33 


0°79253 
0°7893561 


0-7862149 
o-7831 112 
0-7800443 


0°77 79135 
0-7740181 


0:771057 
δ eta 
0:7652376 
017073772 
0°75954°7 


0°75073 18 
90°7539°59 
ὙΠΕΝ 
Bracken: 


0°7432205 
0-74060I1I 
0°7380094 
0°7354449 
0°7329072 


0°7393957 
0°7279102 
0°7 2545990 
07230148 
0°7206041 


0-7182176 
0:7158548 
Ο7135154 
Ο͵7ΙΙτ19δ90 
0-7089050 


0°7000333 
0°7043934 
O°7021551 
0°6999479 
0-6977616 


e* K(x) 


I*0270373 
I-0207097 
10144909 
I 6004780 
1-0023681 


09964584 
0°9906463 
0:9849292 
09793046 
0°9737702 


0:9683236 
0°:9629626 
0°9576851 
0°9524890 
0°9473722 


0°9423329 
0°9373692 
0°9324793 
0°9276613 
0:9229137 


0°9182347 
0:91 36228 
0°9090764 
0°9045941 
0°9001744 


0°8958159 
o-8915172 
0°8872771 
0°8830942 
08789673 


0°8748952 
0°8708767 
0°8669107 
0:8629961 
0°8591319 


0°8553169 
0°8515502 
0-8478308 
0:8441577 
0°8405301 


0°8369469 
0°8334074 
08299106 
0°8264557 
0-8230420 


0:8196687 
0-8163349 
0-81 30399 
0:8097830 
0:8065635 


eX 


7°5383249 
7°6906092 
8459698 
*0044689 
8-1661699 


8-3311375 
§°4994370 
8-6711377 
8-8463063 
9°0250135 


92073308 
973333303 
9°5830892 
9°7706804 
9°9741825 


10°1756743 
10°3812366 
T0°5909515 
10°8049029 
II-0231764 


11°2458593 
1 4730407 
11 7Ο48115 
11:9412644 
12°1824940 


rap coh ead 
12:6796710 
12°9358173 
13°1971332 
13°4637380 


13°7357236 
14°01 32036 
14°2962891 
14°5850933 
14°8797317 
15°1803222 
1248608 51 
15*7998429 


16-I1190209 | 


16'4446468 


16-7768507 
17°1157655 
tA Se ae 
17°8142732 
16:1741454 


18:5412875 


18°9158403 
19°297971 

19°6878167 
20:0855369 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e? 


e~* I, (x) 


0'2420822 
0°2411745 
0°2402772 
0°2393099 
0:2385126 


0°2376451 
0°2367 4: 
0°23593°5 
0°2350991 
0:2342688 


9447} 
0°232634 

0:2318308 
07310332 
0°2302480 


0°2294689 
0-2286978 
02279346 
0°2271792 
0:2264314 


0°22569I11 
02249582 
0°2242325 
0°2235140 
0°2228024 


0:2220978 
02214000 
0:2207089 
0°2200243 
0°2193462 


0°2186745 
0-2180091 
0:21 73498 
0°2166966 
0-2160494 


0:2154081 
0°2147726 
O°2141429 
0'2135187 
0-21 29001 


0°2122870 
O-21 10793 
0°211076 

o°210 439 
0°20900875 


0°2093005 
0°2087186 
0-2081415 


0°2075093 
0-2070019 


e~® J, (x) 


0°1964383 
0-1960506 
0°1956637 
0°1952775 
0°1948921 


0°1945076 
0°1941240 
0°1937412 
Bo ge 
0°192978 


0°1925988 
0+1922200 
01918423 
0-19146057 
0-1910902 


0°1907158 
0°1903425 
01899704 
0°1895995 
0:1892299 


0-1888614 
0°1884941 
ο.1881282 
0°1877634 
0-1874000 


0:1870378 
0°1866770 
0°1863174 
0°1859592 
0-1856022 


0°185246 
τα δ: 


0:1845396 | 
42880 


0:18 
0°1838379 


0:1834891 
0°1831416 
0°1827956 
0°1824509 
0-1821076 


0°1817657 
0-1814251 
0-:1810860 
0°1807482 
o-1804119 


0-1800769 
0°1797433 
O-17Q4I1II 
0°179080 
0:178750 


εἴ Ky(*) 


0°6955958 
07093450! 
0°6913243 
a eee 
0°6871311 


06850631 
0°6830138 
0:6809829 
0:6789701 
0°6769751 


0°6749978 
0°673037 
0°67109 
0-669168 7 
0:6672592 


0°6653660 
0°6634890 
06616278 
0°6597823 
0°6579523 


0:6561375 
0°6543377 
0°0525327 
0°6507823 


0°6490263 © 


0°6472846 
0°6455569 
0°6438430 
0°6421427 
0°6404 560 


0°6387825 
0°6371221 
0°0354747 
0°6338401 
0°6322181 


0:6306085 
06290112 
ade eae: 
0°6258529 
0:6242916 


0°6227419 
56414048 
0°6196771 
0°6181617 
0°6166573 


0-6151640 
0-61 30514 
0°612209 

0°6107484 
0:6092977 


0-8033807 
08002339 
0°7971224 
0°7940457 
0:7910030 


0-7879938 
0:7850176 
0°7820736 
0-7791613 
0°7762803 


0°7734299 
0-7706096 
0-7678189 
0°7650573 
0°7623243 


0-7596194 
0°7509422 
0°7542922 
0-7516690 
0-7490721 


0:7465010 
0°7439555 
0°7414350 
0-7389391 
0° 7364675 


0°7340199 
0°7315957 
0°7291947 
0:7268105 
0°7244607 


0:7221270 
0:7198150 
O°7175245 
0°7152551 
0°71 30065 


0°7107784 
0-7085704 
0°7063823 
0°7042139 
0°7020647 


0:6999345 
0°6978232 
0:6957302 
070930533 
069159 


0°6895598 
e682 28 
0°6855339 
0:6835466 
0:6815759 


a (i EE Ny ne 


20°491292 
20°905243 
21°327557 
21°758402 
22°197951 
7: ὉΆ0 150 
23°103867 
23°570596 
24°040754 
24°532530 


25 Ο28120 
25°533722 
29°049537 


26°575773 
27°112639 


of Stee ba 
28°219127 
28-789191 
29°3709771 
29°964100 


30°590415 
31°18695 

31-816977 
32°459722 
33°115452 


33°784428 
34°406919 
35°163197 
35°873541 
36°598234 


37'337 68 
38-091837 
38°861343 
39°646394 
40°447304 


41-264394 
42097990 
42:948426 
43°816042 
44°701154 


45°604208 
46°525474 
47°405351 
48°424215 
49°402449 


50°400445 
51°418601 
52°457326 
53°51 7934 
54°590150 
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TABLES OF BESSEL FUNCTIONS 


Table IJ. Functions of imaginary argument, and e* 


0°2064393 
Ssoctbas 
0°2053278 
0°2047799 
0°2042345 


0°2030945 
0°2031589 
0*2026275 
0:2021003 


02015774 


0201058 
0°200543 
0*20003 30 
0°1995262 
0°1990233 


0°1985242 
0:1980290 
0°1975375 
0°1970497 
0-19656056 


ΟἼΘΟΟ οἱ 
o°1950081 
0°195134 
0-19466 4 
O0°1941953 


0°1937352 
"1932754 
"1928190 
"1923658 
ἼΟΙΟΙ 59 


‘1914692 
-1910256 
"1905851 
‘1901478 
‘1897134 


0:1892821 
0°18885 38 
0°1884283 
0:1880058 
0-1875862 


0:1871694 
0°1867554 
0°1863442 


0°1859357 
0°1855300 


O000 


oo00o000 


0°1851269 
0°1847265 
0:1843287 
0°1939335 
0°183540 


0°1784228 
0-1780961 
O°1777799 
0°17744709 
0°1771245 


0°1768033 
0°1764836 
0°1761652 
0°1758482 
0°1755325 


0°1752182 


01749053 


0°1 745937 
0:1742835 
0°1739740 


0°1 736671 
0°1 733609 
0-1730560 
0°1727525 
0*1724502 


0°1721493 
0°1718497 
ΠΕΣ 

545 
το δὲ 


1706644 
1793773 
1700795 
1697890 
1694997 


1692117 
1689250 
1686395 


1683553 
1680723 


ee 


299290 


eee ce 


1677905 
1675100 
1072307 
1669526 
1666757 


229000 


1664000 
1661256 
1658523 
1655802 
1653093 


1650396 
1647710 
1645036 
1642374 
1639723 


222 Ore 


φοφοςρ 


0:6078573 
0-6064270 
0:6050069 
0:6035968 
0:6021965 


0:6008060 


. 095994251 


0°5980537 
075966917 
0°5953390 


90°5939955 
0°5926011 
0°5913357 
O0-5Q900192 
0°5887114 


075874124 
0+5861220 
0:°5848400 
0°58356005 
0°5823013 


075810443 
0°579795 
0°578554 
0°5773218 
0°5760968 


0°5748796 
0:5736701 
0°5724683 
0°5712740 
0°5700872 


0:5689078 
0°5677357 
0:5665708 
0°5654131 
0°5642625 


0°5631189 
075619823 
0°5608525 
0°5597295 
0°55861 33 


0°5575038 
0°5564008 
0°5553045 
0°5542145 
0°5531310 


0°5520539 
0°5509 δι 
0°5499184 
0°5488599 
0°5478076 


0°6796219 
0°6776840 
Ὁ 7 7025 
0°67338504 
0°6719662 


0:67009I 
0-6682 3 
0:6663872 
0°6645575 
0:6627424 


0°6609418 
06591553 
0°6573830 
0:6556246 
0°6538798 


0°6521486 
0°6504308 
0°6487262 
0°6470346 
0°0453559 


06436899 
0°6420364 
06403953 
ae eho 
0637149 


0-6355450 
0°633952I 
0°6323708 
0°6308010 
0-6292426 


0°6276955 
0°62615905 
0°6246345 
0°6231203 
0:6216169 


06201241 
0°6186418 
0-6171699 
0°6157082 
0-6142566 


O-6128151 
0°611 3834 
0-6099616 
Orog 424 
0:6071 46 


0°6057537 
0°604 3099 
0°6029955 
0:6016301 


0'6002739 


ree Se feet ppemrennee fae cs fA AG GS SS [SSeS EP PE ES ἢ at EES 


55°701106 
56326343 
57°974311 
J0°nto4e3 
60°340288 


61°559242 
ἘΣ ΒΟ 282: 
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1°450869 


83°096285 
84°774942 
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gO-017131 


91835598 
93°690800 
957583480 
97°514394 
99°484316 


IOI-444032 
103.544348 
105°636082 
107°770073 
109°947172 


112°168253 
114°434202 
116°745926 
119.104350 
121°510418 
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134°289780 
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145.474382 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


e~® T(x) 


0°1831507 
Beet oa: 
0-1823780 
01819953 
O-18I6151 


0-1812373 
0-1808618 
0-1804887 
01801180 
0°1797495 


0°1793833 
O-1790194 
ἀν ἀκ ον 
0-1782982 
0°1779409 


2} 
“177 

0-1 568815 
0°1 765331 
0°1761863 


0:1758417 
O°1754991 
071751585 
0°1748199 
0°1744833 


0:1741 486 
0°1738159 
0°1734850 
0°1731561 
0:1728291 


0°1725039 
0:1721806 
O'1718591 
O°1715394 
O-1712215 


0-1 709054 
O-I705Q9I1I 
0-1702785 
Beek 
0°1696584 


0-1693509 
O°169045I1 
0:1687410 
0°1684385 
0°1681377 


ot erese4 
0'167540 

0:1672448 
0°1669503 
0-1666574 


0:1637083 
0-1634 53 
0°163183 

0°1629233 
0°1626639 


0°1624055 
o-162t4hs 
o-1618922 
0-1616372 
0-1613833 


O-I1611304 
01608787 
0°1606280 
ea teoe 4 
ΟἼἾἼΘΟΙ29 


0°1598823 
0°1596358 
0°1593904 
0°1591460 
0-1589026 


0:1586603 
0°1584189 
0-1581786 
0°1579393 
0°1577010 


0°1574637 
O°1572274 
0°1569920 
0°1567576 
0°1565242 


0-1562918 
0-156060 
0°155829 
0-1556002 
0°1553716 


0°1551439 
ΟἼ549171Ι 
0'1546913 
0°1544664 
O°T5 42424 


0°15 40193 
0°1537971 
0°1535758 
0°1533554 
0°1531359 


0°1529172 
0°1526995 
0°1524826 
0-1 522666 
O:1520515 


0°5467613 
0°5457209 
0°5446865 
0°5436580 
0°5420354 


0°5416184 
0°5406072 
0°5396017 
0°5386017 
0°5376074 


0:5366185 


" 075350350 


0°5346570 
0°53363843 
0°53271 70 


0°5317549 
0°5307980 
0°5298462 
0°5288996 
0°5279580 


0°5270215 
0-5260899 


— 0°5251633 


0°5242416 
0°5233247 


0°5224127 
0°521505 
0°520602 
0°5197049 
O-5188116 


0°51 79230 
0°5170389 
0°5161593 
0°5152842 
0°5144136 


0°5135474 
O°5126 3? 
0-5118280 
0°5109748 
0°5101258 


0-509281I1 
0:5084406 
0°5076042 
0°5007719 
0°5059438 


O°5051197 
0°5042996 
0°5034835 
0°5026713 
0°501863I 


0°5949375 
0°5936250 


0°59232I1 
0°5910250 
0°5897384 
0°5884594 
0:5871886 


0-5859258 
0-58467I10 
0°5834241 
0°5821850 
0° 5809536 


0°5797299 
0°5785137 
0°5773050 
0°5761038 
0°5749099 


0°573723 
0°572543 
0°5713715 
0°5702062 
0°5690480 


0°5078966 
0°5667521 
05050144 
0°5644834 
0°5633590 


0°5622413 
0°5611300 
0:5600253 
0°5589269 
0°5578348 


0°5507491 
0-5 556095 
0°5545962 
0°5535289 
0°5524676 


0°5514124 
0°5503031 
0°5493197 
075482821 
0°5472503 


0°5462242 
Berane 
0°5441889 
0°5431796 
0°5421759 


1151-41130 
£54°47002 
157°59952 
160-77406 
Ι64 ΟΖΙΟΙ 


167:33537 
170:71577 
{74 Ἐ9410 
{205 Ι 
181:27224 


184:93418 
188-6 O10 
192°48149 
196-36988 
200-3 3681 


204:28388 
208: 51271 
212°7249 
217°0222 
22140642 


225°87912 
230°44218 
235°09742 
239°84671 
24409193 


249°03504 
254°67800 
259°82284 
265°07161 
270°42641 


2 ζ 5°88938 
281°46272 
287-1 4864 
292°94943 
298:86740 


30490.92 
31106441 
3£7°34933 
323°75919 
339°29950 


336°97205 
343°77934 
350°72414 
357°80924 
3©5°03747 


372°41171 
379°93493 
3957-61012 
395°440937 
4093-42879 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


0-1663661 
0°1660763 
0°16573880 
0°1655012 
0°1652159 


0°164932I 
071646498 
0°1643689 
0°1640894 
o-1638114 


0°1635348 
pee eid 
0°1629858 
0°1627134 
0°1624424 


0°1621727 
0-1619044 
0°1616374 
0°1613717 
O-1611073 


0°1608443 
0°1605825 
0°1603220 
0°1600628 
01598048 


01595481 
0°1592927 
0°1590385 
01587855 
0'1585337 


0'1582831 
0°1580336 
0°1577 34 
0°15753°4 
0°1572925 


0°1579477 


0°1568042 | 


ΟἼΘΟΒΟΙΤ 
0°1563204 
0:1560802 


O'1558411 
0°1556031 
0°1553662 
0°155130 
0°154895 


0°1546619 
0°154429 
0°154197 
0°1539672 
0°1537377 


0:1518372 
0°1 516237 
O'I514111 
O°1511994 


0°1509885 | 


0°1507784 
0°1505691 
0°1 503607 
O°1501531 
0°1499463 


071497403 


0°1495351 
0°1493307 
O-1491271 
0°1489243 


0°1487223 
O-1485211 
01483206 
0'1481209 
0:1479220 


0'1477238 
0°1475204 
0°147329 
O°147133 
0°1469386 


0°1467442 
0°1405505 
0°1463576 
0°1461653 
0°1459738 


0°1457830 
0°1455939 
01454036 
O°1452149 
0°1450270 


0°1448397 
01446532 
0°1444673 
071442821 
0°1440976 


0:1439138 
0°1437306 
0'1435481 
0°1433063 
0°1431852 


Ὁ 14 Fae 
0°142824 

0°1426457 
0-1424671 
0°1422892 


075010588 
0°500258 

0"49940% 
0:4986689 
0:4978799 


04970946 
0:4963130 
0°4955351 
04947608 
0-4939902 


0°4932232 
0°492459 
0°491699 
0°49094 34 
04901905 


04894411 
0°4886950 
0-4879524 
0°4872132 
04864773 


0°4857448 
0°4850156 
074842896 
0:483 3009 
0:4828474 


0°4821312 
o-4814181 
0:4807082 
0:480001 
0°479297 


0°4785972 
0°4778997 
0°477205 
0°476513 
0°4758254 


0°4751400 
9°4744575 
0°4737779 
0°4731013 
0°4724276 


0°4717507 
0°4710887 
0°4704235 
0-4697612 
0-4691016 


0:4684449 
0°4677908 
0°4671395 
0-4664910 
0°4655451 


0°5411776 
δ. 2 Πο1 4.8 
0°5391973 
075382151 


0°5372392 


0°5362666 
0°5353001 
0°5343387 
0°5333025 
0°5324313 


0°5314851 
075305438 
0°5296075 
0°5286761 
0°5277494 


05268276 
0°5259105 
0°5249982 
0°5240905 
0°5231874 


0°5222889 
0°5213950 
0°5205050 
0°5196207 
05187402 


0:5178642 
0°5169925 
O-5161251 
0°5152620 
0°5144032 


075135486 
0°5126982 
0°5118520 
0-51 10099 
O-5101719 


0+5093380 
075085080 
0°5076821 
0-5068602 


0°506042I1 . 


0°5052280 
0°5044178 
0°50361I1 

picozseas 
0°5020099 


O:5012149 
0° 5004235 
0-4996359 
0°4988519 
0°4980716 
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437°02919 
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43:42 07 
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492°74904 
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512°35851 
523°2189 
5337886 
544°57191 


555°57299 
5066-79631 
578°24630 
599°92771 
601°84504 


614°00311 
626:40680 
639:06106 
651°97095 
665°14163 


678'57839 
692°28658 
706:27169 
729°53933 
735°99519 


749°94510 
795°99499 
780°55094 
(eee bay 
12°40583 


828-81751 
845°56074 
862-64220 
880-06872 
897°84729 


915°98501 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and 65 


e~* Iq (#) 


0°15350993 
0°1532819 
0°1530554 
0°1528300 
0°1526056 


0°1523822 
01521597 
0°1519382 
a AY Es 
01514982 


0°1512796 
0*1510620 
0'1508453 
0:1506295 
0°1504147 


0°1 502007 
0°1499877 
0°1497756 
01495644 
0°1493541 


0°1491447 
0°1489362 
0°148728 
0°148521 
0°1483158 


0'1481108 
0°1479066 
0°14770932 
0°1 475007 
0°1472990 


0°1470981 
0:1468981 
0°1466988 
0-146 5004 
0°146302 


0:1 461060 
0*1459100 
G*1457148 
0°1455203 
0°1453267 


0°1451338 
0°1449417 
0°1447503 
0°1445597 
0°1443699 


0°1441808 
0°143992 
-0°143804 
0°1436179 
0°1434318 


e~* I, (x) 


0:1421120 
0°1419354 
01417594 
0°1415840 
0-141 4093 


O-1412352 
O-1410617 
0'1408889 
0°1407166 
0-1405450 


0°1403739 
0°1402035 
0°1 400337 
orl 398044 
0°139695 


0°1395277 
0°1 393603 
0°1391934 
0:1 390271 
0'1388613 


0°1386962 
0:1 385316 
0:1383676 
0:1382041 
0-1 380412 


6°1378789 
01377171 
0°1375559 
0°1373952 
0°1372350 


0°1379754 
0°1369164 
0°1367579 
0°1365999 
0°1364424 


0°1362855 
0°1361291 


— 0°1359732 


0°1358179 
0-1 356630 


0°1355087 
0°1353549 
0°1352016 
0°1350488 
0°1348965 


0°1347447 
0°1345934 
0°1344426 
0°1 342923 
0°1341425 


e” Ky (*) 


0°4652019 
0°4645614 
0°4639235 
0°4632882 
0°4626556 


0°46202 ὃ 5 
0°4613980 
0-4607731 
0-460150 
0°459539 


0°45891 34 
0°4582985 
0°4576861 
0°4570761 
0°4564686 


0°4558634 
0°4552607 
0°4546604 
0°4540625 
0°4534009 


0°4528736 
0°4522827 
04516941 
O°45 11077 
0°4505237 


0°4499419 
0°4493024 
0°4487851 
04482101 
0°4476372 


0°4470605 
04464981 
0°4459317 
04453076 
0°4448056 


0°4442457 
0°4430879 
0°4431322 
0°4425786 
0°4420271 


0°4414776 
0°4409302 
074403848 
0°4398414 
0°4393001 


0°4387607 
0°4382234 
0°4376880 
0°4371545 
0°4366230 


e* Καὶ, (x) 


0°4972948 
0°4965217 
0°4957521 
0-4949860 
0°4942235 


0°4934044 
0°4927087 
0°4919565 
0°4912077 
0°4904623 


0°4897202 
0°4889814 
0°4882459 
0°487513 
0:486784 


0°4860591 
0°4853365 
0°4846172 
0°4839010 
0°4831880 


0°4824780 
0-4817712 
0:4810674 
0°4803667 
0°4796689 


0°4789742 
0°4782825 
0°4775937 
0°4769079 
0°4762249 


0°4755449 
0°4745678 
0°4741935 
0°4735220 
0°4728534 


0°4721876 
plage 
0°4708642 
0°4702066 
0+4695518 


0-4688997 
0:4682502 
0°4676034 
0°4069593 
0°466317 


0°4656789 
0:4650426 
0°4644089 
0°4637777 
0°4631491 
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ἈΦ Ε70 
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1236°4504 
1261°4284 
1286-9109 
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1339°430 


1366-4891 
eae 
N27 2) 5 
1450°9880 
1450°2999 
15102040 
1540°7121 
1571᾿ 308 
1603°5898 
1635°9844 


16690335 
1702°7502 
1737°'1481 
1772 2108 
1808-0424 


1844°5673 
τθ 8: 8. ὁ 
1919°8455 
1958-6290 
1998-1959 


2038-5621 
2079°7438 
2121-757 

soi οτ 
2208:3480 


2252°9596 
2298°4724 
23449046 
2392-2748 
2440°6020 


2489°9054 
2540°204 
250 1:20 
2643°372 
62} 2h2s 


2751°7710 
2807°3605 
2864°0730 
2021 9311 
2980:9580 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


e-* I, (x) 


0°1432464 
0°1430617 
0°1428777 
es eae: 
O-142511 


01423299 
0°1421488 
0°1419683 
0°1417885 
O°1 416094 


O°1414309 
0°1412532 
O-1410761 
01408997 
0°1407239 


0°1405488 
0°1403744 
0-1402006 
0°1400274 
0°1398549 


0-1396830 
0-1395118 
0°1393412 
O-1391712 
0°1390018 


0°1388331 
0-1 386650 
0°1384975 
0°1 383306 
0-1381642 


0°1379985 
0°1378334 
0:1376689 
0°1375050 
0°1373417 


0°1371789 
01370167 
0°1368551 
0°1366941 
0°1 365336 


0°1363737 
0°1362144 
0°13605506 
0°1358974 
0°1357397 


0°1355826 
0°15 354260 
0°1352700 
O°1351145 
0°1349595 


e~* Ty (x) 


0°1 339932 
0°1338443 
0°1 336960 
0°1335481 
0°1334007 


0°1332538 
0°1331073 
ape tb 
O-132815 

0°1326708 


0°1325262 
0-1323821 
0°1322384 
0-1320952 
0-1319524 


O'1318I101 
0-1316683 
0°1315269 
0°1313859 
O0°1312454 


O°1311053 
01309657 
0°1308265 
0°1 306877 
0°1305494 


O°1304114 
0°1 302740 
O°1 301369 
0°1 300003 
0-1298641 


01297283 
0°1295929 
0°1294579 
0°1293234 
0-1291892 


0°1290555 
0'1289222 
0:1287892 
0°1286567 
0°1285246 


0°1283929 
0-1282615 
0-1281306 
0-1280001 
0-1278699 


0°1277402 
0-1276108 
0°1274818 


0°1273532 
0°1272250 


e* K(x) 


0°4300935 
0°435565 

0°4350401 
0°4345163 
0°4339944 


0°4334743 
0°4329562 
0°4324398 
0°4319254 
0°4314127 


0°4309019 
0°4303929 
0°4298857 
0°4293803 
0°4288766 


0°428 3748 
0°4279747 
0°4273763 
0°4268 191 
ο.426384 


0°4258917 
0°4254002 
0°4249104 
O°4244224 
0°4239360 


0°4234513 
0°4229682 
0°4224868 
Ὁ ante 
04215289 


0°4210524 
0°4205770 
0°4201043 
0°4196326 
O°41Q1625 


0:4186940 
0°4182270 
0°4177616 
04172978 
0°4168355 


0°4163747 


O°415915 
0°415457 
0-41 50016 
0°4145468 


0°4140936 
0°4136419 
O-4131917 
0°4127429 
0-4122955 


e® K,(x) 


ae par 590 
0-4618994 
0°4612783 
0-4606597 
0-4600436 


04594299 
0°4588186 
0°4582097 
04576033 
0°4569992 


0°4503974 
0°4557981 
0°45520I10 
0°4546063 
0°4540139 


0°4534238 
0°4528359 
0°4522504 
0°4516670 
0°4510859 


0°4505070 
0°4499303 
0°4493559 
0°4487835 
0°4482134 


0°4476454 
0°447079 
0°446515 
0°4459542 
0°4453940 


4445}: 
0°4442818 
0°4437285 
0°4431772 
0°44262380 


0°4420808 
0°4415350 
0°4409923 
0-440451I 
0°4399119 


0°4393746 
0°4388392 
0°4383058 
0°437774 
0°437244 


0°4367171 
0°4361913 
0°4350074 
0°4351454 
0°4346252 


ex 


39041°1773 
3102-6132 
3165°2901 
3229°2332 
3294-4681 


3361-0207 
3428-9179 
3498-1866 
3568-8547 
3040°9503 


3714°5024 
3789°5403 
33866-0941 
3944°1944 
4023:'8724 


4105:°1600 
418 bse 
4272-69 

4359°0059 
4447°0007 


4536°9035 
4028°5530 
4722:0580 
4817°4499 
4914-7088 


5014-0538 
5115°3444 
5218-6812 
5324 1Ο55 
5431᾽6596 


5541 3804 
5653°329 
51.07.53 7 
5884-0466 
6002-9122 


ΟΙΖ24 1791 
6247°8957 
6374°1116 
6502-8772 
6634°2440 


6768-2646 
6904°9926 
7044:4827 
7186°7907 
7331-9735 


7480:0892 
7631°1971 
77°5°3575 
4914:: 21 
103: 0830 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


0°1348051 
0°1346512 
0°1344978 
0°1343450 
0°1 341927 


0-1 340409 
Bo 48666 
0°1337388 
ΟἽἹ 88 

335 3 
0°133438 


0°1332895 
0°133140 
0°1329925 
0°1328447 
0°1 326975 


0°1325597 
O13 74044 
0°13225 


0°1321 ΤῊ 


0-13196 


0:1318240 
O-1316801 
0°2315307 
— 0°131393 

0°1312513 


O-I1311092 
0'1309677 
0-1308266 
0-1306859 
0°1305457 


0-1304060 
ioe ae 
O-130127 

0-1299894 
0-1298514 


0°1297139 
0°1295768 
O-1294401 
0°1293039 
O:I2Q1681 


0°1290328 
0°1288978 
0'1287633 
0:1286292 
0°1284955 


0°1283623 
0°1282294 
0°1280970 
0:1279650 
0:1278333 


0°1270971 
0:1269697 
071268426 
0:1267159 


01265895 | 


0°1264636 
0°1263380 
0°1262127 
0°1260879 
0°1259034 


0°1258392 
O0°1257154 
0°1255920 
0°1254689 
0°1253462 


0°1252239 
0-1251018 
0°1249802 
0°1248589 
0°1247379 


0:1246173 
01244970 
0°1243771 
0°1242575 
071241382 


0:124019 
0123900 
0°1237825 
0°1236646 
0°1235470 


0°1234298 
0°1233128 
0°1231962 
0°1230800 
0°1229640 


0°1228484 
o172 133) 
O-'1226181 
071225034 
0°1223891 


0-1222751 
O'1221613 
0°1220479 
01219348 
0°1218220 


0°1217096 
0°.1215974 
0-1214855 
O°1213739 
0°1212627 


0°4118497 
O'4114053 
0°4109623 
0°4105207 
0°4100806 


0°40964I19 
se beta 5 
0°4087686 
0-4083341 
0°4079010 


0°4074692 
0°4070388 
0°4066098 
04061821 
0°4057558 


0-4053308 
0°4049071 
0'4044848 
04040638 
0°4036441 


0°4032257 
0°4028087 
0°4023929 
0°4019784 
O-4015651 


0°4011532 
0°4007425 
0°4003331 
0°3999249 
0°3995180 


ΟἾ3ΟΟΙ12 
0°398707 

0°3983046 
0-3979026 
0°3975018 


0°397 1023 
0°3967039 
0° 3963067 
0°3959107 
0°3955159 


O-3951223 
0°3947299 
0°3943386 
0°3939485 
0°3935596 


0°3931717 
0°3927551 
0°3923996 
0°3920152 
0°3916319 


0'4341069 
0°433590 
0°433975 
074325629 
0°4320519 


0°4315427 
0°4310352 
0°4305295 
0+4300256 
0°4295234 


0'4290230 
0:4285243 
0:4280273 
0°4275321 
0°4270385 


0°4265407 
0°4260565 


0°4255080. 


04250811 
0°4245900 


O-4241124 
0°4236305 
0°4231502 
0°4226716 
0°4221945 


0-4217I19I 
0°4212452 
0°4207730 
0°4203023 
0°4198332 


0°4193656 
0:4188996 
0-4184351 
O°4179721 
O°4175197 


0°4170508 
0°4105924 
0°4161355 
0-4156801 
0°4152261 


0°4147737 
0°4143227 
0°4138731 
9.4134250 
0°4129794 


0°4125332 
0°4120894 
0°4116471 
0-41 12061 
0°4107666 


ee ee esl bereits) bea nl 


9136-2016 
9320°7651 
9599°0571 
ee 
9997°1291 


ΤΟΟΟ  Ὁ043 
ΙΟ3ΟΤ 0386 
10599°1333 
10721°4319 
10938-0192 


11158-9819 
11384-4082 


-11614°388 


11849-0114 
12088-3807 


12332-5822 
125 τ 109 
12835:8844 
13095°1805 
13359°726 


13629-6112 
13904°9476 
Parse Rabe 
14472°4193 
14764°7816 


I 506370499 
15307°3437 
15077°7847 
15994-4909 
16317:6072 


10647°2447 
16953°5414 
17326°6317 
1 baht 30 
16033°7449 


18398-0507 
18769°7160 
19148-8894 
19535°7227 
19930°3794 


20332 9906 
207437443 
21162°7957 
21590°312 
22026°465 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


0°1277021 
0°1275713 
0°1274409 
0'1273109 


— Or1271813 


0°1270521 

077209233 

0°12679 
68 


' 0°12666 


0°1265392 


O°§264119 
0-1262850 
O-12615385 
0-1260324 
0-1259067 


0°1257813 
0-1256563 
071255317 


O°I254075 © 


0°1252836 


O-1251601 
0°1250369 
O-1249I41 
O°1247917 
0°1246697 


0°1245480 
0°1244266 
0°1243056 
0:1241850 
0°1240647 


0°1239448 
0°1238252 
0°12370959 
ort 2558 10 
0°1234685 


0°1233503 
01232324 
O'1231149 
ear + LU 
0:122880 


0°1227642 
ἐν ΚΑ ΙΑ ὦ 
0°1225322 
0°1224166 
O-1223014 


0°1221865 
0°1220719 
0°121957 
0°121843 
0°1217302 


O-I2ZII517 
ΟἼΖΙΟΔΙΙ 
ΟἾ2Ο9307 
0:1208206 
0°1207109 


O-1206014 
0°1204922 
0°1203833 
0°1202747 
0°1201664 


0:120058 
O-119950 
0-1198432 
0:1197360 
0°1196292 


O°1195226 
O-1194162 
O-1193102 
0-1192044 
O-11gOggO0 


0:1189938 
o-1188888 
0-1187842 
0°1186798 
0°1185757 


0°1184718 
0-1183682 
0-1182649 
o-1181619 
o-1180591 


0°1179566 
0:1178544 
O°1177524 
0°1176507 
O°E175492 


0°1174480 
0°1173471 
0°1172464 
ΟὟΣ71459 
0:1170458 


0:1169458 
0°1168462 
0°1167467 
echo he 
0°11654387 


0:1164500 
O'1163516 
0°1162534 
orl 101554 
0°116057 


0°3912498 
03908688 
0:3904889 
ΟἾΞΟΟΙΙΟΙ 
0°3897324 
0°3893558 
0:3880803 
0:3886059 
0°3882325 
0:3878603 


0°3874891 
0°3871189 
0°3867498 
0°3863518 
0:3860149 


0°3856489 
0:°3852541 
0°3849202 
0°3845574 
0°3841950 


0:3838348 
0°3834750 
0°3831163 
0°3827586 
0°3824018 


0:3820461 
0-3816913 
0°3813373 
0:380984 

0-3806330 


0-3802821 
0°3799323 
0°3795°34 


0:3788884 


0°3785424 
0°3781973 
0°3778532 
0°3775 τοο 
0°3771677 


0°3768264 
0°3764860 
0°3701465 
0°3758079 
9:3754702 


0°3751335 
0°3747976 
0°3744627 
0°3741287 
0°3737955 


0°4103284 
0°4098917 
0'4094563 
0°4090223 
0:4085897 


0:4081584 
0°4077285 
0°407 3000 
0-406 729 
0:406446 


0°4060223 
0°405999° 
0°4051771 
0°4047595 
0°4043372 


0°4039I91 
0°4035024 
04030869 
0°4026728 
0°4022598 


0°4018482 
ep en 
0:4010286 
0-4006207 
0°4002140 


0°3998085 
0°3994043 
0°3990013 
0°3985995 
0°3981989 


0°3977995 
0°3974013 
GC εας 
0°3966084 
0°3962137 


0°3958202 
0°3954279 
0°3950307 
0:394646 
0°394257 


0°3938701 
0°3934°35 
0:3930980 
0°3927137 
0°3923305 


0°3919484 
0°3915673 
0°391 15 4 
0°39080 

0°3904309 


22471°430 
22925.383 
2338 506 
23860:986 
24343°009 


24834°771 
2.5330'400 
25848-297 
26370.467 
26903°186 


716 000 
28001°126 
28566-786 
29143°974 


29732°619 


30333°258 
30940°030 
31571181 
32208-961 


32859°626. 


33523°434 
34200°052 
34891°551 
35596-408 
36315°503 


37049°124 
797°5 

abel as 
39340 114 
40134°837 


enna 
41772: 

τες 637 
43477°95° 
44355°°55 


45251°903 
46166-0052 
oe 
48050°124 
49020:80I1 


ἘΘΌΤΈΘΟΣ 
51021°37 

52052: 078 
53103°600 
54176°364 


55270°799 
ΠΣ ΕΙΣ 
26388-554 


— 59874142 


TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


6. Ὁ I(x) 


o-I21616g 
0'121 5039 
O'1213912 
0°1212789 
O:I121 1669 


O-'I210551 
0°1 209437 
0:1208326 
0:1207218 
O'1206113 


O:12050I11 
0:1203912 
0°1202817 
0-1201724 
0-1200634 


0°1199547 
0:1198463 
0°1197382 
0°1196303 
0:1195228 


ee 
0-1193086 
0-1192020 
0°1190956 
oO 


*1189895 


0:1188837 
"1187782 
‘1186729 
"1185680 
1184633 


"1183589 
0°1182548 
"1181509 
"1180473 
"1179440 


‘1178410 
-1177382 
1176357 
"1175335 
"1074315 


*1173298 
-1172284 
‘1171272 
"1170263 
"1169256 


00000 


oo00o00 


"1168252 
“1167251 
*1166252 
"1165256 
"1164262 


00000 


δ΄ T(x) 


0°1159603 
O-1158631 
0°1157662 
O-1156694 
O°115573° 


0°1154767 
0°1153807 
0°1152849 
O-1151894 
ΟἾἼΙΒΟΟΜΙ 


0°1149990 
O-1149042 
0-1148096 
O-1147152 
ΟἾΙ4621Ι 


"1145272 
"1144335 
"1143401 
"1142468 
‘1141538 


‘1140610 
‘1139685 
-1138762 
"1137841 
"1136922 


oO0O000 


o0o0000 


‘1136005 
‘1135090 
-1134178 
"1133268 
-1132360 


oo000 


"1131454 
‘1130551 
"1129649 
"1128750 
‘1127352 


oo0o00 


*I126957 
*1126064 
35173 
"11242 
-112339 


"1122513 
"1121630 
*1120750 
“1119871 
"I118995 


“IT18120 
*1117248 
"1116378 
O-III5509 
O-1114643 


oo0000 090000 


O00 


65 Ko (x) 


0°3734632 
0°3731319 
0:3728014 
0°3724717 
0°3721430 


O'3718151 
po raaee 
O'3711619 
0:3708367 
0°3705122 


0°3701886 
0: 3598659 
0°3695440 
0: 3692229 
0:3689027 


0°368583 
Ὁ; Οϑδε, ὃ 


ο:3679470 


0°3676301 © 


0-3673140 


ο 3669987 
0°3666843 
0:3663706 
0°3660578 
0°3657457 


0-3654344 
0°3651240 
0: 3648143 
03645054 
0°3641973 


0°3638900 
0: 3635834 
0° 3632777 
0:3629727 
0: 3626684 


0-3623650 
0: 3620623 
0:3617603 
0-3614591 
0°3611587 


0-3608590 


0:3605600 . 


0-3602618 


0°3599643 
0°3596676 


0°3593716 
0°3530703 
0°3587381 

0-3584880 
0°3581949 


65 Καὶ, (x) 


0°3900543 


_0°38967 


03893043 
0:3889309 
0: 3885586 


0:3881873 
0°3878171 
0°3874480 
0:3870799 
0:3867128 


0:3863468 
0°3859818 
0:3856178 
0°3852548 
0:3848929 


0-3845320 
0:3841721 
0:3838132 
0°3834593 
0:3830984 
0°3827425 
03823878 
0°3320330 
03816806 
0°381 3286 


03809775 
0°3806275 
0-38027383 
0°3799302 
0°3795830 


0°3792367 
0:3788914 
0:3785470 
0:3782035 
0:3778610 


0°3775194 
0°3771787 
03768389 
0°3765001 
0°3761621 


073758251 
03754890 
0°3751537 
0°3748194 
0°3744859 


0°3741533 
0°3738216 
0°3734908 
0'3731608 
0°3728318 


1181 
120571°715 


123007°425 
125492°340 
128027°453 


ez 


61083-680 
62317°652 


64860.883 
60171°160 


67507:906 
6872-656 
70262:956 
71682°362 


73130°442 


74007°775 
70114:952 
77052°576 
ἘΠ ΩΣ ΞΘ 

0821-638 


82454°343 
84120 031 
85819:368 
87553°035 
89321°723 


QII26-142 
92967-0112 


94845:070 
aa 76r 068 
98715°771 


100709962 
102744.5 
104820-01 3 
106937°51 

109097°799 


IYI301°721 
113550°165 
II 44:030 

4°235 


13061 3-780 
133252°353 


135944°229 
138690-48 
141492°-21 
144350°551 
147266°625 


150241°608 
153276:690 
1 56373°085 
159532 03: 
162754°791 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


ΟἿ ati h 
0°11622383 
O°1161296 
O:1160313 
0°1159332 


01158353 
O°1157377 
O-1156404 
0°1155432 
O-1154464 


O0°1153497 
O°1152533 
O-1I51572 
O-1150613 
O-1149656 


0°1148702 
O-1147750 
O-1146801 
0°1145853 
O-1144909 


0°1143966 
0-1143026 
0-1142088 
OI 141153 
O11 40219 


0°1139288 
0°11 38360 
0°1137433 
0°11 36509 
0:1135587 


0:1134668 
0°1133750 
0°1132835 
O-1131922 
ΟἾΣΙΞΙΟΙΙ 


O-1130103 
O-II29196 
O-1128292 
-0-1127390 
0-1126490 


0:1125592 
0'1124697 
0°1123803 
O-1122912 
0-1122023 


O-II21136 
O 1120251 
O-1119368 


ort1t 7606 


e~* I, (x) 


πο ττορορΡρρ ῦΌΌοοΠ.πτς,ΤΤῦ τ τ ΤττΤτΤτΤτΤτΤττὺττ τ nett emanated Cent nnn ed eS 


O°1113779 
O-III2916 
O-I 112056 
ΟἼἾἼΙΙ1197 
ΟἼΙΙΟΞ4Ι 


0-1109487 
0-1108634 
0°1107783 
ΘΕ Ο09 15 
ΟἾἼΙΟοδοδ 


O°1105243 
0°1104400 
O° 1103559 
0*1102720 
O-I101883 


O-1101048 
O-1100215 
0-1099383 
0°1098553 
0°1097726 


0-1096900 
0°1096076 
0°1095253 
0°1094433 
0°1093614 


0°1092798 
0°1091983 
O-IOQI 169 
0-1090358 
01089549 


0-1088741 
0°1087935 
0:1087131 
0:1086328 
0°1085527 


0-1084728 
0°1083931 
0°1083136 
0°1082342 
ΟἼΟΒΙ 550 


0-1080760 
0°107997I1 
0°1079184 
0°1078399 
0°1077616 


0:1076834 
0°1076054 
0°1075276 
0°1074499 
0°4073724 


εἴ K(x) 


0°357902 
0°357610 
0°3573199 
0°3570296 
0°3567401 


0°3564513 
0*3561631 
0°3558757 
0°35553890 
0°3553029 


0°3550176 
0°3547329 
0°3544489 
0°3541656 
0°3538830 


0°3536010 
0°3533198 
0°35309392 
0°3527592 
0°35243800 


0°3522014 
0°3519234 


0°3510935 


0-3508182 
0°3595435 
03502094 
0°3499960 
0°3497233 


Spe eee 
0°34917 

Oo: 3489088 
0°3486386 
0°3483690 


0-3481000 
0°3478317 
0°3475639 
0°3472968 
0°3470303 


0°3467644 
0°3404991 
0°3462345 
0°3459704 
0°3457070 


0°3454441 
0°3451818 
0-3449202 
0°3440591 
0°3443986 


0°3725035 
0°3721762 
0°3718497 
0°3715240 
0-371 1992 


0°3708753 
03705522 
0°3702299 
0:3699085 
0°3695879 


0°3692681 
0°3689492 
0:3686311 
0°3683138 
0°3679973 


0°3676816 
0°3673667 
0°3670527 
0°3667394 
0° 3664269 


O°3661152 — 


0°3658044 
0°3654943 
0°3651849 
03648764 


0°3645687 
0°3642617 
0°3639555 
0°3636500 
0°3633453 


0°3630414 
0:3627383 
0°3624359 
0°3621342 
0-3618333 


0°361 5332 
O° 3612337 
0°3609351 
0:3606371 
0:3603399 


0:3600434 
0°3597477 
0°3594527 
0°3591584 
0°358864 


0°3585719 
03 582798 
0°35793883 
0°3576976 
0°3574076 


166042°66 
109399'94 
172818-99 
A ele 
179871°86 


183505°51 
187212°57 
190994°52 
1948 3°36 
196769°15 


202804°96 
206901°89 
211081°59 
215345°72 
219695°99 
224134°14 
cos 1 1} 
233281:23 
23799382 
242801-62 


247700°54 
252710°54 
257915°63 
203023°85 
268337°29 
273758:06 
279288-34 
204930°34 
290686:31 
296558°57 


392549°45 
308661 °35 
314896-72 
321258-06 
327747°90 


334368-85 
341123°55 
348014-70 
3550945 06 
362217°45 


369534°73 
370999°S2 
3 4015°73 
392385-4¢ 
400312-19 


40839903 
416049'24 
425006-11 
433653°02 
442413-39 


TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


e-* 7,(5) 


O-1116732 
O-III5 37 
O-1T14935 
O-III4114 
0-111 3246 


O-1112379 
ΟἼΙΙΙ5Ι5 
O-I110652 
0-1109792 
0-1108934 


0-1108077 
0°1107223 
0°1106370 
01105520 


0-1104671 


0-1103825 
01102980 
0-1102138 
O-IIOI29 
Q-110045 


O-1099621 
0°1098786 
0°1097953 
0°1097122 
0:1096292 


01095465 
0'1094639 
0-1093816 
0°1092994 
0°1092174 


0°1091356 
0°1090540 
0:1089725 
o-1088912 
0-1088102 


01087293 
0°1086485 
0-1085680 
0:1084876 
0°1084074 


0°1083274 
0°1082476 
Ὁ. ΤΌΘΤΟ ΣΟ 
0-1080885 
0-1080092 


0-1079300 
O-1078511 
0°1077723 
0°1076937 
0°1076153 


e~® 1 (4) 


0-107295I1 
0°1072179 
0-1071 409 
0°1070640 
0°1069874 


ΟἼΟΘΟΙΟΟ 
0°1068345 
00-1067 $3 
0:1066823 
0°1066064 


0°1065307 
0°1064552 
0-1063798 
0°1063046 
0-1062295 


ΟἼΟΘΙ 546 
ὁ 1060708 
0°1060052 
0:1059308 
0°1058565 


0'1057824 
0°1057084 
071056340 
0-1055609 
01054874 


0°1054140 
071053408 
0°105267 
O-105194 
O:1051221 


0°T050495 
0°1049770 
0°1049047 
0°1048325 
0-1047605 


0-1046886 
0-1046169 
0°1045453 
0°1044739 
0-1044026 


0°1043315 
0°1042605 
0:1041896 
O-1041189 
0:1040484 


0°19039779 
0°1039077 
0°1038375 
0°1037675 
0°1036977 


ες Κι (Δ) 


0°3441388 
0°3438795 
0°343620 

0°3433026 
0°3431051 


0°3428481 
0°3425917 
0°3423359 
0°3420807 
0*3418260 


0°3415719 
0°3413184 
0°3410054 
03408130 
0:3405611 


0°34030908 
0°3400591 
0-3398089 
© 3395593 
0:3393102 


0°3390616 
0°3388137 
0°3385662 
0°3383193 
0°3380729 


_ 0°3378271 


0°3375818 
0°3373371 
0°3370928 
0°3368491 


0°3366060 
0°3 363633 
0°3361212 
0°3358796 
0°3356385 


0°3353980 
0°3351579 
0°3349184 
0°3340794 
0°3344409 


0°3342029 
0°3339034 
0°33372955 
0°3334920 
0°3332560 


0°3330206 
0°3327856 
0°3325511 
0°3323171 
0°3320836 


e* K,(%) 


0'3571182 
0:3568296 
0°3505417 
0°3562544 
0°3559679 


0°35560820 
0°3553968 
0°3551123 
0-3548285 
0°3545454 


0°3542629 
0°3539811 
0°3537000 
0°353419 
0°353139 


0°3528606 
0°3525821 
0°35230943 
0°3520272 
0°3517506 


0°3514748 
O°3511995 
0°3509250 
0:35060510 
0°3593777 


O°3501051 
0°3498330 
0°3495016 
0*3492909 
0°3490207 


0°3487512 
03484823 
03482140 
9°3479463 
0°3475793 


0°3474128 
0°3471470 
0-3468848 
0:3466172 
0°34603532 


0:3460897 
0°3458269 
0°3455047 
0°3453031 
0°3450420 


0°3447816 
0°3445217 
0°3442024 
0°3440037 
0°3437450 


eX 


451359°74 
460468-63 
409770°71 
1 Sanches 
488942°41 


498819-71 
508896:53 
519176-92 
529664:99 
540364°94 


55128103 
562417°65 
573779°24 
5°5379°35 
59719561 


609259°77 
621567-63 
634124°13 
646934°29 
660003-22 


673336°17 
680938-43 
700815°54 
714972:96 
729416°37 


7444 31°50 
759194°42 
774520°96 
290 1|7.}- 

06129°76 


822414°66 
839028-54 
855978-04 
87326994 
89091 1°17 


908908 -77 
927269-94 
946002°04 
960511254 
984609'II 


1004499°53 
1024791°77 
1045493°94 
106661 4°32 
1088161-36 


II10143°67 
1132570:06 
1155449°50 
1178791°12 
1202604:28 


711 


112 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e* 


e~® I'4(x) 


0-107 5370 
O°1074599 
01073810 
0:107 3032 
0°1072256 


00-1071 482 
0°1070710 
0-1069939 
0-1069169 
01068402 


0°1067636 
0°1066872 
o-1066109 
0°1065348 
0-1064 389 


0°1063831 
0°1063075 
0°1062321 
0°1061 568 
0-1060817 


0-1060067 
01059319 
0°1058572 
0°1057827 
01057084 


0°1056342 
0°1055602 
0°1054863 
0°1054126 
0°1053391 


0°1052657 
0-1051924 
O-1051193 
Θ᾽ ΤΟ 6404 
0°104973 


0:1049009 
0°1048284 
0:1047 gor 
0:1046839 
O-1046119 


0:1045400 
0:1044682 
0°1043966 
0°1043252 
0°1042539 


0°1041827 
ΟἼΟΔΙΙΙ 
0-104040 
0-1039701 
0°1038995 


e—* I, (2) 


0°1036279 
00-1035 

o-103,886 
0°1034196 
0°T033595 


0:103281 
O'103212 
0°1031438 
01030752 
0°1030067 


0°1029384 
0°1028702 
0-102802I1 
0:1027342 
oeseees 
0°1025987 
0°10253I11 
0°1024637 
0°1023965 
0:1023293 


0°1022623 
0°1021954 
0°1021287 
0°102062I 
0°1019956 


ΟἾἿΟΙΘ2Ο92 
0°1018630 
ΟἼΟΙ7969 
O*101 7309 
O°-1TO16650 


O°T015993 
0°101 5337 
0°1014682 
0-101 4029 
0°1013377 


0'1012726 
0°1012076 
O-I1011428 
0-1010780 
ΟἼΟΙΟΙ35 


ΟἼΟΟΟ490 
0°1008846 
0:1008204 
0°1007563 
0°1006923 


01006284 
0°1005647 
ΟἼΟΟΒΟΙΣ 
0°1004376 
0°1003742 


e® Ko(%) 


0°3318506 
0°3316181 
0°3313861 
0°3311546 
0°3399235 


0°3306930 
0°3304629 
0°3392333 
0°3300042 
0°3297755 


0°3295474 
0°3293197 
0°3290924 
0°3288657 
0°3286394 


0°3284136 
oO: rare es 
0°3279033 
0°32773°9 
0°3275149 


0°3272914 
0:327068 
0°326845 
0:3266236 
0°3204019 


0:3261807 
0°3259599 
0°3257396 
0°3255197 
0°3253002 


0°3250812 
0°3248626 
o- 3240445 

0°3244200 © 
0°3242096 


0°3239928 
0°3237764 
0°3235004 
0°3233449 
0:3231298 


0°3229152 
03227010 
0°3224872 
0°3222738 
0°3220608 


0°3218483 
0°3216362 
O°3214245 
0°3212132 
0°3210024 


e® K, (x) 


0°3434881 
0°34323I11 
0°3429747 
0°3427189 
0°3424637 


0:3422090 
0°3419549 
0°3417013 
0°3414484 
0°3411959 


0°340944I 
0°3400927 
0°3404420 
03401918 
0°3399421 


0°3396930 
δ 391 514 
0°3391904 
03389489 
0+3387020 


0°3384555 
0°3382097 
0°3379643 
0°3377195 
0°3374752 


0°337 83 
0°3369883 
0°3307455 
0°3305034 
0°3362617 


0°3360206 


0°3357799 
0°3355398 
0°3353002 
0°3350611 


0°3348226 
0°3345845 
03343469 
0°3341098 
0°3338733 


0°3336372 
0°3334017 
0°3331666 
0°3329320 
0°3326979 


0°3324644 
0°3322313 
0°3319987 
0°3317665 
0°3315349 


εὖ 


1226898°5 
1251683°5 
1276969°2 
13027657 
1 329083°3 


1355932°5 


1498537°2 
1528809°7 
1559693°7 
1591201°6 


1623346°0 


1656139" 
τϑδοκοῦ 
ἘΠ 1281 
1759549" 
1794074: 


1830317°5 
1867292°4 
cae ape Se 
1943490°0 
1902759°3 


2022813°7 
2063677°2 
2105366°2 
2147°97°5 
2191287°9 


22355548 
2280716:0 
2326789°6 
2373793°8 
2421747°6 
2470670-2 
2520581°0 
2571500°1 
2623447°9 
2676445°1 


2730512°8 
24 5072°8 
2 117" 
2899358°3 
2957929°2 
3017683: 
3078644-0 
31408374 
3204286°5 
3209017°4 


TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e” 


| 6. T(x) 


ee past 
0"10375 8 
01036887 
0°1036186 
0°1035488 


0-1034791 
0°1034095 
0°1033400 
0°1032707 
0°1032016 


0°103132 
0:103063 
0-1029949 
0-10292 3 
0:102857 


0:1027895 
0°1027213 
0°10265 32 
01025853 
O°1025175 


Ὁ. 1024495 
0°1023823 
0:1023149 
0-1022476 
0°1021805 


O-1021135 
01020466 
ΟἼΟΙΟ799 
o-10T9133 
0-101846 


01017805 
O:101 2143 
0-1016482 


0-101 5822 


O-101 5164 


O:1014507 
O'1013851 
0-101 3197 
O-1012544 


O-101 1892, 


O-IOII241 


O- 1010592 
0-1009944 
0+1009297 
0-1008651 


0-1008007 
0-1007363 
0°1006722 
0-1006081 
0-1005441 


e* I, (2) 


0°1003109 
Θ᾽ 1002478 
ΟἼΟΟΙδ4 
ΟἼΟΟΙΖΙ 
01000590 


0-0999904 
0°099933 

0°0999714 
0-0998090 
00997468 


0:099684 
0:099622 
0:0995609 
00994991 
0°0994375 


0:0993760 
00993146 
0-0992533 
ΟὌΘΟΙΟΖΣΙ 
0°099I 310 


0°0990701 


0:098586 
0:098 2266 


0:0984666 
0:0984069 
0-0983472 
00982 17 
0:0982283 


0:0981690 
00981097 
0:0980506 
00979916 
00979328 


0:0978740 
0:0978153 


0°0977567 © 


00976983 
0°0976399 


0°0975816 
0:0975235 
00974054 
0:0974075 
0:0973496 


e* Ky(%) 


0°3207919 
0°3205819 
0°3203723 
0°3201631 


0°3199543 ᾿ 


0°3197459 
0°3195379 
0°3193303 
O31 1231 
0°3189164 


0°3187100 
073185040 
03182955 


0-318 

οϑιγδβδν 
0°3176841 
0°3174801 
0°3172766 


0°3170 
eisibelon 


0°3166681 
0°3164661 
0-3162644 
0°3160632 
0°3158623 


0°3156618 
0°3154617 
0°3152619 
0:3150626 
0°3148636 


0°3146650 
5174688 
0°3142689 
0°3140714 
0°3138743 


0°3130776 
0°3134812 
0°3132852 
0°3130896 


‘0°31 28943 


0°3126994 
0°3125049 
0°3123107 
O°3121169 
0°3119235 


0°311730 
O°311537 
οϑ αι 153 
0°3109616 


e® K,() 


0°3313037 
0°3310731 
0°3308429 
033061 32 
03303839 


0°33015 32 
03299269 
03296990 
0329471 
0°329244 


oo κ μέν, 
0°3207924 
0°3285670 
0°3283419 
0°3281174 


0°327893 
03256608 
0°3274464 
0°3272237 
0°3270014 


0°3267796 
0°3265582 
0°3263372 
0°3261168 
0°3258967 


0°3250771 
0°32545°09 
0°3252392 
0°3250210 
0°3248031 


0°3245857 
0°3243687 
0°3241522 
0°3239361 
03237204 


0°3235052 
0°3232903 
0°3230759 
0°3228620 
0°3226484 


0°322435 
0*322222 
0'3220103 
0°3217985 
0°3215870 


0°3213760 
O°3211654 
0°3209552 
0°3207454 
0°3205360 


οὖ 


3335955°9 
3402420°5 
3471162°1 
3541284:2 
3612822°9 


3685806°8 
3700205°0 
3836227°4 


30927868 


4073440'5 
4155735" 

4239687-0 
4325334°3 
44127119 


4501854°6 
4592790°1 
40855788 
4780233°7 
4876800'9 


4975318°8 
5075826°9 
5178365'4 
52 2975°3 
5389698°5 


5498577°6 
5 9256-2 
5.22978:8 
5838590°7 
59565380 


6076868-1 
6199628'9 
6324869°8 
64 Ἐ2 015: 
6582992'6 


6715977°9 
6651649-6 
6990062'I 
7131270'°7 
7275332°0 


7422303°4 
7572243°9 
7725213°4 
ζ 81273Ὸ 
040405°3 


8202913'9 
8368623'7 
Ξ 5376811 
ΙΟΙ53᾽ 
δ6801 7.2 


713 


714 


SSS | A fA Pa PR | Ὁ τ. 5 TE |) AG eR RS | EE Es || PR 


HEHEHE FETE FHEEEHE FEE H FHEFHEHE FETE FHEEHEHE FHEEEHE FHEttt Fett 


J 3(%) 


0°2412455 
0°3038819 
0°3477275 
0°3825227 
0°4117819 


0°4372223 
0°4998204 
0°4802143 
οἰ ΟΞ 040 
0°5158967 


05317088 


0°5464087 
0-5601271 


0350148 


0°5963375 
0-6069935 
0°6170312 
0°6264920 
0°6354112 


0°6438195 
0°6517435 
0°6592067 
ae 
0:672830 


0:6790265 
ο 683831; 
0°6902585 
0°6953202 
0°7000271 


0°7043893 
0°7084159 
O°-7121152 
0°7154951 
0°7185627 


0°7213248 
0°7237876 
0°7259570 
0°7278387 
0°7294377 


0°7397591 
0°7318076 
0°7325877 
0°733103 
0°733359 


0°7333600 
0°7331080 
0°7326077 
0°7318627 
+ 0°7308764 


TABLES OF BESSEL FUNCTIONS 


Table ΠῚ. Functions of order one-third 


oh abo | ea a oe ae A oy Te PS PE CA So i SR de ok ES CR op es bh Deke if 


11ι1| 


Υμ4(5) 


3°8181574 
2°964162 
275398832 
2°266574 
2°068256 


aes O102 
1°7004275 
1 bBahoS: 


13118289 


1-4405408 
1-3761797 
1°3174682 
1-2634392 
1-2133449 


1°1665964 
1-1227224 
1-081 3409 
1°0421378 
1'0048529 


0:9692681 
0°9351991 
0-902 4892 
0:8710041 
0°8406278 


o-8112601 
0-7828134 
0°7552112 
0°7283861 
07022788 


0°6768367 
0°6520129 
0:6277661 
0:6040589 
0-5808580 


0°5 581337 
0°53585901 
0°51 40100 
0°4925646 
0°4715032 


0°4508080 
04304628 
0°4104530 
0°3907653 
0°3713877 


0°3523093 
0°3335201 
O-3I1 50111 
0°296774I1 
0-2788016 


(1) 
| H, ,,(%) | 


3°8257712 
2°9796989 
2°5635758 
2°2986264 
2°1088503 


1°9633131 
18465950 
I 2499806 
1°6680991 


1°5974279 


1 5355 64 
1-4806867 
1°4315952 
I°3 72889 
1:3470145 


ΤΔΙΟΙ777 
1:2763020 
1:2450002 
1°2159537 
1188074 


1-163608 
1-139897 
I°1176047 
1:0965902 
1°0767342 


T°0579319 
1°0400917 
1-0231329 
1:0069839 
0°9915813 


0°976868 ὃ 
0962794 

09493146 
0°9363868 
0°9239742 


0°9120431I 
0°9005629 
0°8895054 
0°8788453 
0-8685590 


0°8586249 
0-8490233 
0°8397359 
0°8307458 
0°8220374 


0:81 35962 
0°8054086 
0°7974623 


0:7897454 
0°7822472 


base Ae Mie, SE ee Me aR SP OI SB’ “Gea 1 COR Dd ete, EDR EE cboPedbb ab oo eat 


(1) 
arg Η (Δ) 


86° 23΄ 4°72 
84° 8’ 47763 
82° 12’ 15740 
80° 25’ 14729 
78° 44° 23754 


77. 7, 57°21 
75. 34 51716 
74° 4’ 23:06 
2° 36’ 3721 


69° 44° 26757 
68° 20% 40745 
66° 58’ 130 
65° 30’ 20°81 
64° 15° 32°17 


62° 55, 29:69 
61" 30’ 81:57 
60° 17° 24770 


56° 24’ 23772 
55. 7, 38%01 
53. 51, 15%93 
52. 35, 15765 
51° 19’ 35754 


50° 4° 14714 
48° 49° 10714 
47, 34, 22735 
40° 19’ 49°69 
45° 5° 31720 


43: 51° 25798 
42, 37, 33°23 
41 23 52°19 
40° 10’ 22719 
38° 57’ 2*60 


37° 43, 52" 
30° 307 5273 
35° 18’. 0772 


ο ’ " 
e 


31° 40’ 14712 
30° 27, 5339 
29° 15” 3947 
28° 3’ 32%02 
26° 51° 30776 


25° 39° 35739 
24° 27° 45:66 
23° 16’ ” 

22° 4° 22712 


e* K ,3(%) 


5°8973367 
4°5650965 
3°9129445 
3°4996127 
3°2048056 


2°9795927 
2°7996089 
ee a 
2°525603 

2°4175728 


2°3231916 
2°2397331 
cba 65 
2°09 0307 
2°0370694 
19814363 
¥°9303301 
1-8831690 
18304587 
1°7987884 


1°76081 36 
1°7252429 
1-6918274 
1-66035 36 
1-6306366 


1-6025156 
T°575°501 
1°5505163 
9204049 
1°5034188 


I ἌΤΑΣ: 
τ.4604863 
T*4403931 
1:4211206 
1-4026393 


1°3848710 
1°3677782 
1°3513186 
1°3354533 
1:3201469 


1:3053670 
1°2910835 
1°2772690 
1°2638979 
1°2509467 


1'2383936 
1°2262184 
I*2144022 
5 20202)) 
1°1917780 


To compute functions of order — 1/3, increase the phase by 60°. 


TABLES OF BESSEL FUNCTIONS 715 


Table III. Functions of order one-third 


wt ἐνὶ bel μπὴὶ 
or. ὦ ὦ «ἃ 
Oo Om N 


Ho et et 
Dr Gi a 
ον 


μὶ μι μι μὲ μὴ 
STADBAN 
0 OO N 


μι bed bed et με 
CJ SINISI 
Οὔ N 


μή μ͵λὶ μπὶ ed bed 
© Οὐ ὦ Οὐ Οὐ 
ον 


ΝΠ et ΜΝ 
ὧιὸ ὁ ὁ 
S ἢ ὧς 


J_1;3 (2-00) =0°5603409 x cos 97° 46’ 9165 = -- 00757500. 
Y_1/3 (2°00) =0-5603409 x sin 97° 46’ 9765 = +0-5551971. 


(1) 


(1) 


J us(*) Y33(*) Fi, 3 (*) | arg Hi, ),(#) C*K 13 (*) 
+ 0°7296524 | -- 0°2610869 0°7749574 | - 19° 41” 1829 | 1-1809384 
+ 0°7281940 | — 0°2436239 | 0°7678666 | - 18° 209’ 53772 I*1703945 
+ 0°7265045 | - 0-2264069 | 0:7609657 | -- 17° 18’ 3275 I-1601329 
+ 0°7245872 | -- 0°2094308 | 0-7542466 | - 16° 7’ 16706 | I-1501411 
+ 0°7224452 | - O-1Q20Q12 | 0°7477012 | - 14° 56’ 3754 | 1°1404073 
+ 0-7200818 | — 0°1761839 | -0-7413222 | — 13° 44’ 54786 | 1-1309205 
+ 0°7175000 | — O°1599051 | 0°7351026 | — 12° 33’ 49787 | 1°1216703 
+ 0°7147030 | - 0°743851 0°7290360 | - 11° 22” 48744 | 1°1126469 
+ 0°7116937 | - o-128019 O°7231162 | -- 10° 11’ 50743 | 1°1038412 
+ 0°7084752 | - 0°1124076 | 0°7173372 | - 9° 0°55%70 | 1-0952444 
+ 0°7050506 | -- 0:0970123 | 07116936 | - 7°50’ 4715 | 1:0868482 
+ 0°7014229 | - 0-08 8ar> δι οδτϑοΣ - be 39’ 15766 po78oas: 
+ 0°6975950 | — 0:0668639 | 0-7007921 | -ὀ 5° 28’ 30711 ΠΌΘΟΣ. 5 
+ 0°6935699 | -- 0°0521072 | 0°6955245 | -ὀ 4917’ 47:41 1°0627885 
+ 0°6893506 | — 0:0375600 | 06903730 | -ὀ 3° 7’ 7145) 1-0551215 
+ 06849400 | — 0°0232209 | 0-6853336 | -ὀ 1° 56’ 30714 | 10476204 
+ 0°6803413 | - 0-0090889 | 0:6804020 | -ὀ 0° 45’ 55139 1-0402790 
+ 0°6755573 | + 0:00 8372 0°0753746 0° 24’ 36788 | 1-0330918 
+ 0°6705909 | + 0°0185581 | 0:6708477 1° 35’ 6776 110260535 
+ 0°6654453 | + 0°0320747 | 0°6662179 2° 45° 34733 | ΤΌΙΟΘΙ5 
+ 0°6601234 | + 0°0453875 | 0-6616819 3° 55° 59:67 | 1:0124030 
+ 0°65 628: + oossaoc: 0°6572366 5° 6’ 22783 Pose ars 
+ 0°6489626 | + 0-0 14038 0-6528790 6° 16’ 4301 | 0:9992894 
+ 0°6431297 | + 0-0841081 | 0:6486062 ἧς 27° 2794 0°99292 31 
+ 0°6371326 | + o-0966101 | 06444156 ° 37’ 20702 | 0:9866783 
+ 0°6309743 | + 0-108g100 | 06403046 9° 47° 35718 | 0:9805512 
+ 0°624657 + 0°1210079 | 0°6362706 10° 53,4 750 | 0:9745381 
+ 0°6181862 | + 0°1329039 | 0°6323113 12° 8’ 0%02 ooeteses 
+ 0°6115625 | + 0:1445980 | 0-6284245 13° 18’ 9781 | 0:9628399 
+ 0°6047900 | + 0-1560g900 | 0-6246079 14° 28’ 17%9Q1 | 0:9571482 
+ 0°5978715 | + 0°1673799 | 0-6208594 15° 38" 24737 | 0:9515574 
+ 0°5908104 | + ay 4075 06171771 16° 48’ 29723 | 0:9460644 
+ 03836096 + 0°189352 0°6135590 17° 58’ 32756 | 0:9406663 
+ 0°5762725 | + 02000354 | 0-6100034 19° 8’ 34°38 | 0:9353606 
+ 0°5688020 | + 0°2105152 | 0°6065083 20° 18’ 34774 | 0:9301444 
+ 0°5612014 | + 02207919 | 0-6030722 21° 28° 33769 | 0-9250154 
+ 0°5534739 | + 0°2308653 | 0-5996933 22° 38” 31726 | o-g199712 
+ 0°5450226 | + 0°2407351 | 0°5963702 23° 48’ 27748 | 0-9150093 
+ 0°5376509 | + O-2504011 | 0°5931013 24° 58° 22%40 | 0-9101276 
+ 0°5295619 | + 0°2598629 | 0°5898852 26° 8’ 16705 | 0:9053239 
+ 0°5213588 | + 0-2691204 | 0-5867204 2. 18’ 8147 | 0-go005961 
+ 0°5130449 | + 0°2781733 0-5836056 28° 27’ 5976 0°8959423 
+ 0°5046236 | + 0°2870212 | 0°5805395 29° 37° 49°72 | 0°8913605 
+ 0°4960979 | + 0°2956640 | 0-5775209 30° 47’ 38762 | 0-8868489 
+ 0°4874713 | + 0-3041014 | 0°5745485 31° 57° 26741 | 0°8824057 
+ μὰν ate hs + 0°3123332 | 0°5716212 ° 7° 13712 | 0:8780291 
+ 0°4699285 | + 0-3203591 | 0-5687379 34° 16° 58777 | 0-8737176 
+ 04610189 | + 0°3281790 | 0-565 974 35" 26’ 43739 | 0°8694694 
+ 0°452021 + 0°3357927 | 0°5630987 36° 36’ 27%01 | 0-8652832 
+ 0°4429398 | + 0°3432000 | 0-5603409 | 37° 46’ 9765 | 0-8611573 
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J113(%) 


0°4337771 
0°4245307 


0°4152219. 


0°4058363 
0:4903830 
0°3868655 
0°3772872 
0°3676514 


0°3529015 
0°3482210 


03384331 


0:32860012 
0:3187288 
0:3088193 
0:2988759 


0:2889021 
0:2789012 
0°2688766 
0°2588316 


. 02487696 


0:2386939 
0°2286079 
0:2185149 
0-2084181 
0:1983209 


0:1882266 
0:1781384 
0°1680595 
0°1579933 
0°1479429 


O°13791T5 
01279023 
0°1179186 
0°1079033 
0098039 


00881509 
0:0783000 
0:0684899 
0°0587238 
0:0490046 


0°0393353 
0:0297I 

0:0201583 
0:0106564 
O-O0I2161 


0:0081598 
0°01746085 
0:0267073 
0°035°73 


0044963 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 
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ΕΞ 
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ΠΕ 
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ΒΒ 
ἘΣ 
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ae 
4 
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Yy3(*) 


0:3504008 
0°3573949 
0°3041824 
0°3707631 
0°377137! 


0°3833043_ 


o- 3892647 
O°3950105 
0°4005057 
0°4059005 


O41 10411 
0°4159096 
0°4206923 
0°4252096 
0°4295216 


04336289 


°0°4375318 


0°4412307 
nia ete 
0°4480187 


0°45I1 1090 
0°4539975 
0°4566849 
0°4591720 
0°4614595 


0:4635482 
0°4654389 
ΑΘ. 325 
0*4686300 
0°4699324 


0°4710406 
0°47195 

Ὁ οἾβς 
0°4732111 
0°4735538 


0°4737081 
0°4730754 
0°4734569 
0°4730540 
0°47240 2 


0°4717009 
0°47075 

0:4000281 
0-468 250 
ο᾽466δὅ4δο 


0:4651970 
0°4633741 
0°4613813 
0°4592203 
0°4568930 


| 0°466 


(1) 
| Η, ,κ«(5) | 


0°5576229 . 


0°5549437 
0°5523025 
0:5496984 
0°5471306 


0°5445981 
0°5421002 
0°5396362 
0°537205 I 
075348065 


0°5324394 
0°5301033 
0°5277974 
0'5255212 
0°5232740 


0°5219551 
0°5188641 
0°5167002 
0°5145631 
0°512452I1 


0°5103666 
0:°5083063 
0°5062705 
0°5042589 
0-5022709 


0'5003061 
0°4983640 
0°4964442 
0°4945462 
0°4926698 


0°4908144 
0:4889797 
0°487165 3 
0°485370 

0:4835959 


0°4818402 
0:4801034 
0°4783851 
0:4766850 
0°4750028 


0°4733382 
0-4716909 
0°4700605 
ΒΟ 4400 
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0°4652685 
0°4637033 
0°4621537 
0:4606194 
0°4591002 


arg H " (x) 


| 38° 55’ 51734 


40° 5’ 32*10 
41° 15’ 11795 
42° 24’ 50°91 
43° 34’ 29%00 


44° 44’ 6125 


45. 53, 42767 
47 3’ 18:29 
48° 12’ 53712 
49° 22’ 27°18 


50° 32’ 0749 
oF. 41° 33%06 
“pie haan a 
54, 9, 90 100 
55° 10 52 


29. 45, 
60° 57’ 29%06 


62° 6’ 55770 
63° 16’ 21°75 
64° 25° 47°23 
65° 35° 12714 
66° 44° 36750 


67° 54’ 0731 
69° ’ὔ 


73. 40’ 51160 
4° 50’ 12738 


78° 18’ 11792 


9° 27’ 30°86 


ο 


85..13' 59721 
86° 23’ 15°66 
87° 32% 31772 
83° 41° 47739 
89° 51’ 21:69 


91: ο΄ 17763, 


e* Ky;3(*) 


0°8570902 
0:8530808 
08491275 
0:8452290 
0°8413842 


0°8375917 
0°8338505 
0°8301 592 
0°8265169 
0°8229225 


08 193748 
0°8158730 
0°8124159 
0:8090028 
0°8056325 


0°802 3043 
0°7990173 
0°7957706 
0°7925634 


- 0°7893949 


0°7862643 
0:7831710 
0-7801140 
0°7770928 
0:7741066 


O°7711547 
0:7682366 
0°7653515 
0:7624989 
0°7590781 


0:7568886 
0°7541297 
0°7514009 
0:7487017 
0°7460315 


0°7433898 
0°7407762 
0°7381900 
0°7356309 
0°7330983 


0°7305919 
o-7281111 
0°7250555 
ibe 
0°7208183 


0:7184359 
0-7160770 
0°7137413 
0-711 4285 
0°7091 381 


To compute functions of order -- 1/3, increase the phase by 60°. 
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Oo BOR N 
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N 


Pr trtrt et tltt tet tt fads 


-- 
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Jus(*) 


0°0539763 
0:0629080 
0°0717506 
Gobo: 18 

0:0891928 


0°0977759 
0°1062656 
0°11 46595 
0°1229552 
O-1311505 


0°1392429 
0'1472303 
O-I551105 
0-1628813 
0°1705405 


0°1 780862 
0°1855162 
0°1928286 
0°2000215 
0°2070929 


O-21404I1 
0°2208642 
0°2275605 
0°2341283 
0°2405659 


0°2468718 


- 0°2530444 


0°2590821 


0°2649836 | 


0°2707474 


0°2763722 
0-261 8468 
0:2871997 
02924000 
0°2974564 


0°3023678 
0°307133 
ΟἾ311751 
0°3162224 
0°3205442 


0°3247164 
03257383 
0°3326092 
0°3363283 
0°3390952 


0°3433091 
0°3465698 
0°3496766 
0:3526292 
03554274 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


+ 
δ 


Y13(%) 


0°4544013 
0°4517471 
0°4489323 
0°4459590 
0°4428292 


0°4395451 


0-43610 

0°4325221 
0-4287877 
0°4249076 


0-4208840 
04167194 
O°4124159 
0°4079761 
0°4034022 


0-3986968 
0°3938622 
3 
0:3889010 


A ae 


03732827 
0°3678404 
0°3622843 
O-3566170 
0-3508413 


0°3449599 
0°33°975 
0-332890 
0°3267083 
0°3204313 


_0°31 40623, 


0°3076042 
0-3010598 
0°2944320 
0:2877236 


0:2809376 


0-2740707 


0°2671440 


02601423 


0°2530746 


0°24 59438 
0°2397529 
0:2315048 
0°2242025 
0:2168489 


0°20904471 
0-2020000 
0-1945106 
0: 1869819 
0°1794168 


| Hyia(*) | 


0°4575959 
0°4561061 
0°4546308 
0°4531696 
0°4517223 


0°4502888 
pated 
0°4474619 
04460682 
0°4446874 


0°4433192 
0°4419636 
0°4406202 
0°4392890 
0°4379697 


0°4366621 
0°4353001 
0°4340816 
0°4328083 
0°4315461 


0°4302948 
0°4290543 
0°4278244 
0°4266049 
0°4253958 


0°4241969 
0:4230080 
0°4218290 
0°42065908 
0°4195001 


0°4183500 
0°417209 
0°416077 
0°4149554 
0°4138420 


0°4127375 
O°41 16417 


04105546, 


0°40947 
δ. 10876:8 


0°4073440 
0°406290 
0°405244 
0°4042073 


- 0°4031776 


0°4021558 
O-4011416 
0-4001351 
0°3991 361 
0°3981444 


(1) 
arg H, 13*) 


96° 46° 26799 
97, 55, 39% 3 
99° 4, 5273 
00 14 4°59 
IOI° 23' 16749 


102° 32" 28708 
103° 41° 39737 
| 50° 50°36 
106° o’ 1%o 
107° 9’ 1174 


108° 18’ 21758 
1099 27’ 31742 
IT10° 36’ 4οἴ99 
111 45’ 50729 
112" 54° 59°32 


114° 
1155 13’ 16°61 
116° 22° 24787 
117° 31’ 32789 
118° 40’ 40766 


119° 49’ 48*19 
120° 33° 5548 
1225 8 2754 
123. 17. 9°37 
124° 26’ 15797 


125° 35, 22°35 
126° 44’ 28:51 
127° 53, 34°46 
1295 2’ 40719 
130° 11’ 45772 


131° 20’ 51703 
132° 20’ 56715 
133° 39’ 1706 
134° 48" 5°78 
135 57 10°30 


137, 6/1 
138° 15’ 1 
139° 24. 22773 
140° 33° 26751 
141° 42’ 30710 


142° 51’ 33752 
144° 0% 36776 
145° ο΄ 39783 
146° 18’ 42772 


147° 27° 45745 

148° 36’ 48701 

149° 45’ 374 
05 
7 


150° 54’ 52% 


152° 3° 54°73 
153° 12’ 56765 


4’ 809. 


τῇ 
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eK 1)9(x) 


eT FST EO ESD | APRA ST SR ἢ ἐπα ΠΕ ΜΡ ake ARN 


0°7068697 
0°7046231 
0°7023978 
0°700193 

a at 


0°6958470 
0:6937040 
0°6915807 
0:6894769 
0°6873922 


-0°6853264 
0°6832792 
0:6812503 
0°6792394 
0°6772463 


0°6752708 
0°6733124 
0°6713711 
0°6694465 
0:6675385 


0°6656467 
0°6637710 
o-6619III 
0:6600668 
0°6582379 


0°6564241 
0°6540254 
0°6528413 
ΘΌΞΣΟΤΤΟ 
0°649316 


0°6475758 
0-6458439 
0°6441357 
0°6424361 
0°6407500 


0-6390771 
 0°6374173 
0°63577093 
0°6341 362 
0°6325146 
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COOP N CORARNH COHAN OODAN 


CoO Οὐ 5-.. 


peepee δή 
0°6293085 
0°6277236 
0:6261508 
0°6245897 


0:6230403 
0-621502 

0°019975 
0:6184605 
0°6169562 


0 OOF DN 


Ν 


OOO O0.0CCM 


BRWWH WOWUW WWWWW WHWWW BWWWWU WUE 


eRe) 
O 0 


J _1;3 (4°00) =0°3981444 x Cos 213° 12’ 56765 = - 0°3330932. 
Y_1;3 (4°00) =0°3981444 x sin 213° 12’ 56765 = — 02181008, 
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Piet aid 


ΒΡ BW 
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SADA 
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0 OOF N 
Bile ie he 


CoN] τ SI 


© co 60 G0 60 
0 OOD N 
Γ{{| 
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UAAAA AAAAA HAAAA AAAAA AAAAA HARA FAA 


SGHO00 
oO MAN 


J 13%) 


0°3580707 
0°3605591 
0°3628923 
0°3650702 
0°3670927 


0:3689599 
0:3706718 
0°3722285 
8'37 36302 
03748770 


03759693 
0-3769073 
O:3740014 
0°37 3220 
0°3787997 


o°3791246 
0°3792901 
0'3793201 
0°379I9I16 
0°3789131 


03784856 
0°3779098 
0:3771866 
0:3763170 
0°3753019 


0°3741423 
0°3728394 
Ὁ ΣΤῚΣ 
0:3698078 
0°3680815 


0°3662167 
0:3642144 
0-3620762 
0°3598033 
0°3573972 


0°3548595 
0°3521915 
0°3493949 
0:3464712 
0°3434221 


0°3402493 
0°3369544 
0°3335393 
0°3 300057 
0°3263554 


0°3225903 
0°3187124 
0°3147234 
0°3106254 
0* 3064205 


Pb ttt {ττττῸ τιττι Fett Fe ttt 


ae ie PR Ss ae ah, A oe 2 


Paid dad 


Y43(¥) 


0°1718183 
0°1641895 
0°1505333 
ον 88 
O-1411506 


0°1334301 
0°1256940 
O°1179455 


o:1101873 


0°1024224 


0°0946539 
0:0808845 
0°0791172 
0°07135509 
0:0636006 


0°05 38570 
0°0481270 
0°04041 34 
0°0327I9I 
0°0250469 


0°01 7399 
0°009779 
0-0021904 
0°0053659 
0:0128864 


eka aie 
0:0278093 
0°0352065 
0°0425573 
0°0495592 


0°0571096 
0:0643061 
0-071 4460 
a is 5270 
0°0855466 


0:0925024 
0°0993921 
0°1062133 
0°1129637 
ΟἾἼΙΟΘΟΔΙΙ 


0:1262432 
0:1327677 
0°139212 
0145575 
O-1518551 


0°1 580485 
01641539 
O°1701695 
abel at 
071819232 


| Hy 9(#) | 


0°3971601 
0:3961831 
0°3952132 
0°3942593 
0°3932945 


0°3923455 
0°391 4034 
0°3904679 
0°3895391 
0:-3886169 


0°3877012 
0°3867919 
0°3858890 
0°3849923 
0°3841018 


0°3832175 
0°3823392 
0-381 4669 
0*3806006 
0°3797400 


0°3788853 
0°3780363 
0°3771930 
0°3763553 
0°3755231 


0°3746963 
03738750 
0°3730591 
0°3722485 
0°3714431 


0-3706429 
03698478 
0°3690578 
0°3682729 
0°3074929 


0°3667178 
0°3059470 
0:3651822 
O- 3044210 
0-3630057 


0° 3629145 
0: 3621679 
3042. 
0°3600883 
0°3599553 


0°3592207 
0'3585026 
0°3577827 
0°3570672 
0°3563559 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


(1) 
arg H, 13 (x) 


58742 
0704 
1101 


¥ 


180° 49’ O*9QI1 
181° 57’ 59752 


183” 6’ 58703 
184° 15° 56743 
185° 24” 54°72 
186° 33’ 52:90 
187° 42° 50°97 
188° 51’ 4810 

190° 76 16°84 
191° ο΄ 44758 


194° 36° 37°27 
195° 45, 34704 


196° 54’ 31*91 


198° 3’ 29%09 
199° 12’ 26°17 


200° 21’ 23716 
201° 30’ 20706 
202° 39’ 1678 
203° 48" 13:5 
204° 57° 10721 


206° 6° 6175 
201 15΄ 3721 
208° 23’ 59738 
209° 32” 55:80 
210° 41’ 52706 


e* K 1) 3(%) 


0:6154630 


0°6139805 
0°6125087 
0°6110475 
0°6095967 


0:6081563 
0:6067260 
0:605 3058 
0:6038956 
0°6024952 


O-6011045 
0°599723 
0°5983 81 
0°5969 24 
0°595636 


0°5942930 
0°59295°4 
0°5916327 
0°5903159 
0°5890079 


0:5877086 
ο: δ 4128 
0°5851356 
075838617 
0°5825961 
0°581338 

Ὁ προ δος 
0°5788483 
0°5776151 
0°57638907 


0°5751721 
0°5739622 
0°5727599 
0°5715052 
0°5703779 


05691980 
0°5680255 
0-5668601 
0°5657019 
075645508 


0°5634067 
0°5622696 
o-5611 393 
0°560015 

0:5588991 


0°5577890 
0°5560856 
0°5555886 
0°5544982 
075534141 


To compute functions of order — 1/3, increase the phase by 60°. 
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x J 3%) 


— O°3021105 
0-2976976 
0°2931838 
0-28 8714 
0°2838623 


ANN 
ὁ 
δι 

trad 


0°2790589 
0°2741632 
0°2691776 
0°2641042 
0°2599454 


0°2537934 
0°2483807 
0°2429794 
0°2375020 
0°2319509 


0°2263285 
0°2206371 
0°21 48793 
0°2090575 
0°2031741 
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0°1972317 
O°1912327 
0°1851797 
0°1790751 
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0°1667216 
0°1604777 
O°1541924 
0°1478684 
01415082 
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O°1351143 
0-1286894 
0°1222361 
0°1157509 
0°1092543 


- 0°1027311 
- 00961898 
- 0:0896330 
- 0:0830632 
- 0:0764830 


- 0°0698951 
- 0:0633019 
- 0°0567061 
- ΟὍΒΟΙΙΟΖ 
- 0°0435167 


- 00369283 
~ 0°0303473 
— 0°0237764 
- OOI72181 
- 0°0106747 
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TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


Y 4/3 (*) 


~ 0°1876576 
~ 0°1932947 
- 0°1988326 
— 0°2042696 
— 0:2096041 


0°21 48343 
2. “ἢ 


0°2298843 
0:2346822 


0°2393685 
0°2439417 
02484004 
0°2527435 
0°25696096 


0°2610776 
0-2650664 
02689349 
0:2726820 
0:2763068 


0°2798083 
ο 28318 5 
0-286437 
0°2895642 
0°2925640 


ee hak 
0°2981813 
0°3007974 
0: 3032845 
0°3056420 


0°3078695 
0-3099667 
0°3119330 
03137683 
0°3154723 


0-31 0448 
0°310405 
0°319794 
0°320972I 
0°3220176 


|| 


— 0°3229313 
~ 0°3237134 
— 0°3243639 
- 0°3248832 
— 0°3252714 


- 0°3255288 


— 0°3250557- 


— 0°3256526 
τ 0°3255199 
- 0°3252580 


0:2249760- 


(1) 
| A, ,,(%) | 


0°3556489 
0°3549460 
0°3542473 
0°3535527 
0'3528621 


O° 3521756 
0-3514930 
0-3505144 
0°3501397 
0-349468 


0°3488018 
0-3481386 
0°3474791 
0°3465234 
0°3461714 


0°3455230 
0-3448782 
0°3442370 
0°3435994 
0°3429653 


0°3423346 
0°3417075 
0°3410837 
0°3404034 
0°3395464 


0°3 392328 
0°3386224 
0°3380154 
0°3374110 
0-3368109 


0°3362135 
0°3350193 
0°3350282 
0°3344401 
0°333°552 


0°3332733 
0°3320945 
0°3321186 
0°331545 
0°330975 


0-3304088 
aie 
0°3292534 
0°3287250 
0-3281604 


0°3276166 
0-3270667 
0°3205194 
0°3259749 
0°325433! 


(1) 
arg Ay), (x) 


211° 50’ 48718 
212° 59° 44722 
214° 8’ 40717 
215° 17’ 36705 
216° 26’ 31784 


ae 35° 27756 
21 . 44 2320 


’ὔ 
[4 


223° 20’ 5ἿἾΟΙ: 
224° 29’ 0°27 
225° 37, 55746 
226° 46’ 50759 
227° 55° 45764 


229° 4° 40762 
230° 13° 35753 
231° 22’ 30737 
232° 31’ 25714 
233° 40° 19785 


234° 49° 14749 
235. 58° 90 
23 ο i, ; 

233° 15° 58*02 
239° 24" 52740 


240° 33° 46772 
241 42 40°97 
242° 51° 35716 
244° ο΄ 29730 
245° 9’ 23°37 


2405 18’ 17738 
247° 27, 11733 
248° 360’ 5722 
249° 44° 59706 
250° 53° 52784 


252° 2° 46756 
253° Il’ 40722 
254° 20° 3378 
255. 29’ 2773 
250° 38’ 20788 


° 
ο 


200° 5 
261° 13” 54°34 
262° 22° 47757 


264° 40’ 33 

265° 49’ 26796 
266° 58’ 19798 
268° 7’ 12796 


263° 31’ 40°73 
9 


ΕἸ K4/3(%) 


0°5523364 
0-5512050 
0°5501998 
0°5491408 
0°5480878 


0°5470410 
0°5460001 
0°544965I 
0°5439360 
0°5429127 


0°5418952 
0°5408834 
0°5398773 
O75 cay Ag 
0°537881 


0°5368923 
0°5359082 
05349296 
0°5339563 
0°5329883 


SE a τ 
0753106381 
0°5301137 
0°5291685 
0°5282263 


0°5272892 
0°5203570 
0°5254298 
0°52450974 
05235899 


0°5226772 
0°5217693 
0°5208661 
0°5199676 
0°5190737 


0°5181844 
0°5172997 
toe 
0°515543 

0°5140725 


0°5138056 
0-5129432 
0-5120850 
O-5112312 
0-5103816 


05095362 
0-508695I1 
0:5078581 
0°5070252 
0°5061964 


J _113 (6°00) =0-3254331 x cos 328° γ᾽ 12°96 = +0°2763443 
Y _ 43 (6°00) =0°3254331 x sin 328° 7’ 12°96 = —0-1718736. 
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τῷ 0000000 
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© oooh N 


GOHOSS 
o OR DN 


© OOD DN 


REP FEEEE τετττ FEEEE FEEEHE {ττττ FEE FHEFHtH FEHet FAH! 


+ 
+ 


J uis(*) 


0:0041 490 
0:0023568 
0:00838402 
0°015298 
0'021729 


0:0281313 
0°0345007 
0:0408356 
0°0471337 
0°0533927 


0:0596103 
0:0657842 
0°0719122 
0:0779920 
0:0840213 


00899981 
00959202 
0°1017854 
0°1075917 
0°1133370 


O*IIQOIQ92 


"1619714 
01669992 


0°1719453 
ΟἹ 68080 
orl 15856 
0°1862766 
0:1908793 


0°1953922 
0°1998139 
ἘΠΕ 1:1: 
0:208377 
O:2125171 


0°2165596 
0:2205041 
0°2243491 
0°2280935 
0'2317362 


0'2352760 
0:2387118 
0:2420426 
0'2452674 
0'2483853 
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Table III. Functions of order one-third 


1111 {Γι} bPprttt pure)! ttt tpe tPrrpr port t ttrtbtrt trereta 


Y1)3(*) 


0°3248675 
0°3243490 
0°323703!1 
0°3229304 
0°3220317 


0°3210077 
0°3198593 
0°3185872 
0'317192 
0°315675 


0°3140384 
0'3122813 
0°310405 
0°308411 
0°3063018 


0°3040764 
0°3017371 
0°2992549 
0:2967212 
0°2949474 


0°2912648 
0:2883748 
0°2853790 
0:2822787 
0°2790756 


0°2757711 
el Cog 
0°2688647 
0°2652659 
0°2615725 


0°2577860 
0'2539082 


0'2499409 
0:24 28860 
0'2417452 


0'2375205 
0°2332136 
0°2288267 
ΟΖ 43019 
02198201 


0°2152044 
O:2105105 
0°2057584 
0°2009321 
0:1960398 


0°1910836 
01860655 
0°1809877 
0'175852 
Ὁ δὸς 


() 
| H,/,(*) | 


0°3248940 
O oe tee 6 
0°3238238 
0°3232926 
0°3227640 


0°3222380 
0°3217146 
0°3211936 
0°3206753 
0°3201594 


0-3196460 
0°3191350 
0°3186265 
0°3181204 
0°3176167 


O-3171154 
0-3166184 
O:316119 

0°3156255 
0°3151335 


0°31 46438 
0°3141564 
0°31307 02 
0°3131883 
0°3127076 


0'3122291 
03117527 
Batis 80 
0°3108066 
0°3103367 


0:3098690 
0°30 4033 
0*308939 

0°3084783 
0°3080189 


0°3075015 
0:3071062 
0°3066528 
0°3062015 
0°3057522 


0°305 3048 
0°3046593 
0°3044159 
0°3939743 
0°3035347 


0: 3030969 
0°3026610 
0°3022271 
0°3017949 
0°301 3646 


(1) 
arg A, 13\*) 


269° 16’ 51:89 
270° 24° 58°77 
271° 33’ 51760 
272° 42° 44°39 
273 51 37°12 


275° 0° 29781 
276° ο΄ 227406 
277° 18’ 15705 
278° 27’ 7%60 
279° 36’ O711 


280° 44° 52°57 
281° 53° 44°99 
283° 2° 37736 
284° 11’ 29:69 
285° 20’ 21798 


286° 20’ 14722 
ate 38’ 6142 
288° 46’ 58758 
289° 55, 50°70 
291 4 42°77 


292° 13° 34*80 
293° 22’ 20:80 
294° 31” 18775 
295° 40’ 10°67 
296° 49’ 2754 
297° 57° 54738 
209° δ’ 46:18 
300° 15’ 37:9 

301° 24’ 29:6 

302° 33° 21734 
303° 42° 12798 


304° 51’ 4°59 
305° 59° 50716 


4 


309° 26’ 30°66 
310° 35’ 22:08 


[9] ᾽ μ 


315° 10° 47144 
38770 


320° 55, 3738 
322° 3, 54°47 
323° 12’ 45752 
324° 21" 36755 
325° 30° 27°54 


e*K1)3(%) 


0°5053717 


075045509 


0°5937342 
0°5029215 
0-5021126 


0°5013077 
0°5005066 
0°4997094 
0:4989160 
0°4981263 


0°4973404 
0°4965582 
0°4957796 
0-4950048 
0°4942335 


0°4934659 
0°4927018 
0°4919413 
ΟἾ491164 
0°490430 


0:4896807 
0°4889341 
0°4881909 
0°4874510 
0°4867145 


0°485981 
0°485251 
0°4845250 
0°4838017 
0:4830817 


04823648 
So ἊΣ 
0:4809406 
0°4802333 
0°4795290 


0:4788279 
0°4781298 
0°4774347 
0°4767427 
0°4760537 


0°4753077 
0:4746846 
0°4740045 
0°4733273 
0°4720530 


0'4719815 
0°4713130 
0°4706472 
0-4699543 
0°4693242 


To compute functions of order ~ 1/3, increase the phase by 60°, 
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6: 
6: 
6: 
6: 
6: 
6: 
6: 
6: 
6: 
6: 
6° 
6: 
6: 
6: 
6: 
6: 
6: 
6: 
6: 
6: 
6: 
6° 
6: 
6: 
6: 
6: 
6° 
6: 
6: 
6: 
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Table III. Functions of order one-third 


Ὁ οοοοῦῦ GDIYNY YNHAGRH qQuunn ARPES POWHW WAHSS δα 
CODA N COORD OWODARN DCHOTRN οὐσῶν OCOOPRN CHOON 


Oo OOR N 
tHe t+ FH Ἐπ HEHE FHA FHF H FHF HHH ττττ FHttte Feet 


OVNI NNN ἃ Sp OSS Ss sss 


66666 
Oo OOD N 


(1) 
| H,/5(*) | 


(1) 


J _1}3 (8-00) =0-2819453 x cos 442° 52’ 21764 = +.0-0349823. 
Y_1)3 (8°00) =0-2819453 χ sin 442° 52’ 21°64 = +0-2797667. 


J 13(*) Y1;3(*) arg H,/,(*) εὐ Ky)3(%) ad 

0°2513952 | — 0-16541 77 0-3009362 | 326° 39’ 18750 | 0:4686668 | 7-02 
0°2542904 | -- 0-160122 0°3005095 | 327° 48’ 9742 | 0-4680122 | 7:04 
0°2570881 | - 0°15477Q1 | 0:3000847 | 328° 57’ 0732 | 0-4673604 | 7:06 
0°2597694 | — 0°1493888 | 0-2996617 | 330° 5’ 51719 eons 7:08 
0°2623395 | - 0°1439541 | 02992404 | 331° 14’ 42703 | 0-4660648 | 7-10 
0:2647979 | - 0°1384774 | 0°2988209 | 332° 23’ 32783 | 0-4654211 | 712 
0°2671439 | -- 0-1329609 |} 0:2984032 | 333° 32’ 23761 | 0-4647800 | 7-1 

0°2693709 | - 0°1274068 | 0°2979872 | 334° 41° 14736 | 0°4641415 | 7-1 

0°2714902 | -- 0-1218174 | 0°2975730 | 335. 50” 5707 | 0°4635057 | 7°18 
0°2735015 | - O-1161950 | 0°2971604 | 336° 58’ 55776 | 0-4628725 | 7:20 
0°275392I | — O-1105419 | 0°2967496 | 338° 7’ 46742 | 0°4622419 | 7:22 
0°2771678 | -- 0-1048604 | 0:2963405 | 339° 16’ 37705 Ο ποτ [η8 7:24 
0°2788281 | -- 0:0991527 | 0°2959330 | 340° 25’ 22:05 0°4609884 | 7:2 

0°2803727 | -- 0°0934223 02955273 | 341° 34’ 18722 | 0-4603654 | 7°28 
0-2818013 | -- 0-0876683 | 0°:2951232 | 342° 43’ 8777 | 0°4597450 | 7-30 
0:2831136 | — 0-0818961 | 0:2947207 | 343° 51’ 59728 | o-4591271 | 7:32 
0°2843096 | -- 00761070 | 0:2943199 | 345° 0’ 49°77 ΑΘ 10 7.34 
0°2853889 | -- 0-0703033 | 0°2939207 | 346° 9’ 40123 | 0-4578986 | 7:3 

0°2863516 | -- 0-0644874 | 0°:2935231 | 347° 18’ 30766 | 0-4572881 | 7-38 
0°2871974 | - 0°:0586615 | 0°2931272 | 348° 27’ 21707 | 0°4566801 | 7-40 
ie eit — 0°0528279 | 0°2927328 | 349° 36’ 11745 | 0°4560744 | 7°42 
0°2835390 | — 0:0469890 | 0°2923400 | 350° 45’ 1780 | 0-4554712 | 7°44 
0°289034 - 0°0411470 | 0°2919488 | 351° 53’ 52712 | 0°454870 7°40 
0°2894138 | — 0:0353042 | 0°2915592 | 353° 2’ 42742 | 0-4542718 | 7.48 
0-2890766 | -- 0-0294630 | 0-2911711 | 354° 11’ 32770 | 0°4536757 | 7:50 
02898232 | -- 0:0236256 | 0:2907845 | 355° 20’ 22795 | 0°4530819 | 7-52 
0°28985 38 ~ 00177943 | 0°2903995 | 356° 29’ 13717 | 0°4524905 | 7°54 
02897689 | -- 0-:0119713 | 0-2g00160 | 357° 38’ 3737 | 0-4519013 | 7-56 
0°2895686 | — 0-0061589 | 02896341 | 358° 46’ 53754 | 0-4513145 | 7°58 
0°2892534 | -- 0:0003594 | 0:2892536 | 359° 55’ 43°69 | 0-4507299 | 7-60 
0:2888237 | + 0:0054250 | 0-2888746 | 361° 4’ 33781 | 0-4501476 | 7:62 
0°2882799 | + 0-O111920 | 0°2884971 | 362° 13’ 23 ΟΙ 4405606 76 

0°2876227 | + 0:0169396 | 0:2881211 | 363° 22’ 13798 | 0-4489898 66 
0:2868525 [ + 0:0226654 | 0:2877465 | 364° 31’ 4703 Ο oh ont: 7°68 
0°2859699 | + 0:0283672 | 0:2873734 | 365° 30’ 5405 | 0-4478408 | 7:70 
0°2849756 | + 0-0340430 | 0:2870018 | 366° 48’ 44705 | 0-4472697 | 7-72 
0-2838702 | + 0:0396905 | 0:2866315 | 367° 57” 3403 | 0°4467007 7:74 
0°2826545 | + 0:0453076 | 0°2862627 | 369° 6’ 2319 0°4461339 | 7:7 

0:2813292 | + 0:0508922 | 0-2858954 | 370° 15’ 13791 | 0°4455692 11: 
0°2795952 | + 0°0564422 | 0°2855204 | 371° 24’ 3782 | 0:4450067 | 7-80 
0°2783532 | + 0°061955 0°2851648 | 372° 32’ 53770 0°4444463 7:82 
0°2767042 | + 0:0674298 | 0:2848017 | 373° 41" 43756 0°4438880 7:84 
0°2749490 | + 0:0728635 [ 0°2844399 | 374° 50. 33740 | 0.4433318 | 7:8 

0°2730886 | + ey ee 0°2840794 | 375° 59’ 23:22 | 0°4427777 | 7-88 
O-271124I | + 0°:0836001 | 0°:2837204 | 377° 8’ 13%01 | 0-4422257 | 7-90 
res δι + 00888991 | 0°2833627 | 378° 17’ 2778 | 0-4416757 | 7-92 
0:2668867 | + 0-094 1493 0°2830063 | 379° 25’ 52753 0-4411278 79 

0°2646159 | + 0-099348 0°2826513 | 380° 34’ 42725 | 0°4405819 “6 
0°2622454 | + 0°1044956 | 0:2822976 | 381° 43’ 31796 | 0°4400381 1:98 
0°2597762 | + 0:1095878 | 0°2819453 | 382° 52’ 21764 | 0°4394962 “00 


122 


ΝνΝμμ μι μή 
Oo OO N 


WNHNHNN 
0 OOF bv 


AWWWW 
Oo SOR WY 


np «Ὁ > Ὁ. 
Oo MOL N 


Danan 
ODOR N 


SADA 
0 DOL N 


CON SI SI“ 
0 OOF N 


20.00 οοοοοοοῦοῦ οσοοοοῦοοῦ GOGGGD GEGDE09 Οὐοοοοῦοοῦ Οοοοοοθοοῦ —_G.G000000_GD.GD.OD.GDG 
0 COO N 


O65 ὁ 
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EEE FEE FEEHHE FEE FHEEHEH FHettt FHHHtt FHtete Ft+tte F+ttt 


JFurs(*) 


0°2572095 
0°2545467 
0°2517890 
0°2489377 
0°2459942 


0°2429598 
0°2398360 
0-2366242 
0°2333259 
0°2299425 


0°2264758 
wie ed 
O:21929081 
0°2155904 
0:2118057 


0°2079456 
0-2040118 
0*2000061 
0°1959301 
O°I191 7957 


0°18757 
0°18 Peak 
0-1789600 
0°1745601 
0-1701008 


0°1655842 
O'1610121 
0-1563865 
0-1517093 
0-1469824 


0°1422079 
0°1373878 
0°1325240 
O°1276185 
0°1226734 


0°1176907 
O-ll 20725 
0°107620 

0°1025377 
0°0974252 


0°0922855 
0-0871206 
0°0819327 
maha bey 
0°07T495 


0°0662512 
0-0609918 
0°0557199 
0°05094375 
0°0451407 
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Table III. Functions of order one-third 


+ettt Fettte +ettt Fetter ++t+tt 


+++ 


tt+t+et +++ te ++ete+ τττττ 


Y4;3(*) 


0°11 46236 
O-L1g6012 
*1245187 
°1293743 
"1341604 


000 


-1388931 
"1435528 
‘1481438 
°1526645 
"1571133 


"1614886 
"1657888 
"1700125 
O'1741581 
0°1782243 


0°1822096 
01861127 
0-1899322 
0°1936668 
O°1973152 


oie 
0°204348 

0°2077315 
0°2110234 
0'2142234 


oo000 


oo°0 


0°2173304 
0°2203434 
0°2232015 
0°2260837 
0°2288092 


0°2314370 
0°23396064 
0°2 363966 
0°2387270 
0°2409567 


0°2430852 
O°2451118 
0°24 70360 
ora 488572 
0°2505751 


0:2521890 
οἰ 2536 57 
0°255103 

0°2564039 
0°2575988 


0:2586882 
0:2596720 
0:2605500 
0°2613221 
0:2619882 


0:2815942 
0:2812445 
0:2808961 
0:2805489 
0-2802030 


0°2798584 
ΟἸΣΤΟ5Ι5Ι 

27Ο1 730 
0°2788322 
0°2784927 


0:2781543 
0:2778172 
0°2774813 
0°2771467 
0°27681 32 


02764809 
0°2761498 
0°2758200 
0°2754912 
0:2751637 


0°2748373 
0-2745121 
0:2741880 
0-2738651 
0°2735433 


0°2732227 
0°2729031 
0°2725847 
0°2722674 
0:2719512 


0°2716361 
0°2713221 
0-2710092 
0-2706973 
0-2703866 


0-2700768 
0°2697682 
0:2694606 
0°2691 541 
0:2688,86 


0:2685441 
S682 107 
0°2679383 
0-2676369 
0:2673365 


0'2670371 
οἰ τος, 8 
0-2664414 
0°2661450 
0°2658496 


388° 36° 29°74 


389° 45’ 19%29 

45 3780 
392° 2° 58135 
393° 11" 47:84 
394° 20° 37°32 


395° 29° 26778 
390° 38’ 16721 
397° 47, 5:03 
398° 55, 55703 
400° 4° 44741 


33°76 
23710 


4 
/ 
7 
la 
’ 


401° 13 
402° 22 
403° 31° 12742 
404° 40" 1773 
405° 48’ 51*01 


4 
/ 


406° 57° 40427 
408° 6’ 29%52 
409° 15° 18°74 
410" 24° 7°95 
411° 32° 57°14 


412° 41’ 46732 
413° 50° 35748 
414° 59’ 24*61 


418° 25” 51792 
419° 34° 40799 
420° 43° 30% 
421° 52’ 19*0 
423° 1’ 810 


- 9" 57710 
425° 18’ 46708 


f 


429° 54’ 1°85 
431: 2° 50°75 
432° II’ 39°63 
433° 20’ 28750 
434° 29° 17736 


435. 38" 620 
436° 46° 55:03 
437. 55, 43°83 
439° 4° 32°62 


0°4389564 
074384185 
0°4378827 
0°437348 
0°430816 


0°4362867 


0°4357586 
0°4352324 
0°4347081 
0°4341857 


0°4336652 
0°4331466 
0°4326298 
0°4321148 
0°4316017 


0-4310905 
0°4305810 
0°43007 33 
0°4295675 
0°4290634 


0:4285611 
0:4280665 
0°4275017 
0-4270646 
0°4265693 


ae eed oy 
0°4255°3 
0°4250936 
iy ie ae 
0°4241183 


0°4236331 
0°4231496 
0-4226678 
0°4221876 
0°421 7090 


04212321 
0°4207568 
0:4202831 
0-4198109 
0°4193404 


0°4188715 
0-4 ee 
0°417933 
0°4174740 
ΟἾ4Ι7ΟΙ13 


0°4165501 
0°4160905 
0°4156323 
O°4151757 
0-4147206 


To compute functions of order -- 1/3, increase the phase by 60°. 
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Table III. Functions of order one-third 


J 13(*) Y1/3(*) | A, /3(%) | arg H,,,(%) εὐ Kyj3(*) 
+ 0°:0398497 | + 0°2625482 | 0-2655552 | 441° 22’ 10717 | 0-4142670 
+ 0°0345485 | + 0°2630023 | 0-2652618 | 442° 30’ 58%g1 | 0-4138148 
+ 0°0292452 | + 0°2633504 | 0-2649693 | 443° 39° 47764 | 0-4133642 
+ 0°0239420 | + 0°2635927 eh 775 444° 48° 36736 | 0°-4129150 
+ 0:0186408 | + 0°2637293 | 0°2643873 | 445° 57’ 25706 | 0°4124673 
+ 0°0133439 | + 0°2637603 | 0°2640977 447. 6’ 13775 | 0-4120210 | g-12 
+ 0:0080532 | + 0:2636861 | 0-2638090 | 448° 15’ 2742 | 0-4115762 | 914 
+ 0°0027709 | + 0°2635068 | 0-2635213 | 449° 23’ 51708 | 0°4111328 | 9-16 
— 0:0025010 | + 0°2632227 | 0°2632346 | 450° 32” 39773 | 0-4106908 | 9-18 
— 0°0077604 | + 0°2628342 | 0:2629487 | 451° 41’ 28736 | 0-4102503 | 9:20 
— 0°0130053 | + 0°2623417 | 0°2626639 | 452° 50° 16%97 | 0-4098112 | 9:22 
— 070182336 | + 0°:2617456 | 0-2623799 | 453° 59° 5757 | 0°4093735 | 9°24 
- 070234434 + 0:2610463 | 0°2620968 | 455° 7’ 54716 | 0-4089372 | 9:26 
— 0°02863206 | + 0:2602443 | 0:2618147 | 456° 10’ 42774 | 0:4085023 | 9:28 
— 070337991 | + 0°2593402 | 0°2615334 | 457° 25° 31730 | 0:4080687 | 9-30 
: - 0°:0389411 | + 0°2583340 0°2612531 | 458° 34’ 19784 | 0-4076366 | 9°32 
- 0°0440506 | + 0°2572281 | 0°:2609737 | 459° 43’ 8737 | 0-4072058 | 9-34 
; — 0°0491435 | + 0°2560212 | 0°-2606951 | 460° 51’ 56:89 | 0:4067764 | 9:36 
: — 070541999 | + 0°2547148 | 0-2604175 | 462° ο΄ 45740 | 0-4063483 | 9°38 
9°40 | — 0:0592239 | + 0°2533095 | 0-2601407 | 463° 9’ 3389 | 0:4059216 | 9:40 
9°42 | -- 0:0642137 | + 0-2518062 | 0°2598648 | 464° 18’ 22737 | 0-4054962 | 9-42 
9°44 — 0°0691672 | .+ 0°2502055 0°2595898 | 465° 27’ 10783 | 0:4050722 | 9°44 
9°40 | — 0-0740826 | + 0°24850383 | 0-2593157 | 466° 35’ 59728 | 0-4046495 | 9.46. 
9°48 -- 0:0789581 | + eet i 0-2590424 10]; 44΄ 47772 | 0°4042281 | 9.48 
9°50 | - 0:0837918 | + 0°2448282 | 0-2587700 | 468° 53’ 36715 | 0°4038080 | 9-50 
9°52 | - 0:0885819 | + 0-2428471 | 0°2584984 | 470° 2’ 24756 0°4033893 9:52 
“51 — 0°0933266 | + 0°2407732 | Ο’2582277 | 471° 11’ 12796 | 0-402971 9°54 
9°56 | — 0-0980241 | + 0-2386075 0°2579379 472° 20° 1735 | 0°402555 9:56 
9°58 | -- 0°1026727 | + 0:2363512 | 0°2576889 | 473° 28’ 49772 | 0402140 9°58 
9:60 | — 0°1072706 | + 0°2340052 | 0°2574207 | 474° 37’ 38708 | 0:4017272 | 9-60 
9°62 | -- OLII8161 | + 0°2315707 | 0°2571534 | 475° 46’ 26743 | 0°4013149 | 9-62 
9°04 — 0°1163076 | + 62705486 Μία: 69 | 476° 55΄ 14°77 | 0°4000038 | 9°64 
9°66 | — 0°1207433 | + 0:2264409 | 0-2566212 | 478° 4’ 309 | 0-4004940 | 9-66 
9°68 | -- 0-1251217 | + 0°2237479 | 0-2563563 | 479° 12’ 51741 sae paar 9°68 
9°70 } — O°12944I11 | + 0°22097I12 | 0°2560923 80° 21’ 39°71 | 0°3996782 | -9-70 
44 7 5 4 / 
9°72 | - 0°1336999 | + 0-2181120 | 0:2558290 | 481° 30’ 28%00 | 0-3992721 9°72 
9°74 - 0°1378966 | + 0°:2151716 | 0-2555666 | 482° 39’ 16727 | 0-3988673 | 9°74 
9:7 - 0°1420297 | + 0°2121514 | 0-2553050 | 483° 48΄ 475 0°3984637 9°76 
9°78 - 0°1460977 | + ἀκα φῶ τ 0°2550442 | 484° 56’ 52:78 | 0-3980614 9°78 
9°50 | — 01500990 | + 0-2058768 | 0°2547842 | 486° 5’ 41702 | 0-3976602 | 9:80 
9°82 | — 0°1540322 | + 0:2026253 | 0:2545250 | 487° 14’ 29725 | 0°3972603 | 9°82 
9°84 | - 0°1578960 | + 0-1992996 ΑΞ 488° 23' 17747 | 0°3968616 | 9:84 
9°86 | — 01616889 | + 0-19590I0 | 0°-2540089 | 489° 32’ 5167 | 0°3964641 | 9-86 
9°88 | - 0°1654096 | + 0°1924311 | 0°2537520 | 490° 40’ 53787 | 0-3960677 | 9-88 
9°90 | - 0°1690567 | + 0-1888915 | 0-2534959 | 491° 49” 42705 | 0-3956726 | 9-90 
9°92 | — 0°1726290 | + 0°1852836 | 0-2532406 | 492° 58’ 30%22 | 0-3952786 | 9°92 
9°94 | — 0°1761252 | + 0-1816090 | 0-2529860 | 494° γ΄ 18737 | 0°3948858 | 9°94 
9°96 | - Seas + 0°1778693 | 0°2527323 | 495° 16’ 6%52 | 03944942 | 9:96 
9°98 | - 0°1828845 | + 0-1740662 | 0-2524792 | 406° 24’ 54766 | 0°3941037 | 9-08 
10-00 | ~ 0°1861452 | + 0-1702011 | 0°:2522270 | 497° 33’ 42778 | 0°3937144 | 10-00 


J _4;3 (10°00) =0-2522270 x cos 557° 33’ 42778 = — 02404711. 
Y_4)3 (10°00) =0-2522270 x sin 557° 33° 42778 = —0°0761059. 


724 


Leek A a hb oe a τι || 1τ1ιΠΠ|ιΤΠι di). ES a a a Ife ee aes 


1d | id 


(5) 


0°1893250 
0°1924230 
0°1954380 
0*1933690 
0-201 2150 


0°2039750 
0:2066482 
0°2092336 
0'2117305 
0°2141379 


0°216455I1 
0:2186814 
0:2208160 
0°222858 
0°224807 


0:2266637 
0°2284255 
0-2 30092 

0°2316649 
0'2331 416 


0'2345224 
0:2358069 
0:2369948 
0°2380858 
0°2390797 


0:2399763 
0°2407753 
0°2414768 
0°2420805 
0°2425864 


0°2429945 
0°2433049 
0°2435175 
0°2436325 
0°24360501 


0°2435793 
0°243393 
0°243119 
0°2427495 
0°2422830 


0:2417207 
0°2410629 
0°2403100 
0°2394626 
0:2385212 


0:2374863 
02363584 
02351382 
02330204 
0°232423 
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Table III. Functions of order one-third 


PEt th FEE HE FEE FEE FHEttte Ftttte FH ttt Fett 


ΓΕ! 


[eds oie 


Y4;3(%) 


0:1662759 
0°1622921 
O°1582514 
O°1541556 
0-1 500064 


0°1458056 
0°1415548 
0°1372559 
0°1329107 
0°1285209 


071240885 
O-1IQ6151 
O-1151028 
O°1 105533 
0°1059685 


0-101 3503 
0:0967006 
ὉΌΘΤΟ ΣΤ 
0-0873142 
0:0825814 


0:0778247 
0-07 30460 
0-0682473 
0:0634 306 
0°0585977 


0°0537506 
0:04889013 
0°0440217 
0°0391437 
0°0342593 


0°0293704 
0°0244790 
0°0195870 
0-01 46963 
0:0098090 


0-0049268 
0:0000518 
0:0048141 
0:0096692 


O-O1 45113. 


0:0193387 
0°0241495 
0:0289417 
0°03 37136 
0:0384633 


0:0431888 
0°0478886 
0°0525606 
0-0572030 
0-0618143 


| Hi) | 


0°2519755 
0:2517247 
0°2514747 
0°2512254 
02509709 


02507291 
0°2504820 
0°2592357 
0°2499901 
0°2497452 


0°2495010 
02492576 
0°24901 48 
0:2487728 
0:2485314 


0°2482908 
0°2480509 
0:2478116 
0°2475731 
0°2473354 


0°2470980 
0°2408615 
0°2466257 
0°2463905 
0:2461560 


0°2459222 
0°2456891 
0°2454566 
0°2452248 
0°2449936 


0'2447631 
0°2445332 
0°2443040 
0°2440754 
0°2438474 


0:2436201 
0°2433935 
0°24316074 
0°2429420 
0°2427172 


0:2424930 
0°2422695 
0°2420466 
0°2418242 
0°2416025 


0°2413814 
O:2411610 


O:2409411 


0°2407218 
0°2405031 


(1) 
arg Η (x) 


504° 26° 31730 
505. 35, 19:35 
500. 44 7:30 
507. 52, 55°41 
599° I 43°43 


510° 10’ 31743 


ο / a” 
Φ 


515. 54) 31730 
51 3 nae 
518° 12’ 771 

519° 20’ 5511 
520° 29° 43%03 


521° 38’ 30793 
522° ace 33:85 
523° 56’ 6770 
525° 4, 54158 
526° 13° 42°44 


527° 22” 30°30 
228. 31’ 1811 
529. 40° 59 
ο 7 9 
530° 48° 53781 
531° 57° 41°62 


533. 6% 29%43 
534° 15. 17723 
535. 24. 5102 
536° 32° 52780 
537° 41° 40°57 


538° 50° 28°33 
539, 59, 16%0 


544° 34’ 27%00 
545,43, 14.071 
540° 52, 2741 
548° ο΄ 50710 
549° 9° 37778 


550° 18’ 25746 
551° 27’ 13712 
552° 36’ 0°78 
553. 44° 48743 
554 53 36°07 


εἴ K4/3(%) 


0°3933263 
0°3929393 
eer es 
0°39216387 
0:3917851 


0°3G14026 
0°3910213 
0°3906411 
0°3902619 
0:3898839 


0-3895070 
0-3891311 
ert 504 
0°3883827 
o-3880101 


0°3876386 
0°3872681 
0-3868987 
0°3865304 
0:3861631 


0-3857968 
0°3854316 
0°3850674 
0°3847043 
0°3843422 


0°3839811 
0°3836210 
03832620 
0- 3829039 
0°3825468 


Θ᾽ hae 
0°391535 

0-381 4306 
0°3811285 
0:3807764 


0°3804253 
0°3800751 
0°3797259 
0°3793777 
0°3790304 


0°3786841 
0°3783387 
0°3779942 
0°3770507 
0°3773082 


0°3 709005 
0°376625 

0-3762860 
0°3759472 
0°3756092 


To compute functions of order — 1/3, increase the phase by 60°. 


x 


ene Pent) Pe ey ἢ παρπασασντσ σπσπαισιι σα σντν. 


ιν ἢ ΠΡ Re τ TS ἦν. ἀν ἀξ ὴρ EA SS οὐ πο ar 1. ἢ Ἔν OP ER Aiea ei ἥν ea 


.ι4(5) 


0°2 309306 
0°2293480 
0°2276768 
0'2259176 
0°2240715 


0:2221392 
0°2201217 
0:2180199 
0°2158348 
0°21 35075 


O'2112189 
0°2087902 
0:2062824 
0:2036967 
0°2010343 


0°1982963 
0°1954839 
0°1925955 
0:1896412 
0°1866134 


0:1835164 
0°1803515 
0-1771202 
0-1738238 
0:1704636 


0:1670413 
0-1635582 
0-1600158 
0°1564157 
0°152.7593 


0-1490482 
0°1 4520939 
O-1414681 
0°1376024 
0°1336883 


0:1297276 
O:5257217 
O:1216725 


O'1175816 | 


0-11 34507 


0:1092815 
0:1050756 
0°1008350 
0:09650I11 
0'0922560 


0:0879212 
0:0835585 
0:0791698 
0:07475068 
0:0703214 
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Table III. Functions of order one-third 


Gs es ee: ee mn a A) Cy A (0s VC Va Wa Fea We GO A 111 


i Gee 


Ι 


Υ̓,,4(5) 


0:0663924 
0°0709358 
0:07 54426 
O-O799II1 
0:08 43397 


0:0887 266 
0°0930702 
0:097 3689 
ΟἼἿΟΙΘΖΙΟ 
0°1058249 


0-1099790 
O-II 40819 
ΟἾἼΙδΙ319 
0°1221276 
0°1260674 


0:1299499 
0°1337736 
0°1375373 
01412393 
0°1448785 


0°1484535 
0°1519629 
0°1554055 
0-1587&01 
0°1620853 


0°1653202 
0-168 4833 
O°171573 

0°1745904 
0°1775320 


0:18039 

eet 
0°1858973 
0°1885292 
ΟἼΟΘΙΟΒΙ4 


0°1935528 
10 0120 
0°1982505 
0°2004750 
0:2026158 


0°2046720 
0°2006430 
0-2085282 
0°2103269 
0:2120386 


0°21 3662 
δ᾽ Ζ 2: οδὸ 
0:2166464 
0-2180050 
0°2192744 


(1) 
| Hy )4(¥) | 


0°2402850 
0°2400675 
0: 2398500 
0°2390342 
023904185 


0°2392033 
0°2389887 


0°2387747 


0°2385613 


O 2383484 


0-2381361 
0°2379244 
0°2377132 
0-2375026 
0°2372926 


0°2364579 
0°2 362506 


0'2 360439 . 


0°2358377 
0°2356320 
0°2354269 
0°2352223 


0-2350182 
0°2348147 
0°2346117 
0°2344092 
0°2342072 


0:2340058 
0°2338049 
0°2330044 
0°2334046 

0°2332052 


0°23 30063 
0°2328079 
0-2326101 
0°2324127 
0°2322159 


0'2320195 
0-2318237 
0°2316283 
0°231 4335 
0:2312391 


0°2310452 
0°2308518 
0°2306589 
0°2304664 
0°2302745 


(1) 
arg H, 13(*) 


561° 46° 21772 
562° 55° ores 
564° 3° 56788 
505° 12° 44744 
500° 21” 32700 


ΤΟΤᾺ 30° 19755 
568° 39° 7700 
509. 47, 54202 
570. 56" 42°15 
572° 5° 29°67 


573. 14° 17718 
574. 23° 4168 
575. 31, 52717 
576° 40° 39766 
577. 49° 27714 


578° 58’ 14761 
580° 7° 2:08 
581° 15° 49753 
582° 24° 3610 

583° 33’ 24742 


584° 42’ 11786 
585° 50” 59729 
586° 59° 46770 

88° 8’ 34711 
589° 17° 21752 


590° 26’ 8%92 
501° 34° 56731 
592° 43° 43*69 
593. 52, 31°07 
595 1" 18744 


596° 10’ 5781 
597° 18° 53716 
598° 27° 40751 
599° 36° 27785 
600° 45’ 15718 


601° 54” 2751 
603° 2° 49784 
604° 11’ 37715 
605° 20’ 24746 
606° 29’ 11776 


607" 37, 59%05 
608 ° 46° 46%34 
609” 55° 33°62 
611° 4° 20790 


e* Ky,5(%) 


0°3752722 
0°3749360 
0°3746008 
0°3742005 
0:3739330 


0°373600 
0°373268 
0°3729380 
0°3726081 
0°3722791 


0°3719509 
0-3716236 
0°3712972 
0°3709716 
0-3706469 


0°3703230 
0*3 700000 
0°3696779 
0°3693505 
0- 3690360 


0-3687164 
03683075 
0-3680795 
0°3677023 
0-3674460 


0°3671304 
Oe ak 
0°366501 

0° 3661886 
0°3658763 


0°3655648 
0°3652541 
0°3049441 
0°3646350 
0:364 3266 


03640190 


0°3637122 
0°3634062 
0°363 1009 
0:3627904 


0°3624927 
0°3621897 
0°3618875 
0:3615861 
0°3612854 


0°3609854 
0-3006862 
0:3603878 
O-3600901 


1 9°3597931 


J _1)3 (12:00) =0-2302745 x cos 672° 13’ 8717 = +0°1547365. 
Y_1)3 (12:00) =0-2 302745 x sin 672° 13’ 8717 = —0°1705373. 


725 


126 


tt dtd 


tHe τι Ftttet Ft+tte+e ++ettt 


tetetee F+tee +t+ttt 


J us) 


0:0658652 
0:061 3901 
0:0568980 
0°0523905 
0°0478696 


0°0433371! 
0-0387947 
0°0342443 
0°0296877 
0:0251267 


0:0205632 
0:0159989 
o-oll 4350 
0:0068753 
0°0023196 


0°0022296 
0:0067705 
O-O113014 
0:01 58205 
0°0203259 


0:0248159 
pesgsebe 
0°0337429 
Se i 
0°0425°74 


0:0469744 
0:0513350 
00556604 
0°059974I1 
0:0642479 


0:0684894 
0-0726967 
0°076868 
0:081002 
0:0850983 


0:0891534 
0°0931665 
0°0971361 
O°1010607 
0:1049388 


0:1087869 
0°1125496 
0°1162795 
O°419957! 
0'123581I 


O°1271502 
0°1 306629 
0°1341180 
071375142 
071408503 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


ἢ. οὐ 4 ἤν ὦ “Se a τἀ Ὁ eee ΔΉ Se SIR ais RA ae 


Pied til 


Y4;3(*) 


0°2204540 
0:2215437 
0'2225430 
0°2234519 


0:2242700 


0°2249971 
0°2256333 
0°2261782 
0°2266320 
0°2269945 


02272658 
0:2274458 
0°2275347 
0°2275326 
0°2274397 


0:2272560 
0°2269819 
0:2266176 
0°2261634 
0°2256196 


0:2249866 
0:2242647 
0°2234544 
0'2225562 
0°2215705 


0°2204979 
0°2193390 
0:2180943 
0°2167645 
0°2153502 


0:2138521 
0°2122710 
aoe ea | 
0°208862 

0°2070373 


0:2051320 
0°2031477 
0°2010854 
0:1989460 
0°1967305 


0°1944399 
0°1920752 
0:189637 
0°187127 
0°1845472 


0-1818970 
0°1791782 
0:1 763920 
0°1735397 
0-1706224 


(1) 
| Η,.4(5}} 


ne cr ere ff emetic or te | eee 


0°2 300830 
0:2298920 
0°2297015 
0-2295114 
0°2293219 


0°2291 327 
02289441 
0°2287559 
0°22856382 
0:2283809 


0°2281941 
0:2280078 
0°2278219 
0:2276365 
0°2274515 


0:2272670 
02270829 
0°2268993 
0:2267161 
0°2265333 


0°2263510 
0:2261692 
0°2259877 
0:2258067 
0°2256262 


0:2254460 
0:22526064 
0°2250871 
0°2249082 
0°2247298 


0°2245518 
0°2243743 
0:2241971 
0'2240204 
02238441 


0°2236682 
0°2234927 
0°2233176 
0°2231429 
0°22296087 


0°2227948 
0°2226214 
0°2224484 
0:2222757 
0°2221035 


0°2219317 
0°2217602 
0°2215892 
0°2214186 
0-2212483 


613° 21° 55743 
614° 30’ 42769 
615° 39° 29793 
616° 48’ 17°17 
617° 57’ 4141 


619° 5’ 51*64 
620° 14 23786 
621° 23’ 25°08 
622° 32’ 13729 
623° 41’ 0%50 


? 
4 
4 
’ 


624° 49’ 47770 
625° 58° 34789 
65} 7’ 22708 
628° 16’ 9%*26 
629° 24" 56743 


630° 33’ 43760 
631° 42’ 30°76 
632° 51’ 1702 

. Ὁ, 507 
635° 8'΄ 52721 


636° 17’ 3913 
637° 26’ 2614 
638° 35° 1361 
639° 44’ 0763 
640° 52° 47°84 


642° 1° 34795 
643° 10’ 22705 
644° 19’ 9115 
645° 27° 56724 
646° 36’ 43733 


647° 45° 30741 
648° 54. ae 
651° 11’ 51762 
652° 20’ 38768 


653° 29’ 2577 
654° 38’ 12: ὃ 
655° 46° 59:82 
650° 55’ 46786 
658° 4° 33789 


659° 13’ 20792 
660° 22’ 7794 
661° 30’ 54796 
662° 39’ 41707 
663° 48’ 28%97 


664° 57’ 1579 

666° " δ’ 2296 
667° 14° 49795 
668° 23° 36794 
669° 32’ 2392 


0°3594968 
0°3592013 
0°3589065 
0°3586125 
0°3583I191 


0°3580265 
0°3577346 
0°3574434 
0°3571529 
0-3568631 


0°3565741 
00-3562 37 
0°3559960 
0°3557110 
0°3554248 


0°3551392 
0°3548543 
0°3545700 
0°3542865 
0°3540036 


0°3537215 
0°3534400 
0°3531591 
0°3528790 
0°3525995 


0°3523206 
0°3520424 
0°3517049 
0°351 4881 
073512118 


03509363 
0°3506614 
0°3503871 
0°3501135 
0:3498405 


0°3495681 
03492964 
0°3490254 
0°3487549 
0°3484851 


0°3482159 
0'3479473 
0°3476794 
0°3474120 
0°3471453 


0:3468792 


0:34661 37. 


0°346348 
0°3460846 
0°3458209 


To compute functions of order — 1/3, increase the phase by 60°. 


FH+Htt FEE FHEHHEH ττττῖ τ: τττὐῖτι FHtete ττ τ πώ 44444 Fee et 


J113(%) 


0°1441250 
0°1 473371 
0°1504 

o-123c6R8 
0-1565861 


0°1595363 
0°1624183 
0'1652310 
0°1679735 
0°1706447 


0°1732437 
le Ua a 
fe) af 2214 
01805984 
0°1828996 


O-185124 
0°187271 
0°1893413 
0-191 3320 
0°1932433 


0°1950745 
0-1968252 
0-1984946 
0°2000822 
0'2015875 


0-2030101 
0°2043496 
0°2056054 
0°2067772 
02078647 


0:2088676 
0°2097855 
0:2106183 
0:2113658 
0°2120278 


0°2126040 
0°2130946 
0°2134993 
O-2135181 
0°2140510 


O:2141981 
0°2142594 
0:21 42350 
O'2141251 
0°2139298 


0°2136494 
0°2132840 
0°2128339 
0°2122994 
0-2116809 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


Oh a) es ee a: en πιτ|1τἈὉτι{ι᾿1ι1ΠΠ{Πτπι{|ἰ᾿111{1!{ 


Bebe 


t+eeet Fleet 


¥ 13 (4) 


0-1676415 
0°1645982 
0°16149038 
0°1583297 
071551071 


0°1518276 
0°1484923 
01451029 
0°1 416606 
0°1381670 


0°1 346234 
O-1 310315 
0°1273926 
0°1237083 
O-1199802 


0-1162097 
0°1123985 
0°1085481 
ΟἾἿΟΔ4ΟΘΟΙ 
0-1007301 


ear VE: 
0°0927866 
0°0887643 
0°0847125 
0:0806329 


0:0765272 
0:0723969 
0:0682438 
0:0640696 
0°0598759 


00556645 
0°0514370 
0°047I951 
0°0429407 
0'0386752 


0°0344006 
0°0301184 
0°0258305 
0:0215384 
0°0172440 


0:0129489 
0:0086548 
0004 3635 
0:0000766 
0:0042041 


0:0084770 
0'0127404 
0:0169926 
0°0212319 
0°0254567 


(1) 
| FT, (5) | 


0°2210785 
0°2209090 
0°2207399 
0°2205712 
0°2204029 


0°2202350 
0°2200675 
0°219Q9003 
0°2197335 
0'2195071 


O-219401I 
0°2192355 
0°2190702 
0:2189053 
0°2187408 


0:2185766 
2151. 25 
0°2182494 
0:2180864 
0°2179237 


0°2177613 
O°21'7599 
0°217437 
0°2172705 
O'2171157 


0:2169551 
0°2167949 
0'2166351 
0°2164757 
0'2163166 


0°2161578 
0°2159994 
02458413 
0:2156836 
0°2155262 


0°2153692 
0°2152125 
O'21505601 
0:21 49001 
0°2147445 


0'2145891 
0°2144341 
0°2142795 
O-2141251 
0°2139712 


0°2138175 
0°2136642 
O-2135112 
0°2133585 
0°2132061 


(1) 
arg H,/,(*) 


670° 41’ 10789 
671° 49’ 57786 
3° Fd »): 
672" 58’ 44°82 
674° 7° 31778 
675° 16’ 18774 


676° 25’ 57*69 
677° 33’ 52763 


687° 52’ 54790 
689° 1’ 41779 
690° 10’ 28768 
691° 19” 15757 
692° 28’ 2145 


693° 36° 49733 
694° 45, 36%20 
005. 54, 23%06 
os 3° 9792 
698° 11’ 56778 


699° 20° 43°63 
700° 29° 30748 
701° 38° 17733 
702° 47, 4117 
703° 55° 5100 


705° 4° 37783 
706° 13° 24°65 
707° 22” 11447 
708° 30” 58729 
709° 39° 45711 


716° 32° 25*89 
717° 41' 12°67 
715. 49 59°45 
719° 58’ 46422 
721° 7’ 32199 


722° 16’ 19776 
723° 25, 6152 
734. 33, 53728 
725° 42” 4010 
720° 51’ 2617 


εἴ Ky;3(%) 


0°3455578 
0°3452954 
0°3450335 
0°3447722 
0°3445115 


0°3442514 
0°3439919 
0°3437330 
0°3434747 
0°3432169 


0°3429597 
0°3427031 
0°3424471 
οϑηήτοτι 
0°341936 


0°341 0829 
0°341428 

0°3411756 
0°3409230 
0-3406709 


0°3404194 
0°3401685 
0°3399181 
0°3396683 
0°3394190 


0°3391702 
0°3389221 
0°3386744 
0°3384273 
0°3381808 


9°3379347 
0°3370892 
0°3374443 
0°3371999 
0°3369560 


0°3367126 
0°3364698 
0°3362275 
0°3359857 
0°3357444 


0°3355037 
0°3352635 
0°3350237 
0°3347845 
0°3345459 


0° 3343077 
0°3340700 
0° 3338329 
0°3335962 
0°3333600 


J_113 (14°00) =0-2132061 x cos 786° 51’ 26°78 = + 0:0837943. 
Y_4)3 (14°00) =0-2132061 x sin 786° 51’ 26778 = +0°1960494. 


127 


728 


SES | a ee el 


ttttte FHF tt FHHHt FHFHtH FHFHEHE HHEHHEt Fttet Fett Fttete ++ ttt 


0:2109787 
0:2101933 
0+2093250 
0:2083743 
0°2073417 
0°2062277 
0°2050330 
0°2037580 


0°2024034 


0°2009699 


0°1994581 
0:1978687 
01962026 
re vip: 
0'1926429 


0:1907510 
0:1887856 
0°1867475 
0:1846376 
01824569 


0:180206 
0-177886 
0°1754995 
0°1730454 
0°1705256 


0°1679410 
0°1652930 
O17 5 5 
ΟἼ598109 
0-1569792 


01540886 
O-1511404 
0°1481359 
0-1 450763 
0-1419629 


0°1387970 
0°1355800 
0°1323131 
0°1289979 
0°1250355 


01222275 
0°1187753 
01152803 


ΟὟΤΤ 7430 
0-1081677 


0°104553° 
01009014 
0:09721 43 
0°0934933 
0:0897400 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


FEE H FEF HEH FEE FEE FEE FEFHEE FEFHH FHF HH Ft+Fte Ft+ttt 


0:0296652 
0°0338559 
0:0380272 
0°0421773 
0:0463046 


0-0504076 
eer et! 
0:0585342 
0:0625547 
00665445 


00705021 
0°0744259 
0:0783145 
0:0821664 
0:0859801 


0:089754I1 
0:0934869 
0°0971773 
0:1008236 
0°1044246 


Ὁ, ΤΟΊ ΘΟ ΞΟ 
ΟἾἼ114852 
ΟἾ149420 
0:1183482 
0°1217023 


0°1250032 
0°1282497 
O0°1314404 
0°1345743 
0°1376501 


0-1 406666 
0°1436229 
0°1465178 
0-1493501 
O-I521190 


0°1548233 
0°1574621 
0°1600344 
0°1025393 
0164975 


01673432 
0°1696405 
0:1718669 
0°1740217 
O-1761041 


ΟἽ 81133 
0-1800487 
0-1819095 
0:1836952 
0°1854051 


0°2130541 
0°2129024 
0°2127510 
0°2126000 
0°2124493 


0°2122989 
0°2121488 
0:2119990 
0:2118495 
0-211 7004 


O-2115516 
O-2114031 
0°2112549 
0-21 11070 
0°2109594 


O'2108121 
0:2106652 
0°2105185 
0°2103721 
0°2102261 


02100804 
0°2099349 
0:2097898 
0°2096449 
0°2095004 


0:2093562 
0°2092122 
0:2090686 
0:2089252 
0:2087822 


0°2086394 
0:2084969 
0°2083548 
0°2082129 
02080713 


0°2079300 
0:2077889 
0°2076482 
0°2075977 
0:207 3676 


ΠΡ 0.02 17 
0°2070881 
0:2069488 
0-2068097 
0°2066710 


0°2065325 
0°2063943 
0:2062564 
0:2061187 
0°2059813 


728° 0’ 13752 
729° ο΄ οἵΖθΘ 
730° 17΄ 47°00 
731. 26, 33°73 
732° 35 20:46 


733. 44, 7718 
734. 52͵ 5390 
73 τ΄ 4062 
737, 1ο΄ 27733 
738° 19’ 14704 


739, 28" 0°75 
740. 30° 47745 
741 45, 34 τῇ 
742° 54, 20783 
744° 3° 7752 


745. 11" 5421 
746. 20° 40*89 
742. 29° 27°57 
748° 38° 1424 
749° 47° ΟἿΟΙ 


750° 55, 47758 
752° 4° 34724 
753. 13’ 20790 
754. 22° 7755 
755° 30° 54°20 


756. 39’ 40785 


ο 


761° 14’ 47740 


762° 23’ 34703 
763 32, 20765 
764° 41" 7127 
765° 49° 53°89 
766° 58’ 40751 


768° 7° 27712 
769° 16° 13773 
770. 25° 0333 
771. 33) 46°93 
772° 42° 33°53 


778° 26’ 26746 


779. 35, 13704 
780° 43° 59°61 
781" 52° 46718 
783° 1" 32°75 
784° 10’ 19*31 


75%. 48° 27749 | 


ο 17’ 39% 8 


0°3331244 
0°3328892 
0°3326546 
0°3324204 
0°3321867 


0°3319536 
0° 3317209 


0-3314887 


0°3312570 
0°3310257 


0°3397950 
0°3305648 
0°3393350 
0°3301057 
0°3298769 


0°3296485 
0°3294206 
0:3291932 
0:3289663 
0:3287398 


0°3285138 
0:3282883 
3701; 
0°3278386 
0°3276145 


0°3273908 
0°3271676 
03269448 
0°3267225 
0°3265006 


0:3262792 
0°326058 
0°325837 
0°32 50107 
0°3253901 


0°3251789 
0°3249602 
0°3247419 
0°3245240 
0°3243066 


0°3240896 
0°3238731 
0°3236570 
0°3234413 
0°3232261 


0°3230112 
0°3227969 
0:3225829 
0°3223694 


0°3221562 | 


To compute functions of order -- 1/3, increase the phase by 60°. 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


[{ιιτ͵1{{ιε ER OR a be A Be 


J u3(%) 


0:0859558 
0:0821423 
0:0783010 
0:0744336 
0:0705416 


0:0666265 
0:0626899 
0:0587 336 
0°05475°9 
0°0507677 


0:0467614 
0°0427416 
0°0387101 
0:0346684 
0:0306181 


0°0265609 


0°0224983 
0:0184321 


0°01 43038 


0°O0102950 


ΦΘΟΟΤΟΤΙ 
0°002162 
0:0018978 


00059522. 


0:0099990 


Θοτ 0300 
0°0180634 
0°0220777 
0°0260781 
0-0300630 


0°034030 
0°037979 
0:0419086 
00458157 
00496995 


0:0535585 


0:057391I 
0-061 1960 
aie tb ae 
0:0687165 


0°0724292 
0:0761082 
0°0797522 
00833597 
0:0869294 


0°0904599 
0:0939498 
0°0973977 
0-1008025 


—- Q°1041627 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


HEHEHE FEEHEHE FEEHEH FHEHFHEt FH cH ttette Fetes 


ἐτττι F+ttt Fett 


Y1,3(#) 


eee 
0°1885953 
0-190074 
O-19147 
ett 


6: 1940420 
0°1952080 
0:1962935 
0°1972992 
0°1982247 


0°1990697 
0°1998342 
0°2005178 
O-201120 
O:201641 


0°2020820 
0°2024408 


0°2027184 | 


02029145 
0°2030294 


0°2030630 
0°20301 54 
0°2028867 
epee Ph 
0°202 3869 


0°2020162 
0°201 5652 
0°2010343 
0°2004237 
0°1997338 


0-1989651 
o-1981178 
0-1971924 
0-1961894 
0°1951093 


0°1939526 
0*1927199 
O-1914118 
0-1900289 
0°1885717 


o:1870411 
0°1854377 
0°1837622 
0-18201 54 
0-1801980 


0-1783110 
01763550 
O°174331T 
0-1722400 
0:1700828 


(1) 
| H,/,(%) | 


0°2058442 
0°2057974 
0°2055799 
0°2054340 
0°2052986 


0°2051628 
02050273 
Q:2048921 
0°2047572 
0°2046225 


0°2044881 
0°2043540 
0-2042201 
0-2040865 
0°2039531 


0:2038200 


.0°2036872 


0°2035546 
0°2034223 
0°2032902 


0°2031584 
0:2030269 
0:2028956 
0:2027646 
02026338 


0°2025032 
0°2023730 
02022429 
0-2021132 
0-2019836 


0:2018544 
0°2017253 
0°2015965 
0-201 4680 
0°2013397 


O-2012117 
0:2010839 
0:2009563 
0:2008290 
0°2007019 


0:2005751 
0°2004485 
0:2003221 
02001960 
0:2000701 


0°1999445 
o-:1998191 
0:1996939 
0°1995690 


| 01994442 


823° 


(1) 
arg A, /4(*) 


785° 19° 5187 


7 ᾿ 
787° 36° 

788° 45° 25:52 
789° 54° 12°07 


791° 2’ 58°61 
792° 11 45715 
793. 20° 31%69 
794° 29’ 18722 
795° 38° 4°75 


796° 46° 51728 
797° 55, 37780 
99° 4, 24732 
00° 13’ 10784 
801° 21’ 57735 


802° 30’ 43786 
803° 39° 30737 
804° 48 16°87 
805° 57, 3°37 
807° 5° 49°87 


808° 14’ 30,36 
809° 23’ 22785 
810° 32’ 9.34 
811" 40’ 55783 
ο [4 wn” 
812° 49° 42731 


813° 58’ 28779 
815° 

, 1:74 

. 24° 48721 

° 33° 34768 


819° 42’ 21715 
820° 51° 7761 
821° 59’ 54°07 
8’ 40752 
824° 17’ 26798 


825° 26’ 13743 
826° 34” 5918 

827° 43° 46:32 
828° 52’ 32°76 
830° 1’ 19%20 


831° 10% 5°63 
832° 18° 52:06 
833. 27, 38:49 
834° 36΄ 24:92 


835. 45° 11134 


836° 53” 57:70 
838° 2” 44°18 
840° 20’ 17“01 
841° 29’ 3742 


e* Ky;3(x) 


0°3219435 
0°3217313 
O°3215194 
0°321 3080 


- 0:3210970 


0°3208864 
0: 3206762 
0°3204664 
0°3202570 
0°3200481 


03198395 
0°3196314 
0°3194237 
0°3192164 
0:3190094 


0°3188029 
0°3185968 
Ο3183011 
se ney! 
0:317980 


0°3177763 
O°3175721 
0°3173684 
0°3171650 
0°3169621 


0°3167595 
0°3165573 
0°3163555 
O-3161541 
0°315953I 


0°3157524 
0°3155522 
0°3153523 
0°3151528 
0°3149537 


0°3147549 
0°3145505 
0°3143586 
0°3141609 
0° 3139637 


0'3137668 


.0:3135703 


0°3133741 
0°3131784 
0°3129830 


0°3127879 
0°3125932 
0°3123989 
0°3122050 
O°31 20114 


729 


— 9°1993773- 


J _ 113 (16°00) =0-1994442 x cos 9015 29’ 3742 
— 0:0051662. 


Y_1/3 (16°00) =0:1994442 x sin 9015 29΄ 3742 = 


W. B. F. 24 


tb μι μι μ 
Οὐ OND ων ΜΚ 


NS eS ee 


NNN HN DN 


COOGIDA UhWHH 


COMDIA UWHH 
HHH FEE FEEHHE FHEEHEHE FHFEHE FEE FHEHHH FHEHtte FHtet Ft Gt 


UAAAA ARAAA AWWWY WHWWHW WHOND 


OOOIA UbWHAH 


TABLES OF BESSEL FUNCTIONS 


Table IV. Values of J n(2) 


J 2(*) 


+ 0°0012490 


0°0049934 
O-OII 1659 


0°0197347 
0°0306040 


0°0436651 
sn hides 
0°0758178 
0°0945863 
O0°1149035 


0°1365642 
0°1593490 
0°1830267 
0°2073559 
0°2320877 


O'2 esse fi 
0°2617359 
9.3061435 
0°3299257 
0°3528340 


0°37462 30 
0°39505°7 
0°4139146 
0-4309800 
0°4460591 


0°4589729 
04695615 
0°4770855 
0°4832271 
0-48609013 


0°4862070 
0°4835277 
0°4780317 
0°4697226 
0°4586292 


0°4448054 
0°4283297 
0°4093043 
0°387 547 
0°3641281 


0:3382925 
0°3105347 
0'2810592 
0°2500861 
0-2178490 


071845931 
0-1505730 
0°1160504 
008129015 
0:0465651 


tHE HH FEE HE FEHEHE FEE FHEEEHE FHEEH FHEHHE FHEtte FEtte FHett 


J3(*) 


0:0000208 
0°0001663 


00005593 
0-001 3201 


0:002 5637 ᾿ 


eden OL ed 
0-006929 
0010246 

0°01 44340 
0:0195634 


00256945 
0-032874 
0°041135 
0°0504977 
0:0609640 


0°0725234 
0°0551499 
0-0988020 
0°11 34234 
0°1289432 


0°1452767 
0°16232 δ 
0°1799769 
0-1981148 
0°2166004 
0°2352938 
0°2549453 
0°2726986 
0°2910926 
0°3090627 


0°3264428 
0°3430064 
0°3587689 
0°3733889 
0-3867701 


0:3987627 
0°4092251 
0°4180256 
0°4250437 
0°4301715 


0°4333147 
0°4343943 
0°4333479 
0°4301265 


0°4247040 


0°41 70686 
0°4072280 
0°3952085 
03810551 
0°3648312 


HEE HH FHtHHt FETE HE FHHHH FHF FHEFHH Ἐττ τ FHFHEHE FFHte F444 


J a(*) 


0°0000003 
0:0000042 
0:00002I0 
0:0000661 
0°0001607 


0:0003315 
0:0006101 
0°0010330 
0:0016406 
0°0024766 


0:0035878 
00050227 
0:0068310 
0:0090629 
O-0117681 


0-01 49952 
0:0187902 
0:0231965 
0:0282535 
0°0339957 


0°0404526 
0:0470471 
0°0555957 
0:0643070 
0°0737819 


0:0840129 
070949836 
0:1066687 
0°1190335 
0°1320342 


0°14561 7% 
0-159721 

0°1742754 
ΟἼΘΟΙΟΟΙ 
0°2044053 


0°2197990 
0°2352786 
0°2507362 
0°2660587 
o:2811291 


0:2958266 
03100286 
0°3236110 
0°3364501 
0°3484230 


0°3594094 
0°3692925 
0°3779003 
0:°3853066 


0°3912324 


tettet+ FEtHH FHF HH FHEHHt FHFHHe FF+tte Ft eet +H 44 


++ttt ++ tH 


J s(*) 


0-0000001 
0*0000006 
0-0000026 
0°0000081 


0-0000199 
0°0000429 
0:0000831 
0:00014 ζ 
0°000249 


0:0003987 
O-OOO6IOI 
0:0009008 
O:O0012901 
0°0017994 


0:002452 
0:003274 
ee rae δ 
0°00553°5 
0:0070396 


0:0088284 
0-0109369 
0°0133973 
0:0162417 
00195016 


0°0232073 
0°0273876 
0:0320690 
0°03727 50 
0°04 30284 


070493448 
0'0562380 
0:0637169 
0°0717854 
0:0804420 


0°099 

0-1098400 
0°1207178 
0:1320867 


ea ea 
54 


0°1 439079 
0°1561363 
0°1687200 
0:1816009 


0°1947147 


0°2079912 
0°2213550 
0°2347252 
0:2480168 
0-2611405 


bad bed etd με 
OO OID NRW D ΜΗ 


N = =| me eH 


NNNNN 


CHGOODHID URWHH 


CO OIDA NRWN HA 


LAAAA AAAAA AWWW WHWWW WHNND 


COOH NAWDHD A 


Jo(*) 


+ 0°765198 
+ 0°223891 
Q°260052 
0°397150 
0°177597 
0°150645 


0°300079 
O-171651 
0:09033 
0°24593 
0-171190 
0:047689 


+ 
+ 
+ 


+ 


TABLES OF BESSEL FUNCTIONS 


J 1(*) 


+ 0°440051 
+ 0°576725 
+ 0°339059 
0:066043 
0°327579 
0°276684 


0:004683 
0°234636 
0°245312 
0°043473 
0°176785 
0°223447 


J 2(*) 


+ O-114903 
+ 0°352834 
+ 0°486091 
+ 0°364128 
+ 07040305 
- 0°242673 


0°301 417 
0:112992 
0°144847 
0°254630 
or 30040 
0°064930 


Table IV. Values of J,,(x) 


+ 0'002477 
+ 0:033996 
+ 0°132034 
+ 0-281129 
+ 0°391232 
+ 0°357642 


+ 0°157798 
0°105357 
0°265471 
0°219603 
0°01 5040 
+ 0°182499 


Py t J 


+ 0°000250 
+ 0°007040 
+ 0°043028 
+ 0°132087 
+ O-26114I1 
ss 0462087 


+ 0°347896 
+ 0°185775 
- 0°055039 
— 0'234062 
— 0'238286 
— 0°073471 


31 


eed (Recess eed henna linemen) (tn ey 


+ 0:00002I 
+ 0°001202 
+ 0:01139 

o-G40086 
0°131049 
0°245837 


0°339197 
0°337570 
0'204317 
0°01 4459 
0°201 584 
0°243725 


+++ 


bi teest 


Js2(*) 


+ 0:000006 
+ 0°000076 
+ 0°000545 


+ 0:002656 
+ 0°009624 
+ 0°027393 
+ 0°:063370 
+ 0°121600 
+ 0°195280 


+ 0:000002 
+ 0000175 
+ 0:002547 
+ O°015176 
+ 07053376 
+ 0°129587 
+ 0°233584 
+ 0°320589 
+ 0°327461 
+ O:216711 
+ 0:018376 
- 0°170254 


J 13(*) 


+ 0°000001 
+ 0:000015 
+ 0:000133 


+ 0°000770 
+ 0°003275 
+ 0:010830 
+ 0:028972 
+ 0°064295 


+ 0-120148. 


+ 0°000022 
+ 0:000493 
+ 0°:004029 
+ 0°018405 
+ 0:056532 


+ 0°127971 
+ 0°223455 
+ 0°305067 
+ 0°317854 
+ 0°224972 
+ 0°045095 


J 1a() 


+ 0:000003 
+ 0000030 


+ 0°000205 
+ 0-00I0IQg 
+ 0:003895 
+ O-O11957 
+ 0°030369 
+ 0:065040 


+ 0°000002 
+ 0:000084 
+ 0:000939 
+ 0°005520 
+ 0°021165 


+ 0°058921 
+ 0°126321 
+ 0°214881 
+ 0°291856 
+ ΟἸἼΟ 5: 0 
+ 0°230381 


J 15(*) 


— 


+ 0:000006 


+ 0000051 
+ 0:000293 
+ 0:001286 
+ 0:004508 
+ 0:01 3009 
+ 0°031613 


+ 0°000013 
+ O0-000195 
+ 0:001 468 
+ 0:006964 


+ 0°023539 
+ 0:060767 
+ 0°124694 
+ 0:207486 
+ 0°280428 
+ 0°300476 


J 16 (%) 


+ O°O00000I 


+ 0:000012 
+ 0:000078 
+ 0:000393 
+ 0:001 567 
+ ΟὍΟΒΙΙΟ 
+ O°O0139Q91 


+ 0:000002 
+ 0°000037 
+ 0:00035I 
+ 0:002048 


+ 0°008335 
+ 0°025597 
+ 0°062217 
+ O°123117 
+ O:201014 
+ 0°270412 


+ 0:000002 
+ 0000019 
+ O-000112 
+ 0:000506 
+ 0:001856 
+ 0:005698 


NN SS AOA “φᾳρ ὕᾳ“ᾳΔρΔ LT SA A eC 


732 


δὲ 


CS | nn ne Nocera ee ee 


- 0°2881947 
—~ 0°0259497 
+ 0°2235215 
+ 0°2499367 
+ 0:0556712 


- 0°1688473 
— 0°2252373 


Y5(%) 


~ 0°1970609 
+ 0:0637022 
+ 0°25640I11 
+ 0:2851178 
+ 0°1354030 


— 0°0892528 
~ 0':2298179 
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Table IV. Values of J,(x) and Y,,(zx) 


Tite soos 4%: Ut 


I+ +++ 


J 13 (*) 


ΟΟΟΟΟΟΙ 
0:000005 
0:000030 
0-0001 52 
0°600628 
0:002152 


0°1750103 
0: 3026672 
0°1580605 
0°10431 46 
0°2490154 


0°1637055 
0°0579992 


Y(%) 


0°4268259 
0°1993068 
0:0375581 
0°22607718 
0°2803526 


0-1673728 
0°0402973 


J 19(*) 


+ O-OO0O00I 
+ 0°000007 
+ 0°000043 
+ 0-000199 


+ 0°000759 


Y2(*) 


0°2298579 
0:0605266 
0°2630366 


0-0058081 


0:1986120 
(0°2157208 


Γ{͵1π 


++ 


0:6565908 
0°4053719 
0:2000639 
0°0172446 
0-2010200 


0:2718414 
01895207 


++ +4415 


+ 0000002 
+ ΟΟΟΟΟΙ2 
+ 0:000059 
+ 0:00025I 


0°3282489 
0:2680806 
0°0265422 
0°2050949 
02513627 


0:091 4830 
0-1290061 


1-1052194 
0°6114352 
0:3876699 
0°1999469 
0°0010755 


01786071 
0°2614047 


Proud 4 


+ 


0°0983910 
0°2903100 
0°2829432 
0:0900258 
0°1449495 


0°2485118 
O:1512177 


2°2906609 
0°9921953 
0°5752760 
0°3727957 
0°1992993 


0°0120492 
0°1590189 


x Yi0(*) Yi1(*) Y 12(%) Y43(%) x 
6 | — 5°7667633 | - 16°9318836 | -- 56°3168097 | -- 208-3353554 | 6 
ζ - 1 9399240 | - 4°5504447 | -- 12°3614737 | - 37. 531750 7 ζ 
— 9°9067010 | - 1°6914765 | - 3°7448595 ~ 9°543101 
9] - 0°5454045 — 0°8394376 | -- 175064942 ~ 3°1778801 | 9 
IO | - 0°3595142 — 0°5203290 - 0°7849097 ~ 1°3634543 | Io 
II | -- 0-1983240 — 0°3485399 - 0°4987558 - 0°7396546 | II 
I2 | - 0:0228763 - Or1971461 - 0°3385583 - 0°4799704 | 12 
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Table IV. Values of Y,,(z) 


733 


eer | pss ff See sg pS rary gS a RS fh Pa RSP SINGING | 


— 5099°3323786 
- 639°3190662 
- 190:7748150 

- 81°2024845 
~ 42°0594943 
~ 24°6915728 


- 15°8194791 
- 10.814 186 


NN WN HN Ν Μὰ μοὶ πὶ μὴ μι μή μὶ μὲ μεὶ 
CO OIA Φρωὺν μα 


CSOD ουἱδβω ν᾿ 


ὁ οὐ ὃ UbBWwdse 


ULAAA AAAAA AWWWH οὐ WHNDN 


ὁ ὃ οοὖ δι σι δ ἡ 


Ltt τ FEE FHEEHEHE ττττ ττττι FHF FHI 


ΠΊΕ: 


1:5342387 
1-O811053 
0°8072730 
0:6060246 
0°4445197 


0-3085099 
0-1906649 
0:0868023 
pact hee 3 
0°0882570 


0°1621632 
0°2280835 
0°2865354 
0°337°95! 
0°3824489 


0°4204269 
0°4520270 
pai Che 
0°4968200 
0°5103757 


0°5182937 
0°5207843 
0°5180754 
O°5104147 
0:4980704 


0-481 3306 
0°4605035 
0°4359160 
0°4079118 


0°3768500. 


0°3431029 
0°3970533 
0°2690920 
0°22961 53 
0°1890219 


0°1477100 
0°1060743 
0:0645032 
0°0233759 
0°0169407 


0:0560946 
0°0937512 
0°1295959 
0°163 3365 
0°1947050 


0°2234600 


0°2493876 
0°2723038 


0°2920546 | 


0°3085176 


HEHEHE FEE FHF HEHE Ht ttt HF+ttt tte 


2°2931051 
1-7808720 
1°4714724 


1*2603913 
T°1032499 
0°9781 442 
0°8731266 
07812128 


0:6981196 
0:6211364 
0°5485197 
0°4791470 
0°4123086 


0°3475780 
0:2847262 
0°2236649 
0°1644058 
0*1070324 


0°0516786 
0001 4878 
0:0522773 
ined she 
O°1459181 


0°1883635 
0°2276324 
0°2635454 
0°2959401 
0°3246744 


0°3496295 


03678520 


0:40101 53 
o-gror sha 


0°4153918 
0°4166744 
O-4141147 


0:4078200 | 


0°3979257 


0°3845940 
0°3680128 
0-3483938 
0°3259707 
0° 3009973 


0°2737452 
0°2445013 
0°21 35652 
0-1812467 
0°1478631 


- 127:6447832 
- 321 371446 


- I4°4 


Prtrd to Ft ttre ttttt tt ttt 


Pt ddd 


+t+tet +tttet ++ett+ $trtt 


00940 
(2983357 
5°441370 


3°8927946 
2-961 4770 
2:3585582 
1 9459096 
1-6506826 


I 43747" 3 
1°263310 

I-1304119 
1*0223908 
0°9321938 


0°8548904 
0-7809991 
0°7259482 
0-6698787 
0°6174081 


0°5675115 
0°5194317 
0°47260169 
0°4266740 
0°3813358 


0°3304350 
0°2918869 
0°2470693 
0°2038152 
0°1604004 


0°11 75355 


0°07535°7 | 


0°0340296 
0:0062760 
0°0453714 


0°08 30632 
O:1IQI551 
ΒΑ Ὁ 
0°1857626 
0°2159036 


0°2437015 
0°2689954 
0°2916395 
O°3115049 
0°3284816 


0°3424796 
0°3534308 
0:3612893 
ο΄ 3660328 
0°3676629 


Relief oboe Pee he OE SE ORB “ab ted Ali ead 


ttttt 


7°7753995 
5°8215176 


4°5972313 
3°5898990 
2°9296706 
2*4419696 
2°0735414 


1°7896705 
1°5670362 
12,822: 
1:1277838 


1-0292956 | 


09459092 
0°8742197 
o:8116122 
0°7560555 


0°7059567 
lay 5 
0°6173586 
Ο᾽ 57 0044 
0°5385416 


075012882 
0:4649097 
0°4291009 
0°3936317 
0°3583353 


0°323099 

0°2878 δι 
0°2525864 
0°2172943 
0:1820221 


0°1468365 
0°1118267 
0°0771012 
0°0427844 
0°00901 37 


0:0240631 
si Naa 
0:0875092 
0°1175550 
0°1462672 


ot et με 
COO OND NWN μὲ 


Ι͂Νν μὲ μὶ μπὶ μὴ 


ΝΝΝΝΝ 


ὁῤοδόα ὠμών  ὁὀὁφώ δὶ οὐ ὧν οι 


σιν δας AWWW ὠὡο WHNNN 
CO CONDO Uh WN Κα 
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Table IV. Values of Y,,(x) 


ad Y,(%) Υ (5) Υ (5) Y,(%) 
ΟἽ | ~ 305832°2979 - 4414: "502 | -- 2445842617°9 | -- 293476652667 
O-2 | - 19162-4148 - 765850°775 — 382736763 — 2295654722 
0-3 - 3801-0162 - 101169:°657 — 3368520°9 — 134639666 
0-4 — 1209°7389 - 24113°576 - 601629: - 18024776 
0-5 - 499°2726 — 7946-301 — 158426- — 3794296 
0-6 — 243°02293 — 32156142 — 53359°547 ~ 1063795°33 
o- - 132°63406 - 1499°9983 — 21295°913 - 363572-80 
oO: - 78°7.3129 - γγ6: 6983 - 9029 Ογὲ - 143672-96 
ΟὉ - 49°38983 - 435°6898 - 4791 10 = 03445°75 
Ὸ - 33:27842 - 260:4059 - 2570°780 - 30588-96 
I-t -- 231 2 - 163-881 - 1466-6768 - 15836°229 Ivl 
1:2 - τδι688 182 - εξ - $80-4584 - Bebe 11 1:2 
1:3 — 12°39T145 — 73°32353 — 551-6360 - 5018-701 1:3 
1:4 - 9°443193 - 51°51913 — 358-5506 ~ 3021-772 1:4 
1:5 - 7:361972 - 37 ἼΘΟΙ - 240°5734 - 1887-397 1:5 
16 - 5°856365 - 27) 492 154 - 165:96960 — 1217°2798 16 
τ - 4°743717 - 20:7563 — 117°35239 - 807-6135 a 
I: - 3905897 - 15:969987 - 84°81625 ~ 549.4717 1" 
1-9 — 3°264432 - 12°499113 — 62°52037 — 382-366 10 
2:0 - 2°765943 ~ 9°935989 - 46°91400 - 271-5480 2°0 
2Ὶ — 2°3733331 - 8-011973 35°77892 - 196°43901 [2 
2°2 — 2°0603205 - 6°546165 27°69498 -- 144°5173 22 
2:3 - 1:8079562 - 5°414324 21°73258 - 107°9730 2:3 
2°4 — 16023566 - 4°329570 17°27088 — 81-82481 2°4 
2°5 - 1°4331973 — 3°3830176 13°88751 - 62:82986 2°5 
6 ~ 1°2926953 - 3:271567 I1°290256 - 48°83731 6 
γι - 1°1749076 - 2: 821150 - 9°273796 - 38:39572 ζ 
— 1:0752421 — 2°454702 - 7°691764 — 30°50994 
9 - O-Q9OIII2 - 2°154277 — 6°438430 - 2448750 9 
Ὃ - 0°9166828 - 1905946 - 5°436470 - 19°33994 oO 


οὐ οὐ δ UbBWdNEHE 


UAAAA AAAAA AWWWW WHBOW WHDNN 
OO ONDA NRWD St 


~ 


Ptddsd 


0°8526997 
0°7963470 
0°7461539 
0-7009203 
0°6596606 


0°6215621 
0°5859520 
0°5522725 
ert eee 
0:488936 


0°4585842 
0°4287478 
0°3992226 
0-3698472 
0-3404998 


0°3110929 
0-2815701 
0°2519027 
0°2220872 
0°1921423 


1°6992271 
1°5259577 
1°3797571 
1°2555924 
1-1494603 


10581497 
0°9790051 
0°9100926 
0°8 494985 
0°795°514 


0°7479619 
0°7048359 
0'6656385 
0°6296652 
075963194 


Piddt ott t td 


~ 4628678 
~ 3°972271 
— 3°434928 
- 2°991999 
2°624512 


2°3177427 
2:0601699 
1°8427079 
1-6581398 
1:5006918 


1°3657130 
1°2494327 
1-1487739 
I'0612100 
0°9846543 


- το ΤΌΣ 17 
— 13°37005 


— II-I10890 © 


- 5. δ ,δδδδ 
— 6°667659 
— 5°702507 
- 4°908985 


— 4°252470 
- 3°706224 


— 3°249247 
— 2°864972 
— 2°540242 
- 2:204544 
— 2.029425 


0°5650943 
0°5355591 
05073471 
00-4801 469 
04536948 


0-9173730 
0°8579174 
0°8050705 
0°7578045 
0°7152474 


itt 


1-8280526 
16548682 
1°5053290 
1°3757009 
1-2628988 


COOIA UAWNDE 


2: 
2° 
Zz 
2° 
3° 
3 
3 
3 
3 
3 
3 
3 
3 
3 
4° 
4 
4° 
4° 
4" 
4° 
4: 
4° 
4° 
4° 
δ᾽ 


. ο οὐ δ Mawne 
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Table IV. Values of Y,,(z) 


irate aS TH Cr 7a DS RA SS | eC fo Ss 


ΟἹ | - 6 11 50. - 6573192208278[3] | -- 11831335132045[5] | ovr 
0-2 -- 160057550912 - 12850308895(3 ~ 11563671430/5] | 0-2 
0-3 - 62798159[2 - 334788875(3 — 20081052715] | 0:3 
0-4 - 6302055[2 = erro 5073) ~ 1133036615] | 0-4 
O°5 - 1060819[2 — 3390825/3 - 1219636[5 O°5 
0-6 | - 24708540°5 — 659430617 — 197581500[2] | οὐ 
oO — 7250L00°1 — 165354373 — 42447194|2) | Ο’ 

ron - 2504646°8 — 49949263 — 11213538{2 oO: 

0-9 - 982142°7 ~ 17396869 - 3469552|2] | o-9 
Io - 425674°6 - 6780205 - 1216180/2 I-o 
ΤΙ - 200085:33 - 2894495°9 - 47164393 | ΤἹ 
1:2 - 100577°97 - 1332343°2 - 19884570 | 1:2 
1:3 - 53495°91 - 653392°5 - 8993478 1:3 
1:4 - 29550917 — 339225°9 ~ 4319759 | 1°4 
15 - 17375°13 — 183447°3 — 2183993 | 1°5 
16 - 1Ιο485:229 - 1ο363501 - 1155408:6 16 
aa - 6533. 582 - 60684°92 - 636012°7 oy 
I- - 4188-352 ~ 36684:77 - 362658-9 I: 

19 - 2754'916 - 22816°93 - 213405°5 1-9 
2:0 - 1853°922 - 14559°83 - 129184°5 - 2:0 
21 - 1273 5144 - 9508°814 - 80230°30 2Ὶ 
2"2 - 891-960 oe 6342°471 — 51000-98 2:2 
2:3 — 635°4947 - 4312-560 ~ 33117°32 2.3 
2°4 — 460-0405 - 2985°112 - 2192 30 2:4 
2:5 - 337°9597 — ΖΙΟΟῚΙΖ - 14782:85 2:5 
206 - 2351-67985 - 14999618 ~ {011} 011 26 
Ἢ! - 189°81514 — - 1086°4347 . = 7053 083 27 
2° - 144°85794 - 797°2497 - 4980°319 2: 

29 - I11+77710 - 592.2137 - 3564:032 2:9 
3Ὁ - 87:14989 - 444°9595 - 2582:607 3Ὁ 
31 ~ 68-61497 - 337°92355 - 1893°5218 3:1 
3°2 — 54°52173 - 259°23861 - 1403°6955 3:2 
3.3 - 43°70218 - 200°77848 ~ 1051°4532 3°3 
3°4 - 35°32025 — 156°90853 — 795°3720 3°4 
3°5 - 28°77095 - 123°67548 - 607°2744 3°5 
36 - 23°612043 - 98:27476 - 467:7617 36 
3:2 — 19517110 - 78°69575 — 363°3271 33 
3° - BO 243077 - 63°48271 - 284°4645 3: 

3°9 — 13°60713 - 51°57168 - cba ar 3°9 
4:0 — 11°471092 - 42:17814 — 178-3306 4:0 
41 - 9:729277 = 34°71 866 ~ 142°69412 41 
4:2 = E3004 74 - 28°75588 - 114°93902 4:2 
4:3 ~ 7121752 = 23.9.94: - 93 1734 4°3 
4°4 — 9144157 — 20°07785 - 75°9924 4°4 
4°5 — 5°329114 - 1691853 ~ 62°34502 4°5 
4°6 — 4°646265 - 14.332810 — 51°43888 4°6 
4°2 — 4°071477 — 12°205460 - 42°67291 43 
4° - 3°585472 Ξ ΤΟ 4016 - 355 8795 4° 

4°9 - 3.172 700 - 89 4802 - 29°83I01 409 
5Ὃ - 2:820869 - 7°763883 - 25 12011 5Ὃ 


The numbers in { ] are the numbers of digits between the last digits given and the decimal 
points. For example, the integral part of Y,, (0-1) is a number containing 19 digits of which the 
first 14 are given. 


736 TABLES OF BESSEL FUNCTIONS 


Table TV. Values of e-*I,, (zx) 


a ee | il ee ee ee == eee 


ΟἽ | 0-0011320 | 0-0000189 | 0-0000002 —~ ΟἽἹ 
0°0041073 | 0:0001368 | 0:0000034 | ΟΟΟΟΟΟΟΙ 
0°:0083969 | ΟὍΟΟΔΙΟΙ | 0:0000157 | O0-000000 
0°0135860 | 0°:0009027 | 0:0000450 | 0-000001% 
0'0193521 | 0°0016043 | O-000I000 | 0:0000050 
00254458 .ΟΘΤΎΖΗΣ 0:0001886 | ΟΟΟΟΟΙΙ3 
0°0316770 | 0°0030585 | 0:0003182 | 0:0000222 
0°0379022 | 0°:004987 0:0004948 || 0:0000394 
0°04401 δ 0°000493 0°0007233 | 0°0000647 
0:0499388 | 0°0081553 | 0:0010069 | 0-0000999 

I‘I | 0:0556193 | 0°0099497 | 0:0013479 | 0-0001468 | 11 

I-2 | 0:0610206 ohare Hl 0°0017471 | 0°0002072 | I°2 

1:3 | 0-0661209 | 0°:0138486 pla haar 0:0002826 | 1:3 

1:4 | 0:0709088 | O-O159IIO | 0:0027189 | 0:0003746 | 1°4 

I°5 | 0°075381I | 0°0180231 | 0°:0032885 | 0:0004843 | 1°5 

1:6 Ο το 5406 0°0201679 | ΟὍΟ39Ι11ΙΟ | 0-:0006129 | 16 

a! 0°0833947 | 0°0223299 | 0:0045834 | 0:0007611 | 

I: 0°0869539 | 0°0244955 | 0:0053023 | 0°-0009298 | 1’ 

19. | 0°0902306 | 0:0266527 | 0:00600642 | O-OOI1192 | 109 

2Ὸ | 0:0932390 | 0°0287912 | 0:0068654 | 0:0013298 | 2-0 

21 | 0:0959939 | 0°0309022 | 0:0077019 | 0-001 es 5 | 21 

2:2 | 0:0985103 | 0°0329781 | 0:0085701 | 0:0018142 | 2:2 

2°3 Ὁ ἸΘΟ 054 0°0350127 | 0°0094659 | ο᾽ΟοΟΖΟδ79 | 2:3 

2°4 | 0-1028881 | 0-0370010 | 0°0103857 | 0°:0023819 | 2:4 

2°5 | 0°1047787 | 0:0389387 | 0°0113259 | 0°0026960 | 2:5 

2°6 | 0-1064892 | 0:0408227 | 0:0122829 | 0:0030293 | 206 

2 0-1080327 | 0:0426507 | 0°0132534 | 0:0033813 oa! 

2° 0°1094217 ΘΌΜΜ4507 0°01 4234 0°00375II | 2: 

29 | 0-1106680 | 0°046131 0°01 5222 0:0041380 | 209 

3°0 | 0°1117825 | 0°0477833 | 0-0162159 | 0:0045409 | 3:0 

3:1 | 0°1127758 | 0:0493750 Se Gam 0°0049590 | 3°I 

3°2 | 0-1136572 | 0:0509071 | 0:0182063 | 0°0053913 | 3:2 

3.3 | 0°1144358 | 0°0523802 | O-019I910 | 0°:0058369 | 3:3 

3°4 | O-LI51197 | 0°0537949 | 0:0201876 espe! 3°4 

3°5 | O-1157197 | 0°0551523 | 0°0211700 | 0°006763 3°5 

3°6 | 0°1162339 | 0°0564535 | 0°0221447 | 0°0072431 | 36 

3°7 | 0°-1166776 | 0:0576999 j| 0°0231102 aed HES 37 

3:8 ee 0°0588928 | 0:0240654 | 0°:0082288 | 3: 

3°9 | 0°1173686 | 0-:0600338 | 0:0250090 | 0:0087333 | 3°9 

4°0 | 0°1176265 | 0:0611243 | 0:0259400 | 0-0092443 | 4:0 

41 | 0°1178323 | 0:0621661 | 0°0268576 } 0:0097611 | 4:1 

472 | O-1179905 | 0°0631607 | 0°0277610 | 0-0102826 | 4:2 

4°3 | O-1181048 | 0°-0641096 | 0:0286495 | 0°-0108082 | 4:3 

4°4 | O-1181791 | 0:0650147 | 0°0295227 | 0:0113371 | 4°4 

4°5 | 0°1182166 | 0:0658774 | 0°0303800 | 0-0118685 | 4:5 

46 | 0-1182204 | 0:0666994 | 0°0312212 | 0°-0124017 | 4°6 

4°7 | oF 181933 0:0674822 | 0°0320458 | 0°:0129361 | 4: 

4°8 | 0°1181380 | 0:0682274 | 0°0328538 | 0°0134711 1.8 

49 | 0°1180568 | 0-0689364 | 0°-0336449 | 0-0140060 | 49 

5°O | O-4179519 | 0:0696107 | 0°0344100 | 0:0145403 | 5:0 


TABLES OF BESSEL FUNCTIONS 737 


Table IV. Values of K,, (x) 


1 Ky (*) Καὶ, (4) Ky (%) Kx; (#) * 
ΟἽ | 2°4270690 | 9°8538448 | 199°5039646 | 7990°0124305 ΟἹ 
0:2 | 1°7527039 | 4°7759725 | 49°5124293 | 995°0245583 | 0-2 
O°3 | 1°3724001 | 3:0559920 21°7457493 292°9991958 | 0:3 
O-4  1Π1452901 | 2°1843544 12°0363013 122°54736070 | 0-4 
O'5 | ΟὍΖ4Δ4ΙΟΙ | 1-6504411 7°5501830 62°0579095 | 0°5 
06 | 0°7775221 | 1°3028349 5°1203052 35°4382031 | οὐ 
ν 0°6605199 | 1 Ὁ502ὅ35 3°661 3300 21°9721690 : 
0°5653471 | 0°8617816 2°7198012 14°4607876 
0°4867303 | 0°7165336 2°0790271 9°9566542 
0°4210244 | 0°6019072 1°6248389 71012628 
I-I | 0°365602 0:5097600 1°2924388 5°2095375 |} I'l 
12 3785083 eo 110. 10428289 Sar aenne 1"2 
1:3] 0°2782476 | 0°3725475 0°8513976 2°9922325 | 1-3 
1:4 | 0°2436551 | 0-320 352 o:701g9g92I1 2°3205275 1*4 
1°5 | 0°2138056 | 0:2773878 0:5836560 1°8338037 | 1°5 
1-6 | 0-1879 548 0°2406339 tb the 1°4625018 | 1°6 
τ 0°1654963 | 0°2093625 O-4118051 11783157 a 
I° 0:1459314 | 0°1826231 | 0:3488460 0°95738363 | I: 
19 | 0°1288460 | 0-1596602 0°2969093 0:7847324 | Ig 
2°0 | 0°1138939 | 0°1398659 0°2537598 0°6473854 | 2:0 
2Ὶ | 0°1007837 OR 227404 02176851 0°5373847 21 
2:2 | 0°0892690 | οτογδοῦ 0°1873570 0°4435459 | 2:2 
2°3 | 0°0791399 | 0°094982 0°1617334 0°3702579 2:3 
2:4 | 0°0702173 0°083724 0°1399880 0°3170382 | 2°4 
2°5 | 0°0623476 | 0:0738908 0°1214602 02682271 | 2:5 
206 | 0°0553983 aa 52:10 0°1056168 0°2277714 | 20 
27 0°0492554 | 9°0577304 0°0920246 0°19407II 2:2 
2" 0:0438200 | ΟὌΒ5Ι11127 0:0803290 01658685 | 2- 
2°g | 0:0390062 | 0:0452864 0°0702383 0-1421668 | 2-9 
3°0 | 0°0347395 | 0°0401564 0-061 5105 O:1221704 | 3°0 
31 | 0°0309547 | 0°0356341 0:053944 0°1052398 | 31 
3°2 | 0°0275950 | 0°0316429 0°047371 0:0908577 | 3°2 
3°3 | 0°0246106 | 0:0281169 0:0416512 0:0786032 | 3°3 
3.4 { 0-0219580 | 0:0249990 0°0366633 0:0681 32 3 3°4 
3°5 | 0°0195989 | 0°0222394 0°0323071 O-059161 3°5 
36 ΘΌΣΤΕΘΘΟ 0°0197950 0°0284968 ene pr ae 206 
32 0°01 56307 | 0°0176280 0°0251593 0:0448273 | 3°7 
3°38 | 0°0139659 | 0°0157057 0°0222321 0°0391079 | 3°3 
3°9 | 0:0124823 | 0°0139993 o0-0196614 0°0341649 | 3°9 
4°0 | O°OI1II597 | 0°0124835 O-O174014 0:0298849 | 4:0 
41 | 0-0099800 | 0°0111363 0°01 54123 0:0261727 | 4 
4:2 rips £1 bs 0:0099382 0-01 36599 0°0229477 | 42 
4°3 | 0°0079880 | 0:0088722 O-O121146 0:0201416 | 4:3 
4°4 | O°-007I49I1 070079233 0°0107506 0:0176965 | 4°4 
4°5 | 0:0063999 | 0:0070781 0°0095457 0-0155631 | 4°5 
46 | 0:0057304 | 0:0063250 0:0084804 0°01 36993 | 4°6 
4 ΟὍΟ51321 | 0:0056538 00075380 O-O12069I1 | 4°7 
4° 070045972 070050552 0°0067036 O-O106415 | 48 
4°9 | O°004II8Q | 0°0045212 070059043 0°0093900 | 4°9 
5:0 | 0-003691I | 0°0040446 0:005 3089 0:0082918 | 5:0 
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Table IV. Values of K,, (x) 


x Κι, (4) Ks (*) Κὶς (#) Κ᾽ (#) x 
ΟἿ | 479600°2498 | 38376010-00 3838080599°8 460608047990 ΟἿ 
O-2 | 29900:2492 | [197004:99 598801 49°8 3594005995 0-2 
053 9 720. 157139012 5243852°5 2ΖΟΟΟΙΙΖ239 9.3 
0-4 1850:246 37127°48 930037: 27938248 0-4 
0°5 752°2451 12097°98 242711° 5837182 Ο 5 
0°6 | 359°502336 4828-8027 80839°547 1621619°74 0-6 
oO: 191:99420 2216-1917 318 τι 75 548248:34 o- 
O- 11117570 1126:2170 14188-899 213959°70 oO: 
0-9 68-456722 618-4609 6940°24 93155°05 0-9 
I-O 44°232416 360-9606 3653°83 44207°02 I-o 
ΓῚ 29°708098 221°26843 2041°2393 22489: 333 ΤΓῚ 
1:2 20:596272 14121017 1197:4227 12115°446 1:2 
1:3 1 4°661702 93°21809 731°7239 6847°593 1:3 
14 10°672824 63°31409 462 9164 4031-169 1:4 
1:5 7°918871 44°06778 301-7041 2457°700 15 
1:6 5°973129 31-328146 201°77404 *544°0334 16 
τ 4°570567 22°686864 138-02271 990-964 a 
I- 3°541634 16°698431 96°31069 658-7607 I° 
1-9 2°775011 12°468991 68-40128 444°4771 I-9 
2:0 2°195916 9°431049 49°35116 305°5380 2°O 
2:1) 1°7530699 las Vas 36°11 3765 213°58012 2Ὶ 
2:2 I-4106641 5°578234 26°766271 151°57608 2:2 
253 δ 145: 750 4:352869 20:068791 109'05961 2°3 
2°4 09325836 3.425050 15'206127 79°45628 2:4 
2:5 ο:7652054 2:716884 11:632743 58.55405 2:5 
2:0 0°6312432 2-1700581 ay hee 43°60523 20 
ay 0°5232937 1*7445711 6:934668 32°787534 a4 
2° 0°4357615 I-41Ogo12 5°474094 24°373 2" 
2:9 ο:36043704 1°14734390 4°320732 19°02623 2:0 
3°0 0°3058512 0°9377736 3°431763 14°66483 3Ὁ 
31 0°2576343 0-7701024 27418356 11-383660 31 
3:2 0°2177299 0°6351824 22026750 8°895214 3:2 
33 Θε1ς Πη002 Ο᾽526ο0364 1:7786158 6:993730 3.3 
3°4 0°1568967 0°4373011 774430704 5°530512 | 3-4 
3°5 0°1337274 0°3648244 1176082 4°397108 | 3°5 
3°6 0-1142604 0°3053701 οἰ ΘΟΞ 100 3°513739 3°6 
37 0:0978523 0°2563998 07908246 2° page 3° 
3° 0-083981 0:2159108 0°6521676 2°275387 3.8 
30 Ο᾽Ο72222 ΟἾΒ23141 0°5396949 1-84291 3°9 
4:0 0:0622288 0°1543425 0°4480852 1°49859 4°O 
41 0'0537139 0-1309802 0°3731778 1°2232080 | 4 
4:2 0°0464423 O-111 4092 0°3117023 10019872 | 4-2 |} 
4°3 0°0402IgI1 ie aera 0:2610745 0°8235478 | 4:3 
4°4 0:0348822 0-081 1187 0°2192429 06790539 | 4°4 
4°5 0°0302965 0:0694236 0°1845713 0°5616138 | 4:5 
4°6 0:026349I1 0'0595239 0°1557490 0°4658258 | 46 
47 ΟὉ229453 ΟὌ511250 0°1317219 0°3874301 4°7 
4° 0-0200054 0:0439839 ea tee 0°3230800 | 4:8 
419 0:0174623 0:0378998 0:094808 02700847 | 49 
5Ὃ O-0152591 0:0327063 0:0806716 δ 2 δ. 5Ὸ 


x Kg (2) Ky (*) 
ΟἽ 6448890479092(2] 10318694975920[3] 
O2 | 2516402998(2] 20134817990[ 3] 
0°3 9801 1017[2] 52293 33313) 
04 9787687121 391786806[3 | 
0-5 1636833[2] 5243719(3] 
a) 9 83} ᾿λδισοῆτοι 
ο’ 375848 τι 75383034 
0-9 1450018°75 25977933 
ΓΟ 22552°12 10005041 
I'l 288269°12 421549 xh 
I*2 142544'29 1912700: 
1:3 74475:03 923463- 36 
1.4 40774°60 470026-62 
I°5 23240°24 25035361 
1°6 I 316 138717-80 
1% Pe 46. 2321 Δοξεύ το 
ες 5220 073 4 059" 44 
2°0 ee eee ce toad τα 
21 1459°9812 11337°247 
2.2 ΡῈ 4413 7386.83, 
2:3 083°9099 66-694 
2°4 478: 7011 3270. 797 
2°5 339°5354 2231°581 
2-6 243°77501 1543°7592 
2} 176-9941 1081-6417 
2: 129°8440 766:8400 
29 9O°I7151 549° io 
30 71-86762 397°95 
31 54 ἼΒΙΟΙ 290°87739 
3°2 41°11923 214° 1.1 
3.3 31:44800 159°473 
3°4 2: 21577 10.407 
3:5 .76452 go: 17975 
36 14:.627ο50 68-52285 
37 11+465773 52°40296 
3° 9: 035124 40°31822 
39 ra 155263 31° 19792 
4:0 5° 693179 24°27131 
4d 4°549986 18-979250 
4:2 3 651659 14°913071 
4:3 2 942303 11 771086 
4.4 2°3798069 9°333122 
4°5 1931814 7°430286 
4°6 1'5734796 5 Pk 
47 57 4° esr 
4° 10539552 204 
49 0°8664794 3. 09940 
5°0 0°71 43024 BOTA 17} 


TABLES OF BESSEL FUNCTIONS 


Table IV. Values of K,, (x) 


18574 


295840304(5] 
123852594[5] 


313859212[5] 


17640197[5] 
738 715 


9376[5] 


304214741[2] 


ré9g830212 


5210147(2] 
1807133[2] 


69269092 
28833134 
12860891 


seer 
3027484 


1574292: 


2487. 84 
475814°4 
274293°04 
162482-40 


98636°38 
61220°41 
48771 08 

25009°68 
16406-92 


- 10931°338 


73°7°939 
5959°530 
3507°054 
2459°620 


1743°1174 

1247°6333 
901:3053 
656-794 
482°535 


357°2413 
266°3991 
200°0162 
151:.1457 
114 0141 


87:87352 
52.32647 
405 6082 

31 85206 


24°812255 
19°533125 
15°439946 
12°252049 

9°758563 


μή μὸ oot 
ὁδοσώδι URWHH 


NA ot ΜΗ 
. 


SSS 


CSOSA ULBWDHH 


ὁδοσὴ ἃ οἷν κε 


«πὰ AHAAA AWWW BWHWWH WHEND 


CS ODIOD URWHDAEH 
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The numbers in [ ] are the numbers of digits between the last digits given and the decimal 
pointa. For example, the integral part of K,, (0-1) is a number containing 19 digits of which the 


first 14 are given. 


140 


Jy) | seg | Jg@ | Jor | Ig [0-ςωὦ |e 
4- 0°671397 | + 0°431099 | + 0°240298  -- se τυ + 0:049497 | + 2°876388]| I 
+ 0°513016 | — 0°234786 | + 0°491204 — 0°395623 | + 0°223925 | + 0-828221] 2 
+ 0:065008 | - 0°450049 + 0°477718 | + 0:087008 | + a pe + 0°309041 3 
- 0°30192I1 | -- 0:260706 | + 0-185286 | + 0°367112 | + 0°440885 | -- ΟΟΙ4568, 4 
— 0°342168 | + o-10r218 | — 0-169651 | + 0°321925 | + 0°240377 -- 0°294372] 5 
- O-O9IOI6 | + 0°312761 | — 0°327930 | + 0°:038889 | -- 0°072950 | — 0-332205] 6 
+ 0-198129 | + 0°227356 | - 0°199052 | -- 0-230608 | — 0:283437 | — 0°128524 ζ 
+ 0'279093 | — 0°041045 | + 0°07593I1 | — 0°273962 | - 0°250619 | + 0°143781 
+ 0*109608 | — 0:242326] + 0°254504 - 0:082683 - 0°024773 + 0°2069886| 9 
-- 0'137264 | - 0211709 | + 0°197983 | + 0°158435 | + 0°196659 | + 0°164179| IO 
- 0°240569 | + 0°001064 | — 0:022934 | + 0:240472 | 4+ 0°234314 | ~ 0°066647] 11 
- 0°123589 | + 0°194304 — 0°204663 | 1 0°107392 | + 0:072423 |] — o-221212] 12 
+ 0°092980 | + 0°200812 | — 0°193660 | -- 0:108427 | — 0-137671 -- 0°175790] 13 
+ sheet + 0:029158 | — 0:014070 | — 0:213323 | - Arn + 0°016554] 14 
+ 0°133968 | -- 0°156506 | + 0°:165437 | — 0°123534 | - 0°100880 | + 0°181212} 15 
- AEE 7415 - ΟἼΘΙΟΖΟ | + 0°187436 | + 0°069367 | + Ο92573 + 0178019 | 16 
— 0°186045 | — 0°0532 + 0°042305 | + 0°189178 | + 0°193511 | + 0°019864 | I 
-- 01141233] + O12418I | - 0°132027 | + 0°134334 | + O°119229 - 0:146570] I 
+ 0°027435 | + 0°180980 | -- 0°179536 | — 0:036960 | — 0°055782 | - 0°175144| 19 
+ O°162881 | + 0:072807 | — 0°:064663 | - 0°166521 | -- 0°172580 | — 0:047829 | 20 
+ 0°145672 | — 0:095367 | + 0°102303 | - O°I 41131 | — 0°131058 | + 0-115528] 21 
— 0:001 506 | -- OC 79103 + 0:170034 | + 0:009238 | +- 0-024692 | + 0-16 43 22 
— 0°140786 -- 0:0886 + 0:082527 | + 0°144640 | + O"151530 + 0°069782 | 23 
~ 0°147489 | + 0°069085 | -- 0:075230 |] + 0°144611 | + 0-138086 -- 0-087161 | 24 
~ O°O2Z1I20 | + 0°158173 | — 0°159018 | + 0°014793 | + 0:002038 | -- 0°159948 | 25 
+ 0°119324 | + O-101229 | - 0°096639 -- 0°123217 | - 0°130474 - 0°087011 | 26 
+ 0°146854 -- 0°044859 | + 0°050298 | -- 0°145193 | — 0°141266 | + 0-060g9g1 | 2 
+ 0:040849 -- 0:145147 | + 0°146606 | - 07035065 ~ 0°02514I [1 0°148969 | 2 
— 0:098326 | - 0-110835 | + ead bee: + ΟἼΟΖΙ + G°10944I | + 0°100268 | 29 
— 0°143930 | + 0:022470 | — 0°0272 + O°14318I | + 0°141203 | — 0:036788 | 30 
— 0°057900 | + 0°131087 | — 0°132954 |] + 07033072 + 07045034 - 0°136281 | 31 
+ 0°07 0088 + 0°117665 | — 0°115235 | - ΟἽ 1454 - ΟοὈδδὅδ5δ1 | -- ΟἼἽΙΟΟΖΟ | 32 
+ 0:138882 | - ΟΟΟΙ844 | + 0:006053 -- 0°138826 | -- Ο138331 + 0°:014465 | 33 
+ 0°072398 - oe + orl 15:11 ~ 0:068982 | -- 0°061964 | + 0°122202 | 34 
— 0:057748 | — 0°121878 ] + 0°120228 | + 0:061230 | + 0°068053 | + 0°116630 | 35 
- 0°131887 | — 0°017017 | + 0°013353 | + 0°132360 | + 0°133000 | + 0:005987 | 36 
- 0°084414 | + 0°100400 | — 0°102682 | + 0-081700 | + 0:076088 | — 0°107025 | 3 
+ 0:038360 | + 0°123019 | — 0°122610 | — 0:041613 -- 0°048040 | — 0°120334 | 3 
+ 07123138 Ὁ 0°034007 — 0°030910 | — O'124012 | — 0°125516 | — 0°024528 | 39 
+ 0°094001 | — 0°084139 | + 0°086489 | — 0:091898 -- 0°087514 | + 0-091031 | 40 
- 0°019766 | — 0°123031 } + 0°122549 | + 0:022766 | + 0°028733 | + 0-121365 | 41 
- O°112839 | — 0°049245 | + 0°0 6358 + O-ITI4OII | + O-116164 | + O-O41IOI | 42 
— 0+101207 | + 0°067544 | — 0°009898 | + 0:099636 | + 0:096331 | — 0°074495 | 43 
+ 0:002129 | + 0°120267 | — 0°120218 | — 0°004863 | -- 0-010326 | -- 0°119958 | 44 
+ 0-101208 | + 0°062483 | — 0°060234 | — 0°102596 | -- 0°105223 | -- 0°055643 | 45 
+ 0:106088 | -- 0:050842 | + 0°053148 -- 0°104983 | -- 0-102622 | + 0°057689 | 46 
+ 0°014382 | — O-1154QI1 | + 0°115797 | — O°O1I925 | — 0-006QQ1 | + 0°116253 | 4 
- 0°088476 | -- 0:073722 | + 0-071 19 + ΟὍΟΟΟΙΖ | + 0:092968  -- 0-068096 | 4 
- 0'108712 | + 0°034263 | — 0°036481 Ὁ ἀνε ες + 0°106479 | — 0°040876] 49 
— 0:029606 | + 0°108885 | — 0°109477 | + 0°027428 | + 0°023037 | — 0°110530| 50 


TABLES OF BESSEL FUNCTIONS 


Table V. Values of J (n 4.4) (2) 


TABLES OF BESSEL FUNCTIONS | 


| Table V. Values of J4 (1 +4 ῃ (2) 


Jy (*) 


+ 0:007186 
+ 0:068518 
+ O°210132 
+ 0°365820 
+ O:410029 


+ 0°267139 
- 0°003403 
- 0°23256 

— 0:268267 


+ 0°129440 
+ 0234840 
+ 0°140709 
- 0:062450 
~ 0°199063 


- 0°158507 
+ O°O1 4610 
+ 0°165146 
+ 0°164856 
+ 0:021518 


— 0°133597 
— 0°164423 
- 0:049581 
+ 0°103998 
+ 0°159426 


+ 0:071548 
- 076458 
- O-151096 
- 0:088575 
+ 0:050802 


+ 0:140218 
+ 07101394 
- 0:027012 
— 0°427357 
- O-110507 


+ O-005119 
+ O-112964 
+ O-116289 

+ 0°014818 
- 0:097428 


— O-1I9045 
- 0:032729 
+ 0:081099 
+ O'119045 


+ 0°048542 . 


- 0°064303 
- O-I16541 
- 0°062195 
ea 07047346 
+ O-ILI78I 


+++ 


| Ja (x) 


ὃ 


is 13273444 
— 167492 
0°702076 
0°348902 
0°027552 


0°237949 
0°322411 
0:184099 
0°067254 
0°240524 


0-210178 
0-015220 
0°176039 
0-207411 
0:063130 


tee 


0°124998 
0*195020 
0-093620 
Geb 3008 
0°178478 


0°11 3625 
0:047611 
0-159810 
0°126452 
0°O17196 


++ 


+ 


0°139950 
0:133898 
0:009064 
0-119436 
0°137049 


0°031691 
0:098646 
0136634 
O-051012 
0-077891 


birt er oF Pb 


b++H4 


0°133192 
- 0:067238 
+ 0°057447 
+ O°327156 
+ 0:080519 


= 0037567 
- O-118904 
— 0°099974 
+ 0:018494 
+ 0°108779 


+ 0:098712 
- 0:000 

- o-o82o18 
— 0°103842 
- 0°016375 


+ 0:000807 
+ o-oI 5887 
+ 0°07759 

+ 0°199300 
+ 0°333663 


+ 0:384612 
+ 0'280034 
+ 0°047122 
- 0°183879 
— 0°266416 


— Or15§1943 
+ 0°064507 
+ 0°213437 
+ See 
+ 0:007984 


0-161920 
0°187495 
0:055005 
O-1 16519 
ΟἼΒΟΙΙΙ 


τ 1 01.} 


+ 07086555 
- 0:07700 

— 0°166640 
Ort 723 
+ 0-04260I1 


+ 0°149737 
+ O'121443 
0°012633 
— 0°130821 
— 0°129349 


- 0°013372 
+ 0-110760 
+ 0:132602 
+ 0°035744 
— O°090T54 


— 0°132005 


| 


- 0°049057 
-- O'IZI619 
~ 0:083128 
+ 0°029265 
+ 0°112774 


0:092836 
Ὁ ΘΊΟΊΟΣ 


Poet dick 


009971 
0-007488 


0:1020338 


+ 90:079718 
+ 5. 034028 
+ 1°269137 
+ 0°625147 
+ 0°332945 


+ 0°054598 
- 0°193 pa 
- 0°30486 
- O°2175 
+ 0-004186 


+ 0°200397 
+ 0°230091 
+ 0°'O081O000 
— 0*120260 
~ 0°210673 


- 0°12332 
+ 0°06043 

+ 0:182978 
+ 0°144546 


- 0:014639_ 


~ 0°153403 
~ 0°153094 
- O-021144 
+ O°124043 
Ἔ 0°155133 


+ 0049533 
- 0°095706 
- O15123 
~ 9Ο07143 
+ 0:068766 


+ 0°143437 
+ 0:088450 
- 07043448 


_ ~ 0°132704 
— O°IOI062 « 


+ O-OIQQI2 
+ O°119745 
+ O°109751 
+ 0°001705 
- O'105122 
= ΟἿἹ "152 
- 0°021284 
+ 0°089305 
+ O'LI7O16 
+ 0°030744 
— 0:072710 
- O-116187 
- 0°056004 


eels ES | eS |e | eT | “.---.ὦἍ 
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+ 0:000074 
+ 0:002973 
+ 0°022661 
+ 0:082606 
+ 0°190564 
0°309779 
0°393440 
0°285580 
0:084388 
ΟἼΔΟΙΖ2Ι 


++++ 


0°253757 
0°186414 
0°007055 
o-180113 
0°203854 


t+ 


+ 


0:067428 
0:113872 
0°192649 
0-109663 
0°059532 


0°170603 
0132919 
0:01 5626 
0°1 44405 
0144089 


Pod! tee abel 


| 


0:019716 
0°116939 
0°1 47035 
0°047975 
0°:089606 


t++H+ 


- O°144100 
- 0'070242 
+ 0:063176 
+ 0°136818 
+ 0°087324 


— 0:038120 
- 0°126274 
- 0°099837 
+ 0°014761 
+ 0°113283 


+ 0°108276 
+ 0:006668 
-- 0:098498 
- O*113059 
~ 0°025967 


+ 0:082467 
+ 0°114556 
+ 0:043062 
— 0°065662 
- OII3110 


~ 797°438019 

— 20°978200 
— 3°10533 
- 1:05767 
— 0°571759 


- 0°319846 
- 0°073127 
+ 0°158877 
+ 0°284832 
+ 0°236755 


+ 0:04621 
- 0°15734 
- 0°232116 
- O-130102 
+ 0:063274 


t+ 0°194373 
+ 0°163023 
+ 0°00213I 
- O°151520 
- O171891 


- 0:047880 
+ 0-110486 
+ 0-16808 
+ 0°07993 
~ 0°073044 


- 0157027 
- O‘101996 
+ 0:039548 
+ 0°141606 
+ O-II6419 


0:009951 
0°123523 
0°124785 
0015884 
0°103879 


ἜΤ! 


O-128214 
0°038110 
— 0°063440 
— 0°127550 
- o-oseh 


++ 


+ 0:062800 
+ 0°120424 
+ 0°072282 
- 0°042429 
— 0°116528 


- beep Sk 
+ 0°022691 
+ pate poe 
+ 0°093009 
- 0°003933 


66 |. 


Table V. Values of J 4 (, 4 4) (2) 


+ 0:000006 
+ 0:000467 
+ 0:005493 
+ 0:027866 
+ 0°085579 


+ 0°183316 
+ 0:291096 


+ 0°345551 
+ 0:287020 


+ O:112283 


- o-101814 
— 0°23544 
— 0°20746 
- 0°041513 
+ O-141509 


+ 0°208276 
+ O-113813 
— 0:06272 
0-18000 
0:147369 


+ 0:002808 
+ 0:143468 
+ 0°159167 
+ 0°041567 
— 0°106000 


— 0°158079 
- 0:073801 
+ 0:070397 
+ ΟἼΔ4ΟΟΙΟ 
+ 0°096493 


- 0°037760 
- 0°134906 
- OIII543 
0:008521 
O:117599 


4+- 0°120357 
+ eer Gay A 
— 0:098362 
- O°124012 
— 0:039312 


0:078107 
0:123365 
0°057931 
0°057530 
- O-119127 


l+++ 


- 0°073116 
0:037178 
0-11 1907 

eoode7A 
— 0°01749 


+++ 


+ 8681-738496 
+ I10°346069 


+ 10°11708 
+ 2°28344 
+ 0°924903 


+ 0°531787 
+ 0°308802 
+ 0°086412 
- 0°130550 
- 0:264618 


- 0°246614 
- piadesan 
+ 0°115406 
+ 0°222482 
+ 0°164272 


- 0:010308 
— 0°165924 
- 0:184280 
— 0°050824 
+ 0-109179 


+ 0°178483 
+ 0:09845I 
— 0°059244 
- o- 120681 
- 0°122994 


+ O-O17102 
+ 0:137260 
+ 0°135698 
+ 0°017726 
- OIII453 


— 0°139905 
τ 0°045989 
+ 0:085043 
+ 0°137843 
+ 0°068414 


- 0°059088 
— O°13107 
~ 0°06559 
+ 0'034271 
+ 0°120760 


+ 0:098102 
- 0°010256 
— 0°107796 
- 0°106408 
- 0°010259 


+ 0°092913 
+ 0°110876 
+ 0:034596 
— 0°07672 
- OITIQ5 


J 16 (x) 
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Table V. Values of J, , 4 (2) 


J Lr (*) 


J 12 (x) 


143 


Sores | ES TS | A ES fae ἢ A EEE f] “τττυστανπευ tna || ahaa 


+ 0°000063 
+ ΟΌΟΙΙ40 
+ 0°007957 
+ 0°031Q941 


+ 0°087406 
+ O°177161 
+ 0°275940 
+ 0°330196 
+ 0°286089 


+ 0°133432 
- 0°068653 
— 0°214523 
- 0-21 806% 
- 0°081213 


+ O°101797 
+ 0°200906 
+ 0°147348 
- 0°013500 
- 0°155322 


+ 0°000007 


+ 0°000063 
+ 0°000402 
+ 0°001846 
+ 0:006568 
+ 0018837 


+ 1705 
+ 0-0 9095 
+ 0715281 

+ 0°221379 
+ 0°269315 


+ 0°265267 
+ 0189882 
+ O°05414I 
- 0:094968 
- 0191398 


+ 0°000008 
+ 0°:000207 
+ 0°001974 
+ 0°010243 


+ ee 
+ 0°088535 
+ 0O°17183 
+ See 
+ 0°316850 


+ 0:283766 
+ 0°149630 
— 0'040059 
— 0°192766 
- 0°222722 


~ O°112842 
+ 0°063457 
+ O°185515 
+ 0°169350 
+ 0:030877 


J 2g. (x) 


+ 0-000001 
+ 0°000034 
+ eta τς 
+ 0°002887 


+ 0°012324 
+ 0°037852 
+ 0°089213 
+ 0°167162 
+ 0°252556 


+ O-305116 
+ 0°280630 
+ 0°162139 
~ OO15412 
- 07171205 


— 0'221691 
— 0°137449 
+ oon 7661 
+ pt olcas 
+ 018156 


J 5 (*) 


+ 0000005 
+ 0-000086 
+ 0°000727 


+ 0:003827 
+ 0°014205 
+ 0°040045 
+ 0°089590 
+ 0°163007 


+ 0°243253 
+ 0°294700 
+ 0:277030 
+ 0°171849 
+ 0:005862 


0-150416 
0°217076 
O°156106 
0:004326 
+ O-141612 


Peta ἃ 1 


J a8 (x) 


+ 0°000001 
+ ΟΌΟΟΟΙ 5 
+ 0-O000165 


+ 0°-001069 
+ 0:004763 
+ 0°015904 
+ 0:041882 
+ 0°069759 


+ 0°159277 
+ 0°235095 
+ 0°285372 
+ 0°273186 
+ O°179412 


+ 0°024269 
— 0°130704 
0°209985 
0°169805 
0032875 


J ap. (#) 


+ 0°000002 
+ 0°000034 


2 
3 
4 
5 
+ 0:000272| 6 
+ 0:001446 ζ 
+ 0:005680 
+ 0°017442] 9 
+ 0°043438/ 10 
+ ae) bik 
+ 0°155°099 
+ 0°227859 
+ 0°276957 
+ 0°269236 


+ 0°185304 
+ 0°04024I1 | I 
- O112207] 1 
-- 620122 


| ~ 0179418 


Ce ΠΝ ς Dr 


+ O°-O0O0O00I 


+ 0-000014 
+ 0°000103 
+ 0°00055I 
+ 0°002261 
+ 0°00742I 


+ 0°020106 


+ 0°045914 


+ 0:0 953: 


+ 0°1499 
+ 0°215531 


+ 0'262335 
+ 0°261336 
+ O°'1G3419 


+ 0°066273 


- 0°078969 
1 


—_. 


+ 0:000003 
+ 07000024 
+ 0°0001 52 
+ 0:000718 
+ 0°002683 


+ 0°008237 
+ 0°021263 
+ 0°046907 
+ 0°089312 
+ 0°147378 


+ O°210215 
+ 0°25592 
+ 0°25747 
+ 0196122 


+ 0:076893 


+ O*O0000I 
+ 0°000005 
+ 0°000039 
+ 0°0002I2 
+ 0:000898 


+ 0:003108 
+ 0009017 
+ 0°022324 
+ 0°047774 
+ 0:089050 


+ 0°144957 
+ 0°20535 
+ 0°25001 
+ 01253715 
+ O°198153 


+ 0000001 
+ 0:000009 
+ asa κὲ 
+ 0:000280 


+ 0:001086 
+ 0:003532 
+ 0:009760 
+ 0°023297 
+ 0°040533 


+ 0°088758 
+ O°142701 
+ 0°200884 
+ 0°244541 


+ 0°250059 


+ 0°000002 
+ 0000015 
+ 0°000082 


+ 0°0003 35 
+ 0-0012 
+ 0°003955 
+ 0-010469 
+ 0'024193 


+ 0:049201 
+ 0°088443 
+ 0°140592 
+ 0°196755 
+ 0°23945I 
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ΝΗ πο 


ὁ οὶ ὁ ὁ ὧὦἱ ὁ ὁ οὶ 


QOS SH NIAM URAWY 
OnNOnNd WMOM dow 


= 


t+epet fttat HFHFHH FH τ τ τ tttee +4444 
° 
n 
OW 
= 
(ee) 
«- 
ι 


0°550247 
0°779084 
O° 
oO 


0:639301 
ΟἿΣΙ 2868 


0542511 
0°584583 
0°60472I1 
0°59607I 
0°569335 


++ 0°524009 


07573842 


0°430662 
+ 0°418080 
+ 0°425035 
+ 0°4510 
+ 0°487880 


TABLES OF BESSEL FUNCTIONS 


Table V. Fresnel’s integrals 


[γὼ ἀκ] afi rye αἱ 


+ 0:092366 
+ 0:247558 
+ 0°415348 
+ 0°562 49 
+ 0:665787 


+ 0711685 
+ 0:700180 
+ 0°642119 
+ 0°556489 
+ 0°465942 


+ 0°391834 
+ 0°349852 
+ 0°347099 
+ O-381195 
+ 0°441485 


+ 0:512010 
+ 0°575457 
+ O°617214 
+ 0°628573 
+ 0°608436 


+ 0°503176 
+ 0°5047°4 
+.0°447909 
+ Cape. 
+ 0°388217 


+ 0°398268 
+ 0°432489 
+ 0:481770 
Bs ©°533730 
+.0'575803 


+ 0°598183 
+ 0°596126 
+ 0°570890 
+ 0°529259 
+ 0°481750 


+ 0°439989 
+ 0°413893 
+ 0°409336 

53 
+ 0°461646 


+ 0°504875 
+ 07545835 
+ ney Se 
+ 0°554939 
+ 0°574246 


+ 0°526896 
+ 0°558628 
Ἔ tht 
+ 0°57376 

+ 0°554127 


+ 0°521695 
+ 0°484566 
+ 0°451832 
+ 07431358 
+ 0°427908 


+ 0°442034 
+ 0°470019 
+ 0°504844 
+ 0°537944 
+ 0°561307 


+ 0°56940 
+ 056050 
+ 0°537026 
+ 0°504881 
+ 0°472012 


+ 0440415 
+ 0°434212 
+ 0:438182 
+ 0°437140 
+ 0°486272 


+ 0°518359 
+ 0°545500 
+ 0°561321 
+ 0°561957 


+ 0°547503 


+ 0°521665 
+ 0°490870 
+ 0°462670 
+ 0:443897 


+ 0°439006 


+ 0°449025 
+ 0°471341 
+ 0°500382 


+ 0°529002 


+ 0°550239 


+ 0°559004 
+ 0°553301 
+ 0°534676 
+ 0°507802 
+ 0°479313 
+ 0°456160 


+ 0°443930 
+ 0°4 3486 


+ 0°460311 


+ 0°484658 


» afr γὼ αι] af sya 


+ 0°425797 — 
+ og 300 
+ 0°482927 
+ 0°521054 
+ 0°553369 


+ 0°572142 
+ 0°573060 
+ 0°556212 
+ 0°525995 
+ 0°489969 


+ 0°456974 
t+ 0°434973 
+ 0°429129 
+ 0°440605 
+ 0°466343 


+ 0°499873 
+ 0°532930 
+ 0°557499 
+ 0°567709 
+ 0°561313 


+ 0°540094 
+ 0°509417 
+ 0°476871 
+ 0°450396 
+ 0°436345 


+ 0°437971 
+ 0°434070 
+ 0°482187 
+ 0°513690 
+ 07541464 


+ 0°496215 
+ 0°524837 
+ 0°547999 
+ 0°557650 
+ 0°554944 


+ 0°537309 
+ O°51165 
+ 0°48342 
+ 0°459523 
+ 0°445722 


++++ +444 


#f° 7-40 a 


+ 0:1128334 
+ 0°1595514 
+ 0°19537097 
+ 0°2255314 
+ 0°2520611 


+ 0°2759976 
+ 0°297956 
+ 0°31533 
+ 0°3374186 
+ 0°3554002 


+ 0°3724338 
+- 03686205 
+ 0°4041012 
+ 0°4189028 
+ 0°4331026 


+ 0°4467517 
+ 0°4590932 
+ 0°4725635 
+ 0°4 41948 
+ 0°4966121 


+ 0°5080410 
+ o'5191018 
+ 0°5298125 
+ 075401895 
+ 0°5502472 


0°675422 
re) eee 


0°6870448 
S65. - 


+ 
© 
Or 
ve) 
“ 
Can 
CO 
«ἃ. 
ῳ 


+ ΟἼΟ30179 
+ 0°7079043 
+ 0°7127261 
+ 0°7173059 


.Ἔ O°72E7059 
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Table V. Fresnel’s integrals 


af” Tyo αἱ 


+ 0°0007522 
+ meee 
+ 0:003907 

+ 0°00601 53 
+ 0:0084044 


+ 00110444 
+ 0°0139124 
+ 0°0169904 
+ 0°0202639 
+ 0°0237204 


+ 0:0273496 
+ 0°031 [451 
+ 0:0350898 
+ 0°0391853 
+ 0°043421 


+ 0°0477932 
+ 070522937 
+ 00569181 
+ 00616612 
+ 0°0665185 


+ 0:071 4853 
+ 070705575 
+ 0:0817309 
+ 0-0870016 
+ 0:0923658 


+ 0:0978198 
+ ΟἼΘΤΟΟΣ 
+ 0°1089835 
+ 0°11 46863 
+ 0:1204654 


+ 0°1263176 
+ 0°1322398 
+ 0°1382290 
+ 0°1442820 
+ 0°1503961 


"1754954 
‘1817820 


+ 0°1882030 
+ 0°1946656 
+ 0°2011673 
+ 0'2077055 
+ 0°2142775 


+ 0:2208809 
+ 0:2275131 
+ 02341717 
+ 0°2408543 
+ 0°2475553 


Maxima and minima 
of Fresnel’s integrals 


vane lal Tyla 


1:57070906 + 0°779893 

4°212389 + 0°321056 

7°853982 + 0°640807 
10-995574 + 0°380389 
14°137167 + 0°605721 
17:278760 + 0°404260 
20°420352 + 0°588128 
23°56194 + 0°417922 
26°70353 + O°577121 
29°3845130 + 0°427036 
32°986723 + 0°569413 
1281 +0 233600 
39°269908 το 563631 
42°411501 + 0°43 70. 
45°553093 + 0°55908 
48-694686 + 0°442848 


δ 2 4138 + 0°713972 

6:2 3185 + 0°343415 

9°42477 .+ 0:628940 
12°566371 + 0°3879 
15°707963 + 0:600361 
18:849556 + 0°408301 
2I°Q91149 + 0°584942 
25. 132741 + 0°420516 
29°274334 + 0°574957 
31.415027 + 0°428877 
34°557519 + 0°567822 
37°699112 + 0°435059 
ap 40701 + O° 502308 : 
43°952297 + 0°439868 
47°123890 + 0°558096 
50°265482 + 0°443747 


746 


For values of n exceeding 50, the following approximations may be used with seven-figure 


accuracy : 


TABLES OF BESSEL FUNCTIONS 


Table VI. Functions of equal order and argument 


Jn σὴ 


μὲ J, (n) 


Jn’ (1) 


n§ J,’ (n) 


Ste [ni ed [ee eee 


0'4400506 
0°3528340 
0° 3090627 
o:2811291 
O°2611405 


0°24 58369 
0°2335830 
0°2234550 
0-2148806 
0:2074861 


O0:2010140 
0:1952802 
0:1901 489 
01855174 
0°1813063 


0°1774532 
0-1739079 
0-1706299 
0°1075852 
0°164747 


0°1620927 
0-1596009 
0°1572555 
01550422 
0°1529484 


0-1509633 
0°1490774 
0°1472823 
0°1455706 
0°1439359 


0°1423721 
0°-1408742 
0°1394373 
0°1 380567 
0°1 367305 


0°1354531 
0'1342222 


0-1318885 


40 | 0°1307805 
41 | 0°1297089 
42 | 0-1286716 
43 | 0°1276667 
44 | 0°1266925 


0°1257473 


46 | 0°1248297 
47 | 971239383 
4 0°1230719 
49 | 0-1222291 


01214090 


0°4400506 
0°4445430 
0°4457450 
0°4462646 
0°4405441 


eg 52 
0°4468293 
0:4469100 
0°4469696 
074470153 


0°4470512 
0°4470800 
0°4471036 
0-4471233 
0°4471399 


0°4471540 
0°4471662 
0-4471768 
0-4471861 
0°4471943 


0°4472015 
0°4472080 
0°4472138 
0°4472191 


| 0°4472239 


0°4472282 


-0°4472321 


0°4472358 
0°4472391 
0°4472422 


04472450 
0°4472476 
0-4472500 
0°4472523 
0°4472544 


0°4472504 
074472583 
0°4472600 
0°4472616 


0°4472632 


0°4472646 
0°4 472660 
0°4472073 
0°4472685 
0°4472697 


0°4472708 
0°4472718 
0°4472728 
0°4472738 
0°4472747 


0°3251471 
0°2238908 
0:1770285 
0°149042 
ΟἼΞΟΟΟΙ 


0-1162502 
01056130 
0°0971341 
O:0901 865 
0-084 3696 


0:0794142 
0°0751323 
0-:0713880 
0:0680806 
0-0651336 


0-0624879 
0:0600969 
0°0579234 
0°0559374 
0-0541141 


0:0524332 
0°050°777 
0°0494 332 
0:0480874 
0:0468301 


0:0456522 
0:0445460 
0:0435048 
0°0425226 
0°0415942 


0'0407151 
0:0398812 
0:0390889 
9°0383350 
0:0376165 


0°0369309 
0°0362758 
0:0356491 
00350489 
0°0344734 


0:03392I10 
0°0333904 
0:0328800 
0:0323888 
0°0319156 


0°0314594 
0-0310192 
0:0305941 
0:0301833 
0:0297861 


0°3251471 
0°3554945 
0°3652342 
0°3755033 
0:3803908 
0°3838497 
0°3864704 
0:3885 364 
073902143 
0-391 6089 


COO OND UARWDND 


μι 


Ο᾽3927897 | II 
0°393 847 12 
0:3946852 

0°3954055 | 14 
0°3961557 | 15 


0°3967734 | τό 


0°3973300 | I 
0°39 aH! t 
0°39929 19 
0:3987163 | 20 


O°39QI04I } 21 
0-3994624 | 22 
0°3997946 | 23 
0'4001035 | 24 
0°4003917 | 25 


04006614 | 26 
0-4009143 | 2 
O-4O11521 | 2 
0°4013762 | 29 
0°4015977 


0:4017879 | 31 
04019775 | 32 
0:4021576 | 33 
0°4023288 | 34 
0-4024918 | 35 


0°4026472 | 36 
04027956 | 3 
0°4029374 | 3 
0°4039732 | 39 
0°4032033 | 4° 


0:4033281 | 41 
0°4034479 | 42 
0°4033031 | 43 
0°4030738 44 
0°4037905 


0-4038833 | 46 
04039824 | 4 
0°4040781 |} 4 
0°40417905 | 49 
0°4042599 | 50 


1213 


0544730 73184 I 
κῶς PHIL αι 
n 
J’ (n) ~ ones cress [τ + 


ἡ 3150η3 


moose 92°85 (57.2 1 ets 
ns 14625n? 


73 | _ 0708946 14637 [| _ 


a | 
ns 69300n# 


TABLES OF BESSEL FUNCTIONS 


- Y,, (n) 


0-7812128 
0:6174081 
0°5335416 
0°4889368 
0°4536948 


0°4268259 
0°4053710 
0°3876699 
0°3727957 
0°3596142 


0°3485399 
0°3385583 
0°3296303 
0°3215755 
0°3142546 


0°3075580 
0-301 3982 
0°2957040 
0°2904173 
0°2854894 


0°2808800 


0°2765 aie | 


o 2751 

0°2686456 
0°2650095 
0°2615652 
0°2582933 
0°2551791 
0°2522100 
0°2493744 


0°2466622 
0°2440643 
0°2415724 
0°2391794 
0°2368784 


0°2346635 


0°2325292 


0°230470 
0-228 4828 
0:2265620 


0°2247042 


0°2229059 
sinh cohen 


02178564 


0:2162458 


0°2103166 


- Yn () 


07812128 
0°7778855 
0°7707114 
0°7761 387 
0°7758072 


0°7755941 
0°77544 

0°7753399 
0°7752590 
0°7751961 


0°7751458 
0°7751049 
0°775071I 
0°7750426 
0°7750184 


0°7749976 
0°7749796 
0°7749638 
0°7749499 
0°7749374 


07749206 
0°7749168 
0°7749079 
0°7748999 
0°7748925 


0°7748859 
0°7748798 
0°7748742 
0°7748690 
0°7748642 


0°7748598 


0°7748557 
0°7748519 
0°7748483 
0°7748450 


0°7748419 
0°7748389 
0°7748362 
0°7748336 
0°7748312 


0°7748289 
0°7748267 
0°7748246 
0°774822 
0:774820 


0:7748I191 
0°774817 
0°774815 
0°77 48143 
0°774812 


Y,,’ (x) 


0°8694698 
0°5193757 
0°3781 412 
0°3069147 
0°26015525 


0°2297650 
sed ΤΟΙΣ 
0:18760 

0°1727588 
0-1605149 


0°1502159 
O-141412I 
0°1337852 
01271029 
O-I2TIQI5 


O-1159184 
ΟἼΙ11803 
0°1068955 
0°1029987 
0°0994 367 


0:0961658 
0°0931499 


0°0903586 


0°0877663 
0:0853514 


0:0830953 
0-0809819 
00789973 
0°077129 
0075367 


0°0737029 
0:072126 
0-070631 
0:0692I116 
0:0678605 


0°0665732 
0°0653451 
0:0641718 
0°0630496 
0-0619751 


0:0609450 
0°0599565 
0°0590071 
00580942 
O09 77157 


0:0563695 
0°0555539 
0°0547671 
0°0540074 
0°0532735 


Table VI. Functions of equal order and argument 


ni Y,’ (”) 


0°8694698 
o-8101709 
0°7865654 
0°7733205 
0°7647843 


0°7586672 
0°7540520 
0°7504241 
0°7474840 
0°7450441 


0-7429809 
0°7412092 
0°739668 3 
0°7383135 
0°73711I2 


0°7360358 
0°7350670 
0:7341890 
0°7333887 
0°7326559 


0°7319817 
0°7313591 
0-7307820 
0°7392453 
0°7297446 


0°7292763 
0°7288371 
0°7284242 
0°72803 32 
0°7276680 


0°7273206 
0°7269914 
0°7266790 
0°7263820 
0°7260991 


0°7258295 
0°7255720 


0°7253259 | 


0°725090 
0:7248647 


0°7246483 
0°7244405 
0°7242407 
“7210: 
0°7238636 


0°7236853 
0:7235134 
0°7233475 
0°7231873 
0°7230324 


eee! beeen στ .....Ὅὔὖὔ᾽ (ememmemmnnrmne el (aman ee ee 


OO OND NLWD μὴ 


T47 


For values of n exceeding 50, the following approximations may be used with seven-figure 


accuracy: τ ¥5 (n) ~~ 277475. 90021 [- ΠΣ Ἵ εϑὍτοτό 59059 1... 1213 
= nt 225n? "ἢ 14625n2_|’ 
Y,’ σὴ ~ CZEIOT 34100 [: + 33 0°15495 18004 [x ___ 947 ὃ 
"nf 3150n? ni 69300n*_| | 


a ee are numerically equal to +/3 times the corresponding coefficients in J, (n) and 
n (n). 
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Table VII. Zeros, Jo, n> Yo, n> ji, n> Y1, 0: of Jo (x), Yo (x), Jy (x), Y, (x) . 


SS 
ee as 


TABLES OF BESSEL FUNCTIONS 


240482 30 
*5200731 

6537279 
11.7015344 
14°9309177 


18-0710640 
21°2116366 
24°3524715 
27°4934791 
306340065 


33°7758202 
30°91 2995 
13. το. 7017 
46°3411884 


49°4826099 
52°6240518 
53°7055 108 
58-9069839 
620484692 


65°1899048 
68-331 4693 


29816 


71°47 
cape a 5006 
77°7500256 


80-8975559 
84:0390908 
87-1806298 
90°3221726 
93°4637188 


96:6052680 
99°7488199 
102:8δ83743 
ΤῸ ὈΖΟΘΊΟΟ 
ΤΟΟῚ7148ὅ06 


112°3130503 


11 3°45 6127 
118-5961 766 


(121°7377421 
124°8793089 


0°8935770 
3°93707 4 
70860511 
10°2223450 


13*3610975 


16°5009224 
Bo ΟΑΤ3007 
22°7820280 
25°9229577 
29'0640303 


32°2052041 
3.3 64523 
3: 4 77597 
41 0ΖΟΙΟ45 
44:7704866 


47°9118963 
51-0533286 
54°1947794 
57°3392457 


_ 60°4777252 


63°6192158 
66-+7607160 
69-9022246 
LE 942} 03 
76-1852624 


3684228 
8 ἑῷ 598 
88-7514008 
91°8929453 


23 a> 4930 
98-1760436 
101:3175968 
104°4591523 
107°6007100 


I10-742269 

I 13.88538313 
117°0253944 
120'1669592 
123°3085253 


3°8317060 
7°0155867 
10°1734681 
13°3230919 


16°4706301 


19°6158585 
22°7600844 
25°9036721 
556 28585 
32*1896799 


33'3323076 
38°4747062 
41°6170942 
44°7593190 
47°901 4609 


51°0435352 
54°1855536 
57°327525 
00°409457 
63°0113567 


ΓΟ 3 32267 
69°895071 

73°0308952 
76:1786996 
79° 3204872 


82:4622599 
85. 040194 
8 Ζ 57671 
91 657504 
95'029231 


98°170950 
101°312661 
104°4543658 
107°59 0033 
110°737754 


113°8794408 
117 ΟΖΙΙ2Ι9 
120°1627983 
et hoy ates 
126°44 


1387 


2.1071413 
3.4290 II 

"5960059 
{τ᾽ Scape 
14°0974421 


211880689 


24°3319426 
°4752950 
30-61 82865 
33°7610178 
36-9035553 


4 τόβετάι 
48:3303993 


— 49°472505 


52: 145 508 
38-8984902 
620404111 


5 1e2295) 
68°3241522 
71:40 59 61 
74°0077996 
77°7495953 


80°8913753 
84°0331412 
87°1748947 
90: 3166370 
93°4583692 


96:6000923 
99°7418072 
102°6035147 
106°0252153 
109°1669097 


112°3085985 
11 5°4503820 
118-5919607 
121°7330349 
124° 


a 


753051 


μὴ 


TABLES OF BESSEL FUNCTIONS 
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Table VII. Zeros, Je, n> Yan» Js, n> 5,8, n>» of J's (x), Y, (x), Js (x), Y; (x) | 


ate Net Se πο a ΒΒΒΒΝΟπ͵ΝΝΝΜΝΝΩΝ ἡ 


31350223 
*4172441 
II-6198412 
14°7959518 
17°9598195 


21-1169971 
24°2701123 
27°4205736 
30°5692045 
33°71605195 


36°8628565 
40:008446 
43°153453 
46°2979967 
49°4421641 


52°5860235 
33°3290271 
58°3730158 
62°0162224 
65°1592732 


Oe 
1-4449899 
7 decease 
7°7392971 
42. 28260 


84-01 528607 
871576839 
9O0-30002 52 
93°4423100 
96°5845614 


99°7267657 
102°8689327 
106-0110655 
109°1531673 
112°2952406 


11 3'4372877 
It *5793107 
I21°7213115 
124°8632917 
128:0052530 


3°3342418 
6°7938074 
ΤΌ ΟΣ ΤΑΣ ο 
I 3°2099868 
16°3789666 


19°5390400 
22°6939559 
25°8450137 
28-9950804 
32°1430023 


33°2897939 
38°4357335 
41°5810149 
44°7257771 
47°38701227 


51°0141287 
341578545 
57°3013401 
00°4440 Ol 
63°5877058 


66°7307471 
69°8736034 


7370163509 | 


76°1590031 
79°3015713 


82°4440651 
85 ἀξ 927 
8δ.7288612 
91-3711 766 
95°0134441 


98-1556685 
ΙΟ1:2978530 
104°4400031 
107°5821201 


110:7242073 


113°8662672 
117:0083021 
120°1 503138 
123°2923041 
126.4342746 


6°3801619 
9°7610231 
13°0152007 
16°2234640 
19°4094148 


22°5827295 
Wa 
28908350 
32/004 524 
35°2156707 


38°3704724 
41*5207197 
44°0697431 
47°8177857 
50°9650299 


541116156 


57°2576516 | 


60°4032241 
63°5484022 
οὐ ἀν. π᾿ 


69°8377884 
72°9820804 
76°1261492 
9°2700214 
2°4137195 


85°5572629 
8 7000678 
91°5439497 
94°9671177 
98°1301857 


101°2731621 
104°4160552 
107°5588722 
I10°7016197 
11378443033 


116-9869284 
1201294994 
123°2720205 
126°4144954 
129°5569276 


"527024 
097553 
ΤΥ 3004007 
14° 1 
17°8184543 


20°9972845 
24° 7002357 
27°329799 
te 869896 
33°0420494 


36°79479I0 
39°9457672 
43°0953675 
40-2438744 
49°391 4980 


52°5383976 
33°2540904 
ὃ *830 a 
1°97595 
δε 1 οϑδτ2 


68:2655491 
Ἴδε τς 
4° 

27:09 “ptt 
:0°8418g970 


83°985509 
B21 8081) 
90°2723230 
93°4135405 
90°5586637 


105°9 
109°1 302542 
112°2729691 


115°4156229 
118-5582204 
I21*7007659 
124°3432635 
127°9857167 


ον 7010848 | 
102: 4101 6 
74728 


750 


TABLES OF BESSEL FUNCTIONS 


Table VII. Zeros, jy, n> Ys, n> 76, n> 56, n> Of Jy (X), Yq (x), Js (x), Ys (x) 


ee ee es heed eed 


‘presets et CP he Sy » Ἠ  οα͵τ  ΄-΄“ρ“-ΦὌοὁὦ«ΦρΦΦφεΗΡρ--- 


7°5883427 
11-0647095 
14°3725367 
17°6159660 
20°8269330 


24°O19019 
27199087 
30°3710077 
33°5371377 
36-6Q900II 


39°8576273 
43°0137377 
46°1678535 
49° 3203607 
52°4715514 


58 iene 
58°7708357 
61:9192462 
0370069953 
68-2141749 


71°3608607 
74°507115 
17 Ὁ52991 
0°7985341 
83°9437799 


87°:0887615 
90°2335005 
93°3790390 
90°5223797 
99°666546 


102°8105563 
105°9544223 
109-0981571 
sas hb 
115°3852762 


118°5286792 
121°6719886 
124°8152114 


127°9593541 
1311014225 


570457479 
9°3616206 
12°7301445 
15°9996271 
19°2244290 


25 ππι τὸῦ 
25" 102671 
28-7858937 
31 Ὁ540807 
35°1105295 


38-2786681 
41°4359606 
44°5910182 
47°74 2881 
50:8901052 


54°0407255 
57°1963482 
60°3451 302 
63°4931972 
66°6406512 


69°7875733 
72°9349394 
76-0800980 
022 550 1: 
2°3711919 


85°5163019 
88-061 1620 
91°8057980 
949502 21 
99°0944039 


slag lbs 
104°3825064 
107'5203033 
110°66997 

113°8135372 


116-9569899 
120°1003451 
Set ΠΑ ἸΟΤΟΑ 
126.3δ67924 
129᾽52960752 


8:7714838 
12:3386042 
ΤΠ 700: 741 
18-9801 339 
22°2177999 


25°4303411 
28-6268 83 
31°8117167 
34:988 813 
38-1598686 


41°3263833 
44°489319% 
47°0493998 
50°8071652 
53°9630266 


57°1173028 
60:2702451 
63°4220540 
66:5728919 
69'7228912 


72 ld leno 
76'0207934 
79° 1688641 
82:3164380 
85°4635703 


88-6103082 
91°7566925 
94:9027585 
98-0485 369 
IOI‘1940546 


104°3393353 
107°4843998 
110°6292667 
113°7739523 
116°9184713 


120:0628368 
123°2070606 
126°351 1534 
129°495124 

1 32°6389830 


6°7471838 
10°59717607 
14°0338041 
17°3470864 
20°6028990 


23°8265360 
27°0301349 
30°2203357 
33°401 1056 
30°5749725 


39°74 sel 
42°9082482 
46°0696791 
49°2285437 
52°3853121 


58, 2493458 
58-6939271 
° I aes 

9975955 
Bea o8oo 


71°2976113 
74°4465520 
7°5948946 
0°7427095 
83:8900562 


8703698 59 
90°1835423 
93°3297033 
96°4756819 
99°6213268 


ΤΟΣ had as 
105°9115934 
109°0568569 
112: 2Ο16312 
115°3462317 


118-4906725 
121-0349057 
124°779122 

127°9231530 
131°0670674 


TABLES OF BESSEL FUNCTIONS 


Table VII. Zeros, j,,3.n) Y1:3.n, Of J13 (x), Y v3(X); with zeros, 
8,,d,, Of J_1,3 (x) + J 13 (α), I-43 (5) — J 113 (2) 


[ΝΟΤΕ. The last two functions are equal to 
V/3 - {J4)3(%) cos 30° ~ ¥,,5 (x) sin 30°} 


respectively. ] 
n 7115,» 72.1.3," 
Ι 2°9025862 I-35 30196 
2 60327471 4°4657883 
3 Θ᾽ 1709008 7°0012412 
4 12°310193 heat edad 
5 | 15°4506490 | 13:8803575 
6 18-591 4863 17°0210330 
ζ 21°7325412 20-1619929 
248737314 23°3031228 
9 28-OI150117 26°444 3023 
IO | = 31°1563549 | 29°5856767 
I! 34°2977437 32°7279444 
12 37°4391666 3.86 4514 
13 | 40°5806158 | 39-0098884 
14 | 43°7220857 | 421513485 
15 | 46°8635719 | 45°2928269 
16 | 50:0050715 48°4343202 
I 53 1465821 51°5758256 
I 56:2881019 34°71 73410 
IG | 59°4296294 | 57-385886048 
20 62°5711634 61-0003956 
21 ΘΟ, 7127030 64:1419325 
22} 08°3542475 | 67:2δ34747 
23} 719957061 | 70-4250213 
24 73°1373484 73°5605718 
25 | 78°2789040 | 76-7081259_. 
26 81°4204625 £28490829 
2 84°5620234 2°99012426 
2 87°7035867 86°1328048 
29 | 90’ 457579 89:2743691 
30 | 93°9867191 | 92°4159353 
31 97᾽1282878 95°5575032 
32 | 100-2698581 SB goe7ze 
33 | 193°4114297 | 101-8406437 
34 | 106°5530025 | 104°:9822160 
35 | 109°6945765 | 108-1237894 
36 | 112°8361516 | 111-2653639 


115°9777275 
119°1193044 
I22-2608821 
125°4024605 


114°4069394 
117°5485159 
I20°6900931 
123°8316712 


Sn 


2°3834 466 
5°5101956 
60473577 
11°7568429 
14°9272068 


18-0679953 
21°2090210 
24°3501925 
27°4914601 
30°6327941 


33°7741762 
3609155941 
40°0570394 
43°1985061 
46-3399899 


49°4814874 
52-6229964 
33°70 5147 
58-9060410 
62°0475740 


eo 180! 127 
68-3 306564 
ἴον tee 
74°0137502 
77°7553112 


80-8968692 
84:0384298 
87-1799926 
90°3215576 
93°4031244 


96-6046929 
ea rhe 
102-3878343 
106°0294070 
109-1709808 


112°3%25557 
115°4541315 


118°5957082: 


124.6°68641 


dp 


0:8477186 
3°9441020 
7°0792997 
16:316040- 
13°3569532 


16°4975630 
19:6362856 
22°7795923 
25°9208165 
29-0621201 


32-203 ee 
35°3 1 
38-480313 
41-6277704 
44°7692461 


47°9107371 
51-0522406 
57°3392709 
60-4768067 


63°618342 
ἜΑ Α is 
69:9014290 
73°0429798 
791845333 


£2°3200899 
2°4676492 
pa aaah feta 
88-7507749 
91-3923408 


95°0339085 
98°1754777 
TOI-3170485 
104°458620 
107-600193 


L10- 14: 7681 
117-0249109 
I 301664965 
123°3080748 


» /3- (44/3 (%) cos 120° -- ¥,,5 (x) sin 120°} 


| 


CO OIA ONhwnd es 


101 


752 


0:02 | + 0:0099997 | - Ὁ Ὁ 20278 
0:0 + 0°01999 - 0°055I1 ; Ξ 
peel περ σε νοῦ ἢ ce νος τΑλῈ x= jun | Af Jol) αἱ 
0-08 | + 0°0399787 | - v-0926801 
ΟἿΟ | + 0°0499583 | -- 0°1087153 
#4040230 + 0°7352208 

O-12 | + 0:0599280 | -- 0°1234500 5°5200781 | + 0°3344230 
ΟἽΑ | + 0:0698858 | - 0-1370979 8-6537279 | + o0340842 
orl + 070798295 — 0°1498103 11°7915344 | + 0°3845594 
0-18 | + 0:0897573 | — O-I1617001 14°9309177 |. + 0:6028269 
0°20 | + 0°0996672 | - 0°1728544 

18-0710640 | + 0-4064156 
0:22 | + 0°1095571 | - 0:1833430 21°2116366 | + 0-5864441 
O-2 + O'1194252 | - 0°1932224 24°3524715 | + 0°41925036 
O'2 + 0°1292695 | -- 0°202539 27°4934791 | + 9°5759911 
0:28 | + 0°1390880 | — 0211334 30°6340005 | + 0°4279931 
0°30 | + 0:1488788 | — 0-2196416 

33°7758202 | + 0°5685888 
0°32 | + 0°1586399 | - 0°2274894 30:91 7098 + 0°4343856 
0°34 | + 0°1683694 | - 0°2349040 40°058425 4- 0°5629957 
0°36 | + satay ae, - 0'2419080 43°1997917 | + 0439333) 
0°38 | + 0:1877260 | - 0-2485215 46°3411884 | + 0°5585784 
0°40 | + 0°1973493 | -- 0°2547624 

49°4826099 | + 0°4433085 
0°42 | + 0:2069333 | - 0°2606471 
0°44 | + 0°2164763 | -- 0-26619OI1 
o-46 | + meee | -- 0°2714049 
o-48 | + 0°235431 - te Se 037 
0:50 | + 0:2448403 | -- 0:2808977 3 
0°52 | + 0:2542004 | - 0°2851974 AD Os rf, (nas 
0°54 | + 0°2035103 | -- 0°2892124 ——_ 
050 | + ed ed ike - 0°2929510 } 
0°58 | + 0°2819722 | - 0°296423 0°893577° ~ 093209291 
0-60 | + 0°2911206 | - 0°:299635 3°9576784 | + O°1920149 |. 

ΠΡ beer Cet 
0°62 | + 0°3002II -- 0°3025960 ἐ Ἐπ 
0°6 + 0-3092437 - 0°3053111 13°3610975 | — 0°1085949 
0-6 + 0°3182150 | -- 03077 
0-68 | + 0°3271248 - ei ΓΕΑ ere τ Be ese 
0°70 | + 0°3359084 Θ᾿ 31:2 0490 22.) oe + 0:0834339 
0:72 | +0: 2 -- 03138471 25°9229577  - ΟὍ7524 
ἢ 4. δ τ) 80 τς eli Boa: 29°0640303 | + μον ρας ©: 
0:76 |  ΟἾ362ΙΟΙΟ | -- 0-3168010 : 
58 + 53906727 - Ο3170075 ee ee τ ἀν μα 
es ΘΠ ΚΑ ΝΣ ἐν Ξ 671} Ὁ εἰμι 
0:82 | + 0°38 -- 031970 4.2. 4 ᾿ 
πο, sone. θη"), =o ὙΠ Ο28.) 44°7704800 | - 0°0595953 
0°8 + 0°4042220 | - 0°3206781 
0°88 | + oataaias - 4208684 47°9118963 | + 0°0576118 
0:90 | + 0°4205330 | — 0°3209201 
0°92 | + 0°4285674 | -- 0°320777I1 
0-9. + 0°4365192 | - 0°3204634 
0:96 | + 0:4443870 | - 0:3199827 
0:98 | + 0°4521694 | — 0°3193386 
1°00 - 


TABLES OF BESSEL FUNCTIONS 


Table VIII. Integrals of functions of order zero 


+ 0°4598652 


|’ Jolt) dt i| "Y,() di 


0°3185347 


Maxima and minima of 
δ Jo (t)dt and 4 | Yo (ἢ dt 


For values of z between o and 16, the integrals may be calculated with the help of Table I 
from the formulae (cf. § 10°74) 


ὁ |, Jo(de= bre (J g(t) Flo’ (x) + J (x) Fy (z);, if; Yo (t)dt=4927 { ¥9(x) Ey’ (2) + Y,(«) Hi, (z)}. 
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Addition theorems, 358-372 (Chapter x1) ; for Bessel coefficients of order zero, 128, 359; for Bessel 

coefficients of order ἢ, 29; for Bessel functions of the first kind (Gegenbauer’s type), 362, 867; 
_ for Bessel functions of the first kind (Graf’s type), 130, 143, 359; for Bessel functions or cylinder 

functions of any kind (Gegenbauer’s type), 363; for Bessel functions or cylinder functions of any 
kind (Graf’s type), 143, 361; for hemi-cylindrical functions, 354; for Lommel’s functions of two 
variables, 543; for Schlafli’s function T,, (2), 344; for Schlafli’s polynomial, 289; integrals de- 
rived from, 367 ; physical significance of, 128, 130, 361, 363, 366; special and degenerate forms 
of, 366, 368 

Airy’s integral, 188; expressed in terms of Bessel functions of order one-third, 192; generalised by 
Hardy, 320; Hardy’s expressions for the generalised integral in terms of the functions of Bessel, 
Anger and Weber, 321; references to tables of, 659 

Analytic theory of numbers associated with asymptotic expansions of Bessel functions, 200 

‘Anger’s function J, (2), 308; connexion with Weber’s function, 310; differential equation satisfied 
by, 312; integrals expressed in terms of, 312; recurrence formulae for, 311; representation of 
Airy’s integral (generalised) by, 321; with large argument, asymptotic expansion of, 313; with 
large argument and order, asymptotic expansion of, 316 

Approximations to Besse] coefficients of order zero with large argument, 10, 12; to Bessel functions 
of large order (Carlini), 6, 7; (extensions due to Meissel), 226, 227, 232, 247, 521; (in transitional 
regions), 248; to functions of large numbers (Darboux), 233; (Laplace), 421; to Legendre func- 
tions of large degree, 65, 155, 157, 158; to remainders in asymptotic expansions, 213; to the sum 
of a series of positive terms, 8. See also Asymptotic expansions, Method of stationary phase anc 
Method of steepest descents 

Arbitrary functions, expansions of, see Neumann series and Kapteyn series (for complex variables); 
Dini series, Pourier-Bessel series, Neumann series and Schlémilch series (for real variables) 

Argument of a Bessel function defined, 40 


Asymptotic expansions, approximations to remainders in, 213; conversion into convergent series, 
204; for Bessel coefficients of order zero with large argument, 10, 12, 194; for Bessel functions 
of arbitrary order with large argument, 194-224 (Chapter v1); (functions of the first and second 
kinds), 199; (functions of the third ane 196; (functions of the third kind by Barnes’ methods), 
220; (functions of the third kind by Schlafli’s methods), 215; (functions with imaginary argu- 
ment), 202; for Bessel functions with order and argument both large, 225-270 (Chapter v1); 
(order greater than argument), 241; (order less than argument), 244 ; (order nearly equal to argu- 
ment), 245; (order not nearly equal to argument, both being complex), 262; for combinations of 
squares and products of Bessel functions of large argument, 221, 448; for Fresnel’s integrals, 
545 ; for functions of Anger and Weber (of arbitrary order with large argument), 313; (with order 
and argument both large), 316; for Lommel’s functions, 351; for Lommel’s functions of two 
variables, 549; for Struve’s function (of arbitrary order with large argument), 332; (with order 
and argument both large) , 333; for Thomson’s functions, ber (z) and bei (2), 203; for Whittaker’s 
function, 340; magnitude of remainders in, 206, 211, 213, 236, 314, 332, 352, 449; sign of 
remainders in, 206, 207, 209, 215, 315, 333, 449. See also Approximations 


Basic numbers applied to Bessel functions, 43 

Bateman’s type of definite integral, 379, 382 

Bei (z), Ber(z). See Thomson's functions 

Bernoullian polynomials associated with Poisson’s integral, 49 

Bernoulli’s (Daniel) solution of Riccati’s equation, 85, 89, 123 

Bessel coefficient of order zero, J, (2), 3, 4; differential equation satisfied by, 4,5; (general solu- 
tion of), 5, 12, 59, 60; expressed as limit of a Legendre function, 65, 155, 157; oscillations of a 
uniform heavy chain and, 3,4; Parseval’s integral representing, 9; with large argument, asymp- 
totic expansion of, 10, 12, 194; zeros of, 4, 5. See also Bessel coefficients, Bessel functions and 
Bessel’s differential equation 

Bessel coefficients J, (z), 5, 6, 18, 14-37 (Chapter 1); addition theorem for, 29; Bessel’s integral ἡ 
for, 19; expansion in power series of, 15; generating function of, 14, 22, 23; inequalities satisfied 
by, 16, 31, 268; notations for, 18, 14; order of, 14; (negative), 16; recurrence formulae for, 17; 
square of, 32; tables of (of orders 0 and 1), 662, 666-697; (of order n), 664, 730-732 ; (with equal 
order and argument), 664, 746; tables of (references to), 654, 655, 656, 658. See also Bessel 
coefficient of order zero, Bessel’s differential equation and Bessel functions 

Bessel functions, 38-84 (Chapter 111) ; argument of, defined, 40; differential equations of order 
higher than the second satisfied by, 106; expressed as limits of Lamé funetions, 159; expressed 
as limits of P-functions, 158; history of, 1-13 (Chapter 1); (compiled by Maggi and by Wagner), 
13; indefinite integrals containing, 132-138 ; order of, defined, 38, 58, 63, 67, 70; rank of, de- 
fined, 129; relations between the various kinds of, 74; representation of cylinder functions in 
terms of, 82; solutions of difference equations in terms of, 88, 355; solutions of Laplace’s 
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equation containing, 83, 124; solutions of the equation of wave motions containing, 125; three- 
term relations connecting, 300; with negative argument, 75. See also the two preceding and ten 
following entrics, and Cylinder functions 

Bessel functions of the first kind, J, (z), 38; addition theorems for, 143, 359, 362, 363, 367, 368 ; 
Barnes’ type of integral representing, 190; Bessel’s type of integral representing, 176; cut in 
plane to render uniform, 45; differential equation (Bessel’s) satisfied by, 38; expansion of, in 
ascending series, 40; expansion of, in descending series, see Asymptotic expansions ; expressed 
as a generalised hypergeometric function, 100, 101; expressed as the limit of a hypergeometric 
function, 154 ; expressed as the limit of a Legendre function, 156; (physical significance of), 155; 
expressed as the limit of a Lommel polynomial, 302; functional properties of, 45; generalisations 
of, 43, 44, 308-357 ; inequalities satisfied by, 49, 255, 259, 270, 406 ; infinite integrals containing, 
Chapter xm, passim; of complex order, 46; of order n+}, 41; (expressed in finite terms), 52, 
55; (notations for), 55, 80; Poisson’s integral representing, 47, 48 ; (modifications of), 161, 163, 
164, 169, 170; products of, see Products of Bessel functions ; quotient of two, expressed as 8 
continued fraction, 153, 154, 303 ; recurrence formulae for, 45, 294; relations with Lommel’s 
polynomial, 297; represented by integrals containing Legendre functions, 173, 174; symbolic 
formulae for, 170; tables of (of orders 0 and 1), 662, 666-697; (of order η), 664, 730-732 ; (of 
order n +4), 664, 740-745; (of order 1), 664, 714-729; (of order — 4, method of computing), 664; 
(with equal order and argument), 664, 746 ; (zeros of), 664, 748-751 ; tables of (references to), 
654, 655, 656, 658, 659, 660 ; Weierstrassian product representing, 497 ; with large argument, see 
Asymptotic expansions ; zeros of, see Zeros of Bessel functions 

Bessel functions of the second kind, Y, (z) (after Hankel), 57, 63; G, (2) (after Heine), 65; Y'™ (z) 
(after Neumann), 67; Υν (z) (after Weber-Schlafli, the canonical form), 63; addition theorems 
for, 144, 361, 365, 368; Bessel’s type of integral representing, 177; component parts of, 71, 72, 
340; continuity of (qua function of their order), 63; differentia] equation (Bessel’s) satisfied by, 
59, 63; expansion of, in ascending series, 59, 60, 61, 69, 72; expansion of, in descending series, 
see Asymptotic expansions ; expressed as an integral containing functions of the first kind, 5, 
133, 382, 433 ; infinite integrals containing, 385, 387, 393, 394, 424, 425, 426, 428, 429, 430, 433; 
Poisson’s type of integral representing, 68, 73, 165; (modifications of), 169, 170; products of, 
149; (represented by infinite integrals), 221, 441, 446 ; (asymptotic expansions of), 221, 448; 
recurrence formulae for, 66, 71; represented by integrals containing Legendre functions, 174; 
symbolic formulae for, 170; tables of (of orders 0 and 1), 662, 666-697 ; (of order n), 664, 732- 
735 ; (of order 4), 664, 714-729 ; (of order -- 4, method of computing), 664; (with equal order 

and argument), 664, 747 ; (zeros of), 748-751; tables of, references to, 655, 656, 658; with large 
argument, see Asymptotic expansions ; with negative argument, 75; zeros of, see Zeros of 
Bessel functions. See also Neumann’s polynomial 

Bessel functions of the third kind, Hy (z), Ην (z), 73; Barnes’ integrals representing, 192 
Bessel’s type of integral representing, 178; Poisson’s type of integral representing, 166 ; (modi- 
fications of), 168, 169, 170; represented by integrals containing Legendre functions, 174; 
symbolic formulae for, 170; tables of (of orders 0 and 1), 662, 666-697 ; (of order 4), 664, 714-- 
729; tables of (references to), 657; with large argument, asymptotic expansions of, 199, 210, 
215; with large argument and order, asymptotic expansions of, 244, 245, 262; with negative 
argument, 75 

Bessel functions whose order and argument are equal, approximations to, 229, 231, 232, 259, 260, 
448, 515; asymptotic expansions of, 245; integrals representing, 258 ; tables of, 658, 664, 746, 
747; tables of (references to), 658 

Bessel functions whose order is a fraction. Of orders +4 (and Airy’s integral), 190; (and the 
stability of a vertical pole), 96; tables of, 664, 714-729 ; tables of (references to), 659; zeros of, 
751. Of orders +2, tables of (references to), 659. Of orders +4, +9, tables of (references to), 
659. Of small fractional orders, tables of zeros of (references to), 502, 660. See also Bessel 
funetions whose order is + (n + 4) 

Bessel functions whose order is large, 225-270 (Chapter vim); asymptotic expansions of, 241, 244, 
245, 262 ; Carlini’s approximation to, 6, 7; (extended by Meissel), 226, 227 ; Horn’s (elementary) 
approximation to, 225; Laplace’s approximation to, 7, 8, 9; method of stationary phase applied 
to, 232; method of steepest descents applied to, 237; miscellaneous properties of, 252-261 ; 
tables of (reference to), 658; transitional formulae for, 248; zeros of, 513, 516, 517, 518. See 
also Bessel functions whose order and argument are equal 

Bessel functions whose order is =(n +4), 10, 52, 80; expressible in finite terms, 52; notations for, 
55, 80; tables of, 664, 740-745; tables of (references to), 658, 659 

Bessel functions with imaginary argument, I,,(z), Κα (2), Ky (<), 77, 78; differential equation 
satisfied by, 77; integrals representing (of Bessel’s type), 181 ; (of Poisson’s’ type), 79, 171, 172; 
(proof of equivalence of various types), 185-188 ; monotonic property of, 446; of order + (n+ 3), 
80 ; recurrence formulae, 79; tables of (of orders 0 and 1), 663, 698-713 ; (of order 4), 664, 714— 
729 ; (of various integral orders), 664, 736, 737-739 ; tables of (references to), 657, 658; with large 

. one asymptotic expansions of, 202; zeros of, 511; (computation of), 512; (references to), 

Bessel’s differential equation, 1, 19; (generalised), 38; for functions of order zero, 5, 12, 59, 60; 

for functions with imaginary argument, 77 ; fundamental system of solutions of, 42, 75; has no 
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algebraic integral, 117; soluble in finite terms when and only when the functions satisfying it 
are of order n+4, 52, 119; solution of, in ascending series, 39, 40, 57, 59-61; solution of, in 
descending series, see Asymptotic expansions ; symbolic solution of, 41 ; transformations of, 94, 
97. Sce also Bessel coefficients and Bessel functions 

Bessel’s integral representing Bessel coefficients, 19, 21; generalisations and extensions of, see 
Anger’s function, Bourget’s function, Bruns’ function and Weber's function ; modifications of, 
to represent Bessel functions of arbitrary order, 175, 176, 177, 178, 181 ; Theisinger’s transforma- 
tion of, 184; used in theory of diffraction, 177 ; used to obtain asymptotic expansions, 215. See 
also Parseval’s integral 

Bounds, upper, sce Inequalities 

gt a function J,,, (z), 326; differential equation satisfied by, 327; recurrence formulae for, 


Bruns’ function J (z; ν, k), 327 


Carlini’s approximation for Bessel functions of large order, 6, 7; extended by Meissel, 226, 227 

Cauchy's numbers N_,,;,,, 324; recurrence formulae for, 325 

Cayley’s solution of Riccati’s equation, 88 

Chain, oscillations of a uniform heavy, 8, 4, 576 

Cognate Riccati equations, 91 

Complex variables, expansions of arbitrary functions of, see Kapteyn series and Neumann series 

Complex zeros of Bessel functions, 483; of Bessel functions with imaginary argument, 511; of 
Lommel’s polynomials, 306 

Composition of Bessel functions of the second kind of integral order, 340 

Computation of zeros of Bessel functions by various methods (Graeffe’s), 500, 502; (Stokes’), 503; 
(Sturm’s, for the smallest zero), 516. See also Zeros of Bessel functions | 

Constant phase, Schlafli’s method of, 216 

Constants, discontinuity of arbitrary (Stokes’ phenomenon), 201, 203, 238, 336 

Continuants, connected with Schlifli’s polynomial, 288 

Continued fractions representing quotients of Bessel functions, 153; convergence of, 154, 808 

Convergent series, Hadamard’s conversion of asymptotic expansions into, 204 

Crelier’s integral for Schlaéfli’s polynomial, 288. See also Neumann’s integral for Neumann’s 
polynomial 

Cross-ratio of solutions of Riécati’s equation, 94 

Cube of a Bessel function, expansion of, 149 

Cut necessary for definition of Bessel functions, 45, 77 

Cylinder (circular), motion of heat in, 9, 10, 576, 577 

Cylinder functions, @, (z), 4, 82, 480; addition theorems, 148, 861, 365; connexion with Bessel 
functions, 83; origin of the name, 83; rank of, 129; solutions of differential equations of order 
higher than the second by, 106; three-term relations connecting, 800. See also Bessel functions 
and Hemi-cylindrical functions 


Darboux’ method of approximating to functions of large numbers, 233 

Definite integrals, containing Bessel functions under the integral sign, 373-382 (Chapter x11); 
evaluated by geometrical methods, 374, 376, 378; the Ramanujan-Hardy method of evaluation, 
382. See also Infinite integrals 

Definite integrals representing special functions, see Bessel functions and Integrals 

Determinants, representing Lommel’s polynomials, 294; Wronskian, 42, 76, 77 

Difference equations (linear with linear coefficients) solved by means of Bessel functions, 83. See 
also Functional equations and Recurrence formulae 

Differentiability of Fourier-Bessel expansions, 605; of special Schlimilch series, 635 

Differential coefficients, fractional, 107, 125 

Differential equations (ordinary), linear of the second order, equivalent to the generalised Riccati 
equation, 92; of order higher than the second solved by Bessel functions, 106; oscillation of 
solutions of, 518; satisfied by the product of two Bessel functions, 145, 146 ; solved by elemen- 
tary transcendants, 112; symbolic solutions of, 41, 108. See also under the names of special 
equations, such as Bessel’s differential equation, and under the names of vurtous functions and 
polynomials satisfying differential equations, such as Anger’s function 

Differential equations (partial), solution of by an integral containing Bessel functions, 99 ; see also 
Laplace’s equation and Wave-motions, equation of 

Diffraction, theory of, connected with Airy’s integral, 188; with Bessel’s type of integral, 177; with 
Schlémilch series, 633 ; with Struve’s functions, 417 

Diffusion of salts in a liquid, and infinite integrals containing Bessel functions, 437 

Dini expansion, 580. See also Dini series 
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Dini series, 577, 580, 596-605, 615-617 (Chapter xvi), 651-653 ; expansion of an arbitrary func- 
tion of a real variable into, 580, 600 ; methods of theory of functions of complex variables applied 
to, 596, 602; Riemann-Lebesgue lemma, analogue of, 599; Riemann’s theorem, analogue of, 
649; summability of, 601, 615; uniformity of convergence of, 601, 604 ; uniqueness of, 616, 651; 
value at end of range, 602 ᾿ 

Dirichlet’s discontinuous factor, 406 

Discontinuity of arbitrary constants (Stokes’ phenomenon), 201, 203, 238, 336 

Discontinuous factor (Dirichlet’s), 406; (Weber’s), 405 

Discontinuous integrals, 398, 402, 406, 408, 411, 415, 421 

Domain K (Kapteyn’s), 559; diagram of, 270 

Du Bois Reymond’s integrals with oscillatory integrands expressed in terms of Bessel functions, 183 


Electric waves, 56, 226, 449 

Electromagnetic radiation, 551, 556 

eae rea transcendants, definition of, 111; order of, 111; solution of differential equations by, 

Equal order and argument, Bessel functions with, 231, 232, 258, 260; tables of, 746, 747 ; tables 
of (references to), 658, 664 

Euler's solution of Riccati’s equation, 87. 

Exponential function, tables of, 698-713 ; tables referred to, 663, 664 


Factors, discontinuous (Dirichlet’s) , 406; (Weber’s), 405 ; Neumann’s e, (=1 or 2), 22; expression 
of Bessel functions as products of Weierstrassian, 497 

Fejér’s theorem, analogue of, for Fourier-Bessel expansions, 610 

Finite terms, Bessel functions of order + (n+4) expressed in, 52; Bessel functions of other orders 
not so expressible, 119; solutions of Riccati’s equation in, 85, 86, 89; the solution of Riccati’s 
equation in, not possible except in Daniel Bernoulli’s cases and their limit, 123 

Flights, problem of random, 419 

Fourier-Bessel expansion, 580. See also Fourier-Bessel series 

Fourier-Bessel functions, 4, 84 

Fourier-Bessel integrals, see Multiple infinite integrals 

Fourier-Bessel series, 576-617 (Chapter xvi), 649-651; expansion of an arbitrary function of a 
real variable into, 576, 580; Fejér’s theorem, analogue of, 610; Kneser-Sommerfeld expansion 
of a combination of Bessel functions into, 499; methods of theory of functions of complex vari- 
ables applied to, 582, 607; order of magnitude of terms in (Sheppard’s theorem), 595 ; Riemann- 
Lebesgue lemma, analogue of, 589; Riemann’s theorem, analogue of, 649; summability of, 578, 
606, 613; term-by-term differentiation of, 578, 605; uniformity of convergence of, 593, 594 ; 
(near origin), 615; uniformity of summability of, 612; uniqueness of, 616, 649 : value at end of 
range, 594, 603 

Fractional differential coefficients, 107, 125 

Fresnel’s integrals, 544; asymptotic expansion of, 545; tables of, 744, 745; tables of maxima 
and minima of, 745; tables of (references to), 660, 661, 664 

Functional equations defining cylinder functions, 82; generalised by Nielsen, 355 

Functions of large numbers, approximations due to Darboux, 233 ; approximations due to Laplace, 
8,421. See also Approximations, Asymptotic expansions, Method of stationary phase and Method 
of steepest descents 

Fundamental system of solutions of Bessel’s differential equation, 42, 75, 78 


Gallop’s discontinuous infinite integrals, 421 

Gamma, functions, representation of Bessel functions by integrals containing, 190, 192, 221; appli- 
cations to determination of asymptotic expansions, 220, 223 ; applications to evaluation of infinite 
integrals, 383, 434, 436 

Gamma functions, representation of Lommel's functions by integrals containing, 351 ; applications 
to determination of asymptotic expansions, 352 

Gegenbauer’s addition theorem for Bessel functions, 362, 363, 367 

Gegenbauer’s discontinuous infinite integrals, 415, 418 

Gegenbauer’s function C,,” (z), 50, 129, 363, 365, 367, 368, 369, 378, 407. 

Gegenbauer’s polynomial A», » (¢), 283; contour integrals containing, 284, 524; differential equa- 
tion satisfied by, 283; equivalence with special forms of Lommel’s function, 351; recurrence 
formulae for, 283 

Gegenbauer’s polynomial Bn, μ,ν (¢), 293, 525 

Gegenbauer’s representation of J, (z) by a double integral resembling Poisson’s integral, 51 

Gegenbauer’s type of definite integral, 378 

Generalised-hypergeometric functions, see Hypergeometric functions (generalised) 
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Generalised integrals (with implied exponential factor), 188, 441, 463, 464 

Generating function of Bessel coefticients, 14, 22, 23; of Neumann’s polynomials, 281, 282 
Gilbert’s integrals, 548, 549 

Giuliani’s function, see Bourget’s function 

Graeffe’s method of calculating zeros, 500, 502 

Graf's addition theorem for Bessel functions, 359, 361 

Group velocity, 229 

Growth of zeros of Bessel functions, 485 


Hankel’s infinite integrals, 384, 386, 389, 390, 393, 395, 424, 427, 428, 434 

Hansen’s upper bound for .7. (x), 31; generalised, 406 

Hardy’s functions Ci, (a), Si, (a), Ei, (a), (generalisations of Airy’s integral), 320; expressed in 
terms of functions of Bessel, Anger and Weber, 321, 322 

Hardy’s integrals representing Lommel’s functions of two variables, 546 

Hardy’s method of evaluating definite integrals, 382 

Heat, conduction of, 9, 10, 450, 576, 577, 616 

Hemi-cylindrical functions 8, (2), defined, 353; expressed in terms of the function of order zero, 
353; addition theorem for, 354 

Hypergeometric functions, limiting forms expressed as Bessel functions, 154 

Hypergeometric functions (generalised), 90, 100; Bessel functions expressed in terms of, 100, 101; 
notations for, 100; relations between (Kummer’s formulae), 101, 102 ; Sharpe's differential equa- 
tion solved by, 105 


Imaginary argument, Bessel functions with, see Bessel functions with imaginary argument; 
Struve’s functions with, 329, 332 

Indefinite integrals containing Bessel functions under the integral sign, 182-188, 350, 581; tables 
of, 744, 745, 752; tables of (references to), 660, 661, 664 

Inequalities satisfied by Bessel functions, 16, 31, 49, 255, 259, 268, 406; by Neumann’s poly- 
nomial, 273, 282; by Struve’s function, 328, 337, 417; by zeros of Bessel functions, 485, 489, 
490, 492, 494, 515, 516, 521 

Infinite integrals containing Bessel functions under the integral sign, 383-449 (Chapter xm); dis- 
continuous, 398, 402, 406, 408, 411, 415, 421; generalised, 441; methods of evaluating, described, 
888 ; Ramanujan’s type (integrals of Bessel functions with respect to their order), 449. See also 
under the names of various integrals, e.g. Lipschitz-Hankel infinite integral 

Infinity of the number of zeros of Bessel functions and cylinder functions, 4, 478, 481, 494, 495 

Integrals, expressed in terms of Lommel’s functions of two variables, 540; expressed in terms of 
the functions of Anger and Weber, 312; Fresnel’s, 544, 545, 660, 661, 664, 744, 745; Gilbert’s, 
548, 549; values of, deduced from addition theorems, 367; with oscillatory integrands, 188 ; 
with the polynomials of Neumann and Gegenbauer under the integral sign, 277, 285. See also 
Definite integrals and Infinite integrals ΒΕ 

Interference, 229 

Interlacing of zeros of Bessel functions and of cylinder functions, 479, 480, 481 


Irrationality of 7, 90, 485 


Jacobi’s transformation connecting sinné with the (n -- 1)th differential coefficient of sin?"—1@ with 
respect to cos #0, 26; erroneously attributed to Rodrigues, 27; various proofs of, 27, 28 


Kapteyn’s domain K, 559; diagram of, 270 

Kapteyn series, 6, 13, 551-575 oe XVII); connexion with Kepler’s problem, 551; expansions 
into, derived from Kepler’s problefh, 554, 555; expansion of an arbitrary analytic function into, 
570; fundamental expansions into, 557, 559, 561, 564, 566, 568, 571; Kapteyn’s domain K, of 
convergence of, 559; (diagram of), 270; nature of convergence outside and on the boundary of 
K, 574; second kind of, 572 

Kapteyn’s polynomial ©, (t), 568; expressed in terms of Neumann’s polynomial, 569 

Kapteyn’s type of definite integral, 380 

Kepler's problem, 6, 551, 554; Bessel’s solution of, 13; Lagrange’s solution of, 6 

Kinds of Bessel functions, (first) 40; (second) 58, 63, 64, 65, 67; (third) 73 

Kneser-Sommerfeld expansion of a combination of Bessel functions as a Fourier-Bessel series, 499 

Kummer’s formulae connecting generalised hypergeometric functions, 101, 102 


Lamé functions, limiting forms expressed as Bessel functions, 159 


Laplace’s equation, general solution due to Parseval, 9; general solution due to Whittaker, 124; 
solutions involving Bessel functions, 83, 124; used to obtain addition theorems for Bessel func- 


tions, 127 
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Laplace’s methods of approximating to functions of large numbers, 8, 421 

Laplace’s transformation, 280, 395 

Large numbers, methods of approximation to functions of (Darboux), 233; (Laplace), 8, 421. See 
also Approximations and Asymptotic expansions 

Large order, sce Anger’s function, Bessel functions whose order is large, Struve’s function und 
Weber's function . 

Lebesgue’s lemma, see Riemann-Lebesgue lemma 

Legendre functions, Barnes’ notation for, 156; integrals containing, 50, 173, 174, 339, 475; limits 
of, expressed as Bessel functions, 65, 155, 157; (physical significance of), 155; of large degree, 
approximations to, 158; relation between two kinds of, 174; Whipple’s transformation of, 387. 
See also Gegenbauer’s function C,,” (2) 

Lipschitz-Hankel infinite integral, 384; generalised, 389 

Lommel’s functions ἐμ, ν (2), Sy,v (z), 345, 347; cases of expression in finite terms, 350; integrals 
representing, 346, 350; recurrence formulae, 348; special cases expressible by the polynomials 
of Gegenbauer, Neumann and Schlafli, 350; special cases with 4+» an odd negative integer, 
348; with large argument, asymptotic expansion of, 351 

Lommel's functions of two variables, U, (w, 2), V, (w, 2), 537, 538; addition formulae for, 543 ; 
integrals representing, 540, 546 ; reciprocation formulae, 542 ; recurrence formulae, 539 ; special 
case of, 581, 752; tables of, 752; tables referred to, 660; with large argument, asymptotic expan- 
sions of, 549 ; 

Lommel’s polynomial Ry, ν (2), 294, 295; differential equation satisfied by, 297; Hurwitz’ notation 
9m, v (2), 303; limit of, expressed as a Bessel function, 302; of negative order, R_m,, (z), 299; 
recurrence formulae, 298; recurrence formulue in Hurwitz’ notation, 303; relations with Bessel. 
functions, 295, 297, 302; three-term relations connecting, 300, 301; zeros of, 304, 305, 306 


Magnitudes of remainders in asymptotic expansions, 206, 211, 213, 236, 314, 332, 352, 449 

Maxima of Bessel functions, 488; of Fresnel’s integrals, table of, 745; of integrals of Bessel func- 
tions, table of, 752 

Mean anomaly, expansions of elements of an orbit in trigonometrical series of, 6, 13, 552, 554, 556 

Mehler-Dirichlet integral representing Legendre functions, limiting form expressed as Poisson’s 
integral, 157 

Mehler-Sonine integrals representing Bessel functions, 169, 170 

Meissel’s approximations to Bessel functions of large order, 226, 227, 232, 247, 521; types of 
Kapteyn series, 557, 561, 564, 566 

Membrane, vibrations of a circular, 5, 576, 618; vibrations of a sectorial, 510 

Method of constant phase (Schlafli’s), 216 

Method of stationary phase, 225, 229; applied to Bessel functions, 231, 233 

᾿ Method of steepest descents, 235; applied to Bessel functions, 237, 241, 244, 245, 262; applied to 
functions of Anger and Weber, 316; applied to Struve’s function, 333; connexion with Laplace’s 
method of approximation, 421 

ra “ἢ ΩΝ functions, 488 ; of Fresnel’s integrals, table of, 745 ; of integrals of Bessel func- 
ions, 

Monotonic properties of J; (νυ) [ὧν (v), 257; of Jy (v) and J,’ (v), 260; of Ko (x), 446 

Multiple infinite integrals, 450-476 (Chapter x1v) ; investigated by Neumann, 453, 470; (generalised 
by Hankel), 453, 456, 465; (generalised by Orr), 455; (modified by Weber), 468; Riemann- 
Lebesgue lemmas, analogues of, 457, 471 ; Weber’s type of, 450 


Neumann series, 522-537 ere XVI); expansion of an arbitrary analytic function into, 523; 
generalised, 525 ; (special series), 30, 31, 36, 69, 71, 151; Laurent’s expansion, analogue of, 524; 
Pincherle’s theorem on the singularities of, 526; special series, 18, 23, 25, 33, 34, 35, 128, 130, 
138, 139, 140, 527, 581 ; Webb-Kapteyn (real variable) theory of, 533. See also Addition theorems 
and Lommel’s functions of two variables 

Neumann’s factor ες, (=1 or 2), 22 

_ Neumann’s integral for J,? (z), 32; for Neumann’s polynomial, 278, 280 

Neumann's polynomial 0O,, (¢), 271, 272, 273 ; connected with Kapteyn’s polynomial, 569 ; connected 
with Neumann’s polynomial Q,, (t), 292; connected with Schlafli’s polynomial, 285, 286; contour 
integrals containing, 277; differential equation satisfied by, 276; expressed in terms of Lommel’s 
functions, 350; formerly called a Bessel function of the second kind, 67, 273; generalised by 
Gegenbauer, see Gegenbauer’s polynomial A», ν (i); generating function of, 281, 282; inequali- 
ties satisfied by, 273, 282; infinite integrals containing, 433 ; Neumann’s integral representing, 
278, 280; of negative order defined, 276; recurrence formulae for, 274 

Neumann’s polynomial ἢ, (¢), 290, 291; expressed as integral containing Neumann’s polynomial 
O, (¢), 292; Gegenbauer’s generalisation of, see Gegenbauer’s polynomial Bn, μ, ν ({) ; recurrence 
formula for, 292 | 

Nicholson's infinite integrals, 431, 441 
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Nielsen-Hankel functions, sec Bessel functions of the third kind 

Null-functions, Lerch’s theorem on integrals representing, 382; represented by Schliémilch series, 
634, 636, 642, 647 

Numbers, analytic theory of, associated with asymptotic expansions of Bessel functions, 200 

Numbers, Cauchy’s, 324; recurrence formulae for, 325 


Order of a Bessel function defined, 38, 58, 63, 67, 70; integrals with regard to, 449 
Ordinary differential equations, sec Differential equations 

Oscillation of solutions of linear differential equations, 518 

Oscillations of membranes, 5, 510, 576, 618; of uniform heavy chains, 3, 4, 576 


Oscillatory integrands, Du Bois Reymond’s integrals with, expressed in terms of Bessel functions, 
183 


P-functions, limiting forms expressed as Bessel functions, 158 

Parseval’s integral representing Jo (z), 9, 21; modifications of, 21 

Partial differential equations, sce Differential equations | 
Phase, method of stationary, general principles.of, 225, 229; applied to Bessel functions, 231, 233 


Phase, Schlafii’s method of constant, 216 


Pincherle’s theorem on singularities of functions defined by Neumann series, 526 


_ Poisson’s integral for Bessel coefficients, 12, 24, 25; for Bessel functions, 47, 48, 49; (generalised by 


Gegenbauer), 50; (symbolic form of), 50; for Bessel functions of imaginary argument, 80; for 
Bessel functions of the second kind, 68, 73; limit of the Mehler-Dirichlet integral for Legendre 
functions as, 157; transformation into contour integrals to represent Bessel functions of any order 
(of the first kind), 161, 163, 164; (of the second kind), 165; (of the third kind), 166, 167; (with 
imaginary argument), 171, 172; transformations of the contour integrals, 168, 169, 170. See 
also Parseval’s integral and Struve’s function 

Polar coordinates, change of axes of, used to obtain transformations of integrals, 51, 374, 376, 378; 
used to express Bessel functions as limits of Legendre functions, 155 

Probléme de moments of Stieltjes, 464 : 

Products of Bessel. functions, 30, 31, 32, 82, 146, 147, 148, 149; Bateman’s expansion of, 130, 370; 
expansions of arbitrary functions into series of, 525, 572; integrals representing, 31, 150, 221, 438, 
τ 440, 441, 445, 446, 448; series of, 30, 151, 152; with large argument, asymptotic expansions 
of, 221, 448 


Products of Weierstrassian factors, Bessel functions expressed as, 497 
Quotient of Bessel functions expressed as a continued fraction, 153, 154, 303 


Radius vector of an orbit, expansion as trigonometrical series of the mean anomaly, 6, 13, 552, 553, 554 

Ramanujan’s integrals of Bessel functions with respect to their order, 449 

Ramanujan’s method of evaluating definite integrals, 382 

Random flights, problem of, 419 

Rank of Bessel functions and cylinder functions, 129 

Real variables, expansions of arbitrary functions of, see Dini series, Fourier-Bessel series, 
Neumann series (Webb-Kapteyn theory), and Schlémilch series 

Reality of zeros of Bessel functions, 482, 483, 511 

Reciprocation formulae for Lommel’s functions of two variables, 542 

Recurrence formulae for Anger’s functions, 311; for Bessel coefficients, 17; for Bessel functions 
of the first kind, 45; for Bessel functions of the second kind, 66, 71; for Bessel functions of the 
third kind, 74; for Bessel functions with imaginary argument, 79 ; for Bourget’s functions, 326; 
for Cauchy’s numbers, 325; for cylinder functions, 82; for Gegenbauer’s polynomials, 283; for 
Lommel’s functions, 348; for Lommel’s functions of two variables, 589 ; for Lommel’s poly- 
nomials, 298, 303 ; for Neumann’s polynomials On (ἢ; 274; for Neumann’s polynomials Q, (t). 
283 ; for Schlafli’s functions, 71, 342, 343; for Schlafli’s polynomials, 285; for Struve’s func- 
tions, 329; for Weber’s functions, 311; for Whittaker’s functions, 339. See also Functional 
equations, Hemi-cylindrical functions and Three-term relations 

Reduced functions, Cailler’s, 536 

Remainders in asymptotic expansions, magnitudes of, 206, 211, 236, 314, 332, 352; signs of, 206, 
207, 209, 215, 315, 333; Stieltjes’ approximations to, 213 . 

Repetition of zeros of Bessel functions and cylinder functions, impossibility of, 179 

Riccati’s differential equation, 1, 2, 85-94; connexion with Bessel’s equation, 1, 90; equation 
cognate to, 91; limiting form of, 86; soluble cases of (D. Bernoulli’s), 85; soluble cases of, 
exhausted by D. Bernoulli’s formula and its limit, 123; solutions by various mathematicians 
(Ὁ. Bernoulli), 2, 85, 89; (Cayley), 88; (Euler), 87; (Schlafili), 90; solved by means of intinite 
series by James Bernoulli, 1; transformations of, 86 


Riccati’s differential equation generalised, 3, 92, 94; cross-ratio of solutions. 94; equivalence 
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with the linear equation of the second order, 92; singularities of, 94; soluble by various num- 
bers (two, cne or none) of quadratures, 3, 93 


Riemann-Lebesgue lemma, analogues of the, 457, 471, 589, 599 

Riemann’s theorem on trigonometrical series, analogues for Schlémilch series, 642, 647; analogues 
for series of Fouricr-Bessel and Dini, 649 

Rodrigues’ transformation, see Jacobi’s transformation 


Schafheitlin’s discontinuous infinite integral, 398, 402, 405, 406, 408, 411 

Schafheitlin’s integrals representing Bessel functions and cylinder functions, 168, 169, 490, 491, 493 

Schlafli’s functions 7), (2) and U,(z), 71, 340, 343; addition theorems for, 344, 345; differential 
equations satisfied by, 342, 343; of negative order, 343; recurrence formulae for, 71, 342, 343 

_ Schilafli’s hypergeometric function, 90 

Schlafii’s polynomial δ᾽, (t), 284, 286; addition theorem for, 289; connexion with Neumann’s 
polynomial O,, (t), 285, 286; Crelier’s integral representation of, 288; differential equation 
satisfied by, 285; expression by means of Bessel functions, 287; expression in terms of Lomme!’s 
function, 350; integrals evaluated in terms of, 350; recurrence formulae for, 285 

Schiafii’s solution of Riccati’s equation, 90 

Schlomilch series, 618-649 (Chapter x1x); definition of, 621; definition of generalised, 623; ex- 
pansion of an arbitrary function of a real variable into, 619, 623, 629; nature of convergence of, 
637, 645; null-functions expressed by, 634; Riemann’s theorem on trigonometrical series (ana- 
logue of), 642, 647; special cases of, 632; symbolic operators in the theory of, 626, 627; theory 

_ of functions of complex variables connected with, 623; uniqueness of, 643, 647 


Series containing Bessel functions, sce Dini series, Fourier-Bessel series, Kapteyn series, Neumann 
series and Schlémilch series 


Series of Bessel functions, definition of, 580 

Series of positive terms, approximation to the sum of (greatest term method), 8 

Sharpe's differential equation, 105; solution by generalised hypergeometric functions, 105 

Sign of remainders in asymptotic expansions, 206, 207, 209, 215, 315, 333, 449; of Struve’s func- 
tion, 337, 417 

Sine-integral expressed as a series of squares of Bessel coefficients, 152 


Singularities of functions defined by Neumann series (Pincherle’s theorem), 526 ; of the generalised 
Riccati equation, 94 


Smallest zeros of Bessel functions, 5, 500, 516 

Sommerfeld’s expansion, see Kneser-Sommerfeld expansion 

Sonine-Mehler integrals representing Bessel functions, 169, 170 

Sonine’s definite integral, 373; generalised, 382 

Sonine’s discontinuous infinite integrals, 415 

Sonine’s infinite integrals, 432 

Spherical geometry used to obtain transformations of integrals, 51, 374, 376, 378 ; used to express 
Bessel functions as limits of Legendre functions, 155 

Sound, Sharpe’s differential cquation in the theory of, 105 

Squares of Bessel functions, sce Products of Bessel functions 

Stability of a vertical pole associated with Bessel functions of order one-third, 96 

Stationary phase, method of, 225, 229 ; Applied to Bessel functions, 231, 233 

Steepest descents, method of, 235; applied to Bessel functions, 237, 241, 244, 245, 262; applied 


to functions of Anger and Weber, 316; applied to Struve’s function, 333; connexion with 
Luplace’s method of approximation, 421 

Stokes’ method of computing zeros of Bessel functions and cylinder functions, 503, 505, 507 

Stokes’ phenomenon of the discontinuity of arbitrary constants, 201, 203, 238, 336 

Struve’s function H, (z), 328; connexion with Weber’s function, 336; differential equation satisfied 
by, 329; inequalities connected with, 328; intinite integrals containing, 392, 397, 417, 425, 436; 
integral representations οὗ, 328, 330; occurrence in generalised Schlimilch series, 622, 623, 631, 
645, 646, 647; of order + (n 4-4), 333; recurrence formulae for, 329; sign of, 337, 417; tables of, 
663, 666-697; Theisinger’s integral for, 338; with imaginary argument, 329, 332; with large 
argument, asymptotic expansions of, 332; with large argument and order, asymptotic expan- 
sions of, 333; zeros of, 479 

Struve’s infinite integrals, 396, 397, 421 ; 

Sturm’s methods applied to determine the reality of zeros of Bessel functions, 483; of Lommel’s 
polynomials, 304, 305, 306 ; applied to estimate the value of the smallest zero of Bessel functions 
and cylinder functions, 517, 518 

Symbolic operators in expressions representing Bessel functions, 50, 170; in expressions repre- 


senting solutions of various differential equations, 41, 51, 108; in the theory of Schlémilch 
series, 627 
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Tables of Bessel coefficients (of orders 0 and 1), 662, 666-697 ; (of order n), 664, 730-732; (with 
equal order and argument), 664, 746; of Bessel functions of the first kind (of orders n-+4, - ἢ -- δ), 
664, 740-741; (of order 4), 664, 714-729 ; of Bessel functions of the second kind (of orders 0 and 
1), 662, 666-697 ; (of order n), 664, 732-735 ; (of order 4), 664, 714-729 ; (with equal order and 
argument), 664, 747; of Bessel functions of the third kind (of orders 0 and 1), 662, 666-697 ; (of 
order, 4), 664, 714-729; of Bessel functions with imaginary argument (of orders 0 and 1), 663, 
698-713; (of order n), 664, 736, 737-739 ; (of order 4), 664, 714-729 ; of εὐ, 663, 698-713 ; of I'resnel’s 
integrals, 664, 744-745 ; of integrals of Bessel functions of order zero, 664, 752 ; of Struve’s func- 
tions (of orders 0 and 1), 663, 666-697 ; of zeros of Bessel coefticients and functions of integral 
order n and of order 4, 664, 748-751 

Tables (references to) of Airy’s integral, 659; of Bessel coefficients and functions derivable from 
them, 654, 655, 656, 658; of Bessel functions (of orders n+4, -- π -- 4), 658, 659; (of orders +3, 
+ 2), 659; (of orders +}, +}), 659; of Bessel functions of the second kind, 655, 656, 658; of 
Bessel functions of the third kind, 657; of Bessel functions with imaginary argument, 657, 658; of 
Fresnel’s integrals, 661; of integrals of Bessel functions and Struve’s functions, 661 ; of Lonmmel’s 
functions of two variables, 660: of Thomson’s functions ber x and bei x, etc., 658; of zeros of 
Bessel coefficients, functions and associated functions, 659, 660 

Theisinger’s integral representation of Bessel functions, 184; of Struve’s and Weber’s functions, 
338 

Thomson’s (Sir William) functions, ber z, beiz, 81; connexion with Bessel functions, 81 ; generali- 
sations, 81; references to tables of, 658 ; squares and products of, 82,148; with large argument, 
asymptotic expansions of, 203 

ee a relations connecting Bessel functions, cylinder functions and Lommel’s polyaomials, 
300, 301 

sheers aman elementary, definition of, 111; order of, 111; solutions of differential equations 

y, 112 
Transitional regions associated with Bessel functions of large order, 248 


Uniformity of convergence of Dini series, 601; of Fourier-Bessel series, 593, 594; of Kapteyn series, 
575; of Schlémilch series, 632 

Uniqueness of Fourier-Bessel and Dini series, 616, 649, 651; of Schlémilch series, 643, 647 

Upper bounds, sce Inequalities 


Viscous fluid, motion of, associated with Airy’s integral, 189 


Wave-motions, equation of, general solutions, 125; generalised to p dimensions, 128; used to 
obtain addition theorems for Bessel functions, 129 

Waves, electric, 56, 226, 446; on water, and the method of stationary phase, 229 

Weber’s (H.) discontinuous factor, 405 

babar (B.) infinite integrals, 391, 393, 395, 396; (discontinuous types of), 398, 402, 405, 406, 

8, 

Weber's (H. F.) function Ἐν (z), 308 ; connexion with Anger’s function, 310; connexion with Struve’s 
function, 336 ; differential equation satisfied by, 312; integrals expressed in terms of, 312; re- 
currence formulae for, 311; representation of Airy’s integral (generalised) by, 321 ; tables of, sce 

‘Struve’s function ; Theisinger’s integral for, 338 ; with large argument, asymptotic expansion of, 
313; with large argument and order, asymptotic expansion of, 316 

Weierstrassian products, expression for Bessel functions as, 497 

Whipple’s transformation of Legendre functions, 387 

Whittaker’s function W, (z), 339; differential equation satisfied by, 339; recurrence formulae for, 
339; with large argument, asymptotic expansion of, 340 

Wronskian determinant, 42, 76, 77 


Zeros of Bessel functions, 477-521 pa tae xv); computation of (various methods of), 142, 500, 502, 
503, 516; inequalities connected with, limits of, rates of growth of, 485, 489, 490, 491, 494, 507, 
518, 516, 518; infinity of, 4, 478; interlacing of, 479, 480, 481; non-coincidenee of (Bourget’s 
hypothesis), 484 ; non-repetition of, 479 ; number of, in a strip of arbitrary width, 495; reality of, 
482, 483; tables of, 664, 748-751; tables of (references to), 659; values of, 4, 5, 512,516; with 
imaginary argument, 511; with unrestrictedly large order, 513, 516 

Zeros of Lommel’s polynomials (reality of), 304, 305, 306 

Zeros of Struve’s function, 479 


Generalized 
Hypergeometric 
Functions 

LUCY JOAN SLATER 


The theory of generalized hypergeometric functions is funda- 
mental in the field of mathematical physics, since all the 
commonly used functions of analysis (Bessel Functions, 
Legendre Functions, ete.) are special cases of the general 
functions. The unified theory provides a means for the analysis 
of the simpler functions and can be used to solve the more 
complicated equations in physics. The generalized Gauss 
function is also used in mathematical statistics and the basic 
analogues of the Gauss functions have applications in the 
field of number theory. 

Dr Slater’s treatment leads on from a discussion of the 
Gauss functions to the basic hypergeometric functions, the 
hypergeometric integrals, bilateral series and Appel series. 

This book was planned jointly with the late Professor 
W.N. Bailey as an extended revision of his Cambridge 
Mathematical Tract (1985) on the subject and Dr Slater has 
continued it single-handed since Professor Bailey’s death, 
incorporating in it the results of many of her own researches. 
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